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Page 20 (line 5 from end), Jan. 1928, after the sentence: “ By 
Floquet’s Theorem, the general solution of equation 4 has the form ” : 

write the formula 

A.*w**(0+B 


instead of 
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1. Operational Factors in Orifice Flow . 

By H. W. Swift, M.A., B.Sc* 

rpHE volumetric rate of flow through an orifice is 
JL commonly expressed in the form 

Q-(^.aVp, 

where a is the area of the orifice, H the effective head, 
and C d the co effic ient of discharge. The usefulness of the 
quantity av/2^H as a basis of comparison lies in the facts 
that it is easily calculated from simple observations, and that 
for most practical purposes the value of the coefficient C* is 
tolerably constant. 

This coefficient itself is merely a convenient name for the 
product of certain other factors or coefficients which can be 
‘more directly attributed to physical causes and are therefore 
of primary importance in scientific inquiry. These factors 
are: the coefficient of contraction C c , which arises from the 
fact that the discharging jet forms a vena contracta ; the 
coefficient of velocity 0*, due to the fact that this jet has a 
Uplocity less than that theoretically due to the change in 

J pressure ; and with compressible fluids the “ attenuation 
actor ” C«, which allows for the fact that the volume of 
such a fluid when measured at its initial density is less 
than that of an incompressible liquid due to attenuation at 
reduced pressures. 

The values of these contributory factors depend on a large 
♦ Communicated by the Author, 
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number of conditions, which may generally be attributed 
either to the nature of the fluid in use or to the artificial 
configuration of the apparatus and the fashioning of the 
orifice itself. The effects of the physical properties of the 
fluid have been treated to some extent on a rational basis * 
and fairly completely by experiment, and the effects of 
constructional factors are also known empirically f for 
most cases of practical importance. There are, however, 
certain conditions of flow which may affect the registration 
of an orifice to an important extent, and which are not 
directly attributable to hydraulic or constructional con¬ 
ditions but rather to the imposed conditions of operation. 
It is proposed here to consider the effects of three phenomena 
which may be classified as operational factors : Turbulence, 
Cavitation, Pulsating flow. 

Turbulence. 

In problems concerning uniform flow in pipes it is 
generally accepted that there is no need to pay quantitative 
regard to the degree of turbulence in the flow, this being 
implied in the value of the Reynolds number. Some 
caution is required, however, in applying this principle 
to other types of flow, for in obtaining the experimental 
evidence on which it is at present based, precautions were 
taken to suppress turbulence as far as possible—in fact, the 
conditions were those of “ minimum turbulence.” In 
orifice flow it is found over a wide useful range that when 
similar precautions are taken the phenomena of flow can be 
explained in terms of the viscosity criterion which corre¬ 
sponds to the Reynolds number ; but these conditions are 
not easy to reproduce in experiment, still less in practical 
applications, so that acceptance of the Reynolds number as 
the sole criterion in uniform pipe-flow does not establish for 
it a prima facie claim under the different conditions which 
prevail in orifice flow. This case must be decided on inde¬ 
pendent evidence. 

The supposed similarity between the conditions of pipe 
and orifice flow seems to be based largely on work carried 
out independently in Australia J and America §, as a result 
of which it has heen maintained that the coefficient of die* 
charge (for water) diminishes as the head increases until a 

* Phil. Mag. Oct. 1926, p. 852. 

+ Muller, 2. V. D. I. lii. p. 285; Gaskell, Proc. Inst. C. E. cxcvii. 
p. 248; Hodgson, Proc. Inst. C. E. cciv. p. p. 181. 

X Bilton, Proc. Viet. Inst. Eng. ix. p. 27. 

$ Judd and King, Am. Soc. Adv. Sci. 1906. 
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bead of the order of 18 inches is reached, and that aboye 
this “ critical head 99 the conditions become essentially 
turbulent and the coefficient remains constant at a u normal 99 
value which is dependent on the size of orifice and on that 
alone. Against this must be set the evidence of almost all 
other workers * in this field, who have obtained systematic 
changes in the coefficient at values of the Reynolds number 
far above that suggested as critical. The present author 
has himself been unable to obtain independent evidence of 
any critical change, but has found it possible (if no pre¬ 
cautions are taken, easy) to obtain clear indications of 
turbulence with almost any head and orifice, and to a 
varying degree. The fact that all experimenters find it 
necessary to take steps to avoid turbulence is itself evidence 
that the Reynolds number is not always a sufficient criterion. 

In considering the effects of turbulence, therefore, it 
is thought necessary to adopt a separate criterion, even 
if there are no means of evaluating it, and the simplest 

form appears to be the ratio ^ where l stands for the 

linear dimensions of the app aratus and e is representative 
of the dimensions of the eddy system t- It is to be 
remarked that in general the degree of turbulence will 
increase as the statistical size of the eddies decreases (as, 
indeed, appears to be the case in pipe flow), and therefore 
as the value of the criterion increases. 

Supposing in the first instance that, turbulence alone is 
operative, we may express the total loss of head in the 
contracting jet by means of the equation 

~ 2g # aTf 

where and maybe defined as the “intensity of 

turbulence/ 9 

Under these conditions the coefficient of velocity is given 

by = (1 -Mt)~*, and for practical purposes =1-^ 

nearly, showing that it falls short of unity by an amount 
simply proportional to the w intensity of turbulence. 99 

e Cf> Hamilton Smith, 4 Hydraulics/ ch. iiL : Dempster Smith and 
Walker, Proc. I. Mech. E. 1928, p. 23. 

t It is what may be termed accidental as opposed to systematic 
turbulence which is here under discussion. Conditions which give rise 
to systematic vertical motion are clearly not amenable to such simple 
treatment, though they are generally found to cause increased discharge 
from a sharp-edged orifice. , , 
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In order to examine rationally the consequence of changes 
in the coefficient of contraction, we shall assume that the loss 
of head incurred by the fluid in its motion up to that surface, 
normal to the stream-lines, which contains the bounding curve 
of the orifice, may be written 


where v is “ representative ” of the velocity at this surface. 
Following, then, the line of argument advanced in an earlier 
paper for the case of viscous resistance *, " e are led to an 
analogous expression for the coefficient of contraction : 


0 € = C 0 + 6t(1 —O 0 )(2 —C 0 ), 


and so for the coefficient of discharge: 

c d = Co+Ml-Co)(2-Co)-Co a 2 T - 

It appears, therefore, that turbulence will tend to increase 
the area of the jet at the same time that it reduces the velocity 
of discharge. The resultant effect on the coefficient of dis¬ 
charge depends on the comparative values of a and b. If for 
descriptive purposes we take a — b, then the coefficient will 
▼ary according to the relation 

O d =C 0 + aT(2-|C 0 +C 0 *), 

and the changes so produced for various values of Co are 
plotted in fig. 1. From this it seems likely that for Borda 
and sharp-edged orifices turbulence will cause an increase' 
in the discharge under normal hydraulic conditions, while for 
rounded orifices it will definitely give rise to a diminution. 

The special case of the Borda mouthpiece admits of no 
doubt when considered in view of the forces causing dis¬ 
charge; turbulence, or indeed any form of fluid friction, 
must give rise to a progressive increase in the coefficient of 
discharge so long as the mouthpiece continues to “ run 
free.” 

' For each form of orifice we are led to the conclusion that 
turbulence acting alone will effect a change in the coefficient 
which is proportional to the intensity of turbulence, and the 
coefficient will be constant if and only if this intensity 
remains constant. ■ 

Supposing, now, that it is possible for turbulentand viscous 
resistance to operate together, it is easy to apply the argument 
advanced above and to show that the resulting change in the 

" * Phil, Mag, Oct 1026, p. 867. 
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coefficient is the same as if the separate effects were super¬ 
posed. so that 

Oj C 0 + C x f) + 0 3 T* 


If it^be further supposed that the two types of resistance are 
independent, then turbulence will still give rise to a change 
in the coefficient, as modified by viscous effects, which is 
dependent simply on its “ intensity ” t. 

The joint operation of turbulence and viscosity is a mattei 
for appeal to experiment. In fig. 2 are shown results obtained 
by timing the fall in level of water in a tank 3 feet in dia¬ 
meter as it discharged through a sharp-edged orifice ^ inch 
in diameter mounted in the base. In one case the water was 


Fig. 1. 



os o*6 err ora o3 ro 

- Coefficient of Contraction - 


— Effect or Turbulence oht 
CoErrtciENTs. - 

allowed to become still before discharge was commenced ; in 
the other, turbulence was maintained artificially throughout 
discharge by unsystematic stirring as uniform in degree as 
possible. 3?he results show that with the sharp-edged orifice 
need turbulence causes a definite increase in the discharge, 
but does not give rise to a constant coefficient.. The changes 
in the coefficient are, in fact, systematically identical with 
those obtained under quiescent conditions, showing an 
Increase which, although variable, has a mean value of about 
0*5 per cent. When the same tank was emptied under 
naturally turbulent conditions (*.«. without waiting for the 
water to still before commencing discharge), the results 




Coefficient tf bhtharg 
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were similar, but showed a smaller increase of about 0*3 per 
cent, over the steady values. Determinations made at 
constant heads of .12 and 6*5 inches under artificially 
turbulent conditions showed on the average increases of 
0*5 fi and 0*6 per cent, respectively. Tests with an orificf 

Fig. 2. 



1*0 inch diameter under a falling head gave an average rise 
of 0*4 per cent, in the coefficient with artificial turbulence. 
Under conditions of initial natural turbulence, a vortex 
formed at heads between 40 and 50 inches and deprived the 
results of any comparative value* 
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These experiments confirm the view that turbulence in 
orifice flow requires a separate criterion ; they show de¬ 
finitely that turbulence and viscosity may be operative at 
the same time, and afford evidence that under the conditions 
of hydraulic discharge their effects may be superposed, 
Since the turbulence artificially maintained in these tests 
was considerably greater than that likely to be encountered 
in practice, che results give also some idea of the maximum 
effect likely to be introduced by turbulence in orifices of the 
sizes used. 

The importance of turbulence will be determined by the 

ratio ~ . As a general rule, it is to be expected therefore 

that for a given eddy system the effects of turbulence will 
increase with the dimensions of the orifice, though the some¬ 
what rough methods of the experiments just described do 
not give any indication of this. In the same way the 
statistical dimensions of the eddies will become smaller as 
the velocity and head increase ; so that these conditions 
also are likely to make turbulence more important. In 
practice, moreover, turbulence is bv nature inconstant; and 
since fluctuations in its intensity will be reproduced in the 
discharge, it is to be expected that conditions which predis¬ 
pose to turbulence will also give rise to variable registration. 
Furthermore, the factors which increase the importance of 
turbulence are tbo*<e aiso which reduce the effect of the 
viscosity criterion rj. Hence it is to be expected that with 
greater heads, larger orifices, and lower viscosities the 
results of experiments will be less consistent, and that under 
the conditions of approach normally met the coefficient of 
discharge may apparently cease to vary systematically. 
These systematic variations, due to the effects of viscous 
resistance and other causes, should, however, become evident 
when precautions are taken to eliminate the effects of 
turbulence. 

The apparent constancy of the coefficient of discharge in 
the experimental work on which the u critical head*’ theory 
is based, may be fairly attributed to turbulent conditions in 
approach and to the accidental errors of experiment which 
might easily mask the small variations in the coefficient 
with large orifices and great heads. In point of fact, 
the expected change in the coefficient for a 2-inch orifice 
due to viscosity is only *01 between heads of 2 and 100 feet, 
which is of the same order as the irregular variations in the 
results of the experiments referred to. Moreover, in some 
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of these experiments * it is stated that turbulence^ “ was 
very noticeable at high heads ” ; while Dempster Smith f, 
who worked over a similar range, was able to maintain 
a clear glass-like surface and also a continuously falling 
coefficient. 

An interesting fact which seems further to justify the 
similar treatment given above to viscous and to turbulent 
resistance was made evident in experiments by the author 
with a partially rounded orifice. This orifice was devised, 
by trial and error, of such a form that decrements in the 
coefficient of velocity due to viscous resistance were almost 
exactly balanced by corresponding increments in the co¬ 
efficient of contraction, so that a virtually constant co¬ 
efficient of discharge was maintained with water over a 
considerable range of heads and temperatures. It was 
fount! that the discharge from this orifice was also prac¬ 
tically unaffected by turbulence in approach. When tested 
under a falling head between levels of 55 and 5 inches, 
the times recorded were : quiescent at 14° C., 1149*9 secs. ; 
quiescent at 63° C., 1151*4 secs.; turbulent at 14° O., 
1150*2 secs. 

Cavitation. 

The registration of an orifice or similar form of meter 
may be affected to a considerable extent by the existence of 
a low pressure at the vena contracts. If the velocity at 
this point is high, the pressure may become correspondingly 
eo low as to give rise to cavitation. 

As the pressure of a liquid free from dissolved gases is* 
reduced, no effect of hydraulic interest occurs until it 
reaches the vapour-pressure corresponding to the tempe¬ 
rature of the liquid. At this point evaporation takes place 
and the constitution of the mixture passing the vena con- 
tracta is not easily determinable. Under these circum¬ 
stances, of course, meters of the orifice type cease to have 
any value. In practice it will usually be easy to avoid such 
a state of affairs, though it may arise, for example, if a ven- 
turimeter is employed with hot water under a low static 
head. 

A disturbing condition of greater practical interest arises 
from the presence of dissolved gases in the liquid passing 
through the meter. As the pressure of such a solution 
is reduced, the solubility of the gases is diminished according 
to Henry's law ; and if the pressure falls below that at which 

* * Judd and King, loc. cit 

f Proc. I. Mech. E. 1928. 
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the solution becomes saturated, the excess gases will be set 
free and cavitation will occur. This effect will be further 
complicated by the partial evaporation of the liquid itself in 
the gas so liberated. This condition, though it may occur 
at a considerably higher pressure than that at which mass 
evaporization takes place, is not, as will appear, likely to 
become important in the case of a sharp-edged orifice, which 
owing to inferior pressure recovery is seldom employed in a 
pipe under large differential heads ; but it is quite easy to 
produce in certain types of venturimeter, and its effect can 
then be estimated with some measure of confidence. 

Suppose in the first instance that the water passing through 
a meter was saturated with (3 per cent, by volume of) air at 
atmospheric pressure. At an absolute pressure p inches of 
mercury the proportion of air remaining in solution will be 


fQ - ' 

, where v is the vapour-pressure nt the temperature which 
oU 

obtains. Hence the volume of air set free per unit volume 
of water is 


)/>-»’ measured ut tbe exi * ,in « 

Hence the fraction k of the throat area 


throat-pressure; 
actually occupied by water will he given by 


1 

k 


= 1 + 


J U \p — v 



and the coefficient of discharge C becomes modified to O', 
where 

(V 
C 


/m\-l 

V£=? 


m being the ratio of pipe to throat areas. 

The changes represented by this expression, when applied 
to the case of a venturimeter for which m = 9, delivering water 
at a temperature of about 23° C., are indicated by the full line 
in fig. 3. Results deduced from a series of tests under these 
conditions are shown by points and the dotted line in the 
same figure. 

In these tests a venturimeter was employed mounted in a 
-six-inch pipe-line at the end of a straight length of upwards 
of forty diameters At the entry to this length was a branch 
containing a six-inch valve which allowed more or less of the 
water to be bye-passed to waste. About the same distance 
beyond the venturi tube, there was mounted in the pipe 
a glass section, and just beyond this a delivery valve through 
which the water passed to a triangular notch meter. Water 
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was supplied from a turbine pump. It will be seen that by 
manipulating the delivery and bye-pass vulves the rate of 
discharge and the pressure at the throat at the venturimeter 
may be varied independently. In the tests quoted it was 
clearly the best course to maintain a tolerably constant rate 
of flow at various throat-pressures in order to eliminate* 
variations due to other causes in the coefficient either of the 
venturimeter or notch. 

The differential pressure tubes were led from the lower 
parts of the annular rings at the entry and throat of the 
venturi tube, and a continual fall was maintained to the gauge 
itself. The pressure lead from the venturi throat to the 


Fig. 3. 



— Deficiency of Throat Pressure below Atmosphere, 
ins. Mercury. - ' 

absolute pressure gauge was similarly taken from the lower 
part of the throat, and correction was made for differences 
of level. Freedom from air-locks was tested before and after 
each experiment. 

As was to be expected, particularly at the higher vacua, 
the venturimeter readings were unsteady, and there was 
a certain amount of oscillation in the gauge-tubes. Never¬ 
theless, the results are in general agreement with the theo¬ 
retical values, and show that a more or less systematic 
diminution in the coefficient occurs at low throat-pressures, 
and that this may under certain circumstances be very con¬ 
siderable, During the tests at the lower pressures cavitation 
was distmctly audible at the throat of the meter, and bubbles 
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of air were visible in the water at the glass section of the 
pipe some forty diameters beyond. 

In the equation given above, the effect of any value of k 
is greater for small than for larger values of m, but in 
practice low pressures are more likely to occur with high 
values of m. For example, with a pipe velocity of 5 feet 
per second the necessary static head in the pipe just above 
the venturiineter to ensure that the pressure at the throat 
shall not fall below atmospheric is 31 feet with a pipe to 
throat ratio of 9 and less than 6 feet with a ratio of 4. 
Cavitation is therefore only likely to arise to any con¬ 
siderable extent in practice when a meter of rather large 
pipe to throat ratio is installed near the open end of a 
pipe-line, and since modern design tends to favour small 
values of this ratio, cavitation is becoming less and less 
significant. Moreover, since the numerical case cited above 
refers to complete saturation of the water at atmospheric 
pressure,it gives a limiting value beyond which the correction 
for water is never likely to rise, and shows that this correction 
is quite small unless the throat-pressure is much below atmo¬ 
spheric. 

There appear to be no previously published results against 
which these conclusions can be checked. The corrections 
proposed are scarcely effective, for example, under the con¬ 
ditions quoted by Gibson which refer to throat-pressures 
in no case more than 18 inches of water below atmospheric. 
The discussion will, of course, only apply provided air-locks 
are eliminated in the gauge and its connexions, and non- 
observance of this condition has probably been responsible 
for more inaccurate registration in practice than has cavi¬ 
tation at the throat itself. The presence of air-locks is, of 
course, fatal to consistent metering. 

Pulsating Flow. 

For the measurement of a flow subject to fluctuations of 
short period, the orifioe operates under a disadvantage inherent 
in any form of meter whose registration depends on a differ¬ 
ential pressure not directly proportional to the rate of flow. 
This disadvantage arises not from irregularities at the orifice 
itself or changes in the actual coefficient of discharge, but 
from the means which have to be employed to measure the 
rapidly changing pressure difference. In order to obtain 
satisfactory readings it is necessary to damp out the oscillation 
of the fluid column in the gauge and its connexions ; and 

♦ Proe. Inst. C. E. cxix. p. 391. 
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unless special and rather elaborate methods are employed, 
the mean value of the pressure so determined is representative 
not of the average (' q ), but of the “ root mean square ** (jj) 
rate of flow through the orifice. 

In order, therefore, to compute the true mean rate of flo^w, 

it is necessary to multiply by the factor ~ the rate of flow 

deduced from the mean value of the pressure difference. The 
value of this factor will, of course, depend upon the form of 
the pulsations and upon the frequency of their recurrence, 
and can only be calculated when these are known. 


a. Liquid Flow . 

In the case of liquid flow entirely confined by solid 
boundaries, the value of this factor can usually be deter¬ 
mined with reasonable accuracy from the known conditions 
at the source of pulsation, since these will as a rule be 
exactly reproduced at the orifice. 

For a flow curve consisting of sinusoidal arcs, such as 
might be produced by a two-throw single-acting pump 
without an air vessel, the value of the factor is easily found 

to be — 0*90 approx,, and is therefore of importance. For 

a three-throw single-acting pump, on the other hand, the 
factor differs from unity by one part in 1200 only, so that 
no correction is necessary. 

The single-ram pump without air vessel gives a discharge 
curve of the same individual form as the two-throw, but the 
pulses are intermittent. It is easily shown that the factor 
for any such intermittent flow may be obtained from the 
46 form factor ” (the factor obtained from the wave-form 
itself) by the use of an “ intermittency factori/&, where 
k is the ratio of the duration of the pulse to the period of the 
complete cycle. 

For if Q is the rate of flow at any instant, and t 0 the period 
of the complete cycle, we may write 



and since each of these integrals is unchanged in value 
except during the portion kt 0 of the period, this expression 
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*r.J «<“ 
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where /* is the “ form factor/’ 

Hence in the simple case of a single-ram pump the 
ratio / 

£ = —~ = 0-636. 

/• nr * 


In practice, of course, it is seldom necessary to measure the 
discharge of such a pump without an air vessel, and an 
efficient air vessel will greatly reduce the importance of 
the correction. For example, a continuous sinusoidal 
fluctuation 

Q =» tfo + sm *>t 


gives a factor * 


H£)‘. 


showing that the correction is less than 1 per cent, so long 
as the amplitude of these fluctuations does not exceed 40 per 
cent, of the mean rate of flow. 


b. Gaseous Flow . 

The effect of fluctuations on the registration of an orifice 
passing a gas or vapour is not amenable to such simple 
treatment. The instantaneous rate of flow at different points 
of the system is dependent not only on the changes at the 
source of pulsation, but also on the elastic properties of 
the fluid and on the dumping effect of capacity and friction 
between the points of measurement and imposed pulsation. 

Theoretical treatment of the effect of capacity for a given 
impressed wave-form leads to differential equations which 
can only be solved by a method of trial and error, all the 
more troublesome in that each trial involves a step-by-step 
integration t* In this treatment the impressed wave-form 
is usually a matter of some ^uncertainty, and such effects as 
friction and mass acceleration cannot well be taken into 
account. The results themselves are therefore to be regarded 
as essentially approximate, and can more usefully be employed 
to determine the precautions necessary to keep the correction 
within defined limits rather than to compute this correction 

* Gibson, P. E. S. Edits, xxxiii p. 108. 
t Hodgson, last C. X, Sei. Psp. xx*i p. 18. 
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when large. For this purpose a fairly simple method of 
treatment may be applied* 

1. Instantaneous Pulses . 


For a given mean rate of flow q the effect of pulsation is 
clearly greatest when the whole quantity passing during a 
complete cycle is discharged into or out of ttie system 
instantaneously, and precautions which enable satisfactory 
registration to be made under these conditions may be 
regarded as sale in all cases. 

In the discussion which follows we shall suppose that the 
gas after passing the orifice enters a 44 receiver ” of volume \ 
from which it is drawn in pulses, by an engine for example. 

Assume that the pressure upstream of an orifice remains 
sensibly constant, and that the density of the gas is then p 0 . 
If the pressure and density in the receiver are p and p at 
any moment, the mass rate of flow through the orifice is 
given by 


where a 0 is the effective area of the vena contractu. The 
effect of compressibility, if not negligible, may under all 
conditions ©f practical metering be allowed for sufficiently 
by a correction to a 0 corresponding to the mean pressure 
difference &p. 

The throttling effect of the orifice will for a permanent 
gas* give nearly isothermal conditions in any adequate 
receiver, and it follows that 




so that the pressure in the receiver varies according to the 

relation _ 

d P _PjA o. /Po —P) 

dt " V V Po ■ 

Writing tbe volumetric rate of flow as q, we find 


dq 

dt ~ 


~PoV' 


which gives a linear relation between the rate of flow 
and time: 

q a q^l—rt), 

where q v is the initial value of q —t.the rate of flow 

* This argument cannot, of course, be maintained for steam, ha* the 
results are not likely to be greatly at variance. 
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immediately after the instantaneous discharge from the 
receiver—and r= 

Po y?i 

Provided the period of fluctuation t 0 is not so great that 
the pressures p and p 0 equalize, the value of the ratio 


i_ u-W 

which is within 2 per cent, of unity so long as rt 0 <£, and 
within 1 per cent, when r£ 0 <$. 

When the conditions are such that the final rate of 

flow is one-half the initial, so that y=»}y,, and the volume 
of the receiver necessary to give these conditions is 


o _ 3 n po 
~~ 2 * Po g ~ 4 s5 ' A/ 

Q is the total discharge per cycle, 

Ap is for practical purposes the mean presssure 
difference across the orifice. 


The capacity so determined may be regarded as adequate 
to reduce pulsation effects to 2 per cent, under the most 
unfavourable conditions of supply, and if the capacity is as 


great as Q the discrepancy will be less than 1 per cent. 

On the other hand, if the capacity is much less than these 
values the pulsation effect will be considerable. A capacity 


°f for instance, gives an u error ** of over 13 per 

cent. ll the capacity is still less than this, there will be a 
period during each cycle over which there will be no flow 
from the orince, and the “ intermifctency factor ** y/h will 
then operate. It is more satisfactory, however, to prevent 
than to remedy such conditions in practice. 


2. Intermittent Pulses; constant rate . 

In order to obtain corresponding results for flow in which 
the pulses are not Instantaneous but occupy a measurable 
part of the cycle, we shall consider next a flow which at the 
source of pulsation takes the form indicated by AiOBiCiCf 
in fig. 4, having a constant rate 0 during the fraction £ of 
the period and ceasing over the remainder of the cycle. 
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Daring these intervals the rate of flow at the orifice changes 
according to the linear law already considered. While 
discharge from the receiver is taking place at the rate C, 
the equation of flow through the orifice is 

„ __ _ . /Ht>o-p) 

9 — a o V ---> 

where p satisfies the equation 



(9-0). 


Fig. 4. 



Pulsating Flow 


The solution of these equations is 




showing that q approaches logarithmically the value C from 
its initial value q x . 

The variations in flow through the orifice daring a cycle 
will therefore follow the line ABC in fig* 4, in which AB is 
a straight line and BO a logarithmic curve asymptotic to KK 
and of such a form that the areas A, ABO and BBjCiC are 
equal. By direct integration and manipulation it can be 
shown that the ratio 


where 



Q 0 is the volume of gas passing the orifitie while 
delivery is taking place, ; * 


Q is the total discharge per cycle. 
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In cases where the effect of pulsation is small, which are 
in fact those under consideration, the arc BC will be but 
slightly curved, and either of two approximations may be 
employed to determine the necessary receiver capacity. * 
a. If we assum- that the arc BC is parabolic, we” obtain 
for the area between the arc and chord BC an expression 
which finally reduces to 


a 


_ 1 i -k, 
- 12 * 0 ° ’ 


where 


Hence 


„ _/W, 

0 ~ p 0 v , °- 


/ JL\*_ k x area under ABC t 0 (q x 4 - q 3 ) 4 . 2a 

V q ) OBCCj ~ —— « 5 

*o(7t + ?*) + - v 

K 

and using the approximate expression for a, we find 

= 1 "4i(r$)^ 1 " i ) Sn9arl y» 

and the ratio ^ is within 2 per cent, of unity so long as 

V > fQP(i-4). 

ap 

b. If we use the fact that the ratio i 8 not greatly 

different from that obtained when the rate of flow through 
the orifice follows the lines AB, BO, then by a siinjfle 
integration we find 


1 

9 


1 _l!*o 
2 


V 2 ~ 


»*i*o + 


w 


where 




a result similar to that obtained for instantaneous pulses 
but with r(T — h) written in place of r. The correction for 
fluctuation becomes less than 2 per cent, when r< 0 (l—£)<$, 

and this condition is satisfied when V > fQ-^ ( 1 — k), as 


above. 

Fhil. Mag. $. 7.YoI. 5. Mo. 27. Jan. 1828. 
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3. Intermittent Pulses; variable rate . 

For a periodic demand on the receiver which is both 
intermittent and variable, the solution, as mentioned above, 
is troublesome, and at the best only leads to approximate 
results ; particularly so when the exact wave-form is a ‘ 
matter of uncertainty. It is not difficult, however, to 
obtain a simple expression for the receiver capacity which 
will assure reasonably accurate registration. 

Suppose the demand per cycle is Q and the maximum rate 
of flow q m at the source of pulsation. Then the conditions 
with any normal wave-form are more favourable than those 
which would obtain if the whole demand Q were absorbed 
at a uniform rate q m , with idle intervals. The receiver 
capacity necessary to reduce the correction to a given value 
under these hypothetical conditions would therefore be 
ample under the actual conditions of operation ; and since 
the value of this capacity can be easily estimated, it would 
appear to afford a useful criterion in metering practice. 
This capacity is given by 



to give a correction less than 2 per cent., and similarly by 



to give a correction less than 1 per cent. 

It will be found that these values are consistent with 
solutions obtained for special cases by Hodgson *, using 
step-by-step integration. 


II. On the Stability of the Solutions of Mathieu's Equation . 
By Balth. van der Pol, D.Se., and Dr. M. J. 0. 
Strutt, E. Z.f 

r pHE movement of a particle in a field ©f force, the force 
being direct or inversely proportional to the elongation, 
is determined by the equation : 

d*x 

+ o> 0 2 • & = 0.(1) 

In the case where the force is inversely proportional to the 
elongation, we have 

> G, 

• Loc . cit. p. 14. 

* t Communicated by the Authors. 
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and the movement is of purely periodic type. On the other 
hand, if the force is directly proportional to the elongation, 
we have 

G>0* < 0, 

and the movement may be called unstable, as in general the 
elongation increases indefinitely with time. 

If the force is a periodic function of the time with angular 
frequency p, the equation is : 

+ Oo* + aj.cohpr). x = 0 . ... (2) 


The three parameters occurring in this equation may simply 
be reduced to two parameters : 


with 


tVx 

lit* 


+ (ft) 3 -f a 3 . COS /) . X = 0, 


t — p . T, 


(3) 


a> . p — eo 01 


a . p ss a Q . 

The equation with a frictional term, assuming friction to 
be proportional to velocity, may be reduced to equation (3) 
by a well-known simple transformation. 

The equation (3) is of the type generally known as 
Mathieus differential (1) * equation. 

In astronomy this equation has also been called after 
Lindstedt (,) and after Gyld&n (3) . 

If, instead of the term 

a 3 . cos t y 

we have a general Fourier series 

F(f) as «**-fAiCOstf-f-A*cos2*-fA,. cos 3f-f ... 

-fBj sin f + B, sin 2l + B s sin 3 1 + 

so that equation (3) becomes of the form 

. F(f) as 0,.(4) 


where F(t) is a function of t with period 2w, the equa¬ 
tion (4) is called HUVs equation. 


♦ These numbers refer to the bibliography at the end of the paper. 

O 2 
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As a special form of equation (4), we have 

£co* 4* (cost—£cos3£-f ^ cos 5*— ,..)J ** (5) 

so that the “ripple” in the force, acting on the particl$ 
under consideration, has the form of fig. 1. The equa¬ 
tion (4) and its special forms (3) and (5) occur in several 

Fig. 1. 
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|a»W 


t 


problems, of which we only mention the most important 
ones, viz.:— 

(1) The movement of a pendulum, the support of which is 

moved up and down with a frequency pf 2<ir (3) ; 

(2) the oscillations of locomotive mechanisms <4) ; 

(3) the movement of a stretched string, the tension of 

which is varied periodically (5> ; 

(4) the propagation of waves in stratified media (6) ; 

(5) the propagation of electromagnetic disturbances in 

cables of periodic structure (pupin-coils); 

(6) the theory of modulation in wireless <7) ; 

(7) the theory of superregeneration (8) ; 

(8) the theory of astronomic perturbations (9) ; 

(9) the production of electric currents by periodically 

varying the properties of circuits a °>; 

(10) the oscillations of membranes with elliptic boun¬ 

dary <n) ; 

(11) the eddy currents in elliptic cylinders (l2) ; £ 

(12) the diffraction of light by elliptic cylinders (18) ; 

(13) the oscillations of strings with periodic mass-distribu¬ 

tion* 

By Floquet’s theorem (1> , the general solution of equa¬ 
tion (4) has the form 

A .e»*. <&(*) +B .*-**.¥(*), 

where A and B are constants of integration, 

and are periodic functions of t with period 
ft a coefficient independent of t , generally celled 
“ exposant charact&ristique.” 
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After this theorem, if 

m 

is an arbitrary solution of equation (4), we have 
F(/ + 2 tt) = <r,F(tf). 

Now three cases may arise: 

(a) | <r | > 1, 

(ft) M<i, 

(c) I a I = le 

Case (a) represents a movement of unstable type; case (ft) 
is of stable type ; ami case (c) is of unstable type. 

It is to be noted that we call a movement stable if both 
solutions of equation (4) are of stable type, and unstable, if 
at least, one of the solutions is of unstable type. From this 
definition it is already dear that there are more unstable 
possibilities than stable ones. 

The first purpose of this paper is to fix the boundaries in 
the (a 2 , « 3 )-plane between the dable modes of movement 
and the unstable ones. Moreover, the instability itself will 
be dealt with quantitatively. 

In the literature the rules given for the stability of 
movement, represented by equation (3), are partly contra¬ 
dictory <2)<14)<15) . This point makes it desirable to state 
clearly the conditions under which the solutions of (3) are 
stable. 

Analytically equation (5) may be attacked in the simplest 
way, so that we shall first consider this case. A solution of 
equation (5) was already given by E. Meissner (4) for the 
case : 

a) 2 > a 2 > 0. 

The coefficient <r can he found in the following way:— 

Let f and <f> be two independent solutions of equation (4), 
and let F also be a solution, then 

F (t) as a x ./(f)+*s •$(*)* 

Now w© have 

F (t + 2?r) * & . F(0 sa • (t + 2 tt) + #$ . <f>(t~h2vr), 
where 

f(t + 27r) as a . f(t ) + b. 4>(t), 

$(e+2w) - «./(t)+4 .*(*). 
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Then if we assume : 


we have : 

and 

Hence 


*( 0 ) 

f(0) 


0, 

1, 


a =/(2tt), 
b = f(27r). 


<f>'( 0) = 1, 

A o) = o 

c = <j>(2v), 
d = 


F(< + 2tt) = a,(«/ + 6<£) + a 2 (f/+</d>). 

aja -f-— o* . 

4* a 2 fi = a . a 2 , 

«i __ _ _c d — cr 

ol 2 a — cr ft 

From the differential equation it follows that: 

/. <£'— <p ./' = constant, 

and in our case 

/. <b f — <£ ./' — 1 = a . d — h . r. 
From equations (6) and (7) we conclude : 

o- 2 —o*(a-fd!)-f 1 — 0, 


( 6 ) 


(7) 


or 

a 


a + d / {a -f d \ 3 , a-frf 0 /#y ,. 

= —2" ± v vat ) —1 an<i -g—=c °s2u7t. ( 7 ) 

Hence 

o- = *± 27r >, j = V ~~ f • 

The three different possibilities of movement, mentioned 
above, are now expressed by : 

(a) | cos 2irp ) > 1 : unstable, 

(ft) | cos 2? r/j, | < 1 : stable (indifferent), 

(c) | cos 2irfi | * 1 : unstable. 

Case (c) constitutes the limiting case of (a) and (ft). 

Now, in the case of a rectangular “ ripple” with which 
we will first deal, we may consider two intervals, corre~ 
sponding to fig. 1: 

(I.) from t * 0 till t = 7r : + («* + «*) .*«=<>, 


(II.) from t it till t mt 2-n : 


d*x 


dt s +("*-**) .* ■= 0. 

In either of the two intervals the sine and cosine solutions 
may be immediately written down and we have the boundary 
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condition between the interval-solutions, that x and ~ be 

at 

continuous at the boundary. These conditions, together with 
those for * = 0, enable us to determine the four constants 
of integration and hence the complete solution. 

From this complete solution we easily calculate 

cos 27r/x = ^ [ 4 / ? (2 tt) -f- (2vr) ] 

and find : 


(I.) for e>* > a 2 > 0 : 


COS 27 Til =• COS Xx COS Xn — -f 

2Vr 2 xj 


sin x x sin x 2 , 


(II.) for G) 3 < a 2 : * ^ 

cos 27 rjj, = cos A*i cosh ^ — -A sinh «r 3 sin .rj 

J\.r 3 a?i/ 

. . . (S)j 


where 


V=7T 2 ( W 2 + a 2 ), 
x</ = 7r 2 (a) 2 — a 2 ). 




x\ 


7T 2 (a 2 — ft) 2 ). 


fig. 2. 
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regions of unstable (white in fig, 2) and of indifferent 
(shaded in fig. 2) (stable) movement. We may consider 
the diagram thus obtained as a plane, and may imagine the 
value of I=cos 2nyx — 1 plotted perpendicularly on this 
plane above the regions of unstable movement. Thus 4 a 
three-dimensioual representation is obtained, in which the 
plane (sea) constitutes the region of indifferent movement 
and the mountains cover the regions of instability, the 
height of them at every point being a measure for the 
instability at that point. 

In fig. 2 a a cut through the unstable mountains has been 
made along the line under 45° in the first quadrant of fig. 2. 


Fig . 2 a . 



Three special cases of equations (8) will now be considered 
separately. 

(I.) Small ripple : « 1. 

We easily deduce from the first one of equations (8) : 

1 a 4 

cos 2w/i =s cos 27r«— — 4 sin* tto. . . . (9) 

Thus it is seen that the unstable areas starting from the 
points (a*=sO; <*>~h §»$-•) ar * of greater instability in 
the neighbourhood or the *>*-axis than the unstable regions 
starting from the points («*»0 ; e>asl, 2, 8 ...)♦ 
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(II.) Fast ripple : ] ** | « 1, 

l«*l« h 
1 ** I > ! ® 3 1 • 

In this ease we deduce from the second equation (8) : 

cos 2irp = 1 — 2tt 2 o> 3 —^TT 4 * 4 . . . . (10) 

Hence, if ©*>0, the movement must be stable; but if ©*<(>, 
we may either have a stable or unstable movement, the 
boundary between these two regions being given by 


Thus, the curve C 0 of fig. 2 is given by equation (11) in the 
neighbourhood of a*«eras0. 


(III.) Large ripple (and o> 2 negative) or 

Asymptotic behaviour of the boundary-lines for 

a* » 1, 

| a>* j » 1. 

In this case we deduce from the second equation (8) : 

~s =COS*r<y/(l— “ j.et* .(12) 

From equation (12) it follows that all boundary-lines tend 
asymptotically to straight lines under 45° in the second 
quadrant of our diagram (fig. 2). 

In general, from this diagram we may make the fol¬ 
lowing deductions:— 

(I.) The unstable states of motion cover a larger area than 
the stable ones. This corresponds to the conclusion made 
from general considerations, that there are more possibilities 
of unstable movement than of stable movement. 

(II.) Below the dotted line under 45° in the first quadrant 
of fig. 2 the motion is in general stable, the stable areas 
being cut by relatively small unstable ones. In this case 
(fl£<e> s >0) the ripple (fig. 1) does not touch the zero line, 
and the coefficient of at (being proportional to the elastic 
force) in equation (5) remains always positive. Thus with¬ 
out ripple we should have a stable movement , and the ripple 
under certain conditions may make the movement unstable . 

(III.) Above and to the left of the 45° line mentioned in 
the foregoing case, ivc have, in general, unstable motion, and 
the unstable areas of fig. 2 are separated by small stable 
areas. Moreover, the instability increases considerably with 
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the distance from the aforesaid line, attaining a maximum 
under 45° in the second quadrant of fig. 2 and in infinity. 

To the right of the line <w 2 = 0 of fig. 2 the motion would 
without ripple have been of stable type, and thus the insta¬ 
bility is exclusively due to the ripple. 

(IV.) In the region to the left of the aforesaid line the 
motion is unstable without ripple, and the ripple has thus 
the effect of stabilization. 

Physically this case may be realized by a reversed pen¬ 
dulum, which can be stabilized by a fast up and down 
movement of the lower end (3) . We may infer from fig. 2 
that this stabilization ceases, however, if the ratio of the 
amplitude of the ripple to the length of the pendulum 
exceeds a certain magnitude. This has been verified by 
experiment; a reversed pendulum of length approximately 
equal to the amplitude of the movement of the support is, 
with a slow ripple-frequency, stable, but, after increasing 
the frequency of the ripple, becomes unstable again. 

(V.) If co 2 be negative and |o> 2 | > a 2 , the coefficientof x 
in equation (5) is always negative. Thus, the curvature of 
the solution in the (x, f)-plane being always of one sign, 
motion cannot be stable, as x increases indefinitely with t. 
Hence, below' the 45° line in the second quadrant of fig. 2 
no stable areas can exist. 


Now that the general properties of motion represented by 
equation (5) have been discussed, we shall proceed to con¬ 
sider Mathieu’s equation (3). 

The analysis leading to equations (6), (7), and (7') is valid 
also in this case. 

Let, again, 


a + d 
2 


= cos 27rya, 


then 


a = A* ; j = — 1. 

One can easily show that fi can only be real or purely 
imaginary, but can never be complex. 

Thus fig. 3 shows /tt, as given by 

_ q, -j- d 

Zirfi = arc cos - 

a + d 


i. e. when 
and when 


2 


2 

a+d 

;2 


> 1, then 2irjfi = aro cob 


a+d 
2 ’ 


< 1, then 2w« *= arc cos— sr^., 


where » and £ are plotted as ordinates in fig. 3. 
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Thus the three cases correspond respectively to 

(a) | cos 2 t t/m ) > 1 or /x = imaginary : unstable, 

( b ) | cos 2 t t/jl j < 1 or = real : stable, 

(c) | cos 27r/x j = 1 or fi =s 0 or £ : unstable. 

Fig. 3. 





In case (c) the general solution has no longer the form 
given by Floquet’s theorem, but becomes (16) 

A.&(t) + B.t.nr(t), 

aud SP being functions with period 2ir in t . 

Thus this case generally corresponds to an unstable move¬ 
ment, the movement being, however, of stable type if B = 0, 
which depends on the initial conditions. 

Equation (3) being a special form of Hill’s general equa¬ 
tion, we may apply Hill’s analysis to equation (3) also. 

Two independent solutions of equation (3) may be obtained 
in the form : 

Xb n e^ Mi .(13) 

and T 

e-iv* % b H e~* nt .(14) 

— oo 

Substituting (13) or (14) into the differential equation 
and equating coefficients of equal powers of e to zero, we 
obtain a determinantal expression, which constitutes an 
equation for ft: 
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A tfi 

' 2 f« s -(A*+i>]’ 1( jp-Ot+ifl* °' 

0 , 

0 , 0 . 

0 0 * 8 1 * 

r°> 

0 , 0 . 

°* °’ °’ 

LV-^+iP]’ °* 0, ‘" 


Hill has shown that this equation may be written: 

sin 8 ^ = sin 2 7r<w . A(0), .... (lti) 

whe 

A(0) = [A 

Now, if fi is given a fixed real value, the detenninantal 
equation (15) corresponds to an equation between cd 2 and a 8 . 
Moreover, any real value of: /i corresponds to a periodic 
solution of equation (3). 

Thus, for any real value of /t, the expressions (13) and 
(14), together with the determinantal equation (15) between 
a 1 and ©*, are periodic solutions of Mathieu’s equation (3), 
in which o> 2 and a 2 are related by equation (15). The co¬ 
efficients b n in the expressions (13; and (14) are determined 
by the set of equations : 

[a> 8 ~(/i+n) s ] .6 w +| 8 .(6n.i + t» + i)* 0. 

We shall call the expressions (13) and (14) for any real /a, 
defined as above, respectively : 

Ms® as 2 b n . e jnt ) 

and — L . ; . (17) 

Me (II) * eri** 2 b n . e~i nt .J 

—ao 

Now, by combining the functions (17), we obtain 
Ce = £(Me (I1 ■+•Me (ID ) = 2 . cos (n +n)t 

0D —00 

= &o+ 2(&„+6_») . cos(n+/t)t, . . . (lb) 
S« “ Ms®') = 26».sin («+/*)< 


and 
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The functions (18) and (19) will farther be called 
generalized Mathieu Functions . Corresponding to the fact 
that the differential equation (3) contains 2 parameters, any 
Mathieu function will be defined by two numbers—an index 
and the value of a 2 assigned to the function* The value of 
a>* is then determined from equation (15). 

The index is determined by making 

+ = 1 

in equation (18), thus defining C^ w+#1 )(« 2 , £), and by making 

bn-b- n « 1 

in equation (19), thus defining S^ 2(n+ ^(a 2 , t). 

Hence, we have the generalized Mathieu functions : 

C t) and S*s(»+ji)(« 2 , <)• . . (20) 

If 

/x = 0 ; 

we have Mathieu functions of integral degree, 

C e m [** y t) and S*> m (a 2 , t), . . . (21) 

whereas the generalized Mathieu functions (20) may also be 
of fractional degree. 

In the literature tno9fc attention has been given to Mathieu 
functions of integral degree, as these functions occur in 
several boundary problems in physics (1) , but Mathieu func¬ 
tions of fractional degree have only been considered very 
seldom (l7> . 

According to the definition given above, the determinantal 
equation (15) for any real value of /x gives a relation between 
<» 2 and a 2 , which is represented by a curve in the (a 2 , <n> 2 )- 
plane. The curves corresponding to the totality of all real 
values of /* cover the whole stable (indifferent) motion area 
of the (a 2 , « 2 )-plane. Thus, if we could draw all these curves, 
we would immediately have solved the first problem which 
presents itself, viz., the conditions of stable motion. 

In any point of one of these curves, for which 

gfc 0 or 

we have at the same time a solution t) and 

t), so that the general solution is 

A . , t) +■ B • S*j(n+/uL) t) • 


0 or •£, 
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the general solution along the curves, represented by equa¬ 
tion (15), can no longer be o£ the aforesaid form, but must 
be either <18) : 

A . S* w (a 2 , t) + B . <t>, M (a 2 , t ), 

where <&*(«*, t) is a function which contains t explicitly 
(before some of the terms with sine) and which thus is non¬ 
periodic and even, or 

A . Ge m (a\ 0 + B.^(« 3 ,0, 

where ^ is a function of the same character as <t> m but odd 
Hence, from the points of the or-axis, corresponding to 

yu = 0 or 

and with the aid of equation (15), two curves for constant fi 
can be drawn, these points being double points. 

We can easily see, from equation (16), where these 
double points are to be found in the (<w 2 , a 2 )-plane. 

The two corresponding values of ya are zero and 1/2. If 
fi is zero, then for oi 2 -> 0, 

HO) - i, 

and we have from (16) : 

a) = 0, 1, 2, 3 .... 

Fig. 4. 
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Numerically, the Mathieu Functions of integral and of 
fractional order, which reduce to 

m 
2 
m 


and 


[C0]a2->0 = COS £ t 
<)]a2-+o = sin^«. 


are easily derived by the method followed * <15) by Mathieu. 
We obtain the series (with Mathieu) : 

n , « .v t o? « , 4 / cos :)t cos *t\ 

Ce x (a\ t ) = cos 2 - - 4 cos f 1 + 4« 4 . f ~ ) 

£ 6 /cos cos fyt cos |f \ 

-8a 1.9216 “ 1152 4 153(5/ 

. t ( 008 ¥ _ cos COS §< 

^ (,737280 49152 24576 


11 cos & 
+ "36864 


) 


with 


or = 4 + TT 


a 4 _ a 6 _ 11a 10 

8 32 . 384 4 4608 4 


( 22 ) 

(23) 


The curve represented by equation (23) has been plotted 
as (CVj) in figs. 4, 5, and 6, and the curve (22) in fig. 7 for 
«*=1. 


_ / COS 2t 1\ 4a 4 

cos t + 2et 1 ( i2 + 4 ) + 38 - 4 <-os 3 1 

-8««q 

'cos4< 43 cos 'At 5 \ 

,23040 4 13824 + 192/ 


+ 16a 8 ^ 

' cos 5* 287cos3<\ 


,2211840 + 2211840 / 


+ 32*'° 

( —cos 6 1 41cos4f s 

21059 cos 2 1 

‘ \309657600 16588800 4 

79626240 


1363 \ 

4 221184/ 4 

.... • (24) 


with 


® a=1+ i2* 3456 * 4 4976640 * 4 ^ 

* Mathieu has given series which, as far as we are awatfe, are best 
suited for numerical calculations. 

J>Ml Mag. S. 7. VoL 5, No* 27. Jan. 1928. D 
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The curve given by equation (25) has been plotted as 
curve Cj€% in figs. A, 5, and 6. 


+ 8 « 6 , 


~ 0 _ „ / cos 4 1 t cos t\ . 4 /cos i-t . cos4\ 

O, = cos*f+ 2«>- r6 *-+ VJ +4“*(-640 + TI 1 ) 

( —cosf< 7cos-|i cos|-\ 

"46081 "20480 + 1024/ 

t 17 cos ft cos ft cos|-\ 
r?7 + 2 i ®T3 r .5 2 1 * 2 ,a ) 


+ 16a«.( ; 
+ .. 


cos 

2 14 3*. 5” 


with 


a 4 a 6 13a 8 

16 + 32 + 5l20 


5 a 10 


(26) 

(27; 


4 ' 16 ' 32 ' 5120 2048 

The curve given by equation (27) has been plotted as Ce 3 
in figs. 4 and 5. 

a 0jl , 0 « / cos St , cos A . . /cos At 1 \ 

(,< 4 - cos 2*4 2a ~ 2 0 + 12 ) +4 “ *\ 960 + l32,) 

— cos 5f 13 cos 3f 
80640 “ 96000 


■c 


+ 8a® 

+ 16a 8 . 
-32a 10 . 


+ 


11 cos t 


cos t\ 
17 W; 


/ cos 6£ 23 cos 4 1 1 \ 

V10321920 + 6048000 ~ 92160/ 


cos It 


(1857945600 


+ 


53 cos 5 1 


1032192000 
439 cos t \ 


+ 


4037 cos 3 1 


with 


** = 


4+ tjt: d 


433a 8 


^ 62208000; 
189983 a 12 


+ 


30 216000 1360800000 


+ •• 


2419200000 
. (28) 

. . . (29) 


The curve given by (29) has been drawn as curve C* 4 in 
figs. 4 and 5. 

»J+ 4...(“$ + =S*) 


• 8 «® 


sin|< 

sinf£ 8 

.9216 

11.52 + " 

/ sin•§•£ 

sin|< 

(737280 

49152 

1 a* 

a 4 a® 


fin 4A 
1536/ 


8 + 32 


a" 

384 


_ 11a 10 

4608 + 


(30) 

(31) 


with 
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The curve (31) is found as curve in figs. 4 , 5 , 6 , 
and the curve (30) for a*~l in fig. 8 . 

a 2 a 4 

Se s = sin t— — sin 2t + . sin 3 * 

0 yb 


+ 8a« 


•( 


—sin 4/ 5sin2<\ 

23040 + 138247 


. 8 / sin 5< 37 sin 3<\ 

A2211840 + 22u9l40/ 


+ 32a 10 . 


/ —sin &t 
\309657600 + 


11 sin 4* _ 289 sin 2t\ 
33177600 79626240/ 


with 


12 + 3456 


289 a 12 


+ 


+ ... , 
(39) 
(33) 


4976640 

The curve (33) is drawn as curve S* a on figs. 4, 5 , and 6 . 
t 


S* 3 « sin 3 ~ + 2a 2 


sin sin 
“16 + ~8 


,( _sin a _ 7 sin ^ 4. sin i\ 

A 46080 '20480 1024/ 

/ sinJglf 17 sin \t sinf< sin|\ 

+ * \2 14 .3 2 .5.7 2\ & . 3*75 + 2“ + 2 12 ) 


with 


(34) 




4 + 16 32 + 5120 


5 * 10 

+ 2048 + 


The curve (35) is drawn as curve S * 3 in figs, 4 and 5# 


S * 4 = sin 2t -h 2 a 2 . ^ 


sin 3£ sin 2t 

~ 2 tT + ~12 


) 


+ 240 sin 4< 


at/ sin 5 1 13 sin 3 1 sin t \ 

V80640 + "96000“ “"4320/ 
.. j / sin 6* 23sin4<\ 

+ ‘ \I0321920 + 6048000/ 

+ 32« 10 .( ~ sin7 * 53sin 5/ 


293 sin 3< 


,1857945600 1032192000 T 2419200000 

397 sin t \ 

■'‘124416000/ + — » ’ w 

D 2 








(37) 
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with 

, . a* 317 „ 4507 « 12 

" = 4 + 30 ” 216000 “ + 85050000 . 

The curve given by (37) lias been drawn as Sc* in fig*- ^ « 

and 5. ~ , 

The series of Sc can be obtained from those of Oc by 

changing | in ^ — 9 an d « 2 in ~“ 2 - 

In general, we have : 

n g . . 9 2 f-cos (<j + 2) . | cos 0-2) _._fj 

C^ = cos *2« + 2 “ 'L 40 + 1) 40-1) J 


+ 4a 4 , 


cos (a -+ 4)£ 


320 + 1)0 + -) + 320 - 1 ) 0 ~ 2 ) 

r — cos ^ o 4' fi ^ $ 

■ 8 “ 6 • L2 7 :3. o+1 > 0 + 2 ) • o+ 3 ) 

O* + 4o +71 cos (f/ + 2) |- 

— 2 7 . (// + 1 )*.(//— 1) . 0 + 2) 

0 s — 4</+ 7) cos (// — 2) -| 

+ 2 \ 0 - 1)*-0 + 1 ). 0 - 2 ) 
cos (a —G) j 1 

+ 2 7 .3. O-1 )0-2)0-3)J 

cos (a 4 8) -£ 


cos (ff —-4) 


w 


+ 16 “ a - [-?'T3 


+ 


+ 


• o + 1 ) • O + 2 ) 0 + 3)0 + 4) 

( f7 8 4 - 7</ s + 2O77 + 20). cos O + 4)4 
2\ 3.0 + * )* • 0~-1 )(^ + 2) 2 TO + 3) 
O*—7// 2 + 20<7 — 20). cos 0— 4)4 
2 ». 3 . (£±1 )».0 + 1 ) T0 -" 2 > 70 - 3 ) 

cos 0 — 8) 4 


2 n .3.0—1)0—2)0- 


3). 0-4)] 


(38) 


with 


OT 




4a* 


(5 9 s + 7)16« 8 


4 2. 0 s —1) 320 2 —1)*. 0 2 —4) 

, (9/ + 2V-W-H6) m. /on\ 
20 2 -i) 6 . 0 s —4)*. o*-9)*• 7 •. w 
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Formulae (38) and (39) may be applied whenever 
3 *£ 1> 2, 3, or 4. 

It is easily seen that the formulae for Ce are obtained from 

t 7r t 

those for 8* by changing « 2 into —a 2 and ^ into - — 

£i it £d 

Furthermore, from the general formula for colitis obvious 
that as long as g is not an integer the curve in the o> 2 , a 2 -plane 
corresponding to 8^ is the same as that corresponding to Ge g . 
Only if g is equal to an integer the two curves separate, in¬ 
cluding between them an area of instability. 

Considering figs. 4, 5, and 6 generally and comparing 
them with fig. 2, it is seen that the general character of the 
unstable regions is the same in the case of a sinusoidal ripple 
as in the case of a rectangular ripple . 

Mathieu functions of intoger order are orthogonal, viz.: 


,Mtt 

I Ge g . Se k ,dt~ 0, 
' 0 


4 r Ce,.Cet.dt*? k ~ 9 ' 

o 9 =0 if 


J 

Mathieu functions of fractional degree have the property 
of orthogonality in a similar manner: 

I .o..s« w ..*.o, 

Jo \s = fraction/ 


j»4ir/# 


• dt 


jz 0 if k = 0, 


o 

« ’4/ir s 

• dt 

ft 


= 0 if k 0, 

=£ 0 if k a 0, 

» 0 = 0 if k =£ 0. 

Similar relations have already been obtained by E. G. 
Poole < l7 >. 


Mathieu functions enable us to solve the Mathieu equation 
in any region of stable movement. In the regions of un¬ 
stable movement, however, they are no longer valid. 

A method for obtaining the value of jx amd the solution 
-of equation (3) in these regions has been given by E. T. 
Whittaker (1) . The series given by him ends with efi and so 
enables us to find the solution numerically for about the same 
values of a as the series of Mathieu given above. 

Various other methods of attack have been given for 
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equation (3), but the methods mentioned above have been 
the most successful numerically hitherto. 

From the similarity of the diagrams representing the 
regions of stable and unstable movement of equations (3) 
and (5), we may expect that all the boundary lines between 
these regions also for equation (2) cut the ce 2 -axis for large* 
values of a 3 at points corresponding to 

* = w + 

where n = l, 2, 3, etc. 

Finally, these boundary lines tend to straight lines under 
45° in the second quadrant of fig. 2, the stable regions being 
rather large below the 45° line in the first quadrant and very 
small relatively to the unstable regions above and to the left 
of the aforesaid line. Thus there seems to be little doubt 
•that the general behaviour of the solutions of the Mathieu 
equation will be similar to the behaviour, fully described 
above, of the case where the ripple is rectangular instead of 
sinusoidal. 
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III. On the Calculation of the Periods of Circular Mem - 
branes and Disks. By R. 0. J. Howland, M.AM.Sc., 
University College , London *. 

Introductory . 

I ^HE theory of the vibrations of a uniform circular 
membrane was given by Poisson “f* and Clebsch The 
vibrations of a circular disk were considered by KirckhofE §. 
Both theories are fully expounded by Rayleigh ||, who gives 
also a method for calculating the effect on the periods of 
slight deviations from uniformity If. 

The vibrations of some types of non-uniform membranes 
have been discussed by liouth using the method of con¬ 
formal transformation. A solution in Bessel functions for 
the symmetrical inodes of a type of loaded membrane has 
been given by R. N. Ghosh ft* For a special kind of non- 
uniform disk, solutions in power series are obtainable H. 
Apart from these special cases, only approximate methods 
have been used for determining the periods of non-uniform 
membranes and disks. Rayleigh's method of an assumed 
mode§§ has been applied successfully to disks || || and to spin¬ 
ning disks TIT, and the Ritz method of minimum energy *** 
may also be used. It is, however, not always easy to find a 
suitable assumed mode, and a wrong assumption may lead to 
very large errors +t+* 

In a recent paper by the present writer JJJ it was shown 
that very good values for the periods of bars may be 
obtained through the medium of an integral equation §§§. 

• Communicated by the Author. 

t MSm. de FAccuUmie, viii. (1829). 

f * Theorie der Elaaticitat fester Korper * (1862). 

§ Grelle, xl. p. 61 (I860). 

J < Theory of Sound/ chapters ix. and x. (2nd ed. revised 1926). 

51 Ibid. pars. 208 and 221. 

** “ Some Applications and Conjugate Functions,” Proc. Lond. Math. 
Soc. xii. p. 73 (1881). 

“ On Indian Brums,” Phil. Mag. ser. 6, xlv. pp. 316-316. 
tt Prescott, * Applied Electricity ^(London, 1924), par. 338. 

55 ‘ Theory of Sound/ par. 88. 
fijl Prescott, loc . cit. pars. 340 et seq . 

Tfl Lamb and Southwell, Proc. Roy. Soc. A, vol. xcix. pp. 272-280 
and Southwell, ibid. vol. ci. pp. 133-162. Also Stodola, Schweiz. Bauz. 
vol. Ixiii. pp. 261, 271 (1914). 

*** Ritz, Crelle, 1903, or Get. Werhe, Paris, 1913. 
fft Cf. the paper by Southwell cited above. 
tXt Phil. Mag. ser. 7, iii. pp. 674-694 (1927). 

5§§ A different method of treating the integral equation is given by 
Schwerin, Zeit. Tech . Phye. viii, p. 264 (1927). 
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It is here shown that the same method may be applied to 
find the periods of circular membranes and disks. It is 
theoretically capable of any required degree of accuracy, 
but it will be seen that, for the higher modes, accuracy can 
only be attained by laborious calculations. 


The Integral Equation . 

The membranes and disks considered may be of variable 
thickness, density, and rigidity. The vibrations may be 
controlled by either rigidity or tension or by both acting 
together, and the method ol support is indifferent. It is 
supposed, however, that the density, rigidity, and tension, 
if variable, are functions only of the distance from the 
centre, i. e. there is circular symmetry. This is to be true 
also of the mode of support, but need not be true of the 
mode of vibration. 

Let (r, 0) be polar coordinates in the plane of the mem¬ 
brane or disk, the pole being at the centre. On a circle of 
radius a apply a transverse force of magnitude cos n$ p&r 
unit length, n being an integer. The deflexion due to this 
at any point (r, 0) v\ ill be written 

K„(r, a) cos a / 0 , 

where K n (r, a) is a function whose form depends on the 
density, rigidity, tension, and mode of support. 

In a vibration with n nodal diameters, the frequency 
being \, the deflexion may be written 

w = w n (r) cos n0 cos 27 r\t, 

and the mass-acceleration per unit length of a ring of mean 
radius a and breadth ha is 

—47 r 2 X 2 nt(a) . w n (a) . cos n0 cos 27 tX£ . ha, 

77i, the mass per unit area, being also a function of the radius 
vector only. 

It follows from d’Alembert’s Principle that, if the mass 
accelerations are reversed and regarded as static forces, they 
will produce a deflexion identical with the actual instan- 
taneous deflexion. The deflexion due to the reversed mass- 
accelerations on the ring of breadth ha is 

49r*X a m(a) . w n {ot) . cos n0 . cos 2ir\t . ha . K«(r,*). 
Integrating this and equating the result to the actual 
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deflexion, we have, after removing the common factors, 

> 4 a 

w n (r) = 4w 2 X 2 l m(a)w;»(^*)K n (r, a)da, . . (1) 

Jo 

in which a is the radius of the boundary *. 


The Approximate Rtjuation for the Frequencies . 

Applying to the integral in (1) the trapezoidal rule with v 
intervals, and remembering that, from its definition, K 0 (r«) 
is identically zero, we obtain the linear equation 

(T) "'•* iff) K »( r * f) ’ 


where 

&=i, q& v >l 

/• • • 

In (2) let r take successively the values 
a 2a pa 


( 2 ) 

(3) 


and write 




Then 


47r 2 X. 2 a ^ 


«>* =-V PqriltkpqWg, 

V q__ l 


(4) 


(5; 


j>—l, 2, 3,.v. 

Eliminating the tc's, we have for \* the equation of 
degree v : 

] w i*a—/*, ., 

'"i*si, mjcti—fi, .. \m„k 2i , 


where 




m s i, 




, -^Wl Jtw ft 


=0, (6) 


_ 1/ 


• • ( 7 ) 


When the rim is fixed, the last column of the determinant 
is missing and the degree of the equation reduces to v—1. 

* For the theory of this type of equation see Whittaker and Watson, 
4 Modem Analysis/ 3rd ed., par. 11*23. 
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Determination of K n (r, a) for the Membrane . 

The deflexion of a stretched membrane under a given 
system of transverse force depends only on the tension. It 
is therefore possible to give general formulae, independent 
of the variations in density or thickness of the material. 
These will enter into the equation for the periods only 
through the factors m q . 

If the membrane is stretched to a tension T and is acted 
upon by a transverse force of magnitude Pcos n0 per unit 
area, P being any function of r, the deflexion w is given by 
the equation 

p 

rp COS 710 = 0, 

or, writing w = w n cos n9 , 


d 2 W n 
dr 2 


8 dw n 

r dr 


n * 


+--jW n = — rT r, 


P 

T 


which may conveniently be written as 

(l 1 r 2n+1 — ( lVn )\ — — ~ (g\ 

r n+i dr\ dr\r n ) J ~ T * * * * W 

To identify w n with K w (r, «), let P be zero except when 
r = a, while 

i'* +6 

lim 1 Pdr= 1. 

e**0 


Then 


j; 


Pi*+ l dr=0 


if r<< 


=« n+1 if r>«, 
and a first integration of (8) gives 

d /«P.\ A I «"+! 

dr\r n ) y&i+i I •jya.+i- 

i r? n /IV 8 e( l ua : tio i n i an d in all that follows the terms to the 
left of “e J«rtical bar apply to the whole membrane ; those 
to the right of the bar apply only for r*> a. 

Integrating again, 


* n+1 (' r dr 
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If the membrane is complete. A' must be zero, 
fixed at the rim, we have also 

„ a 2n — a 2n 
B * = 2nTa”- i a ln ' 

Hence 


K n(r, a) = 
K„(r,«) = 


ft? n - 


2wlW 


.r# n 

. a n+i 
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If it is 


• ( 9 ) 


In the above integration it has been assumed that n is 
not zero. The formulse for n = 0 are 


K 0 (r,«)= ? log?, 
K 0 (r,«) = -*log?, 


r <«, 


r >a. 


} 


. . ( 10 ) 


Calculation of K n (r, a) for the Disk. 

^ thickness of disk, 

1 = 2A 3 /3, 

E = Young’s Modulus, 

<r= Poisson’s Ratio, 

E'=E/(l-<r), 

the deflexion due to a transverse force of magnitude p per 
unit area is determined by the equation 


V*(lV’«0=ii.(11). 

From the genera! assumption of symmetry, I is a function 
r ut not ot d; E will be supposed constant. Writing 
g=Pcos»0, where P has the same meaning as before, we 


( 12 ) 


and 


(~ + . 1 d n*\ P 

Xrfr* r dr rV 1 W* + r dr r*/ Wn ~ E 1 ' 

Now, if % i 8 any function of r, we may write 

(i4) 

* Prescott, * Applied Elasticity,Vp. 894. 
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Putting 


^ v/r 2 


1 L 

r dr 


n*\ 


we therefore obtain the following two first integrals of (12), 


£-»x- 


1 /a\»+ l 
h W[r) ’ 


whence, by subtraction, 

o I / rf 3 1 d n 2 \ -Q n _j 
2 n ?(d? + r&-^) W ' =Br 
A 




^{(r-<r> 


Again applying (13) and (14) to obtain first integrals, 
we find 


/ dw n 

w, A C 

B 1 

\ dr ' 

n r)~ r"* 1 

+ r'‘ +1 ] 


A f'r , I 1 i * r / r 2 ** 1 . t \dr 

r> .+xJ 1^1 + ifti+ij. («—* “VI 

2n(^S +«^)=Dr»- 1 + Br”- 1 J '£*• 

_ Ar “ -1 f '_*• I 4 . C (JL an l'\± 

J Ir 3 — 1 1 + E' J a »*»-V I 

Again subtracting, 

4» ! i». = D^-5 +B^r-J j<jr-T"*) 

-^)f-?X'(^-“" V )T r ]- • < 15 > 

When n=0, this result must be modified, since (14) now 
becomes identical with (13) and must be replaced by 

(a? + ;s)* = n^*{ rlog *'^ - *} ' (l6) 


and 


dr 
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Carrying oat the integration as before, we get in place 
of (15) 

u>o=A(logr( r ^°^ r dr— j r -Q?$-Vl- + B(logr j' ^dr 

— j +Clogr + D | + — J^logrj j^og-^dr 

“J« i lo g rl °g^ r ].( 17 ) 

From (15) and (17), when I is known as a function of r, 
the form of K w (r a) corresponding to any given boundary 
conditions may be determined. 

Numerical Results for Uniform Membrane . 

The degree of accuracy attainable bv the method outlined 
above is conveniently illustrated by using the method to 
calculate the periods of a uniform membrane. The method 
of calculation is sufficiently obvious, and only the results 
will be given. In Table I., n is the number of nodal 
diameters, s the number of nodal circles of the mode of 
vibration. Five of the periods have been calculated with v y 
the number of intervals, varying from 4 to 6. The correct 
values of the periods are added for comparison. When y=6 
the equation for ji is of degree 5 ; the calculation is then a 
little long. It will be seen that, for the mode having both 
a noda diameter and a nodal circle, more than six intervals 
would be required to give an accurate result. With i/ = 8 
or 9 the labour of calculation would be very great, but not 
prohibitive. 

The values obtained are all too small. The errors increase,, 
for a constant value of v, both with s and with n . 


Table 1 

Values of X VT/ma*. 


v=5. v=6. True value. 
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Results for Uniform Clamped Disk . 

For a uniform disk clamped at the rim and of radius a, 
(17) will be found to lead to 


r< "’\ ■ 

K„(r,.)_ ><**■ + ‘‘> l08 ;}' ’■>“•I 

. . . (18) 


From these and (6) it is easy to calculate the fundamental 
frequency. Using four intervals, we find 

\ = l-67 x^WbnaF. 


With six intervals the coefficient is 1*64. The true value 
is 1*63. 

The convergence to the true value is here rather slower 
than for the membrane, and this will be found to be the 
case in general. The accurate calculation of the higher 
frequencies therefore requires a large number of intervals. 
But this is compensated by the fact that the modes with 
nodal circles have much higher frequencies than the corre¬ 
sponding modes with only diametral nodes, and are, in 
consequence, seldom of importance. If only the inodes 
without nodal circles are to be calculated, it is only necessary 
to find the highest root of equation (6), while it is known 
that the other roots are comparatively small. Under these, 
circumstances it is unnecessary to calculate all the 
coefficients. 

Consider, for example, a vibration with one nodal diameter. 
From (15) we obtain 

f {2a 2 * s 4- (a*—, 
r<u, 

r > a - ^ 

• ... (19) 

With five intervals, and writing fi = » a slight 
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modification of (7), the equation for p becomes 


0-8990-/*, 

1-8088, 

1-6151, 

0-6578 

0-4522, 

2*5592—/*, 

2-6158, 

1-1212 

01795, 

1-1626, 

2-3877-/*, 

1-1958 

0-0411, 

0-2803, 

0-6726, 

0-6872-/* 


or /i, 4 —6*533/t 8 — 7*483/t 2 —4*30/4—0*61== 0. . (20) 

Of this equation the highest root is 5*262, leading to 
X=3*47 VE'l/ma 4 . The correct coefficient is 3*38. If (20) 
is deprived of its last term and the highest root is again 
calculated, the result is 5*266 and the value of X is scarcely 
altered. If the last two terms of (20) are removed, the 
higher root of the resulting quadratic is 5*051, which leads 
to a coefficient 3*52. The approximation has been worsened 
by only 1£ per cent. Now, even with v as high as 8 or 10, 
it is a simple matter to calculate the first three terms in the 
equation. The result is a quadratic from which the value 
of X will usually be obtainable within about 2 per cent.* 


IV. On the Practical Application of the Theory of Vibra¬ 
tions to Systems with several Degrees of Freedom . By C. 
Richard Soderberg, Research Engineer , Westinghouse 
Electric Sf Mfg. Co., Power Eng. Dept., East Pittsburgh , 

Pa., U.S.A .t 

I. Introduction. 

r~|^HERE are numerous engineering problems to which 
JL the general theory of vibrations can be applied 

I profitably, but the rigorous treatment involves somewhat 
aborious arithmetical calculations, and is therefore often 
replaced by more or less unreliable methods of approximation. 
The author has in mind, particularly, the frequently occurring 
problems of determining the whirling speeds in multiple 
bearing machines, the critical speeds for torsional oscillations 
in line shafting with several masses, and various problems of 
similar nature encountered in foundation studies. 

Ordinarily these problems are treated with sufficient 
accuracy by the determination of an approximate value for 

* For further examples of calculations of this kind see the Author’s 
paper cited above and also a paper entitled “ The Vibrations of Frames,” 
Selected Eng. Papers, No. 47, Inst. C.E., 1927. 
t Communicated by R. V. Southwell, M.A., F.R.8. 
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the fundamental principal frequency, but the rapid develop¬ 
ment of high-speed machinery in large units has brought 
about the necessity for considering the higher modes of 
motion as well. In turbo-generators, for example, the large 
units are now constructed in such a manner that the second 
mode of oscillation of the rotor is of more vital importance 
than the fundamental, because it is more apt to conflict with 
the operating speed. 

The following will describe a method for the expansion 
and the solution of the system determinant, which the author 
has used for a considerable time in his engineering activity, 
and which he has found useful on account of the symmetry 
of tiie expressions involved. 

The method does not involve any new principles of funda¬ 
mental character. It depends primarily in on the writing of 
the determinantal equation in a definite form from which 
a set of preliminary solutions, corresponding to a set of 
arbitrary modes of vibration, are obtained. The correct 
solutions are then centred around these preliminary solutions, 
the transformation being carried out bv a graphical process. 
The fundamental properties of this particular form of the 
determinantal equation ar ise from the fact that the unknown 
occurs only in the principal diagonal, and as inverse squares 
of the frequencies. 

The empirical formula proposed hv Dtinkerlev, for the 
calculation of whirling speeds in shafts *, represents an 
approximation of the relations set forth below. A consider¬ 
able portion of the literature on the subject has been devoted 
to discussions of the validity and the degree of approximation 
of the Dunkerley formula. The present treatment has 
been suggested, to a considerable extent, by the relations 
employed by these authors +. 


II. Establishing the Determinantal Equation. 

In order to illustrate the methods by which the deter¬ 
minantal equation can be brought to the desired form, we 
shall consider the most important of the major engineering 
problems—namely, the determination of whirling speeds in 

♦ Philosophical Transactions, vol. clxxxv. p. 279 (1894). 
f E. Hahn, Schweizcrische Bauzcitung, p. 191, Nov. 9, 1918: u Note 
sur la vitesse critique dew arbres et le Formule de Dunkerley. ,, Professor 
Hahn’s treatment lor whirling speeds differs but slightly from the present 
method. See also H. H. Jeffcott, Proc. Roy. Soc. vol. xcv. p. 106 (1918); 
R. C. Howland, Phil. Mag. vol. xlix. p, 1131 (1925); H. H. Jeffcott; 
Phil. Mag. p. 689 (April 1927). 
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multiple bearing arrangements, the determination of natural 
frequencies for torsional oscillations of line shafting with 
concentrated masses, and the determination of natural 
frequencies in mechanical systems of a more general type, 
such as are encountered in machine foundations, buildings, 
etc. 

1. Whirling Speeds in Shafts . 

Consider first the problem of whirling speeds in rotating 
shafts. The problem for shafts mounted in two bearings 
has been thoroughly investigated, and it is a well-known 
fact that the solution resolves itself into the determination 
of the natural frequencies of lateral vibrations. We shall 
consider the problem in a somewhat more general form, and 
refer to the system illustrated in fig. 1. 



Lateral Vibrations of a System of Concentrated Masses on 
Elastic Shaft in Multiple Bearings. 


Let there be n masses m l5 m 9 , . which can be treated 

as distinct mass concentrations, interspersed with flexible, 
massless, stretches of shafting. This generalization may at 
first appear too extensive, but anyone familiar with the 
practical aspects of the problem will agree that there are 
very few of the systems encountered in practical problems 
that cannot be satisfactorily replaced by a system of con¬ 
centrated masses on a weightless shaft. Bearing supports, 
flexibly connected to a rigid foundation reference, are 
introduced in an arbitrary order between these masses. 

The action of the bearing supports depends upon the 
combined elasticity of the oil film and the bearing pedestals. 
In the ordinary problems of whirling motion it is usually 

S omissible to neglect the masses of the bearing supports. 

owever, there are no serious difficulties in taking them 
into account. The elasticity of the bearing pedestals may 
be considered as known, although it may be necessary to 
resort to static tests for its determination. The elasticity of 
the oil film presents the most uncertain part of this problem ; 
and here it must he stated that further investigations are 
necessary before a fully reliable method for taking this 
Phil. Mag . GL 7. Vol. 5. No. 27. Jan. 1928 E 
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effect into account can be evolved. The available investi¬ 
gations on the subject * seem to indicate, however, that the 
oil film ma 3 r , within certain limits, be considered as a spring 
of approximately constant flexibility. This conclusion is 
based on the fact that the motion of a rigid shaft in the oil 
film can be represented by linear differential equations. 

In order to avoid excessive complications, it is assumed 
that the vibrations take place in one plane. Assuming a 
rotor structure of uniform flexibility in all directions, this is 
strictly permissible only when the flexibility of the bearing 
supports is the same for the vertical and the horizontal 
directions. This is usually not the case, because the flexi¬ 
bility of the bearing supports is frequently several times 
greater for horizontal motion than for vertical motion. 
However, the results obtained by treating the horizontal and 
vertical vibrations as independent motions seem to agree 
very well with experimental results. 

Most engineering problems also permit the neglect of 
the gyroscopic forces ; and where these terms are of im¬ 
portance, it is usually possible to apply a suitable correction. 

Thus we may consider lateral vibrations of a system of 
masses, mechanically connected by a shaft of known elastic 
properties ; this shaft is connected at certain points to a 
rigid foundation by mechanical members of known elasticity. 

The differential equations of motion for this system are 
most easily established from the behaviour of the system 
under static loads P lf P 2 ,... P*> acting at the mass concen¬ 
trations in the plane of motion. If y u yj, represent 

the static displacements at the mass concentrations, the 
condition of static equilibrium appears in the following 
form: 

yis=a n P T + «j 2 P 2 + # ... . + * ln P n 

y* = *21 Pi + dfcsPs +.+ «3nP« 

y» = «*lPl + a»3 Pa +.+ OnnPfi 

The establishing of these equations is a problem of statics 
which never offers serious difficulties, although the ex¬ 
pressions for the influence factors a may take complicated 
forms. Ordinarily the “moment method, 55 where the 
bending moments at the supports are selected as statically 
indeterminate factors, leads most quickly to the result. For 
almost all engineering problems it is necessary to resort to 

* Stodolft, SchweizerUche Bauzeitung , May 28, 1926. Hummel, 
V.D.L Forchungt Arbeiten, Heft 287. 
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graphical constructions for determining the elastic properties 
of the individual spans. 

Now, to obtain the differential equations of motion we 
change these static forces into inertia forces, and the static 
deflexions y into dynamic displacements—that is, 

P | — miyi P2 = ^2^2 J ••••? P» = m n y n » • ( 2 y 
The determinantal equation, from which the principa 
frequencies are determined, is obtained by putting 

^jssAiSin tot ; A 3 sin tot; .... ; y n = A n sin tot, (3) 

which, when introduced into the differential equations of 
motion, give the following condition for the independence 
of the integration constants A * : 

1 — atnmjea*, — «i 2 m 2 o> 2 , ...., — a ln m w tt> 2 , 


— fltaimjce 2 , 1 — eo 2 , 




— «nlWhft> 2 , 1 — « nn W n CO ! 

Now divide each column of this determinant by 


= 0 . ( 4 ) 


respectively, and put 
C 2 


- QLytfntf* 


— ot n)l m n a >* 


X l *=-y—; Xg*= ; . 

axiWi! a 22 m 2 

r-i ’ 


X„ ! = 


0* 


CW’ • 

where C is an arbitrary constant, 
appears in the following form : 

*12 

• • • 

*22 

*21 
*11 ’ 


(5> 

( 6 ) 


1-fX* 


1 I 


i-W,... 


Then the determinant 


«ln 
*nn 
*2n 

I =o. 


( 7 ) 


*nl 
*11 9 


*n2 
*22 * 


l-px. 1 . 


This is the form of the determinantal equation to which 
the simplified treatment will be applied. 


• Howland, Phil. Mag. p. 613, March 1927, describes a method for 
obtaining the determinantal equation by means of the integral equation 
a nd graphical integration, which appears useful for many problems 
where the systems are not readily subdivided into distinct mass 
concentrations. 

E 2 
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If the coupling terms were all zero, the quantities Xi t 
X 2 , ...., X n would represent the principal frequencies of 
the system—that is, they would then be the n positive roots in 

\ of the equation (7). The units in which these frequencies 

f * 

are expressed depend upon the constant 0 ; 0=*! expresses 


the quantities as circular frequencies, C = 
30 

second, and C= — as cycles per minute. 


o— as cycles per 
Zi r 

There will be no 


ambiguity in retaining the symbol cd for the principal 
frequencies expressed in any of these units. 

It has been found convenient to give these quantities a 
certain significance, even in those cases when the coupling 
terms are not zero. In the following they will be denoted 
as component frequencies. In many practical problems they 
represent rough approximations to the principal frequencies, 
in which cases they correspond to a set of quasi-principal 
modes of motion. However, the conception is in no way 
limited by the degree of approximation. 

The chief function of these component frequencies is to 
furnish a convenient medium for expressing the principal 
frequencies. All the terms in equation (7) are nou-dimen- 
sional, so that any convenient set of units may be used 
for expressing the component frequencies ; the roots in o> 
will then appear in the same units. The constants u are 
usually very small numbers and, for this reason, inconvenient 
to carry along in the expansion of the determinant. This 
objection is eliminated by the form (7) because it contains 
only ratios of quantities of the same order. Of equal 
importance is the fact that the determinant is expressed in 
terms of elastic constants, the masses appearing only through 
the component frequencies. The advantage of this point 
will appear in connexion with the expansion and solution of 
the determinant. 


2. Torsional Vibrations in Shafts . 

Consider next the problem of determining the natural 
frequencies in torsion of a shaft carrying n + 1 mass con¬ 
centrations (fig. 2). The positions of the bearings and their 
elastic properties do not enter into this problem. 

We shall denote the rigidities of the shaft elements (in 
twisting moment per radian deflexion) by k u ft*, ...* ft*. The 
moments of inertia of the masses, with respect to the axis of 
the shaft, will be denoted by m $ ,..., m »+ 1 . Denoting by 
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$ 1 ) **•> @n the angles o£ twist in the shaft-sections 

between the masses, and by 6 the angular displacement of ra x 
with respect to a fixed direction of reference, we obtain for 
the kinetic energy 


. . . . »+i . 

T =im 1 0* + im 2 (6 + d i y+....$m n+l (d+ X 0 q )* 9 (8^ 

9=1 

and for the potential energy 


V=iW+iW +....+ iW. . . (9) 


Fig. 2. 



Torsional Vibrations of a System of Concentrated Masses 
on Elastic Shaft. 


The coordinate 0 is ignorablc, since it occurs only through 
the corresponding velocity. Thus we may obtain an integral 
of angular momentum : 

?-T=H.(10) 


where H is a constant, the known angular momentum of the 
entire system. There will be no loss of generality in 
putting H«0, because H will occur as a constant term in 
T and Y. This simply implies that we calculate the 
natural frequencies for the system as a whole at rest.. 

Carrying out the ignoration of 0 *, and establishing the 
Lagrangian equation of motion in the n remaining co¬ 
ordinates, we obtain 


&nfli + ai20% + .... 4- di n @n 4- ki0\ = 0 

4- Usta&s + •••• + &2%0n + = 0 

4* 4-.... 4* a nn 0 n 4 h n 0 n ~ 0 „ 


(ID 


* See, for example, Whittaker, 4 Analytical Dynamics/ p. 63. 
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where the inertia constants a have the values : 



p n+1 

2 m 2 m 

a pq~aQP— ~ n+l* 1 when p<q» . . . (13) 

2 m 
i 

It is evident from this result that the principal constants 
a VP are made up from an imaginary system with two rigid 

:p *n+l 

masses : 2 m on the left of 0 P , and 2 m on the right of 0 P . 

l P+i 

The coupling constants are made up from an imaginary 

v 

system with three rigid masses: 2 m on the left of 8p> 

q, 1 r 

2 m between 6 P and 6 g , and 2 m on the right of 6 q , only 
JP+l q +1 

the outer elements entering into a pq . The notations are 
such that a pq is formed for p<q , and a pq ~a gp . These con¬ 
clusions are easily verified by developing the equations for a 
system w ith three masses. Thus the quasi-principal modes 
of vibrations are obtained by dividing the system into all 
possible combinations of three-mass systems*. 

The determinantal equation for this system can now be 
written in the form : 


ii—anew 2 , 

—a is u 2 , 

—ai n O) 2 , 



—a 21 ® s , 

... 

k 2 ' CZ 22 GO y 

• • • • 9 ^2nU) 2 , 

• • • » • 

= 0 . 

(14) 

—a n] a> 2 , 

— a n2 (o 2 , 

• • • • * h n CLn n €ti? , | 




By dividing each column by 

UnCi)** — • •••? 

respectively, and putting 

X x 2 =c*—> X,*ssC*—; X„*S=C~ . (15) 

an aag *a*n 

*»<! f’=^*.. < 16 > 

* This representation of the general torsion problem has been used 
bv Zerkowitz and Wydler. See Hans Wydler, ( Drehschwingungen in 
Kolbsnmascbinenanlagen,’ Julius Springer, 1922. 
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we now obtain 



#12 

#22 

#ln 
#n» * 

j 

l-f’X,*, 

#2n 

9 

#11 

#n« 

#7,1 

9 

#n 2 1 

9 * • m m 9 L m 

-w. 

#11 

#22 


‘0. (17) 


This determinant is identical in form with (7), but the 
constants a now refer to the mass configuration, while the 
shaft constants k appear only through the component 
frequencies X. 

An important variation of the torsion problem occurs in 
those cases where the different sections of the shaft are 
connected by gears. Fig. 3 is an example of such a system, 

Fig. 3. 



where the mass m t ' is geared to m," by a gear ratio n t , and 
the mass wi 4 ' is geared to m 4 " by a gear ratio n 4 . It will be 
found that the treatment of systems of this type is identical 
with that of the simple system, by virtue of the fact that it 
is always possible to replace the geared system by a simple 
direot-conneoted system. The correspondence is best shown 
by evaluating the kinetio and potential energies for the 
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system in fig. 3. With the notations suggested in fig. 3 it 
is found that 

+ J(m 2 ' + n 2 2 m 2 ") (0 + 0 X )* + im B n, s (0 + 0 X + + 

+ i(w 4 ' + n^nit") »2 2 (S + ^i + ^ + 0 3 ) 2 + 

+ i»» 5 n 8 V(^4^ + 6> s + ^ + ^) a 1 ...... (1$) 

v -*W + *WV+*WV+iW»W; • • (19) 

from which expression it is evident that the determinantal 
equation will obtain the form (17). It is merely necessary 
to modify the inertia and the shaft constants in an appro¬ 
priate manner. The most reliable method for this modi¬ 
fication is obtained by writing the expressions for T and V 
before the determinant (17) is formed. 

3. Vibrations in other Configurations . 

Considering, finally, the general types of 8} r stems en¬ 
countered in engineering problems, it is usually possible to 
apply either one of the treatments given above. 

Fig. 4. 



Example of Mechanical System. 

Fig* 4 illustrates a frequently re-occurring system, where 
n masses are connected in series by springs. This system is 
merely a general case of that shown in fig. 2, ana it is so 
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simple that it is hardly necessary to outline the steps which 
lead to the determinantal equation. It is worthy of note, 
however, that the determinantal equation for this system 
may be made to take the form (7), where all terms, outside 
of the principal diagonal, are expressed through the elastic 
constants of the springs. In order to obtain this form, it is 
merely necessary to select as coordinates the absolute dis¬ 
placements of the masses, and either apply the method given 
for fig. 1 or write the Lagrangian equations in the usual 
manner. It is found that the constants a take the values: 


and 



when p<q• 


• • ( 20 ) 

• - (21) 


The determinantal equation may also be written in such a 
manner that all terms, outside of the principal diagonal, are 
expressed through the masses (equation 17). In order to 
obtain this form, it is merely necessary to select as co¬ 
ordinates the relative displacements of the masses and write 
the Lugrangian equations of motion. The constants a take 
the values: 

app=2m .... ... (22) 

v 

n 

and a p? =sa 9P =Sm when /)<y. . . . (23) 

p 


Fig. 5. 



Fig. 5 illustrates another type of system which frequently 
'occurs in studies of machine foundations. The masses 
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and m % are assumed to vibrate with small amplitudes in the 
plane of the paper, the possible displacements being along 
the directions of the springs, so that this particular system 
has five degrees of freedom. This type of system may also 
be made to yield a determinantal equation of either the 
form (7) or (17). In the former case the absolute displace¬ 
ments of the equivalent masses, and in the latter case the 
extensions of the springs, are taken as coordinates. 


III. Solution of the Determinantal Equation. 


It is seen, therefore, that the determinantal equation for 
any of those systems which we have considered, and which 
constitute the major portion of important engineering 
problems, may be written in the form 



a\2 

In 

• • • • 9 „ 9 

0*22 

a n n 

a 2\ 

_ 9 

1-W, 

a ‘*n 

••••) ■' ) 

an 


(Inn 

&nl 

<2*2 
_ 5 

l-f’X, 

an 

a%2 


= 0, (24) 


where the constants a may be either elastic constants or 
inertia constants. £ represents the inverse value of the 
principal frequencies to be determined, and the quantities' X 
represent the component frequencies, obtained by considering 
certain obvious modes of oscillation. They may or may not 
constitute close approximations to the principal frequencies, 
and the process of the solution may be considered as a proces 
of converting the component frequencies X into principa 
frequencies. 

Expanding the determinant in descending powers of & 
we obtain 


L p=l p=l g=l 


^pq 


* 9 “~ 8 Ji ,ti r! X p *VXr’ + ' * * Xi’X^.xj ” °* (25) 


where the summations are extended over the possible per¬ 
mutations of n terms, each permutation taken once only* 
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The quantities D, D vqT , etc., represent the determinant 

D=| 


ai2 

Uin 

022 * 

&nn 

1, 

2n 

• * * • 9 ' » 

Onn 

a »2 
’ a 2 2 ’ 

• • •* y 1) 


fl&2 
an 

Onl 
an 

and its minors of the principal diagonal terms, thus : 

i i 

Dpqr — 


(26) 


D w — 


It 


*9P 

2 p p 


Op q 

a qq > 

It 


It 


*PQ 


a PP 


*qq 


It 


Opr 

Q>rr 


Or., 


l. 


(27) 


*W *99 

and so on. It should be noted that the indices for* the 
minors refer to the terms actually contained in the deter¬ 
minants, and not, as is customary, to the diagonal terms to 
which they correspond. This notation has been selected to 
obtain symmetry of the terms in equation (25). 

Equation (25) has n positive roots in £ 2 , corresponding to 
n principal modes of vibration. From the general properties 
of algebraic equations of this type, we can establish the 
following n relations between the principal frequencies 
a>i, o> 2 , con and the known component frequencies Xj, X 2 , 

..X w I 

1 v 1 _ 1 

Z yj 

V s. 1 — V V m JL 

S* 2 ’ 


V „ _ V __ x __ 

. * “• ^ Y 3 — g S 5 






D 


e>i*o)2 2 . 


•C»n 3 ~~ X 1 *X 9 a ...Xs a 


L. 

s a 


(28) 


The principal frequencies may thus be obtained as the 
roots of the algebraical equation 


* 4 . ... x _n 

T • • • • o 2 —■ ”• 


(29) 


P* - gil i -•••• ^ 

It is evident that this method of expanding the determinant 
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is useful, even -when the roots are to be evaluated by, solving 
equation (29). The form of the constants S is so uniformly 
symmetrical that there are no difficulties in evaluating them 
directly from the determinant, nor, in many cases, from the 
expressions for the static equilibrium, or the kinetic and 
potential energy. 

However, the main advantage of this method of expansion 
lies in the fact that it is possible to derive a simple graphical 
method for constructing the roots from the quantities S. 
This method will be explained successively for two, three, 
and several degrees of freedom. 

For systems with two degrees of freedom we have 



Converting Component Frequencies into Principal Frequencies 
for Systems with Two Degrees of Freedom. 


Ncfw, if Xjsss OA and X 2 =0 B are setoff along the axes 
of a rectangular system of coordinates (fig. 6), we find 
immediately, from equation (30), that the perpendicular OC 
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to the diagonal AB is equal to S,. It is evident that the 
diagonal A r B', which corresponds to the principal frequencies 
o^rsOA' and lies at the same distance from 0, so 

that it is a tangent to the circle Sj- Consequently, the 
component frequencies are converted into principal fre¬ 
quencies by rolling the diagonal AB on the circle Si until 
its position satisfies equation (31), when its length is 
AB 

increased to A f B / = —This gives a satisfactory con- 

vl> 

ception of the manner in which the component frequencies 
differ from the principal frequencies. If, for example, X 2 
is much smaller than X u Jt will change very slightly, even 
if the coupling factor \/D is far from unity, while X 1 will 
change considerably. In all cases the lowest of the com¬ 
ponent frequencies is lowered while the upper is raised. 

For practical purposes it is more convenient to use a 
somewhat modified form of the construction. By dividing 
equation (31) into (30), we obtain 



Graphical Construction of the Principal Frequencies for 
* •> ■' • Two Degrees of Freedom. 

and intersect this semicircle by a line parallel to the diameter 
at a distance Si, the latter will give a point which determines 
the correct values of and o> 9 . 

In spite oLthe fact that the solution for two degrees of 
freedom is easily obtained by solving a quadratic equation. 
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it has been found worth while to use this graphical method, 
particularly in cases where the solution must be obtained a 
great number of times for different modifications of the same 
system. 

Considering next a case with three degrees of freedom, 
we have 


a) i co % 


where 


1-—A 

^ 


co 2 2 a > 3 2 


_1_ 

1 


a>i s <»8 2 


W 2 2 t» 8 2 


0)i 2 CO 2 2 0J 3 2 


1 1 
X? 4 X? 

1 1 

4 X3 S_ S 1 1 ’ • 

( 34 ) 

D12 

Dia D33 

1 

= X^X, 3 4 

X, 2 X S 3 4 x s *x 8 * 

r«i 

lOQ 

II 


• • ♦ • 

( 35 ) 

D 

" X, 3 X 2 3 X; 

1 

.* ~ SJ’ ' * * 

( 36 ) 


D= 


1, 

Ol2 

ays 



1, 

Ol2 


a 2 2 9 

a$z 


Di2 = 

022 


0 2 1 

) 

1, 

«23 

9 

021 

1 

> 

an 


a 33 



a n 5 



031 

a 32 

1 






an 9 

a 22 9 

1, 







1, 

«13 




023 



—9 



I9 

1 9 


Di3 = 


a 33 

9 

D23 = 


a 33 



a& 1 




032 

1 



■ * 9 

1, 



, 

1, 



an 




a 2 2 


/ 


(37) 


Using a representation similar to the one shown on fig. 6 
for a three-dimensional system of coordinates, it is evident 
that the three component frequencies are converted into 
principal frequencies by rolling the diagonal plane ABC on 
the sphere Si until it is changed into the plane A'B'C', 
satisfying equations (35) and (36). 

jjftThe practical solution by graphical construction corre¬ 
sponds to the one given in fig. 7, and is carried out in the 
following manner. 

Dividing equation (36) into (35), we obtain 

+ g£s.(38) 

Substituting from equations (34) and (36) in (35), the latter 
may be written in tne following form : 


1 
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so that _ 

gji—jjpf* • • • ( 4 °) 
S 

Now, drawing a semicircle on the base line (fig. 8), 
we try several values of co x (starting with a value slightly 


Fig. 8. 



above Sx) in equation (40) until the graphical construction 
yields a value of »i equal to the assumed value, when a> x is 
established. Th e remaini ng chord in the semicircle now 
has the length vo>a 8 + Q, 3 2 i anc ^ the remaining frequencies are 
obtained by drawing a new semicircle over this distance and 
intersecting it at a distance equal to 

1_ 

rr r’ 

V 

which has already been established in finding o>x* 

The construction for three degrees of freedom is thus 
characterized by one operation based on cut and trial, and a 
second on straightforward construction. Naturally, it is 
also possible to obtain all three roots by cut and trial, but 
this method possesses no marked advantage over the solution 
of the cubic. 
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No attention has been given so far to the order in which 
the roots are obtained. Naturally it is not always necessary 
that the roots appear in the order of magnitude as shown on 
fig. 8. This feature is of no consequence, as long as the 
result consists of a polygon toy — o> s — a> 3 , closed by the base 
line S 8 /S 3 . 

The process just given for three degrees of freedom 
establishes a pattern which can be followed for any number 
of roots. The number of cuts and trials is always two less 
than the number of roots. 

In the general case, with n degrees of freedom, we have 
7i equations, giving the relations between the inverse squares 
of the frequencies in terms of the quantities S x , S 2 ,.S«. 
The two last equations can be combined into 


t *p* 


p =i 


S 2 

KJ n 

t - 5 
1 


(41) 


which establishes the base line S n 'S n _;|. Now, if we want 
to solve for a certain root co u we obtain the corresponding 
perpendicular from the base line p t by rearranging the 
(w —l)th equation into 



2<V 

/>=2 


1 



.1 

Sn_2 2 


1 r 1 1 / JL/ 1 

©i 2 Ls»_ 3* «1>V” vis? 



that is. 


(42) 


Pi-S n -i\/ S- ~, v[s„_ 3 * v('“ v(s,* v))]‘ 


. . . (43) 

When the root a*! is found a new base line is obtained, 
and a new set of constants /, corresponding to S, are 
immediately given. It is evident that 


1^ _ JL_1 

~ Si 2 O)! 2 5 


(44) 


i _ j__ jL/i ±\ 

t,* ~ VlSi* 


(45) 


i = i_i r i 

tft —3* S»_ a * VLS„-8 S 




These constants were all established in the process of finding q)j. 
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The perpendicular to the new base line, which determines co 2> 
is now given by 


ps=t n _. jy /_L J_rJ l_ j (...—- 1 )Vi 

V t n -3 C0 2 Ltn-4 G) 2 2 \ <»2 Vl 0> 2 2 //J 


* • • C^7.) 

As soon as o> 3 is given, a new base line is drawn, and a 
new set of constants u are determined in the same manner. 
The process is repeated until only o> n -i and e>» remain ; these 
are obtained directly by intersecting the corresponding 
semicircle by the perpendicular 

Pn, n 1 = — - . . . (48) 

V 

Certain general conclusions as to the approximate mag¬ 
nitude of the roots are obtained from the semi-principal 
frequencies and from the equations (28). It is evident 
from the first equation, which is nothing but the usual 
Dunkerley formula, that no root can be smaller than Si; 
in the case of a large number of roots, S x will have a 
value very near to the lowest. Similarly, there can be no 
root greater than S*/S*-i» but the largest root is usually 
considerably below this value. 

The question of accuracy of the result is of paramount 
importance. It is evident that the construction suffers from 
accumulation of errors for the higher roots. The author has 
found that, with reasonably careful drawing work on letter- 
size paper, the accuracy is quite sufficient for practical 
purposes, at least up to five or six roots. It is a general 
feature of most practical problems that only a few of the 
lower roots are of practical interest, so that it is not believed 
that the lack of accuracy will prohibit the use of the method 
for ordinary analysis of practical problems. 

The major part of the arithmetical work is involved in 
the evaluation of the determinants and the subsequent 
calculation of the factors S. One of the most important 
advantages of the method lies in the circumstance that the 
determinants may usually be made to express either the 
elastic properties or the inertia. properties of the system. 
In most engineering problems it is a question of obtaining a 
series of solutions for different magnitudes of the various 
elements. Sometimes it is required to find a suitable set of 
elastic properties for a given set of inertia, whilst at other 
times (perhaps more rarely) it may be desired to find a 
suitable set of masses for a given set of elastic constants. 
In such cases, and they constitute the most important and 
Phil. Mag. S. 7. Vol. 5. No. 27. Jan, 1928. F 
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most fruitful aspect of vibration analysis, it is possible to 
arrange the analysis so that the evaluation of the determinants 
is carried out once only, while the adjustment of the system 
is expressed by variations in the component frequencies. 

IV. Numerical Examples. 

Figs. 9 and 10 have been given as examples of calculations 
for two representative cases. 

Fig. 9 is a calculation of the whirling speeds of a turbine 
generator mounted in three bearings. The calculation has 
been carried out both for the case of perfectly rigid bearings 
and for the case of a practical set of values for the bearing 
flexibilities. In this problem it is possible to replace the 
system by three concentrated masses. The turbine spindle 
is comparatively short, so that the frequencies corresponding 
to its second mode of motion are very high. For this reason 
it is sufficiently accurate to represent it as a single mass, 7 n s . 
The generator rotor, on the other hand, is comparatively 
long, and here it is necessary to consider its second mode of 
motion. As a matter of interest, this particular rotor was 
analysed because the whirling speed corresponding to the 
second mode of motion of the generator rotor conies quite 
close to the operating speed (3600 R.P.M.). 

The bearing flexibilities S have values of the same oi*der 
as those found on similar installations, and they represent 
bearing conditions which can be approximated only by a 
very robust design. 

The influence factors ot have been determined by graphical 
analysis of the actual rotor shaft. The positions of the 
equivalent masses were found by computing the radius of 
gyration of the middle body It is of interest to note that 
for rotors of this type the treatment suggested by Rodgers 
gives results in close agreement with more rigorous methods 
for the determination of the second whirling speed, as given 
by Stodolaf* 

The calculation is self-explanatory. It is evident from 
the results that the bearing flexibility assumed does lower 
the fundamental critical speed an appreciable amount. 

Fig. 10 is an example of a calculation of critical fre¬ 
quencies for torsion in a system of five masses. This 
example was selected from a Diesel electric ship drive* 

• These diagrams were drawn on base lines of about 
6 inches in length, and the accuracy is, in all cases, well 
within 1 per cent, of the true values obtained by arith¬ 
metical computation. 

* See Rodgers, Phil. Mag. p. 122, July 1922. 
f Stodola , 1 Dampf und Gasturbinen/ p. 386. 
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Fig. 9.—Calculation of Whirling Speeds. 


Calculation of Whirling Speeds in Three-bearing Machine. 


Generator Turbine 



Properties of the System. 


M iT" 

Flex. Brg. 
Inches/Pound. 

System Constants—Rigid Brgs. 
Inches/Pound. 

System Constants—Flex. Brgs. 
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Calculations for Rigid Bearings. 
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Calculation for Flexible Bearings. 
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Graphical Constructions. 















^ . [To face p. 66. 

£ig. 10.—Example of Calculation of Natural Frequencies for Torsional Vibrations. 


Calculation of Critical Speeds for Diesel Electric Drive. 



Arrangement of System 


Properties of System. 
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-41X10- 1 * 

•415 X 10—** 

Pi 

850 

727 

! 731 


N, 

876 

730 

i 760 1 

i 

3 4 /S B =3950 

K 1= 75C 

> 


Trials for N a . 

Term. 

1st Trial. 

2nd Trial. 

3rd Trial. 

4tb Trial. 

N a 

1000 

900 

960 

926 

1 1 
,* N a * 

•602x10-® 

■270x10-" 

391X 10~* 

•332xl0- c 

P 2 

1100 

805 

970 

894 

“nT"! 

1160 

821 

1020 

926 

i 

i 


i 


• i /<**=•< 

I15X10- 1 * 

1/^* = !-502X10-* 

N a =925 


Graphical Construction. 
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V. On the Emission oj Positive Electricity from Hot 
I'ungsten in Mallard Radio Valves . By Phanindra 
Kumar Mitra, M.Sc,.* 

I N a recent paper f Prof. W. A. Jenkins has shown that 
there is a copious emission of positive electricity from 
a hot tungsten wire which forms the anticathode of a 
Ooolidge Tube at a very high temperature (beginning from 
about 2000° C. to 3500° C., i. up to the melting-point of 
tungsten). The present investigator worked on the same 
lines, but with Milliard radio valves instead of with Ooolidge 
tubes, partly because of the high price of Ooolidge tubes and 
partly because with Mullard radio valves different types 
of cathodes of various sizes could be used with advantage. 
The present paper is an account of the variation of positive 
emission (i.) with temperature, (ii.) with applied potential 
difference ; and (iii.) of growth and (iv.) decay of positive 
emission current with time under various conditions. 

The arrangement of apparatus is, however, different from 
that used by Prof. Jenkins. In his arrangement he balanced 
the difference of potentials between the ends of a hot tungsten 
wire against the E.M.F. of a 2-volt storage cell, and knowing 
the current flowing through the tungsten wire, calculated its 
resistances when different currents were flowing through it. 
But in the present case an arrangement exactly similar to 
that used by Richardson $ lias been made. The hot wire 
forms the fourth arm of a Wheatstone's bridge, two resist¬ 
ance boxes being made the first two arms, while a wire of low 
temperature-coefficient placed in a constant-temperature oil- 
bath forms the third arm of the bridge. The arrangement 
is shown below, 

P, Q are two resistance boxes from which resistances o * 
the order of 10,000" are generally unplugged. R is a 
non-inductive wire resistance of low temperature-coefficient 
placed in an oil-bath at constant temperature. T is a sensitive 
thermometer which shows any variation in temperature of 
the bath. The bath is placed on a vessel V provided with 
water-cooling arrangement, S is the tungsten anode of a 
Mallard radio valve, while C is made the cathode. &i is a 
galvanometer of the order of 10“ 8 ampere per 1 mm, division. 
X is a set of batteries of 12 2-volfc accumulators. It supplies 
the heating current, as well as the current necessary for 
Wheatstone’s net arrangement. P, Q being modoratelj 

* Communicated by Prof. S. N. Bose, M.Sc. 
t Phil. Mag. (0) xlvii. p. 1026. 

t Richardson, * Emission of Electricity from Hot Bodies/ p. 16. 

F 2 
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high resistances, the major part of the current passes through 
R and S. L is a resistance in the battery circuit for adjust¬ 
ment of current; while M, N, two resistances joined in 
parallel, are meant for fine adjustment of current. G* is 
a very high-sensitivity galvanometer of the order of 10“ 1(> 
ampere per 1 mm. division used to measure the positive 
emission current. Y is a set of Exide batteries from which 
voltage from 2 to 200 could be easily and conveniently applied. 
The positive terminal of Exide batteries is joined with the 
anode, while the negative one i3 joined through the high- 
sensitivity galvanometer with the cathode of the radio valve. 


Fig. 1. 



In working with this high-sensitivity galvanometer, very 
great difficulty was experienced in eliminating the leak. 
In moist weather, even without the application of any 
voltage at all, a deflexion too great to remain on the scale 
was sometimes observed. To avoid leakage, the two sets of 
batteries had to be placed on two different tables, which in 
their turn were made to stand on ebonite blocks. The working 
tables as well were insulated by standing them on ebonite 
blocks. Every individual piece of apparatus was placed 
on blocks of paraffin wax for the purpose of insulation. 
Even with these precautions inclement weather affected the 
arrangement so much that carrying out experiments was out 
of the question. 
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I. Variation of Positive Emission with Temperature . 

Keeping the applied voltage constant, the heating current 
was gradually increased in steps, the positive emission current 
in each case was determined directly by the deflexion of the 
high-sensitivity galvanometer, while the balancing-point in 
the Wheatstone's net was obtained at each successive step 
by the low-sensitivity galvanometer. Thus the resistances 
of the tungsten filament could be determined as different 
currents flowed through it. Its initial resistance being 
known, temperatures of the filament could be calculated 
with the help of Langmuir's data*. Experiments were 
carried out with valves U 30 Nos. 311 and 312, as well as 
with U 150 No. 72 and U 250 No. 15. With the first two 
tubes the initial resistances of the filament could be easily 
determined, while with the last two the initial resistances 
could not be accurately known, as the resistances of leads 
were appreciable and could not be determined without 
breaking the tubes altogether. Table I. shows the data for 
the first two tubes. The initial resistance of the first tube 
was 0*1480 ohm, while that of the second was 0*1481 ohm. 

Table I. 

Tube U 30 No. 311. I Tube U 30 No. 312. 


Resistance 

of 

Filament. 

Temperature 

of 

Filament. 

Positive 
Emission, 
in amperes. 

Resistance 

of 

Filament. 

Temperature 

of 

Filament. 

Positive 
Emission, 
in ampere*. 

2*593" 

2946° O. 

4-5X10- 9 

2*552" 

2908° O. 

1 X10-* 

2*687 

3033 

7-5 „ 

2*651 

2984 

26 „ 

2*768 

3108 

10 „ 

2*711 

3054 

4 „ 

2813 

3152 

16 „ 

2*834 

3150 

9 76 „ 

2*841 

3180 

21 „ 

2*949 

3280 

22-76 „ 

2*872 

3207 

27-6 „ 

3*004 

3334 

32-26 „ 

2*899 

3235 

34 „ 

3*053 

8382 

40 , 

2*942 

3277 

43-5 „ 

3094 

3420 

64 „ 

2*967 

3300 

49 „ 

3*146 

3472 

71-6 „ 

3*010 

3343 

63 „ 

3*194 

3517 

92-6 „ 

3*089 

3414 

86 „ 

— 

— 

— 


From fig. 2 it will be seen that emissions from each tube 
are very nearly similar, and that they increase very rapidly 
with temperature, more rapidly than linear relation would 
indicate. 

♦ Phyg. Rev. (2) vii. p. 816. 
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Fig. 2. 



II. Variation of Positive Emission with Voltage . 

Keeping the heating current constant with the help o£ 
adjustable resistances, the applied voltage was successively 
increased from 2 to 100. With the valve tube U 150 No. 72, 
an applied voltage below 14 was not sufficient to completely 
resist the electron current. Even with 14 volts an electron 
current of 7*5 x 10~ 9 ampere was obtained. With the appli¬ 
cation of 16 volts and upwards there was a gradual rise of 
positive emission current. With tube U 250 No. 15 an 
applied E.M.F. below 12 volts was not found sufficient to 
resist the electron current, and even with 12 volts there was 
an electron current of 46 x 10~" 9 ampere. With the applica¬ 
tion of 14 volts and upwards there was a gradual increase of 
positive emission current. Table II. shows the data giving 
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Tube U150 No. 72. 
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the relation between the applied E.M.P. and the positive 
emission current for the tubes U 250 No. 15 and U 150 
No. 72. 

It will be readily seen from fig. 3 that a saturation value 
of the positive emission current is attained with a voltage of 
42 with tube U 150 No. 72, while with tube U 250 No. 15 


Fig. 8. 



the saturation value of the current is attained with the appli¬ 
cation of 22 volts only. Ic should be noted, however, that 
witli Coolidge tubes practically no saturation current was 
obtained. 

III. Growth of Positive and Negative Emission Currents 

with time . 

In these experiments, an E.M.F. sufficient to produce the 
saturation value of the positive emission current was applied 
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Table III.—Experiments with three valves : U 30 No. 312, U 250 No. 15, U 150 No. 72. 
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at first and then the heating current was switched on and .kept 
constant. Table III. and fig. 4 show the relation between 
the positive or negative emission current with time. It will 
he seen from fig. 4 that while the negative emission current 
attains its full value in less than half a minute, it requires 
from 3 to 6 minutes for the positive emission current to 
reach its maximum value. 


Fig. 4. 



* IV. Decay of Positive Emission Current with time • 

The applied potential difference was maintained constant,, 
and was sufficient to produce saturation. The heating 
current was also kept constant. Tables IV., V., and VI. 
contain thj experiments data showing the decay of positive 
emission cment with time. Pigs. 5, 6, and 7 show the 
characteristic nrves for the decay of positive emission 
current. It will be noticed that the precise form of. the 
current-time curves varies from one specimen of the wire to 
another. It depends on the previous treatment of the wires 
as w.ell. The rate of decay is greater at a high temperature 
than at a low one. The current decays rapidly at first and 
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Table IV. 


Type: U 500. 

Potential difference applied, 64 volts. 


Number of 
Tube. 

1 32. 

J 

37. 

40. 


Positive 

Positive 

Positive 

Time, 

Emission 

Emission 

Emission 

in minutes. 

Current, 

Current, 

Current, 


in amperes 

in amperes. 

in amperes. 

0. 

56X6X10" 

10 125X5X10- 10 

182x5 XlO -10 

5. 

57 „ 

123 

167 

10. 

54 „ 

120 „ 

158 „. 

20. 

47 „ 

115 „ 

136 . 

30. 

— 

112 „ 

126 „ 

40. 

375 „ 

— 


46. 

— 

102 

109 . 

60 . 

325 „ 

95 „ 

98 

90 . 

28 

87 „ 


120 . 

25 .. 

78-5 „ 

79 „ 

180 . 

22 

*■'*' n 

— 

67-5 „ 

210. 

— 

69 „ 

— 

240 . 

— 

— 

62*6 „ 



Table V. 



Type of Valve: U 250. 

Potential difference applied, 57 volts. 


« Number of 1 

Tube. / 1B 

101. 

102. 

105. 

108. 

Time, Positive 

Positive 

Positive 

Positive 

Positive 

in Emission, 

Emission, 

Emission; 

Emission, 

Emission, 

minutes. in amperes. 

in amperes. 

in amperes.. 

in amperes. 

in amperes. 

0. 129x5xl0- 10 

81-5x5x10- 10 

113X5X10" 10 

118X6X10- 10 

71-5x5x10-1® 

5. 

79 „ 

113 

108 „ 

66 „ 

10. 

74-5 „ 

108 

101 

so „ 

16 . 133 „ 

— 

_ • • 

— 

— 

20. 

87-5 „ 

98-5 

90 „ 

41 „ ' 

»>. 121 „ 

62-5 „ 

90 S „ 

82 „ 

30 

«. 113 „ 

55-5 ,, 

83 „ 

75 „ 

24 „ 

60 . 103 „ 

49-? „ 

76-5 „ 

89 „ 

21*5 „ 

*0. 00 „ 

40-5 „ 

67-5 .. 

69 „ 

19-5 * 

'M0. 79 „ 

34-5 „ 

59-5 „ 

■ 49 „ 

16-5 „ 

160. 

29-0 „ 


— 

18-5 

180 . 64 „ 

26-5 „ 

43 

34-5 „ • 

12 -5 ! 
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Table VI. 

Type of Tube: U 150. 



Potential difference applied 67 volts. 


Number of 1 
tube. J 

72. 

128. 


137. 

Time, 


Positive 

Positive 

Positive 

in 

Emission, 

Emission, 

Emission, 

minutes. 

in amperes. 

in amperes. 

in amperes. 

0 . 

69x5xl0 —10 

83 x £> X 10~ 10 

55-6x6x10- 

5 . 

69 

99 

82-5 

53 

41 

10 . 

. 68 

44 

80-5 

50*6 

»» 

20 . 

64*5 „ 

77 

46-5 

>4 

30 ... 

61 

44 

75*5 

43-5 

M 

45 . 

57 

It 

73 

40 

44 

60 . 

54 

44 

71 

37 

4* 

90 . 

48 

ts 

69 

33-5 

44 

120 . 

44 

i» 

68 

30*5 

44 

150 . 

40 

»» 

— 

— 


188 ...•••••< 

38 

»» 

65 „ 

27 

44 


Table VII. 


Type of Valve : 

U 250 No. 

110. 

Applied potential difference 67 volts 

Time. 

Positive Emission, 
in amperes. 

0 . 

232 x 5xlO- 10 

5 min. 

225 

44 

10 min. 

216 

44 

20 min. 

189 

44 

30 min. 

164 

44 

45 min. 

143 

4* 

1 hr. 

127 

44 

1 hr. 30 min. ... 

104 

44 

2 hrs. 

90-5 

44 

3 hrs. 

74 

99 

4 hrs. 

61 

44 

5 hrs. 

63 

44 

21 hrs. 

29 . 

99 

24 hrs.. 

26 

«4 

29 hr... 

23 

44 

46 hrs.... 

18 

•’ 

49 hrs. 

17-5 

99 

54 hrs... 

17 

»4 
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then more slowly, approaching a constant value io. It should 
be noted, however, that i o is not, strictly speaking, a constant. 

Kig. 5. 



Fig. 6. 
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current with time with valve IT 250 No. 110. It will be seen 
that a current goes down in the first stage from 232 to 53 in 
course of five hours, while in the second stage it goes down 
from 29 to 23 in eight hours, whereas in the final stage it 
goes down from 18 to 17, i. e only one division in course of 
eight hours. The decay in the first stage is very rapid, 
namely 179 in five hours, or about 36 divisions per hour. 
In the second stage it is about 0*75 division per hour; 
while in the last stage the decay is extremely slow, namely 
0*12 division per hour. 


Fig. 7. 



As with a Ooolidge tube, previous treatment of the valve 
plays a considerable part in the initial emission of positive 
electricity. It has been found that the application of the 
negative potential for about three hours with valve U 150 
No. 72 increases the initial positive emission to twiee its 
normal value. The experiment was made in the following 
way :—It was seen from the previous experiments that with 
the application of 54 volts there was a positive emission of 
about 32 divisions, and this positive emission decayed ex¬ 
tremely slowly, so that we might reckon it as practically 
steady; now the applied potential was reversed, and this 
state of things continued for three hours ; then, again, the 
potential was reversed. The initial positive emission current 
was now found to be about 60 divisions, but it decayed very 
rapidly. The following table shows this decay with time. 



Hamilton-Jacobi’s Differential Equation in Dynamics. 79, 
Tube U 150 No. 72. Potential applied, 54 volts. 

Time. 


2 sec. 

5 sec. 

15 sec. 

30 sec. 

45 sec. 

1 min. 

1 min. 30 sec. 

2 min. 

2 min. 30 sec. 

3 min. 


Positive Emission Current, 
in amperes. 

60X5X10~ 10 

40 

35 

34 

33 „ 

32 

32 

32 

32 

32 


The theoretical aspects of this kind of positive emission 
current, which can be detected only at a very high tempe¬ 
rature, will, it is hoped, be more fully discussed in a future 
paper. 


VI. A Note on Hamilton- Jacob?s Differential Equation 
in Dynamics. By Jakob Kunz*. 

PTTFIE fundamental importance of the differential equation 
J. . of the title in the new quantum mechanics makes it 
desirable to obtain that equation in various, and if possible 
simple, ways. In the following note I wish to derive the 
differential equation of Hamilton-Jucobi directly from 
Euler’s differential equation of the calculus of variation. 

Let 

/==/(^ yu ys, yi, y* ... y n ') 


be a function of an independent variable x and n dependent 
variables y u y 2 ... y n , independent among themselves, and 
let 


Then the integral 



yn = 


dyn 

dx' 


1 = j/0> 3 /d i/s -.yn,yi', ys r ..yn)dx 
becomes an extremum if the following differential equations 
♦ Communicated by the Author. 
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of Euler are satisfied : 


B/ d / 9/ \ j_ q 
•byrdxXby,') 


by s 

if 

by. 


( 1 ) 


In most of the classical examples of the calculus of varia¬ 
tion it happens that / is explicitly independent of x, so that 

7sf 

— = 0 ; then the differential equations (1) can be put in 

another form, so that one integration can be carried out 
directly. Let us consider 


dx({ 


yi by,' 


„.JK 

by a 


bf 

by n 


= S'+ X y ' + w/ 2 ' + ••■‘ r WJ* 


-yj’ M- 


byi 


Vi 


byi 


_ u ,d bf_,£bf_ 

yi dx bjji yt dx 


. y nbL 

Vn byf 

-y> d „M 

y * dx B,y„' 


or 


dx 




,bf ,bf 
yi bW Ji by? 


-y» 


b \ bf 


byJ 


\ _ of 

/ dx 


~ “ L +y * ( b ^ 2 “ dx £y t ) + • - 

+yn, ($r~ * (2) 

If the equations (1) are satisfied, then the equation (2) 
reduces to 



Differential Equation in Dynamics. 
and if =t 0, then the first integration gives 


SI 


f-yi 




isiY y ’ By.'"— y " By.' 


constant. . (4) 


Now we consider a general mechanical system, of n degrees 
of freedom, whose potential energy E p is only a function of 
the generalized coordinates ... q n , and whose kinetic 

energy depends on the same coordinates and is a quadratic 
function of the generalized velocities 


„ /_^2l 
q '~ dt' 


9s 


dt 


9n 


dqn 

dt ’ 


so that Euler's identity holds as follows: 

i=i 1 by/ 

Now we put f— E/c—IC P , write t instead of x, q instead 
of.v, and obtain from the equations (1), changing the signs : 


2y,'A=2 E*. 


(5) 


bEp 

byi 

BE P 

by* 

bE, 

by™ 


bE* d BE* 


Byi dt 


» 7 r 


be* ; 

^ - * 


by 2 

b_E* 

by, 


d 9± 

dt 

d bE* 
dt ^ dq$ 
°~df 


= 0, 


= 0 , 


f BE* =() 

n dt ^ dqn 

d 


These are the equations of Lagrange. From the equa¬ 
tions (2), on the other hand, we obtain 




"i 


dt ^ dq r 

°df 


dq„ bE*-i 

n 


dt _dq 
°~di 


B(E*—E p ) 

b< 


= 0 , 

( 6 ) 


or by Euler’s identity, and putting E* + E P =E, the total 
energy: 

dE B(E*-E p )_ . 

_ + _— -»» • • • • V) 


b 


E+M^ ^ E * -E p)^ ==0 * 

Phil. Mag. S. 7. VoL 5. No. 27. Jan. 1928. 
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If we put 8 = 1 (E*— E ;) ) dt, then 

. *0 

differential equation of Hamilton-Jacobi : 


E + 


BS 

B< 


= 0 . . . 


we obtain the 

.... .( 8 ) 


If ~ ^ = 0, then we obtain from (4), 

ot ot 


or 


Ej.—Ep—2E*= constant, 
E t +E P =E = constant. 


which is the principle of conservation of energy. 


Summary. 

The mechanical equations of Lagrange, of Hamilton- 
Jacobi, and the principle of conservation of energy have 
been derived from Euler’s differential equation of the 
calculus of variation. 


VII On the Combustion of Carbonic Oxide .—Part 1. By 
J. P. Baxter, B.Sc., James Watt Research Fellow , Uni¬ 
versity of Birmingham *. 

Introduction . 

I N an earlier paper (Harrison and Baxter, Phil. Mag. 

Jan. 1927) two methods of investigating gaseous 
combustion in a closed sphere were described. The first 
consisted in measuring the relative rise in temperature at 
a point during the explosion, as indicated by a platinum 
resistance thermometer, using an Einthoven String Galvano¬ 
meter as the recording device ; and the second of actually 
measuring the flame-velocity, using two or more fine wires 
as the means of recording the passage of the flame. 

The first of these methods was applied to a number of 

* Communicated by Professor F. W. Burstall,M.Sc.,M.A.,M.Inst.C.E. 
M.l.Mech.E. 1 
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explosive mixtures, and the following conclusions were 
arrived at:— 

(a) The combustion of dry carbon monoxide probably 

takes place in two ways—firstly by direct oxidation, 
and secondly by the intervention of water-vapour. 

( b ) The addition of extremely small traces of hydrogen 

produces a great acceleration in the speed of com¬ 
bustion, and may alter the method of combustion. 

With a view to f urtlior investigating the above points, it was 
decided to carry out a series of measurements on explosions 
of carbon monoxide and air into which small regulated 
amounts of water-vapour, hydrogen, and other impurities 
would be introduced. 

For this purpose a particularly pure supply of carbon 
monoxide is required, and owing to the size of the apparatus 
the gas must be available on a large scale. The department 
has for some years possessed a plant for the generation of 
carbon monoxide on a semi-works scale, so in 1926 
Mr. Harrison and the author redesigned this apparatus, 
eliminating all metallic portions and constructing the re¬ 
action side entirely in silica and glass. The gas can now be 
made 99*8 °/ Q pure, the impurity being air, though during 
compression into cylinders the air impurity may go up to 
2 °/ 0 . The important point is that the gas, so fur as we can 
tell, contains no hydrogen. 

7 he Effect of Water-vapour on Carbon-monoxide 
Explosions . 

In 1884, H. B. Dixon published a series of investigations 
on the action of water-vapour on the carbon-monoxide 
oxygen reaction. He showed that the mixture 200 + 0$, 
when dried over phosphorus pentoxide, would not combine 
when sparked in a eudiometer. He also showed that the 
addition of traces of dry carbon dioxide, cyanogen, air, 
nitrous oxide, and carbon bisulphate did not cause combina¬ 
tion to occur, but traces of water-vapour, ether, pentane, 
hydrogen chloride, and hydrogen sulphide caused ignition 
to take place with ease. 

Later he measured detonation velocities in the theoretical 
<jarbon-monoxide oxygen mixture containing different quanti¬ 
ties of water-vapour, and showed that a maximum velocity 
was reached in the mixture containing 5*6 °/ Q water-vapour. 
Further increase above this value caused a slow decrease 
in flame-velocity. 
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Many workers investigated the possibility o£ igniting dry 
carbon-monoxide oxygen mixtures, and many theories have 
been put forward to explain the action of the water-vapour. 
Recent work by Prof. Bone and his co-workers seems to 
have established definitely that the direct oxidation of 
carbon monoxide in flames does take place, but that the 
presence of water or hydrogen compounds greatly facilitates 
the combustion. Quantitative measurements on this subject 
have also been made by R. W. Fenning, using a pressure 
indicator in a closed vessel, and by Garner and Johnson, 
who measured the infra-red emission from the flames of wet 
and dry carbon monoxide. 

The present work, of which this is the first part, will 
endeavour to compare the action of hydrogen, in combination 
with a number of different elements, on the carbon-monoxide 
reaction. For this purpose it is intended to measure flame- 
velocities both directly and by means of a pressure indicator 
to be described later, and also to compare the time-tempera¬ 
ture curves obtained as described in the previous, paper. 
At the start, mixtures with air instead of with oxygen will 
be used, as these give lower flame-velocities, which are 
therefore more accurately measured, and also because at 
the same time it is intended to carry out measurements 
on the possible “ activation of nitrogen ” at low pressures. 

The Hygroscopic Condition of the Gases . 

Although this paper deals only with explosions at one 
atmosphere initial pressure, the whole of the external 
apparatus to the sphere is designed to work up to ten 
atmospheres, as it is intended ultimately to reach this 
pressure. 

The percentage of water-vapour in the gases is regulated 
by a system of saturation at a given temperature. It is also 
possible to use “dry” gases which have been passed slowly 
up a long column of calcium chloride 

The saturators consist of steel tubes eight inches long 
and three and a half inches in diameter, with the ends closed 
by screwed steel caps, making a gas-tight joint. The gas 
enters at the bottom through a small diameter (2 mm.) steel 
pipe, silver soldered through the wall of the saturator, and 
then enters the water through a number of very fine holes 
drilled in the sides of the tube. A series of baffles are 
arranged which ensure the bubbles being well broken up 
and thoroughly saturated. At the top of the saturator is the 
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gas outlet With control valve, leading directly to the explosion 
sphere, and for the pressures used so far a sealed mercury 
in glass pressure-gauge for the regulation of the pressure 
inside the saturator. 

The whole of this apparatus is immersed in a large water 
thermostat fitted with two efficient stirrers. An electric 
immersion heater is controlled by a thermostat regulator of 
fairly conventional design, the regulator break being 
connected with a two-volt battery and a quick break relay 
which operates the main heater. This thermostat has an 
error not exceeding one-half a degree centigrade. 

During the process of filling the sphere the pressure in 
the saturator is kept constant at the pressure at which the 
sphere will ultimately be filled, so that the water-vapour 
content is accurately regulated. 


The Pressure Indicator . 

As a great deal of constant volume explosion work has 
been carried out in the past by means of the average pressure 
determinations, it has been thought desirable to fit a pressure 
indicator to the sphere for comparison purposes. 

One of the latest types of Prof. Burstall's optical indicators 
has been fitted, modified in such a way as to enable it to be 
used for sphere work. The diaphragm used is of the flat 
type, with one corrugation round the circumference. It is 
of nickel chrome steel, and is machined out of the solid to cut 
down hysteresis effects. The optical system is of the standard 
type, except that an oil dashpot device has been arranged to 
rotate one of the mirrors during the explosion, thus giving 
a curve recording pressure against time. A time marker, 
consisting of a small synchronous motor driven by a standard 
vibrating bar, is arranged to interrupt the source of light 
every one hundredth of a second, thus giving a suitable time 
record on the plate. The indicator nas been accurately 
calibrated on the standard mercury column erected for that 
purpose in the department. 


The Recording Circuit . 

For velocity measurements the recording circuit is the 
same as described in the previous paper. Normally two 
recording wires are used, one one inch from the spark, and; 
the other one inch from the walls. The distance between*: 
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the wires is six inches. It is the average flame-velocity 
over this distance which is measured. Investigations of the 
way the flame travels over this space have shown that there 
is a steady diminution in velocity as the flame approaches 
the walls. This may be due to the increase in initial 
pressure of the unburnt gas caused by the combustion taking 
place near the centre, in accordance with the results of Newey 
and Crowe, who showed that, with increase in initial pressure 
from one to ten atmospheres, there was a decrease in flame- 
velocity. On the other hand, the increase in temperature 
produced by this compression should cause a greater flame- 
velocity. There is, however, no doubt that a steady diminu¬ 
tion in velocity does take place as the flame spreads out 
over the sphere. In the present case, however, it is the 
average speed over a length of six inches in a direction 
inclined at forty-five degrees to the horizontal which is 
measured and used for purposes of comparison. 

For the relative temperature measurements the thermo¬ 
meter as used before has been improved by the addition 
of a pair of compensating leads which balance out any 
resistance changes in the supports. It may be stated here 
that this thermometer gives almost identical results as the 
one originally used, showing that the effect of the leads, if 
any, is exceedingly small. The actual recording wire is of 
platinum-iridium alloy one and a half thousandths of an inch 
in diameter. 

jFlame-velocities with varying Mixture-strength 
and Moisture-content . 

A scries of determinations were carried out to discover if 
the alteration in moisture-content produced comparable 
effects with different mixture-strengths. 

The flame-velocities were measured over theavailablerange 
of mixture-strengths, with water-vapour contents of *88, 
1*2, and 1*6 °/ 0 , and also with gases slowly dried over 
calcium chloride. The results are set out in Table I. 

These velocities are plotted against mixture-strength in 
fig. 2. There is no immediately apparent relationship 
between flame-velocity and moisture-content, the relation¬ 
ship varying with the mixture-strength. 

A comparable set of results over a larger range of 
moisture-content are shown in Table II. and fig. 1. These 
are arbitrary velocities calculated from the pressure time- 
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records on the assumption that the flame reaches the wall 
at the time of maximum pressure. This is not strictly 
justified, and it is interesting to note that the curves, while 
similar, are definitely not of the same form, the greatest 
divergence being in the case of the dry mixtures. 

In figs. 3 to 4 are set out a number of relative-tem¬ 
perature time curves, obtained with the compensated 
thermometer as previously described. Fig. 3 shows the pro¬ 
gressive effect of addition of moisture to the 2C0 2 -f 0 2 + 4N 2 
mixture. The general shape of the curve persists, but the 
time to reach maximum temperature is steadily reduced. 
The curve fig. 3 (a) is of interest for the somewhat violent 
temperature oscillations which follow the maximum. Similar 
changes are apparent on several other curves, and when 
explosions at higher pressures than these are fired, the 
oscillations become increasingly noticeable. It was thought 
that these might be caused by pressure oscillations set up inside 
the sphere ; and to test t his a microphone was designed which 
should record high-frequency pressure-changes over a very 
small area. It consists of a hollow phosphor-bronze cylinder 
three inches long by one inch in diameter, carrying at one end 
a small steel diaphragm three-eighths of an inch in diameter 
and five thou smiths thick. Rigidly attached to the inside 
of this is a light coil of 40-gauge enamelled wire, arranged 
so that it can move freely over the head of an electro bar 
magnet. The leads for the existing coil for the magnet 
and those from the recording coil are conveyed outside the 
sphere inside the rods which support the protective casing. 
An exciting current of half an ampere is used, and the 
recording coil is connected directly to the Einthoven string 

f alvanometer. When arranged so that the recording 

iaphragm is in the position usually occupied by the 
thermometer, a series of pressure oscillations are recorded 
of identical frequency with the temperature oscillations 
shown by the thermometer; thus proving the origin of these 
changes. 

Figs. 4 to 9 show the temperature curves for a number of 
different mixture-strengths containing different amounts 
of water-vapour. 

Fig. 10 shows a reproduction of the pressure curves from the 
Burstall Optical Indicator for the mixture 2CO 4-0 2 + 4N* 
with increasing moisture-content. It is noticeable that, as 
the time of attainment of maximum pressure decreases, the 
rate of subsequent cooling tends to increase. 
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It is not proposed to enter into any further discussion of 
these results at present, as the work is being continued 
along the lines of investigating the action of traces of 
hydrogen and also other compounds of hydrogen, and a 
general consideration of results is better left until a later 
paper. 

Jn connexion with the assumption that the combustion of 
carbon monoxide takes place in two ways, a direct, and an 
indirect involving the action of water-vapour or some similar 
body, some interesting analysis has been carried out on the 
burned gases from the mixtures used in these explosions by the 
author’s colleague Mr.L. E. Winterbottom, who has estimated 
the oxides of nitrogen produced during the reaction. His 
results are given at the end of this paper. It will be seen that, 
as the water-vapour content of the gases increases, the amount 
of oxides of nitrogen formed decreases very considerably. 
An increase in moisture-content causes more rapid cooling 
of the burned gases; and if the nitrogen oxides were the 
product of a purely thermal change, one would expeot them 
to increase rather than decrease with the addition of 
water-vapour. 

If, however, they are produced as a result of the direct 
oxidation of carbon monoxide, then the dry gases will favour 
a maximum yield, and wet gases favouring the indirect 
oxidation will give a reduced yield of nitrogen oxides. This 
is in agreement with Bone’s figures for oxides of nitrogen 
produced at high pressures, which are generally recognized 
as favouring the direct oxidation. 


The Estimation of Oxides of Nitrogen . 

During the combustion of carbon monoxide and oxygen 
in the presence of nitrogen, oxidation of the nitrogen 
may also occur. Bone has shown that as much as 3 per 
cent, of NO is formed during the combustion of a mixture 
2C0 + 30 2 + 2 Ns at 75 atmospheres original pressure. 

Iti <he present research it is proposed to investigate the 
formation of oxides of nitrogen at low pressures—covering 
a Wtftge from one atmosphere to ten atmospheres original 
pressure. 

The method Of estimating small amounts of oxides of 
tiittogetf has been arrived at after considerable elpefriinerit, 
and is essentially a micro-Kjeldhal estimation. 
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The combustion products, after stirring, are drawn from 
the explosion sphere by means of a Geryk vacuum pump 
through a series of absorption tubes containing concentrated 
potassium-hydroxide solution. Formation of potassium 
nitrite and potassium nitrate takes plaoe—with nitrite in 
excess—as established by Le Blanc *. 


Table I. 


Percentage 

of CO. 

Percentage 
of N a . 

Percentage 
of O,. 

Percentage 
of H„0. 

Flame-velocity, 
cm./sec. 

210 

63*2 

16*8 

f Dry over \ 
\ OaCl a . j 

69 

200 

59*2 

14*8 

— 

73 

30*0 

66*0 

140 

— 

76* 

34*0 

52*8 

132 

— 

77 

40*0 

48*0 

12*0 

— 

76 

480 

41*6 

10*4 

— 

72 

59*0 

32*8 

8-2 

— 

62 

150 

68*0 

17*0 

*88 

60 

23*0 

61*0 

15*4 

— 

95 

27*5 

580 

14*6 

— 

132 

29-0 

66*8 

14*2 

— 

138 

34*0 

62*8 

13*2 

— 

165 

40*0 

48*0 

12*0 

— 

180 

460 

44*0 

11*0 

— 

170 

68*0 

33*6 

8*4 

— 

127 

190 

64*8 

16*2 

1*2 

85 

23*4 

61-2 

16*3 

— 

115 

29*0 

66*8 

14*2 

— 

160 

38*0 

49*6 

12*4 

— 

197 

45-0 

44*0 

11*0 

— 

170 

63*0 

29*6 

7*4 

— 

120 

20*0 

64*0 

16*0 

1*6 

136 

27*5 

68*0 

14*6 

— 

190 

34*0 

52*8 

13*2 

— 

220 

40-0 

48*0 

12*0 

— 

235 

480 

41*6 

10*4 

— 

220 

62*0 

29*6 

7*4 

— 

160 


~ Zeittch. Elektrochem. xii. p. 041 (1906). 
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After oxidation of the nitrite to nitrate the potassium 
nitrate is estimated by a micro-modification of Jodlbauer's* 
method of estimating nitrates. This micro-Kjeldahl method 
has given consistent results, using direct titration in one 
hundredth normal solutions. Smaller quantities of ammonia 
in the distillate may necessitate the use of a colorimetric 
method for its estimatiou, but these colour-matching methods 
have not given accurate results in preliminary experiments. 

Table II. 


Per¬ 
centage 
of 00. 

Per¬ 
centage 
of N a . 

Per¬ 

centage 

ofO a . 

Per¬ 
centage 
of H s O. 

Maximum 

pressure. 

Time to 
reach max. 
pressure. 

Calculated 

velocity. 

270 

68*4 

14*6 

Dry j 

88 3b 

*38 sec. 

0 cm ./sec. 

20-0 

64-0 

160 

over 1 
, CaCl 2 . J 

70 

1*0 

23 

350 

52-0 

15*0 

— 

92 

*30 

89 

48-0 

41*6 

10*4 

— 

84 

■30 

89 

400 

48*0 

120 

— 

92 

•24 

95 

580 

33*6 

8*4 

— 

88 

*40 

57 

28-0 

57*6 

144 

•88 

100 

•19 

121 

36*0 

51*2 

12*8 

*88 

97 

*15 

154 

21*0 

63*2 

15*8 

•88 

86 

*42 

55 

430 

45*6 

11*4 

*88 

100 

*14 

164 

560 

35*2 

8*8 

*88 

90 

*19 

121 

48*0 

41*6 

10*4 

1*2 

95 

*12 

194 

420 

46*4 

11*6 

1*2 

100 

*11 

208 

31*0 

55*2 

138 

1*2 

104 

•13 

177 

240 

60*8 

15*2 

1*2 

92 

*19 

121 

18*0 

75*6 

16*4 

1*2 

58 

*72 

32 

36*0 

51*2 

12*8 

1*2 

100 

•12 

194 

630 

29*6 

7*4 

1*2 

72 

*19 

121 

300 

56*0 

14*0 

3*1 

104 

*09 

255 

400 

48*0 

12*0 

3*1 

100 

•08 

290 

19-0 

64*8 

16*2 

31 

85 

*19 

121 

30-0 

56*0 

14*0 

4*4 

105 

*07 

330 


* Z, anal . Chem. xxvii. p, 92. 
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Table III. 


- -- 

-- • — - ■ - 

■ — - -— - 

- 



Fig. 

No. 

Percentage 
of CO. 

Percentage 
of N a . 

Percentage 
of O a . 

Percentage 
of H„0. 


a . 

30 

56 

14 

•88 


ft . 

30 

56 

14 

Dry. 

3. 

c . 

30 

56 

14 

1*2 

d . 

30 

56 

14 

31 


e . 

30 

56 

14 

4*4 


a . 

40 

48 

12 

Dry. 

4. 

b . 

20 

64 

16 

— 

5. 

a . 

27 

58-4 

14*6 

Dry. 

ft . 

48 

41-6 

10*4 

— 

6. 

a . 

21 

63-2 

158 

•88 

ft . 

43 

456 

11’4 

•88 


a . 

28 

57‘6 

14-4 

•88 

7. 

ft . 

56 

35*2 

88 

•88 


a . 

24 

608 

15*2 

1*2 

8. 

ft . 

42 

46*4 

11*6 

1*2 


a . 

31 

55’ 2 

13*8 

1*2 

9. 

ft . 

48 

41*6 

10*4 

1*2 


a . 

SO 

56 

14 

4*4 


ft . 

30 

56 

14 

3*1 

10. 

c . 

30 

56 

14 

1*2 

d . 

30 

66 

14 

•88 


e . 

30 

56 

14 

Dry. 


Experiments at one atmosphere original pressure have 
been conducted, and the effect on NO formation of 

(a) Percentage of CO in the unfired mixture. 

\b ) Percentage of H a O in the unfired mixture has been 
ascertained. 

It is evident that formation of NO is favoured in a weak 
mixture—where excess of oxygen is present. 
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The presence of water-vapour has a very pronounced effect 
on oxidation, an addition of 1*2 per cent, of H,0 to a dry 
20-per-cent, mixture, for instance, halves the amount of 
nitrogen oxidation. 


Fig. 1. 



It is hoped to continue the research with special 
reference to— 

(1) Effect of small quantities of hydrogen on NO forma¬ 

tion. 

(2) Formation of NO in 00-0 mixtures containing 

small quantities of nitrogen. 

(3) Effect of addition of oxygen to a constant mixture 

of nitrogen and carbon monoxide. 
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Fig. 9. 



Fig. 20. 
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Table IV. 


Percentage 
of CO. 

Percentage 
of N. 

Percentage 
of O. 

Percentage 
of H s O. 

Percentage 
of NO. 

27 

58*4 

14*6 

•03 

•14 

19 

64*8 

16*2 

•03 

•19 

355 

51*6 

12*9 

•03 

•12 

48 

41*6 

10-4 

•03 

•10 

13 

70-4 

7*6 

*88 

•12 

45 

44 

11 

•88 

•06 

276 

58 

14*5 

•88 

*08 

23 

61-6 

15-4 

•88 

•09 

38-3 

49-6 

12*3 

1*2 

•05 

24*6 

60-4 

151 

1-2 

*07 

19-0 

64-6 

16*2 

1-2 

•08 

31 

55-2 

13*6 

1*2 

•06 



In conclusion, the author wishes to express his gratitude 
to Professor Burstall for much helpful advice, and to 
Mr. Pickering, of Birmingham University, for invaluable 
assistance in the construction and assembling o£ the apparatus 
required. He also thanks the Department of Scientific and 
Industrial Research for a grant which has defrayed the 
expenses of the research. 
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VIII. The Torsion-Flexure Oscillations of a System of Two 
Connected Beams. By S. B. Gates, M.A .* 

1. rpHE ordinary theory of the independent flexural and 
X torsional oscillations of bars applies in strictness 
only to movement of the system in vacuo , since only the 
elastic and inertia forces are included. If the oscillation 
takes place in a fluid medium, the fluid reactions provide 
another system of forces which may or may not be negligible 
compared with those usually considered. If the system as a 
whole has a large rate of translation through the fluid, it is 
probable that the fluid reactions during the oscillation 
become important. For instance, it may be necessary to 
retain the aerodynamic forces when considering the vibration 
of an elastic component of an aeroplane in flight. A type of 
elastic hydrodynamic problem is thus presented which 
assumes some importance in aeronautics, and has not hitherto 
received much study. One important consequence of the 
retention of the fluid reaction is that the independence of 
the flexural and torsional oscillations is destroyed. Thus if 
^ is the displacement of the central line and 0 the twist of 
the beam, the equations to be solved are of the form : 

diO .dZ , /y 

Jc* +a 


<pe 

dt * 


-f>*~ 


where f(z,0) and <£(£, 0), representing the fluid reactions, 

d~ d0 

will usually comprise terms proportional to jf* and 
The exact solution of these equations is of the form : 

£ = 22 ae Kx e^ y 

0=22£e^, 


and if we proceed in the usual way to find the admissible 
values of X and fi, we are led to a cubic equation in X 2 , the 
coefficients being, of course, functions of /*. It appears to be 
very difficult to proceed algebraically with the exact solution 
beyond this stage. 

2. It seems, therefore, that the problem of the related 
* Communicated by R. V. Southwell, M.A., F.R.S. 

Phil . Mag. S. 7. Vol. 5. No. 27. Jan • 199*. 


H 
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flexural and torsional oscillations of a long beam under the 
action of “external” forces imposed by the surrounding 
fluid is a complex and difficult one. There is, however, an 
elastic system of simpler type which, under certain simplify¬ 
ing assumptions, yields an exact algebraic solution, and this 
has features of practical and theoretical interest which may 
be put on record. We shall consider two long beams or 
spars of equal length and constant, but not necessarily the 
same, cross-section, each oncastred at one end and free both 
to deflect in a direction perpendicular to the line joining the 
fixed ends and to twist about its central line. The spars are 
continuously connected along their length by connexions 
flexible enough to allow them to execute tne prescribed 
motion. This system is supposed to oscillate in a fluid 
medium which gives rise to reactions of the type specified 
in the preceding paragraph. The following assumptions 
are made: 

(a) All stresses in the connexions are neglected. 

(1)) The torsional rigidity of each spar is neglected, so 
that the torsional rigidity of the whole system arises 
solely from the flexural rigidity of the spars. 

The centre of mass of a cross-section of this system, which 
in its undisplaced position is perpendicular to the spars, has 
a velocity parallel to the direction of motion of each spar, 
and the cross-section is twisting under the difference of the 
deflexions of the two spars. Hence the system may be 
regarded as a single “ beam ” of elongated cross-section 
which is executing combined flexural and torsional oscil¬ 
lations. Under the restrictions (a) and (6) the tractions 
across this section are supposed to be concentrated at the 
two spar centres and to consist of shear forces due to the 
separate deflexion of each spar. It is not necessary to 
assume that every dimension of this cross-section is small 
-compared with the length of the spars. 

On the practical side the system here contemplated 
represents an attempt to abstract the essential elastic features 
of a more or less flat rectangular structure, like an aeroplane 
wing, which is built up on two spars each encastred at one 
end. It is obvious that the strength of such a structure will 
reside principally in its spars, and also that large torsional 
rigidity of the spars themselves is not in general necessary 
to ensure torsional stiffness of the whole structure. Thus 
the assumptions (a) and (6) above, which have been intro¬ 
duced to bring the problem within the scope of an exact 
solution, are not such as to vitiate entirely its application to 
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each subjects as the vibration of a cantilever monoplane 
wing in a stream of air. 

3. Proceeding with the problem under the above assump¬ 
tions, the following is the notation :— 

x coordinate along a spar. 
a>=0 at encastred end. 
o?=r at free end. 

I distance between spar centres. 

m the centre of mass of a cross-section of the structure 
divides l in the ratio m : 1—m. 
t/iy y* deflexions of the spar centres at section x, measured 
from their equilibrium positions. 

z deflexion of centre of mass of section at a?, measured 
from its equilibrium position. 

6 twist of section x, measured from its equilibrium 
position. 

M mass of structure per unit of x . 

1 moment, of inertia of structure, per unit of x 9 about 
an axis through the centre of mass of a section 
anil parallel to the spars. 

B 1? B 2 flexural rigidities of spars. 

f(z,0) component of fluid reaction parallel to z, per unit 
of x. 

<f>(z 9 0) moment of fluid reaction about centre of mass of 
section per unit of a?. 


Fig. 1. 

Diagram illustrating the motion of a section of the structure. 



Qi ? Q* are the spar centres at section x in equilibrium. 

R p R a are the spar centres at section x during the oscillation. 
G is the centre of mass of section x. 

H 2 





100 Mr, S. B. Gates on the Torsion-Flexure Oscillations 

A section of thickness dx is in motion under shear 
forces at and R 2 and the fluid reactions. Resolving 
parallel to z and taking moments about G, we have, 
remembering that all coordinates are measured from the 
equilibrium position of the section : 


I dx = — ml ^Bi ~j^dx^ 4- (1— m)Z^B 2 g-Jcfo ) + <f>dx . 


Since yi—z + mlO, 

y**=s—(l — m)l0 9 
we eliminate y u y 2 to obtain : 



+ (*—>*B,(g-l—+ 


If, as is generally the case, the fluid reactions due to the 

d~ dO 

oscillation are the sums of terms in ? and we m ay 

write : 


f=~N^a,~+b,^j t + «,<>), 

f + ^)- 


The equations of motion now reduce to : 
d A z 


d % z 
dt 2 


dt^ + ai dx A 


d*0 


Q d*0 dz tl d0 n . 

A ^ +a '3F + &1 '<* +c,<?=0 






dO 




<*i 


_ b,+b, 


M 


* Z[«iB, — (1—m)B,] 

M 

Z*[m*B 1 + a-m)*B s ] 

j ^ ; 


(i) 


where 
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4. To solve equations (1) we assume in the usual way : 

z ~9(*)e*\ 

0 = 


Then, writing D for the equations for g and h are : 

(«iD 4 4/a 2 4 ja)g 4 (J3 X D 4 4 ii/x 4 Ci) h =0, 

(>8 3 D 4 4 /xa 2 )y 4 (a 2 D 4 4 /i 2 4 I'tP + C 2 ) A = 0. 


Hence, if <7 = A^ r , A = 6^, we have : 

A(ajX 4 4* /x 2 4* ai/x) 4- B(y8j\ 4 4 Aj/x 4* <?i) = 0, 
A(j9 2 X 4 4- a^fi) 4 B(a 3 X 4 4 /x 2 4 4 c a ) =0, 

/5 a X 4 4 G>2fA 


whence 

13 __ __ « 1 X 4 4/x 2 4-«i/x __ 


A /9jX 4 4 b\fjL 4 <* a X 4 4/x 2 4 A a yx 4 c a 

Thus a solution of equation (1) is : 

2=SS Ae kx e^) 


0 = 22AA^V‘<j , 


( 2 ) 


(3) 


where k is given by equation (2), and one relation between 
X and /x, given by the lust equality in (2), is found to be : 

( a l a »—{( a i + a 2)/x 2 -f (ttiis —01 a a + a * a l~“$2^l)/* 

4 (*ic 2 - fi 2 c x ) }A 4 4- /* 4 4- (a, 4 A 2 )/a s 
4 (a L /> 2 — a 2 bi 4 c 2 )yu 2 + (a^,—a f C|)/x=0. . (4) 

This, being a quadratic in X 4 , allows of further progress. 
It may be noticed that retention of the torsional stiffness of 

d?Q 

the spars would introduce a term in the second equation 

of (1), and thence terms in X 6 and X s in (4). 

Tins would destroy the possibility of an algebraic solution. 


5, The second equation which, with (4), will determine 
all the admissibJe values of X and p in (3), is to be found 
from the end conditions of the spars. 

Since the spars are encastred at #*0 and freeat#«»r, 
we have: 

=y>= cto 8=0 at * =s0 ’ 
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and 


^ = = at x=r, 

dx* dx* da? dx z 


for all values of t . 
These lead to 




aud 


d# 8 


= 0 at a?=0, 


= 0 at x~r, 


(5) 


<P« = 

d # 2 e&r 8 <&r 2 

for all values of 

If for a value of ft, which is admissible in (3) the roots of 
(4) are X u X 2 ,... X 8 ,and if the constants A are A x , A 2> ... A 8 , 
the conditions (5) require that: 


n= 

2 

as 

8 

A n 

1 

\ 

= 0 

2 

^nA n 

= 0 

2 

X W A w 

= 0 

2 

k n X n A w 

=0 . 

2 

X w V A *A n 

= 0 

2 

A; n X n V A *A n 

=0 

2 

X n V A "An 

= 0 

2 

£nXnV A «A» 

= 0, 


( 6 ) 


Elimination of the ratios A X :A 2 :...A 8 from the eight 
equations (6) leads to an eighth row determinantal equation 
involving X and ft. This, together with (4), suffices to 
determine all the admissible values of X and ft. 

Finally, the single constant A which is undetermined by 
(6) for given values of X and ft must be found from the 
conditions at $ = 0. This completes the formal solution of 
the problem. 


6. Reduction of the Determinantal Equation . 

The roots of equation (4) are given by \ 4 =X x 4 and X 4 =X* 4 , 
where X x 4 and X 2 4 aro complex in general. Hence the roots 
are 

±X x , ±iX u ±X 2 , ±tX f , 

and it is clear from the expression (2) for k that those roots 
with suffix 1 will have a single value of k, say k u associated 
with them, and that a single k u will be associated with those 
of suffix 2. 
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The determinant arising from (6) is therefore : 




~ >* 


% ^ 


I 

V 


I 


c 3 *** 

> 






?5^ 


l 




I 

S' ?; 

> 5" 


?> 


>*- 


?> 
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?> 


<tr S 4 

i r 


?** 


?> 

M 


1- ? 
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w “ 
*. ’ 


4 s ” ^ 

r > 

M ^ 

<* I 

• 2 


> 




$ ? y ? 


\ % 

- r 


£ ^ 
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i i 

y £ i. i 
\ > \ f p' 


10a 


*t» t-> 
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This may be reduced without much difficulty to the form: 
(* a ~*i) 4 .F(r\i).F(rA,), 

where 

F(rA)=A 6 


1 -1 


e rK — e~ rK — ie irk 


—i 

— e~ wk 


te 


—irA 


= 16iA p (cosh r\ cos r\ + 1), 

Thus, omitting constant factors, the second equation for 
the determination of A and p is 

lc 2 ) W (cosh rA t cos r\ { + 1) (cosh r\ 2 cos rXg-f 1) =0, 

... (7) 

where Aj 4 , Ag 4 ar © the roots of (4). 

It is notable that the equation 

cosh rA cos rA + 1 = 0 

is that which determines the modes in the flexural oscillations 
of a single long beam eneastred at one end and fixed at the 
other. 


7, Discussion of the Modes, 

It thus appears that if A! 4 , A 2 4 are the roots of (4), admissible 
solutions arise in the following cases :— 

(1) cosh r\ x cos r\ x 4-1 = 0, 

(2) cosh rAa cos r\ 2 +1 = 0, 

(3) k x ss k 29 

(4) Aj=0, 

(5) A 2 = 0, 

or when two or more of these conditions are simultaneously 
satisfied. Of these, the first two furnish the main part of 
the solution, the others requiring, in general, the satisfaction 
of special relations between the constants of the system. 

Cases (1) and (2). 

If z is a root of cosh 2 cos 2 +1=0, then — z, iz y and — iz 
are roots, but there are no complex roots *. 

* This may be proved analytically by pedestrian methods, or appeal 
can be made to the fact that the equation governs the flexural oscil¬ 
lations of a uniform cantilever bar, a motion which is necessarily pure 
harmonic, since it is not subject to dissipation of energy. (Rayleigh, 
4 Sound/ 1 . iS 178,175.) 
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The positive real roots are the infinite series: 


1-875, 4-69, 7-85, 11*00, 14*14, 17*28 


approximating to (n + \)ir when n is large. 

The method of constructing the modes which arise from 
this equation is therefore as follows:—If r\ x takes any one 
of these values, the corresponding values of /*, four in 

f eneral, are obtained by substitution of X] 4 in equation (4). 

yith any one of these values of /a, X 2 4 is now obtained from 
(4) and the corresponding mode will be 


z = (Ax cosh \ x x 4 A 2 sinh X x x 4 A 3 cos X x x + A 4 sin X x x 
4- A 6 cosh X 2 x 4* A 6 sinh X 2 x + A 7 cos 4- Ag sin X 2 x) eF 1 

0 as ■{ k x ( A x cosh Xi«r 4* A 2 sinh X 2 x -I- A 3 cos X x x 4 A 4 sin Xj£c) : 

+ k 9 (A 6 cosh X^x 4- A 6 sinh X 2 x 4- A 7 cos X^x 4 A 8 sin X 2 #) }e flt J 


where ji, X 2 , and the constants may be complex. 

In general X 2 will not satisfy cosh 7*X cos rX4-1 = 0, but 
will be a function of the constants of the system. 

It will be noticed that from a single solution of 
coshcos z +1 = 0 there arise, four different solutions of the 
type (8), since with each of the four values of associated 
with Xj there will be a different X 2 . If there is a pair of 
complex values of /li, the two corresponding solutions will, of 
course, combine to give a single real mode. 

Hence, of any mode of this series, part takes the same 
form as in the problem of the single beam encastred at one 
end, and depends only on the length of the beam and the 
end conditions, while the other part depends on the arrange¬ 
ment of the two-beam system and the external forces. 


Case (3). k x = k 2 

In any mode which satisfies this condition we shall have 
z=f{x)e»*, 

0 = C f(x)e^ 

where C is a constant, and it is evident that the corresponding 
mode of the deflexions of the spars will be of this form. 
Thus any mode of this class is characterized by the relation 

.yi/y*« constant. 

To investigate the possibility of such modes we must 
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return to equation (2), in which, putting ki^k^^k^ we 
have : 

^(/®i^i 4 + ^iA t + c i) +*iX 1 4 +At*-f a!ft=0, 

4- £1) + «qX 2 4 + /** + ai/Lt=0, 

k(at^Ki + ft? 4- h 2 fi 4- c 2 ) 4- /S 2 \i 4 + a 2 ftss 0, 

^(flt 2 \ 2 4 + /t 2 4* 6 2 /a 4- c 2 ) 4- $jX 2 4 + =0. 

Subtracting the second from the first and the fourth from 
the third of these equations, we have 


and (&**4-A)(Xi 4 —Xg 4 ) = 0, 

whence it follows that either 



ii 

/? 

.... (a) 

or 

+ *i = 0 \ 

kot>2 4' /3q = 0 J 

.... (4) 

« 


Considering first the alternative (6), it is evident from the 
four equations above that we must also have : 


k(bifi 4- c x ) 4- m 2 4 axu = 0, 
k(u, 2 4- h 2 fi 4- c 2 ) + a 2 fi - 0. 

Thus in case ( b ) we have 

_ ^2 _ ^ 2 4- a 1 /a __ a 2 fi _ 

A Ot 2 ~~ 1*1/* +Cl fJt? + b $ fJb + C 2 ' 

This involves relations between the constants of the 
system, and it is easily seen that these lead to a violation of 
tne fundamental condition of small deformation, irrespective 
of the time factor. For under these relations the coefficient 
of X 8 and the absolute term in equation (4) both vanish. 
This implies that one oi Xi, \ 2 tends to zero, the other to 
infinity. Thus the alternative (i) does not contribute a new 
type of solution. 

The condition of equal roots .—Returning to the alternative 
(a), Ai=Xj, it is sufficient to remark that our derivation of 
the determinantal equation becomes invalid if any two valued 
of X associated with a given fi are equal. For if X^Xj* the 
expression Ae K ' x +Be K * x must bo replaced by e*'*(A f + B'x) 
and the expressions (6) for the end conditions become 
correspondingly modified. Thus the condition X^X* must 
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b© rejected, without prejudice, however, to the question as to 
whether equal roots do in fact arise. 

It is evident that equal values of X can arise only through 
the satisfaction of certain relations between the constants of 
the system. For such roots and their associated time factors 
must satisfy not only equation (5), but also the condition 
that (5) has equal roots. We thus have sufficient equations 
to determine /a and the repeated A roots before introducing 
the end conditions, and the satisfaction of the latter must 
involve special relations between the constants of the system. 
It is possible, of course, starting with X 4 and (X + c/X) 4 , and 
proceeding to the limit when d\— >*0, to obtain the modified 
end conditions applicable, io repeated roots, and so derive 
the determinantal equation for this class of solution. This 
equation is, however, one of great complexity, and the 
matter, which is of academic interest only, has not been 
carried further. 

Cases (4) and (5). 

If X^O and k A ^k^ then reference to equations (6) shows 
that \ 2 must be a root of cosh rX cos rX-l-1 = 0. Thus this 
case is included under Case (2).* 

Summary .—The survey of Cases (3) to (5) has not yielded 
anything of practical importance. Thus, in general, the 
system moves in inodes of the type : 

(A x cosh Xj# -f- A 2 sinh Xj.r 4* A 3 cos X l4 r+A 4 sin X x # 

+ A 5 cosh X 2 # + A 6 sinh X 3 .r + A 7 cos X 2 .r + A g sin X 2 .r)^*, 
where X x satisfies cosh rX cos rX+l = 0 

and X 2 and y are given by equation (4). 


8. The Stability of the System . 

When the motion of an elastic structure takes place in 
contact with a source of energy such as a fluid medium in 
motion, the practical problem is to determine under what 
conditions it becomes unstable. There is a continued inter¬ 
change of energj* between the vibrating structure and the 
fluid. If on the whole the structure absorbs energy from 
the fluid its kinetic energy will increase until the elastic 
limit of the material is passed, and structural failure will 
follow. Under these conditions the vibration is unstable. 
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On the other hand, i£ energy is on the whole dissipated from 
the structure to the fluid, the structure ultimately comes to 
rest and the motion is stable. In the intermediate case, 
when no energy flows on the whole between the structure 
and the fluid, a condition of permanent oscillation is 
theoretically attained, and the stability is neutral. 

In examining the stability we are only concerned with 
the values of the time factor ya. The condition for stability 
is that the real part of every value of p shall be negative. 
The stability analysis is relatively simple because all the 
values of fi are derived from those of satisfying 

cosh r\ cos r\+1 = 0, 

and are independent of the complementary series As, the 
derivation of which makes the construction of the modes a 
very laborious process. We have to examine the quartic : 

V 4 + (V 3 4- (C 2 X 4 4 ( 4- C 4 \V 4 C 6 * 8 + C 6 \ 4 -0, 

where, as will be seen from (4), 

Ci = ai 4- b 2 , 

0 2 = ai4-a 2 . 

C 3 = a x b 2 — a 2 b 1 4- c 2 , 

C 4 = a 1 A 2 — + a 2 a i — 

C 5 = 

Gg = «iC 2 

and r\ has the infinite series of values, already mentioned, 
which satisfy 

cosh z cos £4-1 = 0. 

In this we have put a x c 2 — a 2 Ci = 0, a condition which 
usually holds in the case of fluid reactions. 


9. The Conditions of Stability . 

The conditions of stability of a quartic are that each 
coefficient, and also Routes discriminant, must be positive. 
We must therefore have : 

Ci>0, 

C 2 \ 4 + C*>0, 

c 4 >0, 

OfX 4 + O e >0, 

and QAX^O* 4 + C 8 ) - C/A 8 - C^(C^ + C e A 4 ) > 0. 
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The last of these reduces to : 

A = XXHY>0, 

where X - O a C 2 C 4 - C 4 S - GyC„ 

y=c 1 o 3 c 4 -(VC e . 

These conditions must be satisfied for each of the infinite 
series of values of A given by 

rA= 1*875, 4*69, 7*85,.+ 

when n is large. 

The complete analysis of these conditions would require a 
detailed consideration of* the coefficients a l9 b l9 c l9 a 2> lr 2 , c 2f 
which specify the fluid reaction. These depend in general 
in magnitude and sign on the angle of presentation of the 
structure to the fluid in the equilibrium position ; analysis 
on these lines is beyond the scope of this paper. It should 
be remarked, however, that each of these coefficients is 
proportional to V, the equilibrium velocity of the structure 
through the fluid. A few results of general import in the 
examination of stability may be mentioned. 

(a) Two types of instability. — It appears that a distinction 

of some importance may be drawn between the conditions 
of stability. Consider a condition of the form HA 4 -|-J>0. 
If H>0 the condition is satisfied when A is large enough, 
however large and negative «T may be. In this case the 
condition may be written J >0, where A 0 is the least 

value of A ; and if this is not satisfied a limited number of 
the gravest modes will be unstable. We may call such a 
condition one of limited instability . 

On the other hand, if H<0, all the modes involving A 
greater than a certain value will be unstable, however large 
and positive J may be. This may be called a state of 
unlimited instability . 

(b) A short scheme of stability criteria. —Of the coefficients 
C, it will be seen that 0 2 and C 6 are alwavs positive, while 
the sign of the others, and of X and Y, depends on the 
arrangement of the system. 

Thus if, as usually happens, Ci is positive, we may group 
the stability conditions thus: 

C 8 A 0 4 + O 8 >0-i 

C 6 Ao 4 +C 6 >0J * " * 

C 4 ><n 

X^0 / j • • • 

XAo 4 +Y>0) 

where A 0 is the smallest value of A. 


. . ( 10 ) 
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^Violation of criteria (9) leads to limited instability. 
Violation of the first two criteria (10) produces unlimited 
instability, but if X>0, violation of the third of (10) 
produces limited instability. It is noticeable that if O 4 <0 
then X<0, but if C 4 >0 it does not follow that X>0. 

The conditions (9) and (10), together with Ci>0, com¬ 
prise the shortest complete criterion of stability. 

(c) The influence of beam-length, total strength , and speed .— 
Assuming that C 4 and X are both positive, so that only 
limited instability is in question, the influence of r, 

and the steady speed V can be at once seen. 
Under these conditions, stability can bo assured : 

(1) by shortening the length of beam r, for this 

increases \ 0 ; 

(2) bv increasing the total strength S, for C 2 , C 5 , and 

X each involve positive powers of S ; 

(3) by decreasing the speed V, which occurs as a factor 

only of C 8 , 0 6 , and Y—this statement is only true 
if one of CJ 3 , C 6 , and Y is negative, and amounts to 
saying that if instability of the limited type is 
latent in the system it will be developed by 
increasing the steady speed of the structure 
through the fluid. 

(d) The first appearance of instability .—It is often 
necessary to trace the changes which, when applied to a 
system which is known to be stable, will lead to instability. 
In this connexion it is only necessary to notice that : 

(1) instability arises through the change from negative 

to positive of the real part of a complex value 
of p when Routh’s discriminant vanishes; 

(2) instability arises through the change from negative 

to positive of a real value of p when the coefficient 
of the ubsolute term of the quartie vanishes. 

Hence the equations which determine the first appearance 
of instability in a stable system of the form considered here 
are : 

X\ 0 4 + Y = 0 

and +C<j=s0 # 

10. The Character of the Higher Modes . 

When X is large the equation for p becomes s 
p* + C ip* + C 3 \V + C 4 \V + OgX 8 "* 0. 
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This is of the form 

(jj? + ej jj> + X*X/**+62/* + S2X 4 ) = 
and in the limit we have 

*-K*-5) 

**=§( g * + k) 


s c 2 +k 

®1— - a - 


/» 




Cj —K 


where 


Thus 


K* = C 2 2 —4C S 
N = 2C 4 -C,CV 

€ \ . / £ 'i 21 6 3 


/*= -5± VSiVt, - J± v'W. 

The conditions for stability in these modes are : 

C 4 >0 

and X = i((VK*-N*)>0. 

Violation of either of these conditions leads to a positive 
value of either ei or e 2 . 

Hence the higher modes have constant positive or 
negative damping of amount — ± 

Their frequencies are — — 

H 2 V2tt ’ 

where \ = (n4*4)7r, and n is large. 


11. The Motion in vacuo. 

When the structure vibrates in vacuo its energy is 
constant and the modes are undamped oscillations. The 
analysis in this case admits of a concise summary. 

The coefficients C u C*, C 4 , C e vanish. Thus the frequency 
equation is 

(&) + C5 *(£i)+ C «=°- 

This, together with 

cosh rX cos rX +1 *=0, 
determines the modes. 
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The two solutions associated with any value \ x satisfying 
the transcendental equation are: 


Xi, /*■—v=;> 4 v 

and p? = -/V, X* 4 « q 1 1 X 1 4 , 

where **=£(C S -K), P 4 = ^^T K) - 1 

/»=KC S +K), ? 4 = Cj( 2cf K --i» 

and K has been defined in § 10. 

Thus the frequencies are proportional to e\ x 2 and f\ j 2 , and 
the modes deriving from a single value of X a are : 


Ax cosh \ x x cos 4- 4- A 2 sinh \ x x cos (eX^t 4 - e 2 ) 

4 - A s cos X x x cos (e\ x 2 t 4~ € 3 ) A 4 sin X x x cos {eX x H -f e 4 ) 

4- A 6 cosh pX } x cos (e\ x 2 t 4* e fi ) 4- A 6 sinh pX x x cos (eXi 2 * 4- e 6 ) 
4- A 7 cos p\ x x cos {e\ x 2 t 4- e 7 ) 4 * A g sin ;>Xx^? cos (eX^t 4- € s ), 


and a second series in which f is substituted for e and 
q for p . 

If the mass of the system is wholly concentrated in the 
spars, the frequencies can be simply expressed in terms of 
characteristic points of a cross-section. Px and P 2 being the 
spar centres, let G be the centre of mass of the section, and 
F the centroid of B 2 and B* the flexural rigidities of the 
spars, so that F may be called the “ centre of flexure ” of 
the two spars. Then if S = Bx + B 2 and M is the mass of 
the section, the frequencies are proportional to 


Xx 2 


5 / *Tx 8 , _ . /FP, 8 

V GP, • M and V til 5 ; • M- 

If, in addition, the spars are of the same shape and 
material, the frequencies are proportional to 


Wl -vVl 

where Bj, Mj refer to the spar P lt 


B, 

M? 
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IX. On the Relations between the Fourier Constants of a 
Periodic Function and the Coefficients determined by Har¬ 
monic Andy sis. By Albekt Eagle, B.Sc ., Lecturer in 
Mathematics in the Victoria University of Manchester *, 

I F ff(t) is a periodic function, of period 2i r, the coefficients 
of the nth cosine and sine harmonics are given by 

1 C n 

a n =-l f(t)co*ntdt .(la) 

' 3T J — IT 

and 

1 

ft n — — 1 f(t) sin nt dt . (lb) 

— tr 

respectively. These coefficients are termed the u Fourier 
constants ” of the function. 

If f(t) is a function for which these integrals cannot be 
evaluated, or if it is a function which is only known empiri¬ 
cally, these integrals—in the absence of some mechanical 
harmonic analyser—can only be evaluated approximately 
by summing the value of the integrand at equidistant 
ordinates. This constitutes the ordinary method of harmonic 
analysis; and it can be shown that if we take 2p ordinates 
per period at intervals of Trip; and if A q denote the value of 
f(t) at £ = </7r/p, the curve given by 

?/= +a, cos£-f . . . 4*a p _! cosp—1 1 4* ~ pt 

-P hi sin / » ... + bp^i sin/> — It, .... (2) 

when* 

2 

a» = ~ SAg cos qnnrip .(2 a) 

and 

2 

b w =s - 2 A q sin qnir/p f, .... (2 ft) 

r 

will pass through tops of the given ordinates. 

Now, the value of these coefficients, as thus determined, 
can be expressed in terms of the Fourier constants by the 
equations 

(tfap-w + Ujp+n) + (a^n — (*Ap+n) + .... (3) 

and 

b n = 6» (J>2p~n —ft?p+n) — bip+n) — J .... (4) 

* Communicated by the Author. 

t A. Eagle, * A Practical Treatise on Fourier’s Theorem and Harmonic 
Analysis,’ p. 77 (Longmans, 1925). 

J Loc, dt, p, 97. 

Phil . Mag . S. 7. Vol. 5. No. 27. Jan. 1928. I 
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Further, if the periodic function is an artificial one built- 
up of arcs of parabolas of different degrees, the Fourier 
constants may be expressed in terms of the discontinuities of 
the function, and ot its several differential coefficients, at 
the points where the different parabolic arcs join one another. 
It will be convenient to call a discontinuity that is a sudden 
jump in magnitude of the rth differential coefficient, a 
discontinuity of the rth order, and to denote it by I r , so that 
l r =f r (t + 0)— J r (t— 0) at the point of discontinuity. That 
being so, it can be shown that if, in one period, the function 
has discontinuities l u I 2 ,. . . of zero order ; I/, I 2 \ ... of 
the first order ; I/', I 2 ", ... of the second order, and so^ 
on, and if £=* is the location of any of these points of 
discontinuity, then 

7 ra»= — -21 sin na — \£l'cosn* 
n n* 

-b -oSI'' sin noL-t - 4 2I'" cos na ... . (5) 

n 8 n* v 

- 21 cos not - \ 21 ' sin na 

n nr 

— ^3 21 " cos na -b ^ 4 2 T'" sin na +. . ., . ( 6 ) 

where in each series two positive terms and two negative 
terms alternate *. The series terminate if the parabolic 
arcs are all of finite degree, but they may often be used 
when the arcs are parabolic arcs of an infinite degree such 
as arcs of sine or exponential curves etc. 

The formulae in (5) and ( 6 ) show clearly that the higher 
harmonics ultimately depend only upon the discontinuities of 
lowest order that are present , while if the function only 
possesses discontinuites of a single order, the formula reduce 
to a single term. 

Let us examine this important case in further detail, and 
suppose that the function is also analysed by the ordinary 
method of harmonic analysis, and also that the number of 
ordinates per half period, p , is chosen so that all the dis¬ 
continuities lie on the measured ordinates ; that is *, in ( 5 ) 
and ( 6 ), is of the form N 7 r/p, where N is an integer. Let 
us now substitute these expressions for the and b’s in ( 3 ) 
and (4). Since (2 p±n)a = (2p±n)Nir/p = 2?rN±n* and 

* Loc . ciU p. 69* 
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so on, we get, in the case where all the discontinuities are of 
zero order, so that 


7 ra»= — 21 sin n» 
n 


and 


t r 6 »= -21 c >s not , 


7 ra n =—-2Isinna-f- -—21 sinna 

« 2 p — n 


and 


2 p-f n 
l 


21 


sin n« 


7 rb n = ^ 2f cos ?i« 


2p—n 
21 cos noi -4* . . 


21 cos na 


(7) 


If we divide these expressions, respectively, by ira n and 
irb n ^ tliey both give 


an _ ~ H =n f- - i - + 1 

« rt 6 „ \n 2 />— n 2p + u 


4 p -7 n 4/> -f n 




( 8 ') 


Now, the 'series 
whence we have 


m 


brackets is the function H~cot^\ 

2p 2p 


tan 


7 rn 


&n _ bn _ 

a 1 


7m 

2p 


( 8 ) 


Hence for a periodic function which only possesses discon¬ 
tinuities of a zero order, and which is necessarily a step-like 
function consisting of portions of straight lines parallel to 
the axis of t together with portions of the measured ordinates 
joining them, we see that we can determine the true Fourier 
constants by merely calculating the a *s and b’s by (2a) and 
(26) * and multiplying the result by the function in (8). 
Moreover, this result, which is exact under the conditions 
specified, tends to become true for large values of n for all 
functions which possess discontinuities of zero order situated 
on the measured ordinates. 

If next we suppose the function only to possess discon¬ 
tinuities of the first order, so that it necessarily consists of 

e */<*+0> + */(<-Q) is to be taken as the value of the ordinates in 
calculating these formal®. 


12 
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joined portions of straight lines, all o£ finite slope, and 
if all the junctions are on the measured ordinates, we have 


7 ra»=- 2 SI'cos net 


and 7T^ n = — -sSl' sin 


nr nr 

Substituting these results in (3) and (4) as before, and 
dividing by a n and b n respectively, it will be found that both 
give 

-*=k_» =n2 f i + — 1 +... 1 


) n® + (2/> —«) s (2/> +»)* • j 

Now, this series in brackets is the function j—scosw 


4 p* 


whence 


, sin .> 

<hi __ On ___f/> 


V 


O') 

7 Til 

V 

(9) 


(7TTI 

Exactly similarly, if /(/) only possesses discontinuities of 
the second order, all situated on the measured ordinates, so 
that it necessarily consists of parabolic arcs joined without 
any discontinuity of slope, we find 

a ? — b n n 3 f J;; . _ A _ ^ _ I 

a n bn C n z (2p — nf ( 2p+n)* 1 ’ ^ ' 

which is readily identified as being 


a n 
a * 


. 6 ,. 

b„ 


8111 “ 


2/> 


/ itjA 8 

Ig- j «»" 


7T71 

2p 


( 10 ) 


Lastly, for our present examples, if the discontinuities 
(all situated on the measured ordinates) are all of the third 
order, so that f(t) consists of parabolic arcs of the third 
degree joined together without any sudden breaks either of 
mature, it will be found that 


slope or curvature, 


a 

a u 


bu 4 / 1 

-=n 4 < 

0 n l n 4 


giving 


On 

an 


K. 

bn* 


(2p — n) 4 (2/> + n) 4 + * 


a • 4 WW 
O Sin Sr- 

: ___ 

/7rn\4 f mirn! 

(ns) 




( 11 ') 


( 11 ) 


2p ) 


* This result is easily obtained by observing that the series (11') is 
the derivative, with respect to n, of ( 10 '), and that in turn is the derivative 
of (O'). 
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For readiness in use these four functions in (8)-(ll), 
which we will denote by F 0 , F 1? F 2 , and F g respectively, are 
tabulated below, from which table graphs of the functions, 
sufficiently accurate for all ordinary use, may readily be 
constructed. In the case of the functions F 0 and F a i i 
will obviously be best to graph the reciprocals, which are 
readily obtainable by a slide-rule. 


12 n! v . 

F 0 («/P)- 

Table I. 

F, <«/*>). 


F s (»/p). 

o. 

1*000 

1*000 

1000 

1*000 

i . 

1<)06 

•905 

1 *000 

1*000 

‘> 

1*024 

*978 

1*000 

1*000 

3 . 

i 05a 

*940 

1*002 

*999 

4. 

1*103 

*912 

1 *000 

•998 


1*172 

*865 

1*014 

*994 

0 . 

1 273 

•810 

1*032 

•985 

7 . 

1*422 

*750 

1<N>7 

969 

8 . 

1 *634 

•0*4 

1*131 

•935 

0. 

2*049 

•615 

1*2(50 

*877 

10... 

2*832 

*M3 

1*553 

•785 

11. 

3*273 

*474 

2*500 

*652 

12. 

oc 

•405 

oo' 

*493 


If the discontinuities, while all of a single order, are all of 
them situated midway between the measui'ed ordinates , it is 
easily seen that the effect will be to change the sign of 
alternate terms in the series in (8'), ^9'), (10'), and (11') so 
that in place of the four F-functions we shall now have 
series representing the reciprocals of 



respectively. 

These four functions, denoted respectively by M 0 , Mi, M, 
and M g , are tabulated in Table II. 
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Table IT. 

12 nip. M 0 (n/p). M ,(«/p). M „(»//>)• M a (n/p). 

0. 1000 1-000 1 000 1-000 

1 . -997 1 003 1 000 1-000 

2 . -987 1-012 1-000 1-000 

3 . -974 1028 -998 1-001 

4 . -955 1-053 -995 1 002 

5 . -930 1 090 -987 1005 

6 . -900 1 146 -973 1014 

7 . -866 1-232 -947 1 032 

8 . -827 1-368 -905 1 069 

9 . -784 1-607 -841 1 152 

10 . -738 2-110 -754 1 355 

11 . -688 3 032 -643 2 059 

12 . *637 qo ‘516 oo 


The F 0 , Mj, F 2 , and M 8 functions are infinite when n^p 
because, in the cases of even-order discontinuities at the 
ordinates or odd-order ones midway between, it is possible to 
have a non-zero periodic function, of half period equal to the 
distance between the ordinates, and of arbitrary amplitude, 
when all the ordinates are zero. With first-order discon¬ 
tinuities this function is saw-edge-like and the other cases are 
also easily seen. Hence the a’s and i’s will be finite when 
n=p, while the a*s and b’s are zero. 

The fact that these F and M functions enable the integrals 

1 1 C 2ir 

— I f(t) cos ntdt and -I f(t) sin nt dt 

Vjo T Jo ' 

to bo evaluated exactly, in the special conditions assumed, 
by multiplying the summation results given by (2a) and 
(2b) by these functions, is truly remarkable and deserves 
reflecting upon. 

As an illustration of the utility of these correction factors 
we will take an example worked out in my book * of an odd 
periodic function of period 2 t r obtained by joining the point 
(Jtt, 24) to the origin and to the point ( 7 r, 0) by straight 
lines. The exact harmonic analysis of this function, to two 
decimal places, is 

f (<) = 19-27 sin t + 2 98 sin 2*-132 sin 3f 
—1*20 sin4* + *53 sin 6* +-24 sin 7t 
— *18 sin 8t —*24 sin 9t-f. . . . 

• Loc. cit. pp. 90-91. 
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When analysed with 10 ordinates per half-period, the 
result was 

f (t)=* 19*43 sin *4- 3*08 sin 2t— 1*43 sin 3* 

—1*38 sin it 4- *73 sin 6t + *37 sin It 

— *33 sin 8t — *49 sin 9£. 

Multiplying these coefficients by the appropriate values of 
the function (n/p) brings these two results into agreement. 

Even when a periodic function possesses discontinuities 
of different orders, it will generally be better to correct all 
the a J s and b’s by the function appropriate to the In west- 
order discontinuities than to leave them uncorrected. As 
an illustration we will take the practical case of a rectified 
sine-waved voltage in which a constant voltage is k**pt back 
by the polarizing effect of the rectifying devic e. Taking, for 
the purpose of illustration, the polarization voltage as half the 
maximum voltage, and making the period 2rr, we have f (t) 

an even function given by f{t)~ 2cos~—1 from t = 0 to 

9 - r 2 vr ~ 

t zs, ~ r -, and f[t)~ 0 from t = vy to t = 7 r. 
o o 

The exact harmonic analysis of this function is readily 
found to be 

f{t) =0-4363 -f *5515 cos t 4* 0551 cos 2 1 

- -0630 cos 3/ 4- *0197 cos 4 1 4- *0100 cos 5* 

— •0154 cos 6/4 . . 

while the ordinary harmonic analysis, with six ordinates per 
half period, is found to give 

fit) =0-4297 4- *5577 cos <4- *0619 cos 2t 

— •0773 cos 3 1 4 *0275 cos it 4- *0197 cos 5 1 

— •0185 cos Ht. 

If these coefficients be multiplied by the values of the 
function Fi(n/p) for values of 1 2n/p of 0, 2, 4, 6, 8, 10, and 
12 respectively, and if the last coefficient is then doubled to 
make up for the fact that this coefficient is, in accordance 
with equation (2), £a e and not a e , we get 

t /ft) = 0*42974-*5454 cos t 4 *0564 cos 2 1 

-*•0626 cos 3* 4- *0188 cos it 4- *0107 cos 5 1 
— *0147 cos 6f + . . 

which is almost indistinguishable from the exact harmonic 
analysis if allowance is m&de for the somewhat large errors 
in the first two terms—which is a special effect due to the 



120 Mr. Eagle on Fourier Constants of a Periodic Function 

very few ordinates per half period combined with the fact 
that the convexity is always of the same sign—although the 
function possesses discontinuities of all orders save zero. 

Application to Empirical FunctionSm 

The ordinary method of harmonic analysis, when applied 
to ordinary experimental curves, such as oscillograms of 
voltage wave forms, has very similar disadvantages of lack 
of accuracy as it has in the case of artificial functions, which 
we have seen how to correct above. In order to overcome 
this I have, in ray book *, given a more accurate method. 
Two varieties of this method consist, respectively, in drawing 
parabolic arcs from the tops of one even-numbered ordinate 
to the next, passing through the top of the intervening 
ordinate, then drawing a similar succession of arcs starting 
and terminating at the odd numbered ordinates, and passing 
through the even ones, and taking the mean of these two 
results for the first case ; and in the second case, in drawing 
third-d egree parabolic arcs from the top of one ordinate to 
the top of the next, and making them parallel, at their 
extremities, to the lines joining the tops of the two ordinates 
adjacent to the end ordinates, and taking this as the given 
function. In cither case the exact analysis of these functions 
is obtained ; and in both cases it appears that both the second 
and fourth differences of the ordinates are required, when the 
analyses can he effected by using these differences instead of 
the ordinates in the ordinary Schedules for harmonic analysis 
constructed for the convenient carrying out of the formulae 
in (2a) and (2b). 

I wish now to point out the fact that the result of this 
method can he obtained much more readily by merely multi¬ 
plying the result obtained by the ordinary method of 
harmonic analysis by functions similar to the F and M 
functions tabulated above. 

Since in alt methods of harmonic analysis the results are 
linear functions of the 2p ordinates, the comparison of 
ditterent methods resolves itself into a comparison of the 
different functions which we take to represent the case in 
which all the ordinates are zero, except one, which is unity, 
and which we will imagine is situated at t - 0. The ordinary 
method represents this function by 

/(O 3 ® p ^ + cos t 4- cos 2t 4* . . . 4- cos jp — 1 | ; 

. • . . ( 12 ) 


* Lac . ait. pp. 102-111. 



and Coefficients determined by Harmonic Analysis . 121 


that is, by 


tin pt 
p sin* 


(12 a) 


To compare different functions we will take the ordinates 
at unit distances of x apart and the non-zero ordinate as 
situated at #=0. If the function passing through these 
points becomes negligible before a?=/>, we may extend the 
zero ordinates to ± 00 . This set of points, viz. (0, 1) 
and the points y~0 for all other positive and negative 
integral values of x, we will call the “ Fundamental Set of 
Points/’ and the spaces between adjacent ordinates 44 inter¬ 
vals”—the two between —land -f 1 being called 4C central 
intervals” and nil the others “ ordinary intervals.” 

From (12a) we see, on replacing t by irxjp, that the 
ordinary method of harmonic analysis adopts 


sin t tx _sin irx 

p sin 7 rx/p 9 ” 71 ’X 


• (12 6 ) 


if p is large, as the function through the fundamental set of 
points. This function suffers from the disadvantage of 
giving far too much disturbance for moderately large values 
of x. Little can be said in defence of the function making 
the displacement at the centre of the second ordinary interval 
only 3/5 of that at the centre of the first one, while it makes 
the displacement at the centre of the tenth ordinary interval 
19/21 of that in the ninth. 

We will now give some artificial functions passing through 
this fundamental set of points. In giving the equations of 
the different arcs of which these functions are built up, we 
shall in all cases suppose each arc is referred to an origin 
at its left-hand extremity so that x will always go from 
0 to 1 for each arc. 

It will easily be found that the first variety of my method 
adopts the function : 1 — for the central interval ; 

y=z— ±x(l—x) for the first ordinary interval, and zero 
beyond ; while the second variety takes, y=l-~§a: 2 -|-for 
the central interval; y~ — Ja?(l — x)* for the first ordinary 
interval, and zero beyond. 

The harmonic analysis of the first of these functions, 
when the ordinates are reduced to ir/p apart, is found to 
give, instead of the result in (12), 
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T in t . nrr , nir 
{% S ‘"2>- + 00 'V 



(13a) 


while the harmonic analysis of the second function is like¬ 
wise found to give the same series, but with 


( . nn 

„„ 2j 

717T 

*p 


nn 

2 P 


( &p . nnr 

< - Sill s 
( nnr Zp 


nnr 

-2 cos 2 - | 


l 


( 13 *) 


These results are easily deducible from (5), using the discon¬ 
tinuities between the different arcs. 

If we had taken the non-zero ordinate at any other position 
than £ = 0, (12) would have involved both sine and cosine 
harmonics, and so in that case would (13) likewise ; but it is 
obvious that the ratio of both the nth sine and the nth cosine 
harmonic in (13) to the corresponding terms in (12) would 
still be c n in both cases. Since any function to be analysed 
consists of a sum of these single non-zero-ordinate functions, 
we see that in ail cases the new method will give both the nth 
harmonic terms, c n times the magnitude given by the ordinary 
method. 

Indeed, it is obvious that evert/ /possible method of harmonic 
analysis can only give the same result as the ordinary method 
with both the nth sine and nth cosine harmonics multiplied by 
some function of n/p . 

Very much better functions through the fundamental set 
of points may be obtained than any of the three already 
given ; for it is possible to join arcs of third-degree para¬ 
bolas without any discontinuities either of slope or curvature. 
In fact, we know from the theory of beams, that a uniform 
straight flexible lath made to pass through the points auto¬ 
matically gives us this function, provided that the horizontal 
scale of the function is sufficiently large so that the inclina¬ 
tion of the lath to the t axis is everywhere small. 

To obtain the equation of this interesting function, which 
we will call the “ lath function,” we note that the equation 
of the arc, in the (right hand) central interval, must he of 
the form 

t/=l — cx*+ (c— X)x z ; .... (14) 


also, that if p n and 2 g n denote the values at the end of the 
first and second differential coefficients at the beginning of 
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any ordinary interval, and - » n +] and — 2y n+ i the values at 
the end of that interval (and tne beginning of the next), we 
have 

y ae p n .V 4 qnX* ~~{Pn + ?n)# 8 

for the equation in the interval concerned ; whence 

p n + 1 = 2/> n + ?».(15) 

and 

?»+i = 3p„4 2q n ; 

whence both the s and </s satisfy the equation 
U n +2 — &Un+l + Wn= 0 ; 

and hence 

;; n =AQ , -fA / Q An 

and 

?n =BQ*4B'Q-*, 

where Q = 2 — ^/3 and Q~ l = 24 ^3. Il the p’s and 
as 7 , we must have A' = B' = 0, when substitution in (15) 
shows that B =— Ay /3 ; so that the equation of the arc in 
any ordinary interval is given by 

y = A{x— V'3ar*4- ( \/3-~ l)# 8 }. 

Determining A and c so that this shall fit on to (14) without 
any discontinuities of slope or curvature, we find 

c^3^/3-3 and A = 3^3—6; 

so that 

y = 1 - (3^/3 - 3).r s 4 (3 */3 -4)* 3 
in the (right hand) central interval and 

y = (34/3-6)^4 (6v/3-9> 2 -f (15-9s/3)** 

in the first ordinary interval; and in successive ordinary 
intervals we have merely to multiply this equation by suc¬ 
cessive powers of —(2— v^S). 

This function, at the middle of the fifth ordinary interval, 
has a value of only 1/1500/whereas the function (sin 7rar)/tt# 
has then a value of 2/llw—nearly 90 times as great: we 
may note that it decays exponentially at the same rate as 

gXiqg{2~ >/3)g-13Lr apprOX. 

We must uow obtain the harmonic analysis of this 
lath-function, which is easily done by considering the 
discontinuities. These are all of the third order and are 
merely 1/6 of the difference of the coefficients of a? 8 in 
successive intervals. Hence we have a discontinuity of 
(6^/3—8)/6 at #«0; one of {19-18</3)/6 at *=1 ; one 
of —12 + 7s/3 at a?=*2 ; and thence after discontinuities 
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equal to this last multiplied by successive powers of 
— (2— v'S). Using (5) to determine the Fourier constants, 
and making use of the formula 

l + 2c cos 6 4- 2c 2 cos 26 + 2c 2 cos 36 4- . . . * 

_ 1— c 2 

1 — 2c cos 6 + 


we easily find—remembering that when the ordinates are 
re iucedfrom unit distance apart to ir/p n\l the discontinuities, 
being of the third order, will be increased in the ratio (/V 71- ) 3 — 
that the harmonic analysis is given by (13), where 


Cn — 


sin- 


wry 


mr 



3 

+ cos ntr 



(Hi) 


2p 

It will be noticed that this expression is the same as that 
in (11), which it should be, since both refer to periodic 
functions which only have third-order discontinuities and 
have them on the measured ordinates. 

We leave it as an interesting rider to the reader to prove 
that this lath function, from ,r = l to *i *= go , is proportional 
to 


(2 — V 3)*{ a x cos 7 rx -f- % cos 3ir:c -f as cos 5 t rx 4-. . . 


where 


4* b x sin 7 rx 4 b B sin 37 rx 4- />5 sin 57 rx 4- 


«n = 

and where 

2 * € • C 


n 4 — fm 2 c 2 4c 4 1 j _ 4(cn 3 — c*n) 

~ (n 2 4 c 2 ) 4 n “ (u 2 4- c 2 )~ ’ 

7rc = log* (2d- ^3), 

= 0*411)20 . . . and c*«0*17573 . . . 



A simpler artificial function than the lath-function can be 
constructed through the fundamental set of points out of 
ordinary parabolic arcs by joining them, without any discon¬ 
tinuity of slope, midway between the measured ordinates . 

The equation of the central arc must be of the form 


*/ = l — cx 2 for — £<#<£; . . . (17) 

while if r n and s n are the values of the ordinate and slope 
respectively at the beginning of any other arc, and —r w +i 
—*»+1 values of these quantities at the end of the same 
arc, so that the equation of the arc—remembering that it 
must make 2 / = 0 at its mid point—is 

y — 'r n + 8n# — (kr n 4 2s„).v 2 , 
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we easily find 

rn+i==3r 74 -f s n .(18) 

and Sn+i = 8r n + 3s n ; 

whence the r\s and $\s satisfy the equation 

Wh + 2 — 6?/ w+ i+Wn = 0 ; 

and so 

r n =AQ” + A'Q~ n and *, t =BQ» + B'Q— 

where Q = 3—-s/8 and x/8. 

If the r’s and $ 9 s ->0 as ??->a o , we must have A' = B' = 0, 
and then substitution in (18) shows that B= — \/8A, so 
that the equation of the first ordinary are is of the form 

y = A{l-*/8*4 (2 ^8-4)^}. 

Making this, at # = 0, join without discontinuity of slope 
to ty = 1 — cx s at # = we get 

A — 1 — c/4: and —A v /8=~c‘, 
whence ?y = l—4( \ / 2 — l)jr 

is the equation of the central arc, and 

y/=2— V2-(4v/2-4).c+ (12 v^-lfi).*? 2 

is the equation of the first ordinary arc, and successive 
ordinary arcs are given by multiplying this equation by 
successive powers of —(3— */8). This function decays very 
rapidly; approximately as e~ vl9x , and at the middle" of the 
fourth ordinary interval has a value of only about 1/2000. 

The harmonic analysis of this function, which we will call 
the “ parabola function,” is similarly found to be the series 
(13) with 



This expression, it will be noted, is the same as the 
function of Table II., which again is as it should be. 

Various analytic functions may be found to pass through 
the fundamental set of points. Three, which immediately 
suggest themselves, are 

sin 7 tx sinw#_ vex 

9 sinh gttx ’ irx cosh knx irx * 

which we will denote hy <j> ( 4 ?), <£*(#), and £*( 4 ?) respectively. 
For these to give at all reasonably “ smooth ” \ t curves 
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through the points, g , A, and k must be small. A good way 
of comparing the suitability o£ the different functions is to 
tabulate the curvature they give at # = 0 and the numerical 
slope they give at .r=l ; the results are :— 

Function. Curvature at #=0. Slope at #axl. 

sin ttx 9/0 - 


<M«) »*(1 + P*)/3 1—<7 2 7r 2 /6 

</>*(,*•) 7t 2 (1 + 3/t 2 ),/3 1 - A*»r*/2 

<£* (*) tt 2 (1 + 6**)/3 1 - iV 

Lath-fn. 4-392 0-804 

Parabola-£n. 3*314 0*686 


Looking at the gra{>hs, my eyes prefer a slope of between 
0*8 and 0i). The numerical values adopted in Table III. B 
are g* = 0*12, 7J = 0*04, and A 2 = 0*02, giving a slope of 
practically 0 8 in all three cases. 

There is, however, another vital condition which must 
be satisfied before any of these functions can be entertained, 
and which the lath and parabola functions automatically 
obey ; that is, that if all the ordinates of the periodic function 
to be analysed are unity, we must have ;/ = 1 us the curve 
through the tops of the ordinates. This requires that 

. . . -+■ <f>(x~ 1)+ </>(#)+ <£(>+ 1) *+-<£(#*4-2) 4 - . . . (20) 

should be unity for all values of x . But this expression is a 
periodic function, P (#) say, of period unity given by 

P(tf) = cos 27r#4-a 2 cos 4frrx + . . . , . (21) 


where a m i^ given by 

«,„ = 4l cf>(x) cos 2mrcx dx *, . . (21a) 

Jo 

being an even function. Hence we may take for 
any function which passes through the fundamental set 
of points, provided we divide it by the expression in (21). 

Applying this test to the three chosen functions in suc¬ 
cession, we have 


«=4a| cos 2mirx dx 

* J 0 sinh girx 

_2g j 100 sin (2m + Par-sin (2m —1)# 

7 r y 0 sinh gx x 

-l.nl, . . 

2g 2g 

in the first case; 


( 22 ') 

( 22 ) 


* Loc. cit . p. 156. 
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4 i* frin ttx , 

i -—-cos znvrrx ax 

' » n x cosh nr. x 

1)# 


t r 


_ 2 r* sin (2m 4-1)# — sin (2m 
~"Jo 

■=i{ 


dx 


tan 1 si nil 


x cosh hx 
(2?n + l)7r _. • * (2m — 1 )tt 
--*»» 8,nb -2A ~ 


r23') 


in the second case ; and 
4 


1 

(23) 


sin 7 TX 


7T 0 ^ 

2 i ® sin ( 2m 


e -kWxz eos 2m7ra; 
1)# 


sin (2m— 1 )j? 

- -. - e~ 


dx . (24'j 


.<**> 


where Erf(a?) is the tabulated Error-Junction 

2 i' x 

—- 1 e~ x2 dx, 

V7rl 0 

(so that Erf(oo) = l) in the third case. 

With the above values for <?, /*, and k it is easily seen that 
these values make ^ao unity to within about 1()~3’ 64 , 10” 8 ’ 80 , 
and 10~ 6 ' 28 respectively ; make aj zero to within the same 
amounts, and make the higher as differ from unity by incom¬ 
parably smaller amounts. Hence for ordinary purposes any 
of these three functions may safely be adopted. We must 
now find the factors which these functions give for multi¬ 
plying the ordinarily obtained harmonic coefficients. If we 
compress the cf> g function so that the zero ordinates are 
reduced to ir/p apart, instead of unity, and suppose that p 
is not less than about 10 since the function is everywhere 
negligible past the ninth zero, we have its harmonic analysis 
given by (2), where 

_ 2 i' v g sin pt 
•-ttJo siuh # ?jt?i 


a*= 


cos nt dt 


= 2g~ C** sin t 
~~ irp Jo «inhj» 


nt , 

. , - cos- dt , 
mb gt p 


where the upper limit may now be replaced by infinity. 
But this expression is the same as that in (22 r ) multiplied 
by 1/2 p with n/p replacing 2m, Hence, by (13), the factor 
to be applied to the coefficients of the nth harmonic is 
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In ail exactly similar manner <f> h and <f>k give 


c»=— | tun -1 sinli 
w 1 

+. 

• (26) 

and 




) +ErE (w)} . 

• (27) 


respectively. 

The first term in each of (25), (26), and (27) is sensibly 
one-half, so that the expressions are odd functions of the 
ratio of (1 — njp) to g , It, or k, plus one-half. That is, if g , h , 
or k is increased in a given ratio, we shall get the same 
value for c n , provided we increase 1 — n/p in the same ratio. 
We may note that g , h, and k can never be large enongh to 
render the first term appreciably different to 1/2 ; for if 
they were given \/2, the values we have taken for them, the 
slope of the curves at a* = l would be reduced from 0*8 to 
0*6, which anyone’s eye would reject for a smoothly-flowing 
curve through the fundamental set of points. These three 
functions for c n are tabulated in Table III. B under the 
columns Ag(nfp ), A h(n/p), and A k(n/p) respectively. 


An entirely different set of <f> functions may he found in 
the following manner:—Denote a m in (21a) by yfr(m), then * 


C oo 

yjr(?n) cos 27TX7H dm. 


If now, for simplicity, we take P(#) = l, \jr(m) must 
satisfy the following conditions:—i/r(N) = 0 if N is an 
integer, \jr( 0) = 2, and 


if N is an 


and 


| ->/r( m) cos 2*77 Nm dm = 0 

o 

integer and equals unity if N = 0. That 
^(m) = l+ “ tor 0 < m < l ' 

0 for m > 1, 


(28) 


where H is any odd function, satisfies these condition will 
be evident on reflexion. Three interesting particular cases 
are:—^r(m) = 2 for 0<w<£ and i/r(m)=0 for 
yfr(m) = 14* cos nrm for 0 < m < 1 and = 0 for m > 1, 

which gives a second-order discontinuity at m=sl ; and 
« * Loc. cit . p 147. 
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\fr(m) = 14-£ cos irm — 4 cos 37rm £orO<m<l and yfr(m) =0 
for m> 1, which give a fourth-order discontinuity at ro=l. 
The first case gives 

d>(x)= t *2 cos 2irxt dt= 

^ ' Jo tt* 

the fuuction that ordinary harmonic analysis works on, while 
the second and third give 


and 


. , . sin 27 tx 


1 

1 — 4** 


, , N sin 2irx 1 9 

* ■ 9 ^ 4 ^* 

respectively. 

There are, of course, other solutions for yjr besides those 
comprised in (28) ; in particular for the lath and parabola 
functions, the *^r (w) functions are given by F*(m) and M 3 (m) 
respectively. 

In the language of physics, <£(.r) represents a pulse and 
^r(m) represents the distribution of the square root of the 
energy in the (normal frequency) spectrum of the pulse. 
The (sin Trx)jirx function throws all the energy into fre¬ 
quencies, n , less than p and distributes it uniformly over 
that region. The solutions comprised in (28) take some of 
this (energy) from frequencies n<^p and distribute it sym¬ 
metrically over the region p < n<2p, but give none to any 
higher frequencies ; while the lath, parabola </>«,, <£*, and <f>k 
functions put some—though extremely little—of the energy 
into frequencies extending to infinity. However unnatural 
it may seem to use pulses containing harmonics of infinite 
frequency, it remains a fact that it is the only way of getting 
pulses without unnecessarily large oscillations at a large 
distance from the centre of the pulse, as will be seen by 
comparing any of these five (unctions with any pulse which 
can be obtained from (28) whatever function is taken for H. 

Since ordinary harmonic analysis gives no higher har¬ 
monics than the pth, correction factors cannot be directly 
applied to any higher-order harmonics. It can be shown* 
however, that the higher-order coefficients are given by 

n ? ^ a n j and bp+^aa — ; b 2 p^ n =b,,*. 


The ordinary harmonic analysis may be regarded as 
making use of these extended coefficients* but multiplying 
them by unity for n<p, by £ for n=p, and by zero for 
n>p* 

• Loc ,. dfc. p. 104. 

Phil. Mag . S. 7. Vol. 5. No. 27. Jan. 1928. K 
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The following table summarises the correction factors to 
be applied to harmonics below the 2pth order according to 
the different functions which we have investigated. When 
12 ordinates per half period are used for the harmonic 
analysis, the figures in the table may be used directly, but* 
for any other number of ordinates a graph of the selected 
function must be drawn and ordinates erected at the appro¬ 
priate values of njp . In Table III. A are given the correction 
factors from (13 a), denoted by E 3 (n/p), from (13 h), 
denoted by E 3 (n/p), together with those for the lath and 

m abola functions extended from Tables I. and II. Table 
. B gives similar results for the functions < 5 b g , and <f>k 

for the previously-selected numerical values of g 9 A, and k . 
The last column, which gives practical agreement with the 
lath-function, F z(n/p), is obtained by taking & 2 =0*0225, 
which adopts as the function 

*-*2 sin 20.r/3 

20*73 

on reducing the ordinate interval to 37 t/ 20 . This last column 
may be recommended for adoption in practical work. 


1 2n/p. 

0 . 

1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 

8 . 

9. 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 

18 . 

19 . 

20 . 

21 . 

22 . 

23 . 

24 . 


Table III. A. 


E a (»/2>). 

e 3 («7/?). 

F 3 (w//>). 

M u (n/p). 

rooo 

1-000 

1000 

1 000 

1*000 

1000 

1000 

1000 

•999 

*999 

1000 

1000 

•994 

•996 

•999 

*998 

•982 

•987 

•998 

*995 

•959 

•969 

•994 

•987 

■921 

*939 

•&&> 

•973 

*867 

•897 

•969 

*947 

*796 

•836 

•935 

•905 

•709 

*765 

•877 

*841 

•612 

•682 

*785 

•754 

•509 

•589 

•652 

•643 

•405 

•493 

•493 

•516 

•308 

•397 

*334 

•890 

•221 

•308 

•204 

•275 

•149 

•227 

•116 

*182 

•092 

•158 

•058 

113 

•053 

•104 

•028 

066 

•026 

•063 

•012 

036 

•010 

•034 

•005 

•018 

•003 

*016 

•001 

008 

•000 

•006 

•000 

•003 

000 

•001 

•000 

•001 

•000 

•000 

•000 

•000 

000 

*000 

•000 

•000 
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Table III. B. 


12n/p . 

\g(n/p). 

xhin/p). 

A Kn/p). 

Suggeat 

adopt. 

0 . 

1*000 

1000 

1000 

1-000 

1 . 

1*000 

1-000 

1*000 

1000 

2 . 

1-000 

•999 

1000 

1000 

3 . 

•999 

•998 

1000 

1000 

4 . 

*998 

•997 

1 000 

•999 

5 . 

*995 

•994 

•998 

•997 

6 . 

•990 

•987 

*994 

•991 

7 . 

•978 

•970 

•981 

•975 

8 . 

•954 

•954 

•952 

•942 

9 . 

906 

•911 

•894 

•881 

10 . 

•820 

•832 

•798 

•784 

11 . 

*681 

*695 

*662 

•653 

12 . 

•500 

500 

•500 

•500 

13 . 

•319 

•305 

•338 

•347 

14 . 

•180 

168 

•202 

•216 

15 . 

•091 

089 

106 

•119 

16 . 

046 

046 

•048 

•058 

17 . 

022 

•024 

019 

•025 

18 . 

•010 

013 

•006 

009 

19 .. 

•005 

006 

•002 

•003 

20 . 

*002 

003 

•000 

•001 

21 . 

•001 

*002 

•000 

•ooo 

22 . 

000 

• 00 ] 

*000 

•000 

23 . 

•000 

•000 

•ooo 

•ooo 

24 . 

*000 

000 

000 

•ooo 


Some New Interpolation Formula . 

The lath-function, or any oE the <f> functions, may be used 
for interpolation purposes when we know the values of equally- 
spaced ordinates of a function and have at least six: ordinates 
on each side of the point for which we require to calculate 
the function. Let (0, y 0 )» (1» yi) • • • (jh yn) be the tops of 
the given ordinates, and suppose the value for which we 
require to calculate the function, lies between the integers 
q aud q > 1 ; then it is easily seen that 

y*=y«$(?—*) +y,+i ${q +1 -«) 

+y«-i£(?-i - •*) +y?+a<K?+2—«) 

+ ••••• 

may be taken as the valae of the function, provided that the 
terms beootne small before we have exhausted all the ordi¬ 
nates. The convergence and the accuracy will be increased 
if the first and last points be joined by a Straight line to 
which the other jKnnte are then referred* 

K 2 
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This interpolation formula requires only a table or graph 
of the selected <f> function and a slide-rule to perform tne 
multiplications. 

Summary . 

This paper deals with the subject of its title for the cases 
of both artificial and empirical functions. It is shown that 
in the case of artificial functions which only possess discon¬ 
tinuities of a single order, the exact harmonic analysis can be 
found without evaluating the integrals for the Fourier 
constants, by using the ordinary method of harmonic analysis 
by selected ordinates, and multiplying the results by certain 
definite functions. 

In the case of empirical functions, the result is shown to 
depend upon what function we choose to represent the case 
in which all the selected ordinates are zero save one. The 
ordinary analysis works on the (sin x)/x function ; otherand 
better functions, both artificial and analytic, are suggested, 
including the function given by a flexible lath made to pass 
through the points and hence called the lath-function. All 
these different functions give a remarkable measure of 
agreement in the factors which they indicate the coefficients 
of ordinary harmonic analysis should be multiplied by. 


X. The Action of Heat on Pleochroic Halos. 

By J.H.J. Poole , Sc.J).* 

[Plates I. & IL] 

I T has been known for many years that pleochroic halos in 
biotite disappear if the mica is heated for a short time 
to a dull red heat. When it was established that these halos 
are due to radioactive staining of the mica produced by the 
small amount of uranium present in the nucleus of the halo, 
it was naturally assumed that their disappearance, when 
heated, was analogous to similar effects observed in glass 
and various minerals. If glsas is exposed for any length of 
time to either a-, or 7 -rays it becomes coloured, and it is 
found that on heating, in some cases, to quite moderate 
temperatures the colour is completely destroyed. During 
this process the glass becomes thermo-luminescent, but this 
property is only of a very short duration. Some observations 
of J. R. Clarke’s (Phil. Mag. April 1923) may be quoted 

* Communicated by Prof. J, Joly, F.R.S. 
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in this connexion. He found that glass became thermo¬ 
luminescent at 110° C., and that the luminescence lasted for 
about 13 minutes at this temperature. The glass was also 
completely decolorized at the end of this period. At higher 
temperatures the thermo-luminescence was more brilliant 
but of shorter duration, and the glass also lost its colour 
more rapidly. Some observations 1 ha\e made myself 
completely agree with these results. We would accordingly 
expect that as the halo is also a radioactive staining of the 
mica, it would also he decolorized by heat, and probably 
become thermo-luminescent in the process. The micro- 
photographs shown in this paper prove, I think, fairly 
conclusively that the halo does not lose its colour when 
heated, and that its apparent disappearance is due to another 
cau-e. 1 may say also that I have totally failed to detect 
any thermo-luminescence in the halos. As, however, it 
apparently takes a dull red heat to have any effect on the 
visibility of the halo, it may he argued that the halo is 
thermo-luminescent at this temperature, but that the effect 
of the thermo-luminescence is swamped by the natural 
temperature radiation of the mica. It would he quite 
impossible to disprove this view, as the amount of energy 
liberated in thermo-luminescence is so excessively small; 
but, at any rate, at temperatures below this the halo is 
certainly not thermo-luminescent. 

Mv attention was first directed to the action of heat on 
halos by the largo number of reversed halo effects so often 
found in Ytterby mica. This mica is itself intensely dark, 
and in it, as well as the usual dark halos, there occur 
occasionally halos which are lighter in colour than the 
surrounding mica. More usually the reversed coloration of 
the mica occurs in streaks down the middle of which a line 
of small particles can often be seen. There seems to be 
little doubt that this bleaching of the mica is also due to the 
presence of uranium in the centre particles, but it is not 
very easy to explain why sometimes lightening of the mica 
should he produced by the same agent. One explanation 
that occurred to us was that possibly a halo if subjected to 
a high temperature after formation might become reversed. 
The Ytterby mica is of great geological age and comes from 
a highly-metamorphosed region, so that it was quite likely 
that the mica might have been raised to a high temperature 
at some period long subsequent to its original formation. 

To test this theory a series of experiments on the effect of 
heating various specimens of mica to high temperatures in 
an electric furnace was tried. To measure the temperature 
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of the furnace a Calendar self-recording platinum thermo¬ 
meter was employed, and it was also arranged that this 
thermometer automatically controlled the temperature of the 
furnace, so that the mica could be kept at any desired^ 
temperature. The mica was usually wrapped in platinum 
foil and fastened on to the end of the platinum thermometer. 
Temperatures ranging from about 500° (J. to 1000° (J. were 
tried. It was found that an houris heating at 550° O. did not 
affect the halos, but that after 15 ihinutes* heating at H10°C. 
they had completely disappeared. Higher temperatures 
always completely destroyed the halos, but in no case could 
any sign of the halos becoming reversed in tone be detected. 
It was observed that in all oases in which the halos dis¬ 
appeared the mica itself became very much shattered ; in 
fact, when fairly large pieces of mica were employed, the 
expansion of the mica was sometimes sufficient to achially 
tear the platinum foil in which it was wrapped. This 
suggested that the mica actually becomes dehydrated at 
these temperatures, and that its break up is due to the 
explosive liberation of steam. Further experiments have 
confirmed this view, and have also thrown light on the 
probable mechanism of the formation of the halos. 

It was now felt that it would be highly desirable to be 
able to actually see w hat happened to the mica during the 
process of heating. A small vertical tube electric furnace 
was accordingly constructed. Tlie lower end of the furnace 
tube was closed with a disk of fused silica, and the 
furnace was so small that it could be placed on the stage of 
an ordinary petrological microscopic, a long-focus object- 
glass (2 in.) being employed. The flake of mica under 
inspection was supported by a platinum framework half-way 
up the tube, and the halo viewed bv light transmitted from 
below through the fused silica disk. As the latter was not 
in the same plane as the mica, flaws in it did not confuse 
the image in the microscope. No method of measuring 
temperatures was fitted, since the furnace was not very 
suitable for this purpose. 

Not very many experiments were made with this arrange¬ 
ment, as it was not very convenient to use, but sufficient 
work was done to show that the idea that halos disappear by 
reverting like glass to the original colour of the mica was 
entirely incorrect. What actually occurs is that at about 
a dull red heat the whole surrounding mica begins to 
decompose and darken in tone, and if the heating is persisted 
in, the mica assumes the same colour as the halo, and hence, 
of course, the latter becomes invisible. Both Ballvellen and 
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makers 9 values. The chief uncertainty in the temperature 
measurements arises from the fact that, owing to the 
necessity for having small holes in the upper and lower 
walls of the furnace to view the mica through, it is possible 
that the latter might be at a considerably lower temperature* 
than that read by the couple. In most cases, however, the 
mica flake was large compared with the size of the aperture 
and completely covered it, so that no actual draught could 
pass through the furnace. When it was necessary to work 
with smaller mica flakes, or with halos near the edge of the 
flake, a thin sheet of muscovite or glass was used to support 
the mica. On this account the temperatures given must 
always be considered as the maximum temperatures which 
the mica could have attained. I do not think that the error 
introduced can be very large, as an examination of the 
furnace by its own light when heated under the microscope 
showed no sign of the central hole containing the mica Hake, 
the whole field of the microscope being apparently equally 
bright. It may be noted that the temperatures taken' to 
completely destroy the halo are slightly higher than those 
obtained with the first furnace, as we would expect. 

The results obtained agree with those already quoted. 
Plate I. shows the effect of heat on two specimens of Bally- 
ellen mic a, the upper six mierophotographs showing one piece 
of mica, and the lower three the second piece. The temper¬ 
atures which the mica had attained when the exposure was 
made are given under the illustrations. In every case the 
same length of exposure was given so that the photos 
represent fairly accurately the gradual darkening of the 
mica. The tim • of heating for both specimens was about 
one hour; at a temperature of 700° C. they both became 
entirely opaque. The first sign of darkening of the Bally- 
ellen mica usually sets in at about 420° (h, but there is in 
no case much effect below 500° C. The effect is, of course, 
more apparent in the thicker flakes, and this leads to some 
pieces of mica darkening at lower temperatures than others. 
The final darkening of the mica is usually very rapid when 
once it commences. The photo taken <d the second specimen 
at 640° is of some interest, as it shows how the radium 0 
ring of one of the halos has actually been intensified by the 
heating. Many other photos and visual observations on 
the Ballyellen mica were made, but the two given may be 
taken as typical. The temperature at which the mica 
became finally practically opaque varied somewhat from 
specimen to specimen, the extremes being about 610° C. and 
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700° C. There is no reason to doubt, however, that 
prolonged heating at (J00°C. would render the Ballyellen 
miea opaque. 

The first four photos in Plate II. illustrate the effect 
on reversed halos in Ytterby mica. The chain of reversed 
halos shown are near the edge of a flake. This mica even 
at air temperature is very opaque, and, as it has a rather 
poor cleavage, it is much harder to deal with than the 
Ballyellen mica ; but I think the photos show quite clearly 
that reversed halos also disappear on heating, due to a 
progressive blackening of the mica. That the mica itself 
is actually darkening in colour can be seen from a com¬ 
parison of the appearance of the small prominence on the 
mica flake at 15° C. and 505°C. It may be noted that the 
temperature required to destroy the reversed halo effects in 
Ytterby mica is considerably lower than that necessary for 
the Ballyellen positive halos. Other observations have con¬ 
firmed this result. The last four photos in the plate show 
that prolonged heating at lower temperatures will blacken 
the mica slowly. The mica used had been originally heated 
to a temperature of 450°O. in the first furnace employed in 
1922. The first photo at air temperature shows that this 
had not affected it much. The second was taken after 
20 minutes’ gradual heating when the temperature in 
the new furnace had reached 4#5 C C. After a further half 
hour’s heating no further change could be observed by 
visual observation. The third photo, taken an hour larer at 
a slightly higher temperature, shows further darkening going 
on. The last exposure was made 10 minutes afterwards, 
when the temperature had been raised to 590° C., and 
demonstrates how rapidly the mica darkens witli increased 
temperature. All traces of the halos finally disappeared at 
a temperature of 625° C. a few minutes later. 

There is very little doubt, I think, that the darkening of 
the mica, when heated, is due to the loss of water. Micas 
always contain a certain percentage of water, amounting in 
some cases to as much as 4 per cent, by weight. The 
shattering of the mica observed in the earlier experiments 
-had already led me to adopt this view, and luter trials on the 
loss of weight of various types of mica when heated have 
confirmed it. Furthermore, that this loss is actually due to 
the evolution of water has been checked bv heating the mica 
in a slow current of dry air and then absorbing the resulting 
water in a weighed calcium chloride tube. The following 
graph (fig. 2) snows the percentage loss in weight of various 
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micas plotted against the temperature to which they have been 
raised. It is of some interest, as in the Ytterbv and Bally- 
ellen micas, which lose water more easily than the Canadian, 
the halos also disappear at lower temperatures; in tact, in 
the latter mica, darkening only commenced at 690°C., and 
there was very little difference produced in its appearance 
by heating up to 790° C. In this respect it differs com¬ 
pletely from the other two micas, which become entirely 
opaque and otherwise much altered when subjected to the 
same treatment. The chief change produced in the Canadian 



mica is that it loses its elasticity, becoming very brittle ? 
its opacity is only very slightly increased. The curves also 
show a general parallelism between the gradual loss of water 
with heating and the gradual darkening of the mica. 

If this theory of the cause of the changes produced in the 
biotite by heating is correct, it naturally suggests that 
the original formation oE the halo by a-rays from the 
nucleus is brought about in a very similar fasnion. When 
a-rays enter either water or ice, they decompose it to a 
certain extent into hydrogen and oxygen. It seems highly 
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probable that they would also decompose the water present 
in the biotite, which is apparently only very weakly held, 
and thus indirectly produce dehydration and its resultant 
darkening of the mica. We can, moreover, calculate on 
certain assumptions bow many a-rays per gram, would be 
required to completely dehydrate the mica, and compare 
this figure with the result obtained experimentally. Since 
the range of an a-ray of given velocity irijhny material is 
approximately inversely proportional to the density, it is 
justifiable to assume that, if there is x per cent, of water 
present in the mica, x per cent, of the ions produced by 
the a-rays will be produced in the water molecules. Accor¬ 
dingly, the number of a-rays required to completely dehydrate 
the mica is independent of the percentage by weight of 
water present, and is the same as the number required 
to decompose an equal mass of water. Now, the number of 
water molecules per gram, is about 3‘3 x 10 22 , and the average 
number of ions produced by the a-rays due to the decay 
of radium emanation is 5 x 10 B . Unfortunately, the value 
we should adopt for the ratio between the number of 
pairs of ions produced and the number of water molecules 
decomposed is rather uncertain : thus Duane and Scheuer * 
found that in the liquid state the value was approximately 
unitv. but in the solid it fell as low as JL. We do not know 
which of these limits would be most likely to be approached 
by the water contained in the mica, blit, at any rate, the 
minimum number of a-rays required to dehydrate 1 gram, of 
the mica is 3*3 x 10 22 /2 5 x 10 B = 1’3 x 10 17 , and the maximum 
2*6 x 10 18 . These figures can be compared with some 
quantitative measurements on the darkening of Ballyellen 
mica by exposure to a-rays from radium emanation published 
by Professors Joly and Rutherford in the Philosophical 
Magazine for April 1913. They found that 3-7 x 10 u 
a-rays per sq. cm. produced an amount of darkening 
comparable with that of the less-developed halos—say about 
10 per cent, that of the fully-darkened mica. The pene¬ 
tration of the a-rays into the mica was on the average about 
*016 mm.; and hence the number of a-rays required to 
produce an equal amount of staining in one gram, of mica 
(density of mica =2*93 gram, per c.o.) would be 3*7 X 10 13 / 
2 # 93x 1-6 x 10“ 8 = 8 x 10™, or about. 10 n a-ravs to produce 
fully-darkened mica. This figure is, of couise, only a very 
rough estimate, as the exact percentage darkening produced 
by the radium emanation can only be very crudely judged ; 


Le Radium* x. p. 33. 



140 The Action of Heat on Pleochroic Halos . 

but it agrees sufficiently wall with the minimum number o£ 
«-rays required to decompose the water in the mica to show 
that there is no impossibility in the theory of halo formation 
proposed. A further point in its favour is that no halos are 
found either in the quartz or felspar constituents of the 
granite, which contain no water, nor in the the muscovite, 
which, although it does contain water, does not darken when 
dehydrated by heating. It might possibly be contended that 
the darkening of the mica was really due to the oxidation of the 
ferrous iron, which is present in all biotit^s in large quantities, 
to the ferric state in the presence of atmospheric oxygen. It 
may be remarked that the a-ray, by its decomposition of the 
water in the mica, would also bt capable of producing such 
an oxidation. Experiments however on the effect of beating 
biotite in a reducing atmosphere of either coal-gas or hydrogen 
have shown that the darkening of the mica proceeds just as 
readily in these cases, which proves that the action cannot 
be one of simple oxidation. 

It is of some interest to calculate on these assumptions 
how much of the energy of the a-rays from the nucleus 
would be used in chemical work. Duane and Solicitor have 
shown ( loc.cit .) that the amount of available energy of the 
a-rays in liquid water actually accounted for by the chemical 
work done in decomposing the water is about G per cent. 
In ice, of course, it will be only one-twentieth of this 
amount. Taking, however, the larger figure for the energy 
used, and remembering that at the outside only 4 per cent, 
of the mica is water, we find that the maximum amount of 
energy which could be used in chemical work will be about 
£ per cent. We thus see that even if all the radioactive 
elements in the rocks were contained in the biotites, a 
ridiculous assumption, still only £ per cent, of the radio¬ 
active energy could be used up in the formation of the 
halos. This small loss of heat energy would have no 
detectable effect on earth history. It might, however, be 
possible, though highly unlikely, that chemical work was 
done to the same extent in an average rock as in an equal 
mass of water ; but even then only 6 per cent, of the total 
radioactive energy would disappear as chemical energy* 
and we would expect that a large part of this chemical 
energy would soon revert again to the thermal form by 
recombination of the products of decomposition. As a 
matter of fact, Duane and Scheuer are inclined to attribute 
the small amount of decomposition observed in ice to this 
effect. There is perhaps, however, no object in labouring 
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this point, as Lnwson * has already pointed out the impos¬ 
sibility on many grounds of believing that any appreciable 
quantity of energy could be used in producing chemical 
changes in the rocks. 

Iveagh Geological Laboratory, 

October 1927. 

Note .—This theory of the mechanism of halo genesis does 
not lend itself to a direct explanation of the formation 
of reversed halos. The simplest explanation of their origin 
that can be offered is that they are due to some secondary 
effect produced in the mica molecule by the a-ray. If we 
assume that this secondary change is only brought about in 
a few collisions between the a-rays and the molecule, the 
fact that reversed halos are very rare except in very old 
micas receives a rational explanation. It would seem 
justifiable to imagine that it might be necessary for the 
a-ray either to collide with an atomic nucleus or to pass 
comparative^ close to one to effect this change ; and this 
would only occur very rarely. It may be remarked that 
reversed staining has never, as far as I am aware, been 
produced in the laboratory. It is hoped to conduct some 
further experiments on this point. 


XI. The Reversal of Helium Lines. JJjy Dr. Toshio 
Takamine, FJnst.P ., and Mr. Tako Suga t- 

[Plate III.] 


§ f. Introduction. 

T HE phenomenon of the reversal of spectrum lines seen 
when a Geissler tube is viewed end-on is familiar to 
spectroscopists. Beside the numerous experiments of previous 
workers, the recent investigations by McCurdy Wood §, 
and Merton || have revealed many interesting features, 
bringing at the same time a few problems for our closer 
study* 


# * Nature/ cxix. up. 277 & 703 (1927). 
t Communicated by Frank Twyman, F.Inst.P., F.K.S. 
t Phil. Mag. ii. p. 629 (1926) and Proc. Nat. Acad, xii* Sci* p. 231 
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Thus, for instance, it is often stated that the reversal is 
seen when we take an end-on view of a narrow capillary 
tube which opens suddenly into a wide tube. Thereby it is 
believed that the light from the capillary is absorbed in the 
wider portion, which is filled with less luminous vapour. 

Doubts are, however, expressed about this view—that 
it is necessary to have less luminous vapour in order to see 
the line reversed. In the case of the H* line of hydrogen, 
Wood showed that even if we use a tube in which the 
capillary comes very close to the front end so that the effect 
of the less luminous layer is precluded, still the reversal of 
H a line is clearly seen. Again, in the case of the D 3 line 
of helium (X 5876 A.), Merton mentions that the reversal may 
not be due to the less-luminous layer at all. He showed 
that for this line, not only the end-on view, but al§o the 
side -011 view of the capillary showed the reversal, provided 
that the current density is large enough. 

The aim of the present work was to examine these points 
in detail. 

§ 2. Experiments . 

The present experiment deals with the uncondensed dis¬ 
charge in helium at pressures below 10 min. of mercury. 

For analysing the spectrum we used a Hilger 33 plate 
echelon of 9’3 mm. thickness, the steps of echelon being 
placed horizontally. After passing through the echelon, 
the light was dispersed by two large prisms of flint glass of 
10 cm. height and 14 cm. base. The objective lens had a 
focal length of 1 metre. In this way we could obtain an 
echelon photograin covering the region from X7065 to X 3889 
within a length of about 15 cm. 

The discharge-tubes were made# either of quartz or of 
pyrex glass with tungsten electrodes, the helium being 
purified by charcoal and liquid air. 

We examined firstly the case of exciting both the emission 
and absorption tubes which were placed in a line (Part I.), 
and later the case of exciting the emission tube alone 

t ir .)• 

Part I.— Emission and Absorption Tubes both excited. 

* After repeating McCurdy’s experiments using a tube as 
described by him*, we have modified the arrangement in a 
ten points* 

Firstly, in the case of McCurdy’s experiment the capillary 
portion and the wider tube were directly connected so that 

e See fig. 1 in McCurdy’s paper (loc, ctt). 
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we had always the same pressure of helium filling the two 
parts. In the present experiment we entirely disconnected 
these two ; viz., a discharge-tube having a capillary of 1 mm. 
bore and 30 cm. length was placed behind another discharge- 
tube with 10 mm. bore and 80 cm. length. Those two tubes 
were placed in a line, and the image of the front end of the 
narrower capillary was projected on to the slit of the echelon 
spectroscope with a lens of fairly long focal length. Lenses 
used had focal lengths ranging from 30 to 50 cm. 

Secondly, we employed direct-current excitation for these 
two tubes, besides various kinds of transformers and induction 
coils. A 1-kilowatt direct-current dynamo of 10,000 volts 
was used to excite the capillary portion and another 2~kilowatt 
dynamo of 1200 volts tor exciting the wide tube. In this 
way we could avoid the complexity arising from the difference 
in phase which is inevitable when we use two independent 
transformers for exciting the emission and absorption tube. 
This point was discussed by Ladenburg* in a recent paper. 

The results of the experiments were in general confirmative 
of McCurdy’s work. The parhelium lines were strongly 
absorbed in low-pressure helium, while at high pressure, 
orthohelium lines were more strongly absorbed. In the 
present experiment the pressure of helium in the capillary 
tube was 7 or 8 mm. of mercury in most cases, and that in 
the wide tube 1 or 2 mm. 

One remarkable feature that came to our notice was 
the great difference in the appearance of the green line 
X5016(i> = 2S—3P)t compared with the yellow line X5876 
(v = 2p —3rf), when, firstly, the capillary tube alone and, 
secondly, both the capillary and wide tube were excited. 

When the capillary tube alone was excited, the reversal of 
X 5016 occurred only under favourable conditions, but X 5876 
readily appeared reversed. On the other hand, when the 
wide tube was also excited, X 5016 showed strong absorption 
so that the line appeared as a very clear doublet, while for 
X5876 there was no perceptible difference whether the wide 
tube was excited or not. 

Further, on examining the spectrogram, it was found that 
X3889 (vs#2s— Zp) behaved exactly like X5016, whileX6678 
3D) was similar to X 5876. 

Summarising, we may state as follows :— 

The lines belonging to the principal series which are 
related with the metastable states 2s and 2S were very 

♦ Phil. Mag. iii p. 512 (1927), 

t Notation after Paschen and Gotte, 1 Seriengesetze der Linien- 
spektren/ (J. Springer, 1922.) 
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distinctly absorbed in passing through the wide tube, while 
the lines belonging to the diffuse series showed no perceptible 
absorption. The latter, on the other hand, were readily seen 
reversed, even when the capillary tube alone was excited. 

It is to be remarked that this is in conformity with the 
observations of previous investigators. The fact that meta- 
stable state is closely connected wiih the amount of absorption 
was shown already by the work of Meissner* and Dorgelof 
in the Ciise of neon, and byMcCnrdyJ in the case of helium. 

In fig. 1 (PI. III.) is reproduced an echelon photogram 
showing the reversal of D 8 line (a) compared with the un¬ 
reversed one from a side-on view (&). It will be seen that 
not only the strong principal line \ 5875*6 (v~2p x — 3 d), but 
also its companion X 5876*0 (v = 2p 2 — Sd) shows reversal, 
with the difference that for the latter the reversal is much 
less clear. 

According to Houston§, the main line 2p\—‘i>d is a close 
doublet having Si/ = 0*120 cm."* 1 

As stated by McCurdy, the sharp series lines were hardly 
seen reversed. We saw only one exception in the reversal 
of X 7066 (i/ = 2/> — 3s). 

The resemblance of the manner of reversal for the lines 
belonging to one and the same series is striking. As an 
example, we may mention the case of XX (5678, 4922, 4388, and 
4144, or that of 5876, 4472, and 4026. 

Figs. 2 and 3 (PI. III.) show the reversal of X6678 and 
X 5016 respectively. 

When we compare the lines belonging to one and the 
same series, we notice that the lower members show reversal 
more distinctly, and as we go up to higher members it 
becomes less and less clear. 

In the course of onr experiment, we noticed a very good 
illustration of the effect already described by McCurdy— 
namely, that of current density in the wide tube on the width 
of reversal of X 5016. 

Th« capillary tube being excited at a certain brightness, 
the excitation of the wide tube made the line X 5016 appear 
double, as stated before. Now, by varying the current 
density of the wide tube periodically, we could see the 
pulsatory variation in the width of this doublet very clearly. 

Wood states in bis paper that the dark lines we see in the 

* Ann . d. Phys. lxxvi. p. 124 (1925). 
t Zeits.f. Physik, xxxiv. p 766 (1926). 
t Loo . cU. 

§ Proc. Nat. Acad. Sci. xiii. p. 91 (1927). 
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case of the reversal of H* are not truly dark, but they appear 
black only by contrast to the very bright background. This 
was well illustrated in the case of \ 5016 with the arrange¬ 
ment here described—namely, when the wide tube is alone 
excited, the line \ 5016 appears as a fairly bright emission line* 
but as soon as the capillary is excited, we see at once that 
the bright line changes into a dark line. 

As stated by Paschen* and McCurdy f, the effect of 
impurity was very detrimental to clear reversal; thus when 
the capillary tube was not quite clean, D 3 showed less distinct 
reversal, and when the helium in the wide tube became 
impure, the line 5016 was not at all absorbed in passing 
through it. 

Part II.— Emission Tube alone excited. 

Reversal of the principal series lines as described in Part I.* 
namely when we pass the light of the emission tube through 
the absorption tube, is clearly due to absorption, and, in fact, 
previous work by Meissner J, Porgelo §, and others has 
already emphasized the close bearing of the inetastable states 
on this phenomenon. 

Whether the case of the diffuse series lines, namely the 
reversal seen with the capillary tube having no dead space* 
should also be due to the simple process of absorption may 
perhaps be questioned. At least it may be stated that the 
physical process cuusing the reversal in this case does not 
manifest itself so clearly as in the former case. 

In Part II. we shall confine our study to the case in 
which the emission tube alone is excited. 

In comparing the degree of reversal, it is convenient to 
take as a measure the amount of separation between the 
double lines caused by reversal. It is to be noted, however, 
that this amount, which we shall denote by S\, depends to a 
certain degree on the amount of exposure in taking the 
photograph, and,further, the clearness of the reversal is very 
sensitive to the difference in the manner of electrical ex¬ 
citation, so that no great accuracy can be expected in this 
measurement. The yellow line I) 5 was found to be most 
suited for the measurement, the amount of SX varying from 
30 m. A. to 190 m. A. in this experiment. 

Now, on measuring SX for JD 8 line with different tubes 

* Ann. d, Phy$, xlv. p. 626 (1914). 

t Lot, tit % Loc, cit. § Log, tit. 

Phil. Mag. S. 7* Vol. 5. No. 27. Jan. 1928. 
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under various conditions, we noticed that apparently the 
amount depended on the following factors :— 

(i.) Length of the capillary. 

(ii.) Pressure in the discharge-tube. 

(iii.) Current density in the capillary. 

A« regards (i.), Buis^on and Jausseran* verified this differ¬ 
ence in an ingenious way by turning a tube obliquely to the 
line of sight. We prepared a tube as shown in tig. 4. One 
end of the transformer or generator was kept connected to A, 
while the other end was passed from B to C and D to change 
the length of the capillary. The result showed a steady 
increase in 8\ as the length of the capillary was increased. 


Fig. 4. 



As regards (ii.), we measured 8\ for the same discharge- 
tube at different pressures. With pressure less than 1 mm. 
the line was always sharp. It then began to show reversal 
at a few turn, pressure, and 8\ was usually largest at several 
mm. pressure. Above this point the line became too broad, 
making the reversal indistinct. 

As regards (iii.), we prepared a tube such that the current 
flows through three capillary tubes, each 10 cm. long, having 
different diameters (1 mm., 2 mm., and 5 mm.) in succession. 
Those capillaries were placed parallel and close together so 
that the images of their ends could be projected on to the slit 


* JR. clxtx. p. 605 (1925). 
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of the spectrograph simultaneously. At a very small current 
density the line appeared sharp, and as we kept increasing 
it, the narrowest capillary first showed the reversal, and 
gradually the wider ones began to show the same effect. 
But here again, as in the case of (ii.), there was a practical 
upper limit of &K, beyond which the line became too diffuse. 

In short, we may state that the effect of the length of the 
capillary was the most important of the three factors. 

During the examination of the above points, we noticed 
one interesting phenomenon which may be of importance 
in elucidating the process of reversal of this kind. 

We took the end-on view of an ordinary Geissler tube of 
H form made by Gotze in Germany which was filled with 
helium at about 10 mm. pressure. The capillary had a bore 
of 2 mm. and was 8 cm. long. The tube was excited by a 
Siemens induction coil of 15-cm. spark length, provided 
with an ordinary hammer interrupter. With a spark-gap 
of a few millimetres in series in the secondary circuit the 
discharge was found to be quite well rectified, and the 
line D g readily appeared reversed. 

Now, the phenomenon which appeared worthy of note is 
that the reversal was seen decidedly more distinctly in the 
case when the electrode further away from the slit was made 
the cathode than when it was the anode. In the latter case 
there remained a certain amount of luminosity between the 
components of the doublet caused bj' reversal of D s which 
made the appearance rather indistinct. 

Closer examination of the mode of discharge by means of 
a rotating mirror showed that there were a few wide striations 
near the cathode end of the capillary which became in¬ 
distinct near the anode end. 

The same difference due to polarity was observed when 
we excited the tube with direct current. The striations in 
the capillary were found also present in this case. We 
made two different tubes having the forms shown in 
figs. 5 and 6. 

With the tube shown in fig. 5 the middle branch showed 
more distinct reversal when the back electrode A was anode 
compared with the other two branches, and vice versd. 

With the tube shown in fig. 6 all the three branches 
showed more distinct reversal with the cathode at A than at B. 
These differences are illustrated in figs. 7, 8, and 9 (PI. III.), 
where the length-effect described in (i.) is also seen in that 
the amount of reversal differs according to the length of the 
capillary. 


L 2 
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In fig. 7 the image “6” due to the middle branch is more 
distinctly reversed, while in fig. 8 the opposite is the case. 
In fig. 9 all these branches show reversal. In all the 
figs, 7, 8, and 9 “a” corresponds to the shortest and u c” 
to tlie longest branch. 

Altogether, this difference due to polarity serins to indicate 
the effect of heterogeneous distribution of the excited atoms 
along the length of the capillary. It may be remarked here 
that not only the heterogeneity along the tube, but that in 
the radial direction in the section of a tube, mainly due to 
the wall of the capillary, may also contribute to the phe¬ 
nomenon of reversal. 


§ 3. Summary . 

1. Reversal of helium lines was examined by an echelon 
grating, firstly when a long capillary tube was viewed 
end-on, and secondly when another long tube of wider 
bore was placed between the capillary tube and the 
spectrograph. 

2. The lines belonging to the principal series and the 
diffuse series show reversal,'but there is much difference in 
the manner of reversal for these two series. 

The lines belonging to the principal series which are 
connected with the metastable states (2s and 2S) are distinctly 
absorbed in passing through the wider tube. In other words, 
the effect of a less-luminous layer is clearly seen for such lines 
as X5016 (vsss2S — 3P) and X 3889 (i/ = 2«—3p). 

The lines belonging to the diffuse series, such as A 6678 
(v=r2P — 3P) and X5876 ( i/~2p — 3d ) are seen reversed with 
the capillary tube alone excited, while the effect of the wider 
tube is hardly noticeable in this case. 

3. A distinct difference in the clearness of the reversal is 
noticed as regards polarity, or, in other words, according as 
to whether we pass the current from the front or the back 
end of the capillary. 

The Institute of Physical and 

Chemical Research, Tokyo, 

July 1927. 
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XII. The Spectrum oj Ionized Sodium . By F. H. Newman* 
D.Sc., AM. C.S., Professor of Physics, University College 
of the South West of Buy land, Kxeier *. 

1. Introduction . 

r HE spark spectra of potassium, rubidium* and caesium 
in the visible and near ultra-violet regions have been 
investigated by many experimenters, but little work has 
been done on the first spark spectra of sodium, although 
Schillinger f and Foote, Meggers and Mohler % have 
measured the wave-lengths of the more important lines. 
Among those listed by Schillinger are several belonging to 
the arc spectrum of the element. Foote and his collabo¬ 
rators used a three-electrode discharge-tube, and studied the 
different sets of lines emitted as the accelerating potential 
gradient was increased. The first ionization potential of 
sodium vapour is 51 volts approximately, and this is 
sufficient to excite the whole arc spectrum. At higher 
voltages the spark lines begin to appear. These experi¬ 
menters noted that the spark lines appeared above 30 volts, 
and even at 5000 volts very few spark lines were ever 
observed which were not excited at 50 volts, although 
their intensity was increased considerably. More recently 
Mohler § found that with currents of 0*02 amp. the spark 
lines were entirely absent at 40 volts, three were barely 
visible at 42 and 43 volts, while many lines appeared at 
45 volts. With 35 volts and 0*35 amp. the lines were 
bright, so he concluded that the spark lines were excited 
near 44 volts with small currents and about 10 volts lower 
with large currents. 

From the theory of atomic structure, what might be 
termed the ‘‘spectral centre of gravity * y of the sodium 
spark spectrum should be at a shorter wave-length than 
that of potassium. The latter is very rich in lines, and their 
wave-lengths have been carefully measured and classified by 
different workers ||. Shaver IT extended the study of the 
alkali spectra in the extreme ultra-violet region by means of 

* Communicated by the Author, 
t Akad. Witts. Wien Sitz.-Ber. cxviii. 11 (a) (1909). 

J Astrophys. Journ. Iv. p. 145 (1922). 

5 Bureau of Standards Scientific Papers, No. 605 (1925). 

II See de Bruin, Proc. Konin. Akad. Van Weten U Amsterdam. 
vol. xxix. No. 6 (1926). 

f Roy. Soc. Canada, Trans, xviii. Sect. 8, p. 23 (1924). 
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the electrodeless discharge, using a fluorite vacuum spectro¬ 
graph, in order to make additions to the lists o£ wave-hngths 
available for series analysis, but no sodium lines were found 
in the fluorite region. Millikan and Bowen *, using the 
explosive spark method, found only one definite line in 
the whole region studied (300 A. to 2000 A.), namely that 
at \ 372*3 A. They also found a line at X 376*6 A. when 
pure sodium electrodes were employed, but this line was 
absent with sodium fluoride electrodes. The line X 372*3 A. 
they attributed to the L spectrum of sodium, as a line is 
definitely predicted by theory at this wave-length and 
represents the orbital change of an electron from the M to 
the L shell when an electron is removed from the latter. 

Comparing the values of for the h u and L m levels 

ol aluminium, magnesium, sodium, and neon, X 372*3 A. 
corresponds to the energy difference Mi — Lj ; and so the 
value of the L] energy level in the sodium atom is fixed at 
z>=== 310,090 or 38*3 volts. This agrees fairly well with the 
critical potential 38*9 volts found hy Foote and Mohler f, 
and represents the work required to eject one electron from 
the rare gas shell ol the ion, the M electron having been 
removed previously. The L lu limit computed from X-ray 
frequencies of the K series is 31*5 volts. 

Accurate measurements of the wave-lengths of lines in 
the Nall spectrum are necessary and important, because, 
in accordance with the displacement law, this spectrum 
should resemble closely the arc spectrum of neon. The 
latter has been analysed by Paschen J into four series of 
S terms, ten p sequences and twelve d sequences. The 
possible number of combinations is very large, but the 
selection principle prohibits several. In addition to these 
series, which followed the Ritz formula, be found other 
leries with the limits displaced when calculated by means 
of the Ritz formula, as indicated by the combinations which 
gave the first lines of the series. The explanation of this 
spectrum requires the extraction of an electron from more 
than one sub-group of the L group, and the simultaneo*G& 
movement of the two electrons. The series which are 
represented bv the Ritz formula directly are triplets and 
quintets, while those series which require the addition or a 

• Phys/Rev, vol. xxiii. p. 1 (1924), 

t Bureau of Standards Scientific Papers, No. 423 (1921). 

t Ann. d. JRtys. lx. p. 405 (1919), and lxiii. p. 201 (1920). 
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constant before they can be represented by such a formula 
are singlets and triplets. 

The sodium atom contains in its L group two L n electrons, 
two L 2 i electrons, and four L 22 electrons, the suffixes denoting 
the azimuthal and inner quantum numbers respectively. The 
single M electron being removed, one ©f the Ln electrons 
may be displaced to various higher levels and give rise to a 
singlet and triplet system. If, on the other hand, one of 
the electrons in the closed sub-group is removed to 
different levels, a system of triplets and quintets should 
be produced. The L 22 electron being less firmly bound than 
the L 2 | electron, the removal of the latter should leave the 
residue of the atom with a greater energy than is the case 
when the L 22 electron is removed, so that the sequences 
arising from the removal of the L 2 i electron are those 
requiring the addition of a constant so that they may be 
expressed by a Ritz formula. In other words, one would 
expect the first spark spectrum of sodium to resemble the 
arc spectrum of neon as regards the multiples present, but 
with the series constant taking the value 4N. 

Before any complete analysis of the Nall spectrum is 
attempted, accurate measurements of the wave-lengths are 
necessary. 

2. Experimental . 

The electrodeless discharge is the most convenient method 
of exciting the spark spectrum of sodium. A quartz tube, 
about 30 cm. long and 1 cm. in diameter, with a transparent 
quartz window sealed at one end was used as the discharge- 
tube. The metallic sodium, placed in a small side tube, was 
distilled into the main tube under a vacuum, the latter 
obtained by means of an ordinary Gaede mercury pump. 
After enough metal had been distilled, the side tube was 
sealed off, and afterwards the discharge-tube was sealed off 
from the pumps. By this means, and after preliminary 
baking of the main tube, all residual gases were eliminated. 
Ihe tube, with about fifty turns of fine copper wire wound 
round it, was enclosed in a glass tube open at both ends, and 
then placed inside an electric heater. The glass enclosing 
the tube assists in maintaining a good insulation between the 
high-tension wire and the wire of the heater. In obtaining 
the electrodeless discharge, a 16-inch induction coil was used 
with its secondary joined in parallel with two large parallel 
plate condensers. The coil was operated by m&ms of a 
Wehnelt interrupter joined to the 110A.C. mains. The 
Wehnelt interrupter is very effective in the production of 
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this type of discharge. The lowest temperature possible, 
consistent with fair luminosity, was employed to keep the 
vapour-pressure low ; otherwise the arc lines predominated. 
The radiation was yellow in colour, the D lines always appear¬ 
ing bright, but at low vapour-pressures the spark lines were 
intense. The radiation was focussed by means of a quartz 
lens on to the slit of a quartz spectrograph. Various types 
of plates were tested for sensitiveness, including Schumann 
plates, but no lines of greater refrangibility were obtained 
with these than on the ordinary type of plate. Although 
Schillinger recorded a line at X 2138*4, and Foote, Meggers, 
and Mohler at X 2318*0, no line below X 2386*41 was photo¬ 
graphed in the present work. Potassium spark lines below 
these limits have been measured, and in the spark spectrum 
of this metal many more lines are present than are recorded 
with sodium. In addition, many of the lines listed in 
Table I. are faint, and prolonged exposure did not materially 
increase their intensity. They were measured against a 
comparison iron-arc spectrum. 


Table I.—Wave-lengths in the Nall Spectrum. 


Intensity. 

X I.A. (Author). 

X (Foote, 
Meggers, 
Mohler). 

X (Schillinger). 

v (vacuum). 

— 

— 

— 

2138*4 

— 

— 

— 

23180 

— 

43127*2 

1 

2386 41 

— 

— 

41891*1 

1 

2394 14 

- 

— 

41755 9 

1 

245962 

— 

— 

40644*5 

0 

246910 

— 

— 

40488*5 

0 

2474*92 

— 

— 

40393*1 

6 

2493*38 

2493-36 

2493-45 

40094*1 

1 

2497*31 

24973 

— 

40031*1 

1 

2606-27 

2506-40 

— 

398881 

0 

2510*77 

— 

— 

39816*4 

1 

2616-57 

2515*50 

— 

39740*5 

4 

2531-64 

2531*54 

— 

39488*2 

0 

2563-47 

- - 

— 

389981 

0 

2578*24 

— 

— 

38774*6 

1 

2686-37 

2586-37 

— 

38652-7 

7 

261210 

261218 

2612*27 

38271*9 

6 

2661*65 

2661*72 

2861*82 

37559*5 

6 

2671*90 

2671*94 

2672 04 

37416*6 

6 

2678-25 

2678*2 

-- 

37326*8 

ft 

2809-73 

280976 

2809*87 

35580*2 

1 

2818*58 

2818*5 

— 

35468*4 
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Table I. (continued). 



X (Foote, 



X I.A. (Author). 

Meggers, 

X (Schillinger). 

v (vacuum). 


Mohler). 


* 

2830 01 

2830*0 

— 

35325*2 

283940 

2839*36 

2839-47 

35207*7 

2841*99 

2841*99 

2842*10 

35176*3 

__ 

— 

2856*27 

— 

2859*64 

2859*56 

2859*07 

34959*2 

2861*34 

2861*2 

— 

34938*4 

287104 

2870*89 

2871*00 

34820*9 

2871*53 

2871*39 

2871*50 

34814-5 

287313 

2873*0 

— 

34795*1 

2881*38 

288133 

— 

34695-5 

2886*42 

2886*46 

2886-57 

34634-9 

2894*19 

2894 15 

— 

34541*9 

2901*36 

2901-39 

2901-50 

34456*5 

2905*11 

2905*16 

2905*27 

344120 

2917*78 

2917*76 

2917*87 

34262*6 

2919-34 

2919-46 

2919*57 

34244-3 

2921*14 

2921*14 

2921*25 

34222*9 

2923*67 

2923 65 

2923*76 

34193*6 

_ 

— 

292667 

— 

2931*62 

2931*44 

2931-55 

34101*0 

2934*38 

2934-42 

2934*53 

34068-8 

2938*06 

2938*11 

2938-22 

340261 

2945-92 

2945-83 

2945*94 

33935-2 

2947*56 

2947*51 

2947-62 

33916*5 

2951-50 

2951*53 

295164 

33871*2 

2952*83 

— 

— 

33856*9 

2960*11 

2960*10 

2960-22 

33772-7 

2971*17 

2971*1 

— 

33647*0 

2975*24 

2975-20 

2975*32 

33600*9 

2977*31 

2977-52 

2977 64 

33577*6 

297996 

2979*92 

2980 04 

33547*7 

2981*03 

— 

— 

33535*1 

2984*45 

2984-44 

2984*56 

38497*2 

3007*65 

8007*71 

— 

33238*9 

3009*60 

— 

— 

83217*4 

3015*80 

3015*81 

3015*93 

33149*1 

3029*56 

3029*70 

3029*82 

82999*5 

3037*32 

3037*29 

3037*41 

32914*2 

8045*97 

— 

— 

32820*8 

3050*43 

8050*48 

3050*60 

32772*8 

3058*93 

3053*97 

8054*09 

32735*3 

3056*30 

3056*34 

3056-46 

32709*9 

3061*72 

8061*75 

3061*87 

32651*9 
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Table I. ( continued ). 


X LA. (Author). 

X (Foote, 
Meggers, 

X (Schiilinger). 

v (vacuum), 

3064*86 

Mohler). 

3064*8 


32618*4 

3066*73 

3066*74 

— 

32598*6 

3074*56 

3074*63 

3074*76 

32515*6 

3078*65 

3078*51 

3078*63 

32473*4 

3080 30 

3080*58 

3080*70 

32455*0 

3092*98 

3092*91 

3093*03 

32321*8 

3104*52 

31046 

— 

32201*8 

3107*69 

3107*6 

— 

32168*9 

3124*64 

3124*63 

3124*76 

31994*5 

3129*55 

3129*57 

3129*70 

31944*3 

3135*69 

3135*65 

3135*78 

31881*8 

3137*80 

3138*11 

3138*24 

31860*8 

3146*05 

3146*07 

3146*20 

31766*7 

3149*51 

3149*48 

3149*61 

31741*3 

3164*16 

3164*11 

3164*24 

31594*9 

3175*41 

317538 

3175*51 

31482*9 

3179*29 

3179*19 

3179*32 

31444*5 

3190 05 

3189*94 

3190*07 

31338 4 

3212*44 

321242 

321255 

31120*1 

3216*60 

3216*5 

— 

31079*8 

3226*16 

3226*1 

— 

30987*7 

3235*07 

32351 

— 

30902*4 

3261*22 

3251*3 

— 

30748*9 

3258*38 

3258*36 

3258*50 

30681*4 

3260*45 

3260*4 

— 

30661*8 

3274*36 

3274*27 

3*274*41 

30531*6 

3285*86 

3285*76 

3285*90 

30424*7 

3305*28 

3305*2 

— 

30245*9 

3318*14 

3318*2 

— 

30128*7 

3320*70 

3320*7 

— 

30105*5 

3327 81 

3327*9 

— 

30041*3 

384547 

— 

— 

29882*6 

3363*29 

— 

3360*50? 

29724*3 

3373*26 

— 

3371*29 ? 

29636*4 

3381 22 

— 

— 

29566 6 

3385*61 

— 

— 

29528*3 

— 

3400*2 

— 

29401*4 

3405*00 

— 

— 

29360*2 

3462*68 

3462*58 

346273 

28871*1 

3533*03 

8533*08 

3533*23 

28296*2 

3608*90 


—— 

27701-4 

8619*20 



27622-6 

8631*87 

368131 

3631*46 

275300 
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Table I. ( continued ). 


Intensity. 

X I.A. (Author). 

X (Foote, 
Meggers, 
Mohler). 

X (Sohillinger). 

v (vacuum). 

0 

3634-30 

3634-3 

— 

27508*0 

0 

3651-5 

— 

— 

27379 

0 

3662*4 

— 

— 

27297 

0 

36761 

— 

— 

27195 

3 

3711-2 

371115 

3711*30 

26938 

0 

3730-1 

— 

— 

26801 

0 

3745-6 

3745-6 

— 

26690 

0 

3798-6 

— 

— 

26318 

0 

3802-2 

— 

— 

26293 

2 

3816-8 

— 

— 

26192 

0 

3849-0 

— 

— 

25973 

2 

3870-7 

— 

— 

25828 

0 

3881-1 

3881-0 

— 

25769 

0 

3889-3 

— 

— 

25704 

0 

3914-2 

— 

— 

* '25541 

0 

39210 

— 

— 

25497 

0 

3928-2 

— 

— 

25450 

0 

3934-9 

— 

— 

25407 

0 

3943-8 

— 

— 

25349 

0 

3983-8 

— 

— 

25095 

0 

4012-6 

— 

— 

24915 

0 

4061-8 

— 

— 

24613 

0 

4094-0 

— 

— 

24419 

0 

4123-9 

4124-0 

— 

24242 

0 

4157-3 

— 

— 

24047 

0 

4178*3 

— 

— 

23926 

1 

4347-5 

— 

— 

22995 

0 

4447 0 

— 

— 

22481 

0 

4455*0 

— 

4500*0 

22441 

0 

4465*5 

— 

— 

22387 

0 

4480-3 

— 

— 

22314 

— 

— 

— 

4538-9 

--. 

— 

— 

— 

4542-7 

— 

— 

— 

— 

4546-5 

— 

— 

— 

— 

4551-5 

— 

— 

— 

— 

4564-4 

— 

— 

— 

— 

4569*4 

— 

— 

— 

— 

4572-7 

— 

1 

4581*0 

— 

4681-7 

21823 

0 

4807*0 

— 

— 

20797 

2 

4830*9 (KII) 

— 

— 

20095 
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Table II. — Constant differences in the Na II Spectrum. 


Frequency ( v ). 

Difference (AV). 

Frequency (i/). 

Difference (A*). 

87659-5 

87416-6 

1440 

34969-2 

34634-9 

324-3 

35468*4 

35325*2 

143*2 

33871-2 

33547-7 

323*5 

34959-2 

34814-5 

144*7 

33238-9 

32914-2 

324-7 

33916-6 

33772-7 

143*8 

30987-7 

30661-8 

325*9 

32598-6 

32456-0 

31482-9 

31338-4 

143*6 

144*5 

30748*9 

30424*7 

324*2 

349384 

34101*0 

837-4 




34244-3 

34026-1 

34412 0 
341936 

32735-3 

32515-6 

218*2 

218*4 

219*7 

33547-7 

32709-9 

32321-8 

31482-9 

837- 8 

838- 9 

31994*5 

31776*7 

217-8 

31741*8 

30902*4 

839*4 

31338 4 

31120* 1 

218-3 

27530-0 

20690-2 

839*8 

31120*1 
30902*4. 

217*7 

39888*1 
37559 6 

2328*6 

30748*9 

30531*6 

217*3 

i 

39740*5 

374)5*5 

2325*0 

35680*2 

35325*2 

255 0 

35325*2 

32999*5 

23257 

34193*6 

33935*3 

258 3 

340688 

31741*8 

2327*0 

33855*9 

33600*9 

255*0 

33772*7 

31444*6 

2328*2 

93497*2 

258*3 

257*2 

254*9 


33238*9 

32772*8 

32515*6 

32709*9 

32455*0 

35176*3 

32709*9 

34634*9 

32168*9 

2466*4 

2466*0 

32201*8 

31944*3 

257*5 

34412*0 

31944*3 

2467*7 

31594*9 

31338*4 

256*5 

32999*5 

30531*6 

2467*9 

30681*4 

30424*7 

256*7 

31338*4 

28871*1 

2467*3 
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Table II. ( continued). 


, Frequency (v). 

Difference (A*>). 

Frequency (v). 

Difference (Av). 


38662-8 

36680-2 

3072*5 

39740*5 

32455*0 

7285*6 


34814*6 

31741*8 

3072-7 

39488*2 

32201-8 

7286*4 


34193*6 

31120*1 

3073*5 

38271*9 

30987*7 

7284*2 


31944*3 

28871*1 

3073-2 

37326*8 
3004 L *3 

72865 


34412*0 

31338*4 

3073*6 

35580*2 

28296*2 

72840 


33407-2 

30424-7 

3072*5 

34814-5 
27630 0 

7284*6 


32473-4 

29401-4 

3072 0 

34222*9 

26938-2 

7284*7 

Table III.—Frequency differences in the Nall Spectrum. 




Frequency in 


No. 

1 . 

Intensity. 

X (I.A.) in air. 

vacuum (»'). 

Difference (Ar). 

2 . 

3 . 

4 . 

7 

2841*99 

35176*3 

217*1 

696*6 

327*3 

1316*9 

736*6 

5 . 

3 

2859*64 

34959-2 

6 . 

6 

2917*78 

34262-6 

7 .. 

1 

2945-92 

33935*3 

8 . 

1 

3064-86 

32618*4 

9 . 

4 

3135*69 

31881*8 

1 , 

1 

2497 31 

40031*1 

2471*6 

2091*1 

2 . 

6 

2601*65 

37559*5 

3 . 

1 

2818*58 

35468*4 

4 . 

_ — 

— 

— 

530*0 

5 

0 

2861-34 

34938*4 

6941 

327-8 

1317-9 

6 . 

5 

2819*34 

34244*3 

7 .. 

3 

2947*56 

33916*5 

8 .. 

1 

3066*73 

32598*6 

9 .. 

0 

3137-80 

31860*8 

737*8 

1 .. 

1 

2506*27 

39888*1 

2472*6 

2 .. 

6 

2671*90 

37415*5 

3 .. 

1 

283001 

35325*2 

2090*3 

4 .. 


— 

— 

630*1 

5 .. 

0 

2873*13 

34795*1 

694*1 

7 .. 

1 

2931*62 

34101*0 

7 .. 

.... — 

— 

— 

1646*0 

8 .. 

1 

3080*30 

32455*0 


9 .. 

.... — 

— 

— 

— 

4 .. 

6 

2905*11 

34412*0 

218*4 

5 .. 

2 

2923 67 

34193*6 

6 .. 

6 

2984*45 

33497*2 

606*4 
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Table III . ( continued )• 


No. 

Intensity. 

X (I.A.) in air. 

Frequency in 
vacuum (v). 

Difference (Av), 

4 ... 

8 

3124*64 

31994*5 

217*8 

6 ... 

0 

3146 06 

81776*7 

6909 

6 ... 

0 

3216*60 

31079*8 

330*9 

7 ... 

1 

3251*22 

30748*9 


4 ... 

6 

3190 05 

31338*4 

218*3 

6 ... 

5 

3212*44 

311201 

695-4 

6 ... 

7 

3285*86 

30424 7 


6 ... 

2 

3007*66 

33238*9 

324*7 

7 ... 

4 

3037*32 

32914*2 

1319*3 

8 ... 

5 

316416 

31594*9 


5 ... 

6 

3078*55 

32473*4 

2344*7 

8 ... 

3 

3318*14 

30128*7 

727 3 

9 ... 

0 

3400*2 

29401*4 


4 ... 

2 

3009*60 

33217*4 

217*9 

6 ... 

4 

3029*56 

32999*5 

2337*7 

8 ... 

0 

3260*45 

30661*8 



A preliminary analysis of the results shows no lines or 
sequences obeying the Ititz formula, but there are many 
pairs o£ lines in the spectrum having constant differences. 
These have been collected and tubulated in Table II. In 
addition many o£ the strong lines cun be arranged in groups 
of nine lines having constant wave-number separation, 
although all of these groups are incomplete. They are 
given in Table III. Owing to the incompleteness of the 
groups and the fact that many of the observed lines are not 
represented by any of the terms of these groups, no term 
scheme has been arranged. 

Hertz # found two strong resonance lines in the neon 
spectrum at X 735*7 ±0*5 and X 743*5 ±0*5. Their frequency 
difference is 1428 ±3, and agrees with the difference between 
the Paschen terms l #a and l u , so that they are to be regarded 
as combinations of the fundamental term with two new 
terms. The fundamental term must be the optically undis¬ 
covered one at approximately 174,000 cm"” 1 . It has been 
noted previously that Millikan and Bowen found the two 
lines X 372*3 and X 376*6 in the spark spectrum of sodium. 
Their frequency difference is 3075. If these two lines are 
analogous to the two neon resonance lines, then 3075 sbould 
be an important frequency difference among the Nall lines. 
Seven pairs of lines with a difference 3073 ±1 have been 
discovered, and are shown in Table II. Further investiga¬ 
tion in the extreme ultra-violet of the Na II spectrum seems 
very necessary. 

* Phytik, xxxii. 11-12, p. 988 (1926). 
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XIII. Notes on the Resonances of a Violin. By FLORENCE 
M. Chambers, M.Sc., Junior Lecturer in Physics , Queen’s 
University , Belfast *. 

Introduction . 


T HE following investigation was undertaken with the 
object of finding resonance pitches of a violin, in 
the hope of throwing light on the “Wolf-note” pheno¬ 
menon. 

As described in an earlier paper t> when a steel wire 
is mounted on a light metal bar and made to vibrate, 
two kinds of resonance are found : one associated with the 
coincidence of an odd mode of the string (or bar) with 
an even mode of the bar (or string) respectively, and the 
other with the coincidence of an even (or odd) mode of 
the string with an even (or odd) mode of the bar re¬ 
spectively. 

It is rather a jump from the case of a uniform bar and 
string to that of a violin, but it was thought that in the 
case of the violin something corresponding to one or other 
of the string-bar resonances might lie at the root of the 
u wolf-note ” phenomenon. 

As will be seen, resonance pitches were found for the 
violin ; but the behaviour of string and violin bears little 
resemblance to that of the string and bar. 

The method used was to measure at different pitches the 
resonance amplitude of a steel wire stretched on the violin 
and maintained in vibration by an applied alternating 
force of constant amplitude, as described in an earlier 
paper %. On a rigid support the amplitude of vibration 
of the wire would change more or less gradually with 
changing pitch (as the damping is usually greater at higher 
pitches). On a violin the amplitude rose and fell in an 
apparently arbitrary manner, and graphs of amplitude and 
pitch showed a large number of definite minima. These 
minima occurred at the same pitches for different modes 


* Communicated by Prof. W. B. Morton, M.A. 

| W.B, Morton and F. M. Chambers, “On the Combined Vibration 
of a Bar and String, and the Wolf-Note of a Stringed instrument/’ 
Phil. Mag. vol. 1. p. 570 (1925). ' 

% F. M. Chambers, “Application of a Thermionic Valve to the 
Measurement of the Damping of Vibrations of a Steel Wire.” Phil. 
Mag. xlviii. p. 638 (1924). 
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of getting the string to give the note, indicating that they 
are functions of the violin itself. 

When the note given by the wire approaches a natural 
frequency of part of the violin, (1) the part is set into 
vigorous vibration and the energy to maintain this vibration 
comes from the string ; (2) there is an increase of frictional 
damping in the motion of the wood ; so that, on the whole, 
there should be a fall in amplitude of vibration of the wire. 

Hence the minima seem to indicate the pitches of natural 
frequencies of the violin. 

Experiments . 

The gut strings were removed, and a fine steel wire 
stretched in the place usually occupied by the A string. 
The oscillating current from a valve circuit, which could be 
tuned to any desired frequency, was passed through the 
wire, and this was maintained in vibration by the reaction 
between the current and the field of a strong electromagnet 
between whose poles it was placed. Care was taken that 
the amplitude of the oscillating current, and therefore the 
alternating force applied to the wire, remained constant 
throughout a set of observations. 

An auxiliary wire, stretched by a weight on a wooden 
sonometer and through which the oscillating current also 
passed, was used as a standard of pitch. This wire was 
placed between the poles of another electromagnet. It 
was bridged to n suitable length, and then the frequency 
of the current adjusted so that there was maximum response. 
The electromagnet of the standard was turned off, that 
belonging to the violin wire was turned on, and the latter 
screwed up until it resonated. To ensure that the pitch of 
the standard was exactly the same as the pitch of the violin 
wire, slight further adjustments of current and length of 
standard were usually necessary. The amplitude of vibration 
of the violin wire was read off on the eyepiece scale of a 
microscope. 

The pitch is inversely proportional to the standard length. 
In order that a given length of abscissa should represent a 
given interval, the amplitude of vibration was plotted 
against the log, reciprocal of the corresponding standard 
length. 

To get higher pitches than could be obtained by tension 
of the open string alone, a small wooden bridge was put 
under the wire on the fingerboard, and the tuning for subse¬ 
quent observations carried out by tension as before. 

PhiL Mag . S, 7. Vol. 5. No. 27. Jan. 1928. 
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Miss F. M. Chambers: Notes on the 
Results . 

The results found are outlined above. The upper curve 
of fig. 1 shows part of a typical amplitude-pitch graph, 
the observations for which were made with the string 
giving its fundamental note. A large number of thesfe 
graphs were plotted for each of the two violins used, each 
graph corresponding to a definite mode of the string. It 
was found that in whatever mode the string was vibrating, 
and whether it was bridged or not, the minima for the 
same violin always occurred at about the same pitches. 


Fig-. 1. 



The fact that the minima are not always exactly in the 
same place may be accounted for partly by the nature of 
the standard used—a sonometer wire. It probably also 
depends on changes of the atmosphere etc., which would 
have the effect of making slight alterations in the elasticity 
of tlie different parts of the violin. 

Further Experiments • 

In order to approach the matter from another angle, 
a series of 27 vibration photographs of the same point on 
the wire were taken, after the manner of Krigar-Menzel 
and Raps, for different pitches ranging over § of an octave. 
The string was vibrating in its fundamental mode; Bach 
photo was enlarged, and the enlarged curves analysed by a 
Mader harmonic analyser. 
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It was found : 

(1) The preponderating tone in all the curves is the 

fundamental. 

(2) The highest amplitude of the first overtone is about 

12 per cent, of that of the fundamental. The 

lowest is zero. 

(3) The highest amplitude of the second overtone is 

4 per cent, of the corresponding fundamental. 

(4) The highest amplitude of any other overtone is less 

than 2 per cent, of the fundamental. 

The results of the harmonic analysis are not reliable 
within 1 per cent. 

An additional test of the conclusion that the pitches of 
the minima are functions of the violin itself is provided by 
examining the amount oE first overtone in the vibration 
curve of the string. Assuming that the first harmonic 
is present in a constant proportion in the alternating 
applied force, we should expect its presence in the forced 
vibration of the string to be determined in the same way as 
for the fundamental ; the minima of the amplitude of the 
octave in the complex note should occ ur at the same pitches. 
This was found to be the casefor the range examined, as is 
shown in fig. 1. In order to reduce all the amplitudes of 
the first overtone to the same scale, each was expressed as a 
fraction of the corresponding fundamental amplitude (i.e, 
approximately, as a fraction of the whole amplitude). 

It now remains to trace to which parts of the violin the 
resonances belong. It is easiest to tackle first the enclosed 
air. 

Helmholtz * found, on a violin which he examined, 
resonances at two pitches betw een c! and c'#; the other between 
a ' and a 9 % He got them by listening at the back of a violin 
while a piano was being played, and by noticing that some 
notes were more strongly reinforced than others. 

In these experiments a vibrating telephone diaphragm 
was used as a faint source of sound. The violin was dis¬ 
connected, and the telephone connected across the oscillating 
circuit. 

The receiver was held with its diaphragm opposite one of 
the F holes of the violin, and as the pitch of the oscillating 
circuit was varied, it was noticed that at certain pitches, 
corresponding to natural frequencies of the enclosed air, the 
faint sound from the diaphragm was considerably reinforced. 

* ‘Sensations ef Tone,’ English translation by Ellis (1876), ch. v. 
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There were several marked resonances at which the note 
sang out fairly loudly, and the two lowest of these were at 
about the pitches recorded by Helmholtz. 

On fig. 2 are set out the mean data obtained for the two 
violins examined. No wolf-note was found on the second 
violin, and the air resonances were not taken tor the first. 

It will be seen that for the second violin, two of the 
minima coincide with air resonances, and most ot the other 
air resonances lie fairly close to the nearest minima. Ihere 
is a very powerful air resonance about 2*6, but the minimum 
occurs only sometimes, not always, on the graphs. Ihe 
resonance about 2*7 is not very marked, but the corre¬ 
sponding minimum appears on all the graphs. 


Fig. 2. 



It would seem from these results that the natural pitch of 
the enclosed air does affect the amplitude of the string's 
vibration. 

The majority of the minima are probably due to natural 
frequencies of different parts of the violin. 

It may be noted that there is coincidence between the 
wolf-note pitch and one of the minima on the first violin. 

In order to try to trace the origin of the other minima, 
the bridge was loaded by small amounts. This had the 
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effect of shifting some minima and leaving others un¬ 
disturbed ; but tne results found were inconsistent, and no 
conclusions could be drawn. 


Additional Observations . 

For both violins it was found that at frequencies below 
about 480 vibrations per sec. (1) the ordinary form of octave 
vibration became unstable. When started, the string vibrated 
in the ordinary way with a node in the middle ; then the 
node disappeared, the string vibrated in one piece, and 
the fundamental was prominent in the note heard—an 
example of a note produced by an applied force of double 
its frequency. (2) When the second overtone was sounding, 
it was found that the wire had two pitches of maximum 
response close to one another instead of one, when the 
frequency of the impressed force was gradually altered 
in the neighbourhood of the wire's natural frequency, 
keeping the tension the same. 

These t*> o effects were in general noted only on a very 
slack wire—much slacker than would be tlie case when 
playing tlie violin. 

When the third overtone was sounding at frequency 982 
and a little on either side of it on the first violin, it was 
found that the ordinary form of vibration became unstable, 
and the nodes at £/, disappeared. There is a minimum 
on some of the curves at about this pitch. 

On the first violin, places of double maximum response 
were found between frequencies 755-835, usually when 
the fundamental was sounding; sometimes this effect 
appeared slightly in the first and second overtones. The 
mean pitch corresponds to a good minimum on most of 
the graphs. Places of double maximum response also 
occurred sometimes at some pitches on the other violin. 

These last observations recall the behaviour of the bar and 
string in cases where there was coincidence between like 
modes of vibration. There it was found that in each pair 
the pitches of maximum response kept one above and one 
below the natural note of the bar. In the violin case 
the pitch midway between the pair rose along with them, 
as if the proper pitch of the violin regarded as a bar 
were rising as the tension of the string increased. On 
the violins the places of double maximum response only 
occurred occasionally, and could not always be found again 
at will. 
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Summary ♦ 

A method of finding resonance pitches of a violin is 
described. Some of these correspond to natural frequencies 
of the air enclosed in the violin. The others are taken tp 
correspond to natural frequencies of the body. The results 
of the harmonic analysis of a number of vibration photos 
taken at different pitches for the same point of the wire 
support the view that the resonances found are functions of 
the violin itself. 

It is evident that there are a large number of resonance 
pitches on a violin which do not correspond to a wolf-note. 

The wolf-note on the wolfy** violin agrees in pitch with 
one of the resonances found. 

I wish to express my grateful thanks to Professor Morton 
for his interest and his helpful suggestions in connexion 
with the above piece of work. 


XIV. The Intensities of Forbidden Multi plots. By James 
Taylok, JJ.Sc. (Utrecht J, Ph.l)., The Physical Institute 
of the University of Utrecht *. 


Introduction. 


T H1£ problem of the intensity relations of forbidden 
inultiplets and the relative intensity of forbidden to 
non-foi bidden lines has been studied recently at this Institute. 
Certain results have been put forward by Ornstein and 
Burger in a recent preliminary note +. 

It is well known that the rule according to which the 
azimuthal quantum number only changes by +1 is frequently 
broken. This raises two questions. Does the Sum rule and 
intensity formula apply in such cases just as in normal 
multiplets? Secondly, how do the intensity relations of 
the forbidden to the non-forbidden lines depend upon 
conditions ? 

These questions were examined for the case of Cd multi¬ 
plets, and yielded interesting results which we shall refer 
to later. 

The present work contains some measurements of the 
intensities of two of the forbidden lines in the S—D series 


* Communicated by Prof. L. S. Ornstein. 
t Ornstein and Burger, Die Naturwissensehaften J\ xv. p. 82. 
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of potassium, 1 2 S—3 2 D5/**, 1 2 S — 3 2 D3/2 (X=4643*172 and 
4641*585). They are separated by about one-half of one 
angstrom. 

Experimental Method. 

Light-source and Apparatus . 

A mixture of dried potassium carbonate and carbon 
powder, in the required proportion, was ground down so as 
to be as homogeneous as possible, and packed into a boring 
(4 mm. diameter) in an arc carbon (9 mm. diameter). The 
carbon was used as positive pole of an arc, the image of 
the middle part of which was projected upon the slit of a 
Rowland grating apparatus (30,000 lines per inch ; radius 
1 metre) which clearly resolved the lines when they were 
not unduly broadened. 

The spectra were photographed, an iron arc spectrum 
being used for comparison pur} loses. 

In other experiments a mercury-vapour lamp containing 
potassium was used, whilst in others electrodeless discharges 
in potassium vapour were employed. 

Method of Intensity Measurements . 

The line-intensities were measured by the photographic 
method of comparison *. 

In the case of the forbidden lines under consideration the 
method is comparatively simple, for the sensitivity of the 
photographic plate is precisely' the same for both lines, and 
the problem is simply to transfer blacknesses or densities 
of the plate into intensities. The photographic densities 
are measured by means of the registering microphotometer 
of Moll, which, in principle, is extremely simple. The 
image of the filament of a 10-volt lamp run on constant 
voltage (or of a slit placed before the lamp) is focussed 
upon the gelatine layer of the photographic plate, which is 
held in a mechanically-travelling holder in such a way that 
the lines of the spectrum to be measured pass successively 
into the correct position. The transmitted light is focussed 
by a lens system upon the slit of a Moll thermopile which is 
connected to a galvanometer. The system must, of course, 
be focussed for the infra-red radiation. 

The deflexion of the galvanometer is registered photo¬ 
graphically on a rotating drum, by means of which an exact 
record of the densities of the spectral lines is obtained. 

We further require to know the density values in terms 

* Ornstein, Proc. Phys. Soc. Lend, xxxvii. v. p. 384 (1926). 
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of light-intensity equivalents. This is done in the following 
manner. The image of a standard lamp run on constant 
voltage is focussed, so as to give a homogeneous not quite 
sharp image upon the slit of a spectrograph, and a series of 
exposures at constant current and time of exposure hut with 
different slit-widths ( e . g* 100, 60, 40, 26, 16, 6) is made. 
This plate is measured with the photometer at the wave¬ 
length which is being investigated, and gives the blackenings 
corresponding to 100, 60, 40, 26, 16, etc. if the slit-widths 
are as given above. (The intensity is proportional to the 
slit-width.) 

If a sufficient density range is not obtained by such a 
series, then the current of the standard lamp is adjusted to 
another value and a further set is taken. The logarithms 

- ., , . . f. /deflexion for clear plate \“l 

of the transmissions | log I- , — — - —' y- - ) U or 

L \ deflexion ior line / J 

alternatively of the densities, is plotted against the logarithm 
of the slit-width. The curves for different standard-lamp 
currents are parallel and can be brought upon one graph by 
lateral displacement. When such a curve is constructed, 
the densities can be immediately transferred into intensity 
units and the relative intensities compared. 

In the experiments to be described, it was more convenient 
to obtain the density marks (curves for intensity) with a 
spectrograph, for there were difficulties in utilizing the 
grating with different slit-widths (diffraction etc.) for such 
a purpose. 

Initially, the procedure of cutting a plate into two sections 
and using one for the density curves, the other for the 
spectral lines, was adopted. This precaution, however, 
proved to be unnecessary, for it was found that plates from 
the same box or even plates with the same emulsion number 
gave almost identical results. 

In comparing the intensity of the forbidden with the 
non-forbidden lines, the above procedure must be somewhat 
modified because the wave-length separation is considerable 
(6000 A.) and the sensitivity of the plate is not the same. 
The density-mark curves are constructed for the wave-lengths 
which are being compared, and the relative intensity relation 
for the two curves is derived from a, knowledge of the 
energy distribution in the spectrum of the standard lamp. 
It is found as a rule that the density curves for even widely- 
separated spectral regions are parallel. This is extremely 
convenient. 
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Results. 

Relative Intensities of the Forbidden Lines . 

Table I. gives the results obtained lor the relative 
intensities of the forbidden lines for different concentrations 
of the potassium-carbonate mixture, and arc currents of 
about 3 amperes (240 volts). 


Table I. 


. Pot. Carbonate 

Ratio- - -- 

Carbon 

for filling mixture. 


Ratio of Intensities 
l 2 S-S a D.5/2 

1'S - 3 a J »3/ * 

1 

9/4 1 


1/2 

9/6-3 

• First determination. 

1/5 

9/6 J 


1/2 

9/6 

| Second determination; spectral 

1 background not so large us in 

i first determination. 


We should expect to obtain the ratio 3:2; but since the 
lower levels of the lines are normal ones, this actual ratio 
will he altered by self-absorption, and we should then only 
obtain the 3:2 ratio at infinitely dilute K-concentratiou. 
Unfortunately, however, the spectral background on the 
plates was considerable, and increased relatively with the 
smaller concentrations. This introduces a large experimental 
error, for, in the procedure whereby the line-intensity is 
measured, the integrated intensity corresponding to the 
blackeniug produced by the line and the background must 
be found, and from this must be subtracted the corre¬ 
sponding intensity of the background. 

At higher concentrations of the potassium carbonate it 
was also found that the lines were broadened. Nevertheless, 
the results obtained are good and show the correct limit, 
so that we may conclude that the ratio of the intensities is 
certainly for dilute concentrations that given by tbe Sum 
rule ; and, if the results of Ornstein and Burger* upon other 
cases are taken into consideration, we conclude with a fair 
degree of probability that the ratio is normal for forbidden 
multiplets. 

Further experiments were carried out with a view to reduce 
* Id., ibid. $ also v. Alphen, Dissertation, Utrecht, 1927. 
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the relative intensity of the continuous background. In 
a mercury arc containing about 1 per cent, of potassium 
the lines were considerably broadened, and were not resolved 
into the two components. 

On the other hand, with electrodeless discharges in potas¬ 
sium vapour at various pressures ^different temperatures) 
it was not found possible to obtain the forbidden lines at all. 
This is also in accord with the results of Ornstein and Burger * 
for cadmium. 

Relative Intensities of the Forbidden to the Non- 
forbidden Lines . 

A series of experiments were carried out to investigate 
the relative change of the ratio of the maximum intensity of 
the compounded 4642 lines to the non-forhidden lines 4044 
and 4047, which have the same lower level as the forbidden 
lines (1 2 S- 3 2 P3,2, l 2 S~3 2 P 1/2 ). 

The ratio is much too small to measure in the normal way, 
but the difficulty was overcome by comparing the lines 4642 
with one of the ghosts of the non-forbidden lines given by 
the grating. The ghosts were four in number, two from 
each line, and the intensities were about 1 per cent, of 
the line-intensities. As a rule the first ghost on the short 
wave-length side was used; but it was determined initially by 
experiment that the ratio of the lines and ghosts was constant, 
so that any of the ghosts could be used for measurements. 

For our purpose, only the relative change of the intensities 
under different conditions is required, so that it is unnecessary 
to bring the ratios expressing the intensities to real values. 

The results of measurements at different current densities 
are shown in graph I. It is to be seen that the ratio depends 
upon the intensity of the arc current, the intenser currents 
giving a greater relative intensity, as is to be expected. The 
trend of the graphs is similar to that found for the cadmium 
arc; but it must be remembered that the presentcaseismuch 
more complicated because of the dilution by carbon. 

Graph II. shows the variation of the ratio with concen¬ 
tration of potassium carbonate in the filling mixture. The 
ratio increases as the potassium content of the mixture 
increases, whilst at the same time the lines become broadened. 
This result is also in a general way to be expected from the 
fact of the increased potassium-ion concentration in the arc. 

Experiments with an arc in air at different pressures 
gave inconclusive results. The air lines came up very 
strongly at pressures lower than about 8 cm., and in a 
general way the ratio of the forbidden to the non-forbidden 
lines was found to become smaller at the lower pressures. 

* Ornstein and Burarer, Die Naturwmensckaften J, xv, p. 82. 











172 On the Intensities of Forbidden Multiplets . 

It cannot, however, be claimed that the results were definite, 
for divergent results were frequently found under the same 
conditions. This arises probably from M spurts” of potassium- 
salt vapour and local increases of the ionic concentration. ^ 

Intensity of Forbidden Multiplets etc • 

The experiments of Ornstein and Burger * upon cadmium 
were carried out on some of the p — f lines, employing an 
arc between cadmium electrodes. 

The relation of the lines p 0 — f\ / i —/, P*—f (X—2961, 
2862, 2891) was within the limits of experimental error, 
1:3:5, which is to be expected from the Sum rule, as the 
/-term is not resolved. The second multiple! yielded similar 
results. 

The intensities of a p—f multiplet can also be represented 
by a number given by the ratio of a pf line to the adjacent 
corresponding^ — d line with the same total and the inner 
quantum number (cp. above). To investigate the problem 
from this point of view, an electrodeless discharge in pure 
cadmium vapour was first investigated, but though the 
p — d lines were intense, no trace of the pf lines was observed. 

The cadmium arc in air at different pressures was then 
examined, and it was found that the ratio pf : pd was a 
function of the pressure approximately proportional to />°* 4 . 

It was also found, at constant pressure, that the ratio 
pf : pd increased with increasing current. A corresponding 
increase in the width of the pf lines was also observed. 

Conclusions. 

1. The Sum rule is valid for forbidden multiplets. 

2. The relative intensity of the forbidden to the non- 
forbidden lines increases with increasing current and vapour 
density. This is in accord with the hypothesis that the 
forbidden lines are brought up by the action of ionic electric 
field? and that they increase in intensity with increase of 
the fields. This explanation is in accordance with the results 
of Takamine and Werner +. 

It is a great pleasure to me to express my gratitude to 
Prof. Ornstein, who suggested the problem, and to 
Dr. v. Cittert and Dr. Burger for their continued help and 
advice. I am also indebted to the International Education 
Board for the Fellowship which enabled tbe work to bo 
carried out, and to Mr. v. Hasselt, who helped with many 
of the measurements. 

September 29th, 1927. 

♦ Ornstein and Burger, Die Naturwissenschaftm J. xv. p. 32. 

t Takamine and Werner, Die Naturwissenschqften J* 1925. 
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XV. The Classification of Metallic Substances . 

By W. Hume-Rotheky, Ph.D* 

I N recent years considerable discussion has taken place 
as to whether the different constituents to be found 
in metallic alloys are to be classified as mixtures or as 
compounds. From some points of view it may be said 
that the matter is of little importance, for it may be argued 
that the properties of a substance do not depend on the 
particular label which it is given. But as a position has 
arisen in which different writers are using the term 
“ compound ” with entirely different meanings, it may be 
well to examine the matter a little more closely, and to see 
if a satisfactory scheme oE classification can be devised. 
The problem is one which does not concern metallurgy 
alone, but which mav arise in many branches of science 
when the structures of solid substances have been examined 
in more detail. 

The usual text-book definitions for distinguishing between 
compounds and mixtures give the following three tests for a 
definite chemical compound:—(l) Fixity of composition; 
(2) decomposition into its* constituents by chemical means 
only, and not by physical or mechanical means ; (3) the 
possession of properties which, unlike those of a mixture, 
cannot be calculated from the properties and proportions of 
the constituents. 

The last two of these criteria are admittedly unsatis¬ 
factory, and the generally-accepted test for a compound 
is that it should contain the elements in proportions corre¬ 
sponding to a possible formula—assuming that the atomic 
weights are known—and that these proportions should be 
independent (within limits) of the conditions of formation, 
as for example the composition of the liquid from which the 
solid phase separates. 

In the majority of cases the differences are so clear that 
little difficulty arises, but the above criteria are really 
by no means infallible. It has, for example, been pointed 
out by U. R. Evans (Trans. Faraday Society, October 1923) 
that some of the metallic oxides, such as those of iron, 
tungsten, and molybdenum, which are generally admitted 
to be compounds, are, in fact, of distinctly variable com¬ 
positions, so that the law of constant proportions appears 
to break down.* Even such a well-defined compound as 
ferric oxide can form solid solutions of limited extent 
* Communicated by Br. N, V, Sidgwick, F.R.S. 
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with its component elements, so that perfectly homogeneous 
samples of different compositions can be obtained; but 
few chemists would refuse to admit it as a compound on 
this ground. 

It must, I think, be admitted frankly that the ordinary 
means described for distinguishing between compounds and 
mixtures have failed to consider the possibility of a 
compound forming a solid solution with its component 
elements, and the way in which such solid solutions are 
to be distinguished from those in which no compounds 
are formed. 

From the point of view of the older atomic theory, however, 
the distinction was quite plain. The physical mixture of the 
two elements was considered as a mixture of the individual 
atoms or molecules, whilst in the compound the different 
atoms were bound together into compound molecules, and these 
behaved as distinct entities. For many years this conception 
was purely hypothetical, but the comparatively recent work on 
positive-ray analysis and mass spectra has led to the conclusive 
experimental detection of the individual molecule, the exist¬ 
ence of which is now a fact and no longer merely a supposition. 
The formation of these molecules is regarded as due to the 
sharing or exchange of electrons between two atoms. At 
first sight, therefore, it might seem justifiable to define 
a metallic compound as one in which the constituent atoms 
had united to form a compound molecule, but unfortunately 
almost all the methods for detecting the existence of in¬ 
dividual molecules depend upon the examination of. the 
substance in the gaseous or liquid state, which is in general 
very difficult at the temperafures of molten metals. A start 
in this direction has been made by the Japanese scientists, 
notably H. Honda and his collaborators, by the study of the 
magnetic properties of molten alloys, and in this way it has 
been shown that some of the phases of intermediate com¬ 
position found in solid alloys correspond to entities in the 
liquid, whilst others do not. In another connexion the work 
of Barratt and others on the spectra of metallic vapours has 
led to the observation of band spectra, which are usually 
ascribed to compound molecules and not to free atoms. But 
even in cases such as these, there is always the possibility 
that a true compound may be formed in the solid, but may 
decompose on melting or volatilisation. In general, there¬ 
fore, we have to examine the solid alloys alone, and here the 
connexion between the molecule and the crystal structure is 
not always clear. In many compounds, notably those met 
with in organic chemistry, the molecules retain their 
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individuality in the solid crystal, but in others, such as 
sodium chloride, there is no sign o£ the individual molecule 
in the crystal lattice, although the high-temperature work 
of Nernst and others shows that, in the gaseous state, 
sodium chloride consists entirely of compound molecules. 
We are not, however, driven to believe that sodium chloride 
is a compound in the gaseous state and a mixture when 
solid, because the work of Rubens on lieststrahlen indicates 
conclusively that the units in the solid crystal are not 
neutral atoms of sodium and chlorine, but are charged ions, 
each sodium atom having lo*t and each chlorine atom gained 
an electron. This is in agreement with the more refined 
methods of X-ray analysis. It must again be emphasized 
that this is now a definite experimental fact, and not merely 
a supposition. 

The above considerations would therefore seem to indicate 
how we may best classify the various intermediate phases 
which are so often met with in alloys, and it is suggested 
that the following scheme of classification might well be 
adopted :— 

At the head.of our classification of solid metallic phases 
we may place the Metallic Elements, and we may note 
that these may he i.sotopically simple or isotopicaliy 
complex. 

We may next define as Primary Metallic Solid 
Solutions those solid solutions in which the crystal 
structure of the parent metal is retained. These primary 
solid solutions form the 66 end phases” when the equi¬ 
librium diagrams are drawn in their usual form. The 
X-ray spectrometer shows that these are of two types— 
the substitutional tyj>e, in which the solute atoms replace 
the atoms of the solvent metal upon its lattice, and the 
interstitial type, in which the solute atoms fit into the 
spaces in the lattice of the parent metal. In the case of 
ternary alloys the primary solid solution may be of both 
types ; thus in an austenitic manganese steel we have a 
primary substitutional solid solution of iron and manganese 
forming an interstitial solid solution of carbon. 

We may further define as Secondary Solid Solutions 
those solid solutions of intermediate composition in which 
the cr} r stal structure is different from that of the parent 
metal, but. in which there is no indication of the formation 
of compound molecules or that any exchange ©r trans¬ 
ference of electrons is taking place. 

And, finally, we may define as Intebmetallic Compounds 
of Fixed ob Variable Composition those intermediate 
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phases where there is evidence, direct or indirect, that 
electron exchange or transference is taking place or that a 
compound molecule is being formed. 

The above scheme would appear to give a satisfactory 
fundamental distinction, although it must be admitted 
frankly that in some cases our experimental methods may 
not yet be sufficiently developed to distinguish between the 
secondary solid solutions and the intermetallic compounds. 
In such cases we must just select tine more probable 
alternative. Where, for example, we have a phase of 
fixed or practically fixed composition’ or one which shows 
markedly different properties from those of its components, 
we may reasonably classify it as an intermetallic compound, 
even though we cannot definitely prove that electron trans¬ 
ference or sharing has taken place or that a compound 
molecule has been formed. On the other hand, where we 
have a phase of variable composition whose properties 
resemble those of its constituents we may reasonably call 
it a secondary solid solution. It has, for example, been 
suggested by W. Rosenhain (J. Inst. Metals, xxxv. p. 353, 
1926) that in cases such as those of the /3 brasses we have 
to do with what is essentially a solid solution of zinc in an 
allotropic form of copper. In many ways this illustration 
is very apt, for it indicates just what it is desired to express 
above, namely that although the lattice type of the /? brasses 
is different from that of copper, the atoms have not shared or 
exchanged electrons, but are bound together by forces of the 
same nature as those in the primary solid solutions.. In 
order to avoid confusion, it is thought better to use the term 
secondary solid solution. For where a metal, such as iron, 
exists in different allotropic forms, each allotropic form 
may give rise to its own primary solid solution, and the 
term ailotrope is better confined to this phenomenon. 

In conclusion, it may be well to refer very briefly to 
two previous suggestions that have been made in connexion 
with the subject of this paper. 

It was long ago suggested by C. A. Edwards that in 
complex alloy systems every phase except the two end 
phases, which we have called primary solid solutions, should 
be regarded as based on a definite compound. It would 
seem that this is using the term compound in a sense very 
different from that of the chemist. For it ignores the 
possibility that the atoms of two elements may build 
themselves into different lattice patterns without any 
electron transference or sharing taking place. 

A quite different suggestion has recently been made by 
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Wa^toren and Phragmen (Phil- Mag. vol. L p. 311, 1925), 
according to whom in an ideal chemical compound struc¬ 
turally equivalent atoms are chemically identical, whilst in 
an ideal solid solution all atoms are structurally equivalent. 
Thus, in the case of the fi brass solid solution, which ranges 
round the equi-atomic composition, the above authors would 
call it a solid solution in a compound if the equi-atomic alloy 
had the zinc and the copper atoms arranged in a definite 
pattern relatively to each o her, and they would call it a 
simple solid solution if the two kinds of atoms were arranged 
at random on a common lattice. It would again seem that 
this is using the term chemiral compound in a new sense. 
For whilst it is quite true that in all defiuite compounds 
structurally equivalent atoms are chemically identical, the 
reverse argument does not necessarily follow. If, for 
example, we inmgine two sets of spheres of different sizes 
to exert attractive forces, we can well understand how some 
whole-number ratios may give a particularly close packing 
when those of one size occupy definite positions relatively to 
those of the other. But this may occur without the exertion 
of any forces other than those which exist when one set of 
spheres alone is packed together, and it is only in some 
cases, the so-called “ Riesenrnblekiil 99 substances, that these 
crystal forces are regarded as forces of chemical com¬ 
bination. In the same way, the fact that a solid solution 
of wide range shows a maximum hardness, melting-point, 
or electrical conductivity at some simple whole-number 
ratio of atoms does not necessarily imply that a compound 
is formed. It maylmean that a definite compound exists, 
or it may simply mean a symmetrical packing of the atoms, 
and the term chemical combination, in the chemist’s sense of 
the word, implies more than the mere arrangement of atoms 
in symmetrical patterns. A term such as a Symmetrica lly- 
packkd Solid Solution can readily he devised for this 
phenomenon. But it is desired to emphasize that a pheno¬ 
menon of this sort may be quite distinct from chemical 
combination in the usual sense of the word, and as the term 
“ chemical compound” has already a clear and definite 
meaning to the chemist, it would seem most undesirable 
that the physicist should use the same term with an entirely 
different meaning. 

From some points of view it may be said that any scheme 
of classification is arbitrary, and is to some extent a mere 
matter of definition, but it is suggested that the system 
described above is one in which the fundamental distinctions 
Phil ♦ S. 7* Vol. 5. No. 27. Jan. 1928. N 



178 Prof. Townsend and Mr, Donaldson on 

are clear, and in which no term has been given a meaning 
different from that with which it is usually associated. It 
can only lead to confusion if terms such as “chemical com¬ 
pound” are used loosely, and are given different meanings 
in different branches of science, and if the present paper 
helps to remove some of the existing confusion, it will have 
served its purpose. 

The author must express his thanks to Dr. N. V. Sidgwick, 
F.R.S., for his kind interest and criticism. 

Magdalen College, Oxford. 


XVI. Electrodeless Discharges. By J. S. Townsend, M.A., 
Wykeham Professor of Physics , Oxford , and R. H. Donald¬ 
son, M.A., University College , Oxford *. 

1. rilHE improvements in the methods of maintaining 
X continuous electric oscillations by means of valves 
may be used in experiments on electrodeless discharges in 
gases, and the properties of the discharges may thus be 
determined to a degree of accuracy which cannot be attained 
with damped oscillations obtained by means of disruptive 
discharges. 

Several methods of using valves in short-wave generators 
are given by Mesny in his book, 6 Les Ondes IJlectriques 
Oourtes,’ where an account is also given of the first experi¬ 
ments made by Gutton with gases at low pressures rendered 
conducting by the action of continuous oscillations. 

Continuous wave generators have been found very useful 
for many ordinary experiments, also in connexion with 
researches when it is desirable to have a simple means of 
testing samples of gases. Since the high-frequency currents 
may be produced in electrodeless tubes, the effect of 
impurities from metal electrodes in a gas may be avoided, 
ana in many cases a discharge is more easily obtained with 
external electrodes than with electrodes in contact with the 
gas. 

With ordinary cylindrical tubes the discharge is most 
easily obtained when the direction of the electric force is 
along the axis of the tube, and tubes without electrodes may 

* Conunumcated by the Authors. 
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be used to show the direction and the intensity of electric 
forces in the field of an oscillating circuit. 

The tubes may also be used with external electrodes in 
the form of sleeves, and the potentials required to produce a 
discharge with the sleeves at various distances apart may be 
found. Thus a long tube with a sliding sleeve may be cali¬ 
brated and used as a voltmeter to determine the amplitude 
of a high-frequency potential. 

In this paper we propose to describe some of the properties 
of electrodeless discharges which we have determined, using 
tubes that had been made up at various times in the labora¬ 
tory to examine the spectrum of samples of gases. 'These 
tubes were of various shapes, the simplest forms being 
cylindrical or spherical. It is generally of advantage to 
use cylindrical tubes not less than 3 or 4 cm. in diameter 
and large spheres 10 or 12 cm. in diameter. 

In another paper we propose to describe experiments with 
tubes of different shapes specially ^designed to investigate 
properties of high-frequency discharges. 

2. In considering the forces in the field inside or outside 
a solenoid, it is necessary to distinguish between the electric 
forces due to electric charges on the solenoid and those due 
to the variation of the magnetic force. The latter will be 
indicated by the suffix m ; thus Em and Fm will be used to 
denote the electromotive force round a circle, and the 
electric force along the tangent to the circle due to electro¬ 
magnetic induction, and E and F the potentials and force 
due to electric charges* In the field either inside or outside 
a solenoid the forces F are generally very large compared 
with the forces Fm. At points of the central plane—the 
plane through the centre of the solenoid with the axis 
normal to the plane—the forces F are parallel to the axis, 
and the forces Fm in directions perpendicular to the axis. 

3. In order to determine the relative values of these forces 
the simple case of a circuit consisting of a solenoid of 
self-induction L and a condenser of capacity C may be con¬ 
sidered, and for the purpo&e of an elementary calculation it 
may be assumed that the capacity of the condenser is large 
compared with the capacity of the coil. In the principal 
ippde of oscillation the current at any instant is approxi¬ 
mately the same in all the turns of the solenoid. Letts 
1 sin pt be the current, and is Eons pt the potential differs 
enoe between the poihti P and Q (fig. 1) at the ends of the 
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solenoid when continuous oscillations are maintained. If n 
be the number of turns per unit length of the solenoid, l the 
distance between P and Q, the magnetic force H inside the 

Fig. 1. 

_ ^ 

V 



solenoid is 47rm, so that e , which is equal to hdijdt , may be 
expressed in terms of H. Thus 


e 


L~ = W? 


d H 

dt ’ 


and the electric force F on the line from P to Q is 



=5 irna? 


dR 
dt ’ 


2a being the diameter of the solenoid. 

The force Fm inside the solenoid is obtained from the 
electromotive force Em round a circle of radius b in the 
principal plane. Thus 

-j-, Em_ b dR 

Fm ~ 2irb ~ 2 dt ' 

and the ratio of the two forces is 

F/Fm ss 2nrna l jb. 


Hence in a solenoid, when the distance between the turns is 
not greater than 1 cm. (n>l) and the radius of the solenoid 
not less than 5 cm., the electric force F is more than thirty 
times as great as the electromagnetic force Fm. 

It is remarkable that, in the explanation usually given of 
the currents in electrodeless tubes or bulbs placed inside 
solenoids the large forces F are not taken into consideration. 
It is generally supposed that the currents in the gas flow in 
circles round the axis under the action of the forces Fm aa 
in the theory recently given by Sir J. J. Thomson *. 


* Sir J. J. Thomson, PhiL Mag. Nov. 1927, 
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4. In general the capacity of the coils cannot be neglected 
when the capacity of the condenser is reduced in order to 
obtain short-waved oscillations; and with short solenoids 
the ordinary formulae for H and L are inaccurate. With a 
small condenser the current flowing through the turns of 
the wire near the centre of the solenoid maybe much greater 
than the current flowing into the condenser. 

In these cases it is necessary to determine the forces in 
the field experimentally and to find the wave-lengths of the 
oscillations by means of a short-wave wave-meter. The 
wave-meters used in these experiments were calibrated by 
adjusting the wave-length of a generator to an exact 
multiple of a 5-metre or 10-metre wave which can be 
measured by means of Lecher wires*. 

5. In order to find the relative values of the forces F and 
Fm, and to show how the effects of the forces F may be 
exhibited by means of a large bulb placed inside a solenoid, 
two solenoids and G 2 were used. The solenoids were 
wound differently so that when currents giving the same 
values of the fojce Fm in the central plane flow in each coil, 
there is a large difference in the intensity and in the distri¬ 
bution of the forces F. The solenoids had the same number 
of turns and were of the same section and same length. 
They were wound in hexagonal form on frames consisting 
of six ebonite rods 10 cm. long fixed at equal distances 
apart to two wooden rings, as shown in figs. 2 and 3. 

i 

Fig. 2. 



* J. S. Townsend and J. H. Morrell, Phil. Mag. xlii. p. 266 (1912). 
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are the rings of the frame of the coil Gj, and A/B* and 
CjD, those of the coil G s in fig. 3. 

The coil Gj was wound in the ordinary manner in a single 
layer of 13 turns, 7 mm. apart, from the upper to the lower 
part of the frame. * 

The coil G 2 was wound with 6£ turns, 14 mm. apart from 
the upper to the lower part of the frame, and turns 
from the lower to the upper part, also at 14 mm. apart. 
Thus the two coils were each 8’4 cm. in length. 


Fig. 3. 



In the diagrams the coils are represented as having five 
turns each instead of thirteen in order to simplify the 
figures. The centre of the third turn (assuming there were 
five turns in the solenoid) may be taken as being at zero 
potential for the high-frequency oscillations; and as the 
potential difference between the ends is C=E cos pt, one 
end oscillates in potential from + E/2 to —E/2, while the 
other end oscillates from —E/2 to +E/2. The average rate 
of change of potential along the wire is e/2wNa, and the 
potential difference between adjacent points (1 and 2, 2 and 
3, etc.) of consecutive turns is e/N. Thus the potential 
difference between the points 1 and 5 (marked at the sides 
of the coils in figures) is 4<?/N, and between the points 2 
and 5, 3e/N, etc. 

6. In the coil Gi the turns which differ in potential by 
the largest amount are far apart, 8*4 cm., so that there is a 
large electric force in the field at a considerable distance 
from the coil, both inside and outside. He lines of force 
inside the coil are indicated by the arrows in fig. 4, which 
represents a section of the coil through its axia, the vertical 
rows of points on each side being the sections of the wire. 

.When a spherical bulb containing gas at a low pressure is 
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} )laced inside the solenoid Gj, there are large forces along the 
ines from x x to y x and from a? 3 to y 9 which cause a discharge 
in the gas when the current in the solenoid is increased up 


Fig. 4. 



T 

A 


to a certain point. The glow which accompanies the 
discharge is equally distributed above and below the central 
plane. 

7. In the coil G s , which' is shown in section in fig. 5, 
the turns of the wire which differ most in potential are near 
together (7 min. apart) in the upper part of the solenoid. 


Fig. 5. 



The electric force is therefore much greater in the upper 
part of the field above the central plane than jn the lower 
part of the field. The lines parked with arrows in fig. 5 
indicate the distribution of the force F in the coil G». 
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In this case, when the bulb containing the gas -at low 
pressure is placed inside the solenoid as in fig. 5 with the 
centre of the bulb at the centre of the solenoid, there is no 
current in the gas when the current in the solenoid is the 
same as that required to produce a discharge with the bulb 
in a similar position inside the solenoid G> In order to 
obtain a discharge, the current which is required with the 
bulb inside G 3 is more than four times the current required 
with the bulb inside Gj. 

When the discharge is obtained with the bulb inside the 
solenoid G 2 , the glow is concentrated in the upper part of the 
bulb where the electric force is large. Also, by raising 
the bulb so as to bring more of the gas into the space where 
the force is large, the discharge is obtained with a smaller 
current in the solenoid. 

8. When a cylindrical tube T containing a gas at low 
pressures is placed outside the solenoid Gi in the position 
shown in fig. 4, a discharge is produced in that part of 
the tube where the lines of force are parallel to the axis of the 
tube. 

The discharge may be started by holding the tube close 
to the solenoid, and if the tube is witlrdrawn keeping it 
parallel to the axis of the solenoid, the length that is 
illuminated contracts. 

* The shading of the centre of the tube T in fig. 4 indicates 
the extent of the glow when the tube is moved away from 
the solenoid. 

If the tube is rotated and its axis brought into the central 
plane of the solenoid, the discharge ceases even when the tube 
is quite close to the coil. 

9. In most of the experiments which we describe the 
wave-lengths of the oscillations were from 100 to 40 metres, 
and the capacities of the coils were comparable with the 
capacities of the condensers, so that it was necessary to 
measure the electric potentials and the electromotive forces 
due to induction by direct experiment. 

The potential difference E between the ends of the 
solenoid (fig. 1) may be obtained accurately by the following 
method. A system of three adjustable condensers is sub¬ 
stituted for the capacity o t 0, two in series each of capacity 
2S and one in parallel of capacity 0' as shown in fig. fi. 

The condensers 2S are connected through a low-resistanot 
miJlismmeter A. The capacity C between the terminals P' 
and Q' is O'4- 8, and it may be adjusted to any required 
value by adjusting C 7 . 
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The ammeter current depends on the capacities 2S, and a 
value of S may be selected to obtain an ammeter deflexion 
in the sensitive part of the scale. 

The condensers 2S were carefully constructed, and a range 
of small capacities was determined very accurately. They 
were calibrated by comparison with a small standard con¬ 
denser at intervals of the scales over a range from 28 = 15 cm. 
to 2S= 120 cm. 

In the arrangement shown in fig. 6 the milliammeter is 
connected in the circuit at a point of zero potential, and 
the readings are not affected by the capacity of the milli¬ 
ammeter. 


Fig. 6. 

pi p 



If I he the current in the milliammeter, the potential 
difference E between P' and Q' is l/S/>. 

The electromotive force Em was measured in a similar 
manner. A loop of copper wire 12*5 cm. in diameter was fixed 
in the central plane ot the solenoid, and the ends brought out 
to a pair of adjustable condensers which were connected in 
series through a thermojunction. The current I 2 in the 
condensers was obtained from the deflexion of the micro¬ 
ammeter A*. 

If 2C* be the capacity of each condenser, Z 2 the self- 
induction, and Rj tne resistance of the loop circuit, the 
•quantities l 2 p and R* were small compared with I/C 2 jo. 
Hence the electromotive force Em is equal to l 2 /0 2 p. 

Since the current I* is proportional to C 2 , the deflexion 
of the tnicroainmeter may in this case also be brought to 
any convenient position on the scale by adjusting the value 
of 0 2 * 

With oscillations of 83 metres in wave-length the ratio 
E : Em was 30:1, the same for each of the coils G| and G*. 

10, The experiments on the discharges in bulbs were 
made with two spherical bulbs of 12*5 Cm. in diameter, one 
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containing neon at 1*06 mm. pressure and the other neon 
at *1 mm. pressure. 

In one set of experiments the coils Gi and G* were con¬ 
nected to valves with the two condensers 2S connected in 
series through an ammeter as shown in fig. 6. * * 

The oscillatory current I in the condensers was gradually 
increased by increasing the heating current in the filament. 
At a definite point Ii a discharge is obtained in the bulb, 
and the potential difference Ex^Ij/Sp between the ends of 
the solenoid required to start the discharge is thus obtained* 

If the current in the solenoid be reduced after the 
discharge is started, the current in the gas diminishes at first 
uniformly with the current in the solenoid, but at a certain 
point I=I 2 the current in the gas ceases abruptly. The 
minimum potential E 2 = I 2 /Sjt? under which the current con¬ 
tinues to flow in the gas is less than one-third of the minimum 
potential E x required to start the discharge. 

The amplitudes of the oscillatory potentials are obtained 
from the observed mean potentials by multiplying the latter 
by the factor 2. 

The critical potentials Ei and E 2 for the two solenoids, for 
discharges in the bulb containing neon at 1*06 mm. pressure 
in the position shown in figs. 4 and 5, are given in Table I., 
the wave-length of the oscillations being 83 metres in all 
cases. 

The numbers in the table are the amplitudes of the 
potentials in volts. 

The corresponding values of the electromotive forces Ew x 
and Em 2 round a circle of 12*5 cm. diameter are also given. 

Table I. 




E a . 

Em,. 

i 

E m r i 

Solenoid . 

280 

88 

94 

2*9 

Solenoid G a . 

1844 

372 

44 

12*3 


The amplitude of the force Fm in the central plane ia 
Em/40, the highest value being that obtained in the solenoid 
G*. The mean value in this force, 2Fm/ir, is *7 volt per 
centimetre, which is too small a force to impart sufficient 
energy to electrons in neon at 1*06 mm. pressure to obtain 
any appreciable efEect of ionization by collision. 
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The discharges in the gas most therefore be attributed to 
the potentials E ; but it is difficult to obtain the electric 
force F from these experiments where the conductors are so 
far from the bulb containing the gas. A closer estimate 
of the critical electric forces in the gas is obtained from the 
experiments in which the oscillation potential is applied to 
external electrodes resting on the surface of the bulb. 

The experiments with the tube containing neon at '1 mm. 
pressure gave results which were nearly the same as those 
obtained witli the gas at 1*06 mm. pressure. 

11. Experiments were also made with the same bulbs 
under the action of forces in a secondary circuit loosely 
coupled to a high-frequency generator maintained in oscil¬ 
lation by a valve, the wave-length of the oscillations being 
the same as in the experiments described above. Any effects 
of the harmonic oscillations which occur when a solenoid is 
directly coupled to a valve are greatly reduced in the 
secondary circuit. 

The secondary circuit which was used consisted of the 
solenoid connected to the condenser system (SC') shown 
in fig. 6. The capacity C oE the system was adjusted to 
a point just above the value corresponding to resonance, in 
order to avoid abrupt changes in potential which occur when 
a discharge is started with the capacity below the point of 
resonance. These changes are due to a small additional 
capacity introduced by the discharge in the gas, which causes 
the total capacity of the secondary circuit to approach or 
pass through the exact value corresponding to resonance. 

The potentials E at the terminals of the solenoid Gj are 
obtained from the current in the milliammeter which is 
between the condensers 2S. Continuous variations in the 
potential E of the secondary circuit were obtained by 
varying the filament current of the valve in the generator. 

Determinations of the critical potentials were made with 
the bulb containing neon at 1*06 mm. pressure placed inside 
the solenoid in the secondary circuit, as in fig. 4, to test 
the results obtained with the same solenoid Gi when it was 
connected to & valve. 

With the bulb in the secondary circuit the values obtained 
for the critical potentials were Ei=*288 volts and E 2 *=85 
volts, which are practically the same as the potentials 280 
and 88 obtained with the solenoid connected to the valve. 

12. In order to apply the total potential 1/S p more 
directly to tbe gas two rings of lead-toil were fixed to the 
bulb*^ at 10 onau apart, which acted as external electrodes 
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The lead rings were connected by short wires to, the ter¬ 
minals. P and Q of the solenoid, and were used with the bulb 
either inside or outside the solenoid. The rings were split, 
to prevent induced current flowing round them when the 
bulb was inside the solenoid. 

The critical potentials obtained with the bulb inside the 
solenoid were almost the same as those obtained with the 
bulb outside. In the former case the values of Ei and E a 
were found to be 125 volts and 34 volts; and in the latter 
case 130 volts and 35 volts respectively. This shows 
that the magnetic force inside the so'enoid has no marked 
effect on the discharge. As the electrodes were 10 cm. 
apart, the mean force between them corresponding to 
the potential E 2 is 3*5 volts per cm. This is not the 
mean force at points in the gas, as the potentials at the 
external electrodes are not the potentials at neighbouring 
points in the gas. The electric force in the gas is easily 
found from the values of E 2 obtained for cylindrical tubes 
with external electrodes at different distances apart. 

13* The minimum potentials and E 2 , required to start 
and to maintain discharges, were determined for gases con¬ 
tained in cylindrical tubes about 30 cm. long. External 
electrodes of lead-foil in the form of sleeves which fitted 
the tubes were connected to the terminals of the inductance 
of a secondary circuit, and gradual variations of potential 
were obtained by small changes in the filament current of 
the valve in the primary circuit. The potentials Ej and E 2 
were determined for different distances between the elec¬ 
trodes. 

When the discharge starts a glow extends in a uniform 
column in the part of the tube between the electrodes and 
the current continues to flow as the potential is reduced. 
There is a minimum value E 2 of the potential under which 
a uniform glow is maintained in the tube. 

14. In a quartz tube 4’2 cm. in diameter, containing pure 
neon at one millimetre pressure, the minimum potential E* 
is about one-sixth of the starting potential In this tube 

the glow retains its characteristic red colour as the potential 
is reduced to E 2 . 

In neon and helium small traces of impurities have an 
effect on the colour of the discharge, which becomes very 
marked as the potential is reduced. Small amounts of 
impurity in neon are thus easily detected even when the 
amount is so small that it is difficult to detect it spectro¬ 
scopically. This method of testing gases has been in use for 
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some time in the laboratory in connexion with researches 
for which pure gases were required. 

15. In order to determine the effect o£ the diameter of the 
tube on a discharge, the critical potentials were measured 
for three tubes containing nitrogen at *25 mm. pressure. 
The diameters of the nitrogen tubes were 2a 1 = 2*9 cm., 
2a 2 = 3*5 cm., and 2a 8 = 3*9 cm. 

The critical potentials lor the tube 3*5 cm. in diameter 
were almost the same as those of the tube 3*9 cm. in dia¬ 
meter. With the small tube, 2*9 cm. in diameter, the critical 
potentials were larger than with the tube 3*9 cm. in 
diameter. 

The minimum potential Ej required to start a discharge, 
and the minimum E 2 required to maintain the current with 
the distances D between the sleeves, from I) = 2*5 cm. to 
1> = 20 cm., are given by the curves, fig. 7. The ordinates 



represent the amplitudes of the potentials in volts and the 
abscishse the distances D in centimetres. The upper set of 
curves give the potentials E t and the lower set the potentials 
E 2 . 

Curves 1 ^ive the potentials for the tube 4*2 cm. in dia¬ 
meter, containing neon at one millimetre pressure. 

Curves 2, the potentials for the tube 3*9 cm. in diameter, 
containing nitrogeu at *25 mm. pressure, 

Curves 3, the potentials for the tube 2*9 cm. in diameter, 
containing nitrogen at the same pressure. 
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16. For distances between the external electrodes exceed¬ 
ing 5 cm. the increase in the potential E 2 is proportional to 
the increase in D, as shown by the straight parts of the 
curves. The distribution of electric force in the gas near 
the electrodes is independent of the distance D, and the force 
F in the uniform column of the glow in the central part of 
the tube is constant. Hence the increase in the potential E 2 
corresponding to the increase Dj — D 2 between the electrodes 
F x (D 4 —D 3 ). 

In the neon tube E 2 increases from 66 volts to 106 volts 
when D is increased from 10 to 20 centimetres, hence the 
amplitude of the force in the gas is 4 volts per centimetre, 
and the average force 2F/rr is 2*55 volts per centimetre. 

In the nitrogen tube 3*9 cm., in diameter the minimum 
force F required to maintain a current is 14 volts per centi¬ 
metre, and the average force 2F/tt 9 volts per centimetre. 

The principle of this method of finding the force in a long 
column of gas is the same as that used by Kirkby*, where he 
finds the force in the uniform positive column of a current 
maintained by a battery of cells by changing the distance 
between the electrodes in the gas. 

17. The motion of the electrons in gases at pressures of 
the order of one millimetre in high frequency currents may 
be deduced from the velocities acquired in fields of uniform 
constant force f- Under the continued action of the force 
Esinjctf, the electrons acquire energy of agitation at the same 
rate as under the action of a constant force Z, equal in 
intensity to the mean value 2F/7T of the high-frequency 
force. 

The mean energy of agitation of electrons in the high- 
frequency discharge is the same as that attained in the 
uniform field Z, and the distance traversed by a group of 
electrons in each half-cycle is obtained from the velocity 
W in the direction of the force Z. The meap velocity of 
agitation U and the velocity W for neon have been deter¬ 
mined by Bailey J, and the values corresponding to the 
force of 2*5 volts per cm. in the gas at one millimetre 
pressure are U«1*98 x 10 8 and W = 3*3 x 10 6 cm. per second. 
Thus the mean energy of agitation is the energy acquired 
under a potential of about 10 volts. 

The distance traversed by a group of electrons in the 

* Rev. P. J. Kirkby, Phil. Mag., April 1908. 

f 4 Motion of the Electrons in Gases,* Clarendon Press. Oxford. 
t V. A. Bailey, Phil. Mag. xlvii. p. 879 (1924), 
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direction of the force F in the half-period T/2 = 1*4 x 10~ T 
sec. is 4*6 mm. Thus in each half-period of the oscillations 
the electrons acquire a small amount of energy. When 
they lose a large proportion of their energy in collisions 
with atoms of the gas they move backwards and forwards 
several times in the direction ©f the force F before they regain 
sufficient energy to ionize the atoms or to excite radiation. 


XVII. Waves associated with Moving Electrons . 

By Sih J. J. Thomson, O.M ., F.R.S.* 

fT^HE experiments recently made by Professor G. P. 
JL Thomson and Mr. Reid on the scattering of cathode 
rays by very thin sheets of metal or celluloid supply very 
direct evidence in favour of the view that a moving electron 
—even a uniformly moving one—is accompanied by waves 
whose wave-length depends on the velocity of the electron, 
the product of the wave-length and the velocity being, 
approximately at any rate, constant. 

The existence of these waves is required by the very inter¬ 
esting theory of wave dynamics put forward by L. de Broglie. 
I hope to show in this paper that the waves are also a 
consequence of classical dynamics if that be combined with 
the view that an electric charge is not to be regarded as 
a point without structure, but as an assemblage of lines of 
force starting from the charge and stretching out into space. 
These constitute a system of a much more detailed and 
elaborate character than a point charge. When the charge 
is at rest and at a large distance from other charges the 
lines of force are uniformly distributed round the centre ; 
the lines can, however, be displaced relatively to each other, 
and they are so displaced when the particle is acted upon by 
an electric force, such for example as that produced by the 
passage through the region occupied by the lines of force of 
a rapidly-moving electron. The displacement of one line of 
force relatively to another sends out a wave of electric force, 
even though the electron itself, or rather its core, be at rest. 
Again, when the uniformity of distribution is destroyed by 
the passage of a cathode ray, after the ray has passed out the 
non-uniform distribution will not be in equilibrium, but will 
vibrate about i&e uniform one or else pass off as a wave into 
space* Thus an electron, and also a proton, when regarded 
as an assemblage of lines of force, has definite periods of 

e Communicated by the Author* 





192 


Sir J. J. Thomson on 


vibration associated with it; these periods are natural con* 
stants, and, as we shall see, influence the wave-lengths of the 
waves associated with an electron. Thus, behind the electron 
and the proton there is a structure which can transmit and 
absorb electrical waves, even though the centre of it is*at 
rest, and which has definite periods of vibration. Lines of 
force will thus modify the properties, the optical properties 
for example, of the medium through which they pass, so 
that electrons and protons are the centres, of regions of 
exceptional optical properties. 

In two papers, one on “ The Scattering of Light by 
Electrons,” Phil. Mag. xl. p. 713 (1920), and the other on 
“ Mass, Energy, and Radiation,” Phil. Mag. xxxix. p. 679, 
I investigated the effect produced by free electrons on 
electrical waves by calculating directly the secondary waves 
emitted by the electrons when set in motion by the electric 
force in the primary wave, and then combining these with 
the primary wave. It was shown that, when the primary 
wave first enters the medium, the front advances with the 
velocity c, that of light through a vacuum. Soon, however, 
the secondary waves coming from the electrons unite with 
the primary waves and produce a new distribution of electric 
force in the wave. In a short time things settle down into 
a new regime ; and when the free periods of the electrons 
are long compared with the period of the light, the distance 
between two places in the wave which are in the same phase 
is greater than that in the incident wave before it struck the 
electrons. Thus the phase-velocity, which is definedto.be 
the quotient of the distance between two places in the same 
phase by the time of vibration of light, is greater than c f 
though the wave system is the resultant of waves, all of 
which are propagated with the velocity c. The phase-velocity 
is a mathematical rather than a physical conception ; the fact 
that it is greater than c does not involve that a sudden dis¬ 
turbance would be propagated through the medium at a 
speed greater than that of light. 

It is shown in the papers referred to that this method 
leads to the same results as those deduced from Lorentz’s 
theory of dispersion, so that the components of the electric 
and magnetic forces in the wave will satisfy equations of the 
form 
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where p r is the number of electrons which have a fre¬ 
quency n r . 

When the frequencies of the waves are large compared 
with the free periods of the electrons, n r 2 is small compared 
with d*/dt* y and the equation becomes 



= < \j? 4 


When the density of the electrons is uniform, X(pr^/m) 
is constant. Let it be denoted by B, then 



If yjrsss cos -^-(yt — x) is a solution, 


^=sc*-f 



( 2 ) 


where v is the phase-velocity of a wave of length X. 

We see from this equation that the radiation from free 
electrons entlows*a medium through which light is travelling 
with remarkable optical properties. These are :— 

1. The phase-velocity is always greater than the velocity 

of light through a vacuum. 

2. The phase-velocity increases with the wave-length and* 

when the waves are very long, is proportional to it. 

3. A small change in the frequency corresponds to a large 

change in the wave-length. 

When a medium possesses these properties we shall say 
that it is in a super-dispersive state. 

We have supposed that the scattered secondary radiation 
which gives rise to this state was due to electrons, but it is 
evident that similar effects will be produced by anything 
which 


(1) radiates electric force when moved ; 

(2) is moved by the electric forces which exist in a wave 
of light. 

The lines of electric forces which stretch from charged 
bodies possess these properties, and the regions round 
electrons and protons are crowded with such lines. Indeed, 
we regard an electron or a proton as an assemblage of lines 
of electric force, and as having a definite physical structure 
determined by the disposition of these lines, and not as a 
mere point charge without structure. Since the region 
round an electron or a proton is full of systems (the lines of 
PhiU Mag. 3. 7* VoL 5. No. 27* Jan , Z928. 0 
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electric force) which can scatter the light, these regions are 
“super-dispersive” regions through which light is propagated 
according to very special laws. The disposition of these 
lines of force round the electron or proton will depend upon 
the law of force. If, as I have suggested, the law is more 
complicated than that of the inverse square, the structure of 
the field will be more favourable for the production of radia¬ 
tion than the simpler field. 

We now proceed to consider the optical properties of these 
super-dispersive regions arising from tho lines of force. The 
equations in the field are of the type of equation (1), where 
B is now a quantity depending on the density of the lines 
of force. 

Since ?? 2 ==<;*+ -?^x 2 , 

47r 2 

u the group-velocity, v—X is given by the equation 


hence nv = e 2 . 

The wave-length corresponding to group-velocity 
by (3) : 


VB± 


=c \/ 


The frequency n of waves of this length is given by 

2tt v ' ii . c 


2tt 

n = - — v ■ 

X 


v' C 2 — l 


and is thus nearly^ constant and equal to ^/B unless u 
approaches c. y/B is the reciprocal of a time which is 
determined bv the structure formed by the lines of force 
round the electron. 

If fju is the refractive index of the medium, 


= '\Z 1 ~5. 


We can prove easily that, no waves of smaller frequency 
than can travel through the super-dispersive medium. 
For from equation (1) we have for plane waves 


.d 3 ^ _d*-4r 
° dx* 5 
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if yjr varies as €***, 

hence, unless p 3 is greater than B, ^ will not be a harmonic 
function, and a wave will not pass through the medium. 

The Electron in motion and the Waves which accompany it . 

Let us consider from this standpoint the state of things 
round a moving electron. What is it that happens on this 
view when an electron is set in motion? We have to inter¬ 
pret the physical effects in terms of lines of electric force. 
The primary effect of an impulse is to alter the disposition of 
the lines of force. Before the impulse these were uniformly 
distributed round the electron; after it they are compressed 
in some places, dilated in others. Suppose, to fix our ideas, 
that the lines of force which before the impulse were uni¬ 
formly distributed across a strip AB get transferred by the 
impulse from the right to the left of the strip, so that the 
curve 


Fig. 1. 



representing the disturbance in density would he represented 
by a graph like that in fig. 1. This non-uniform distribution 
is not a configuration of equilibrium, and, like a local strain 
in an elastic solid, travels out as a system of waves through 
the medium. To find the wave-lengths we must express by 
Fourier’s series the initial disturbance as a system of 
harmonic terms, and these harmonics will travel out each 
with its appropriate velocity. If the wave-lengths involved 
are within narrow limits, there will be a series of waves of 

02 
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phase o£ this wave-length starting from the electron, and 
thus the moving electron will be associated with a system of 
waves. These waves will show the same interference effects 
as Rontgen rays, and when they pass through a crystalline 
lattice will have their energy concentrated in definite 
directions, the energy associated with the electron following 
them in these directions. The wave-length of these will 
depend upon the distribution of the original disturbance ; 
for example, in the case just considered it would be a 
quantity of the order of the breadth of the slit. When the 
Fourier waves are within small limits of wave-length, any 
disturbance such as that represented in the diagram will 
travel with the group-velocity corresponding to this wave¬ 
length. The disturbance consists of a special arrangement 
of the lines of electric force, and these lines travel along 
with it ; and since the electron is just the termination of 
these lines, it travels along with them. Thus we conclude 
that the velocity of the electron is the group-velocity of a 
system of waves. 

I may remark in passing that on the view expressed in 
my paper on “Mass Energy and Radiation” the kinetic 
energy of the electron is not due to any particular mass 
moving with the velocity of the electron, but because the 
lines of force, when arranged so as to produce a disturbance 
which travels with this velocity, grip more of the energy in 
the surrounding field than when they are uniformly distri¬ 
buted : the excess of energy is the kinetic energy of the 
electron. 

To put the reasoning into a more analytical form, the 
disturbance at the time x and t can by Fourier’s theorem be 
expressed in the form 

« »00 

<f>(k)coBk(x—vt—a)dk, .... (7) 

* 0 

where — I /(&>) cos {ka» + /3)dm, 

where f(x) represents the disturbance at x when t = 0. 

When, as in our case, v the phase-velocity depends upon 
the wave-length (2w/A), v in equation (1) must be regarded 
as a function of k. When the initial disturbance is confined 
to a small distance, <f>(k ) will have a decided maximum for a 
value of k of the order of 2ir/a, where a is the length over 
which the initial disturbance is spread. Thus the wave¬ 
length of the electronic waves will be 2tr/k u where k x is the 
value which makes a maximum, and the velocity of idle 
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electron will be the group-velocity corresponding to this 
wave-length. 

We see from equation (4) that 

Xu= VI-w*/c*,.(8) 

or if m is the mass of the electron when its velocity is w, 
m 0 the mass when it is at rest. 

mXu=s .. . (9) 


Thus mku should be constant., This relation is accurately 
satisfied in Professor G. P. Thomson’s experiments, from 
which we can deduce the value of B. He finds that when 
u = 10 10 , X = 7*8 x 10~ 10 . Substituting these values in 
equation ( 8 ), we find 


2tt 


= 9 x 10“ 21 . 


27r/ \/B is a time depending on the structure of the lines of 
force. 

We see from equation (5) that VB is the frequency of 
the waves accompanying electrons whose velocity is small 
compared with c . Since V0 = 7xlO ao , this frequency is 
comparable witli that of the hardest 7 -rays. 

Equation ( 8 ) would be identical with the one given by 
de Broglie’s theory if 


2tt q 

VB moC 


K 


where h is Planck’s constant. 

If the lines of force in the electric field round an electron 
are discrete entities, so that the field possesses a finite struc¬ 
ture both in time and space, we can see that the velocity of 
an electron under an electric field might increase by finite 
increments and not continuously. Thus, for example, if the 
electron hud a finite structure in spnce, the breadth of 
such a disturbance as that represented in the figure might 
not be able to take all values, bat only those of which 
an integral number were in a length fixed by the structure. 
In this case 1/A, would change discon tin uously ; and it 
follows from equation (9) that u, the velocity of the electron, 
would do the same. Thus, if the electric field associated 
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with an electron had a structure in time and space, we 
should expect to find results analogous to those attributed to 
quanta. 


Waves near Moving Protons . 

Since the proton is also the origin of a system of lines of 
force, we should expect that the motion of protons as well as 
of electrons should be accompanied by a train of waves, 
though, owing to the differences between the masses and 
dimensions of the proton and electron, the lengths of the 
waves and the frequencies for the same velocity would be 
different in the two cases. We should expect that B would 
be greater for the proton than for the electron, so that the 
frequency of the waves accompanying the proton would be 
greater than that of the electronic waves. On the assumption 
that mvX is constant, v^B is proportional to the mass of the 
moving charge, so that the frequency of the waves accom¬ 
panying a moving proton would be about l’2x 10 24 . 

Since B will depend on the density of the lines of force, 
it will be a function of the distance from the charged body. 
Thus the equations in the field round the charged body will 
be of the form 




where r is the distance of the point xyz from the charged 
body. As the distance from the charged body increases, the 
value of B diminishes, so that by equation (5) the refractive 
index of the region round the charge will increase with r. 

Thus a ray of light, if it is able to pass through this region, 
will be passing from an optically dense to an optically rare 
medium, and so will appear to be repelled by the charge. 

In this paper the electron has been supposed to be moving 
uniformly. I hope on another occasion to discuss from the 
same point of view the motion of an electron under electric 
force. 
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XVIII. The Calculation of the Equivalent Conductivity of 
Strong Electrolt/tes at Infinite Dilution. —Part II. (i.) 
Methyl Alcoholic Solutions, (ii.) The Effect of Tempe¬ 
rature on the Constants in the Equation A 0 = A-f BO. 
By Israel Vogel, M.Sc ., D.l.C. , Beit Scientific Research 
Fellow * . 

I N previous communications (Ferguson and Vogel, this 
Journal, 1925, I. p. 971 ; 1927, iv. pp. 1, 233, 300 ; 
compare also Trans. Far. Soc. 1927, xxiii. p. 404) the 
formula 

Ao=A-f*BO ;i ...... ( 1 ) 

was applied to the calculation of the equivalent conductivity 
at infinite dilution, A 0 , of aqueous solutions of strong elec¬ 
trolytes of very varied types. The results obtained may be 
summarised as follows :— 

(a) The constants B and n vary from electrolyte to 
electrolyte and in a regular manner lor related 
electrolytes. 

(ft) The extreme variations n lie between 0*3742 for 
potassium chloride at 25° and 0*9087 for iodic acid 
at 25°. 

(c) The constants B and n vary with temperature, although 
owing to the scarcity of reliable data no definite 
conclusions could be drawn as to the exact mode of 
variation. 

(d) The formula is applicable to uni-uni, uni-bi, and bi¬ 
bivalent electrolytes, and also to such strong acids as 
hydrochloric and iodic acids. 

These results, which can be taken as an expression of the 
facts of observation, are not in agreement with the require¬ 
ments of the complete ionization theory of Debye and Httckel 
(Phys . Zeit . 1923, xxiv. p 305 ; compare also Debye, Trans. 
Far. Soc. 1927, xxiii. p. 334 ; Onsager, ibid. 1927, xxiii. 
p. 341), which leads to an equation of the form 

* ' ' A 0 =A + PC*. ..( 2 ) 

i. e . the exponent of C, which is equal to is independent 
of the nature of the electrolyte, of temperature, ana of the 
solvent. This equation has been extensively employed for 
the extrapolation of A 0 in non-aqueous solutions (compare 

* Communicated by the Author 
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Walden, Z. anorg. Client . 1920, exv. p. 49). Formulae in 
which the exponent of C is other than ^ have also been 
employed, such as £ (Philip and Oourtman, J. CJhem. Soc. 
1910, xcvii. p. 126 ; King and Partington, Trans. Far. Soc. 
1927, xxiii. pp. 522, 531), 0*45 (Lorenz, Z. anorg, Cketn. 
1919, cviii. p. 191 ; Walden, ibid. 1920, cxv. p. 49) and 
unity—Ostwald dilution law—(Kraus and Bishop, J. Amer. 
Cham. Soc. 1922, xliv. p. 2206 ; Morgan and Lammert, 
ibid • 1924, xlvi. p. 1117). These are all, however, special 
cases of the general formula (1), and all involve an a priori 
assumption as to the value and constancy of the exponent n. 
It appeared of interest, therefore, to extend the calculations 
to non-aqneous solutions, and the present paper is concerned 
with (i.) solutions in methyl alcohol (a solvent closely 
related to water), and (ii.) the effect of temperature. 


Methyl Alcoholic Solutions . 

The diita employed were those of Frazer and Hartley at 
25° (Proc. Hoy. Soc. A, 1925, cix. p. 351), and A 0 was 
calculated by the method previously described (this Journal, 
1925, 1. p. 971), the values of A at the requisite concen¬ 
trations being interpolated from a large-scale A—C graph 
In view of the small range of concentration available for 
the calculation of A 0 —it was usually between 0*0002 to 
0*002 normal,—the value of r used was 1*5, and in this way 
values for B and n were obtained more reliable than those 
given in preliminary computations (Trans. Far. Soc. 1927, 
xxiii. p. 414), in which r was taken as 2. The actual results 
are given in full in Table I. below ; those for lithium nitrate 
are somewhat doubtful, owing to a slight ambiguity in the 
exact position of the conductivity-concentration curve. 
Potassium nitrate has been omitted, since the results for 
both runs do not lie on one A-(J curve. 

Table I. 


LiCl. NaCl. KOI. 


Concentration, 

xitr*. 

A. 

--"N 

A 0 . 

A. 

- S 

Aq. 

■ ■ n.C -A. 

A. 

"i r 

2*000. 

87*66 

89*91 

93*64 

97*24 

101-85 

104*95 

3*000. 

87*02 

8992 

92 94 

9729 

100*56 

104*97 

4*500. 

86*19 

8992 

92*03 

97*29 

99*54 

104*97 

6*750. 

85*11 

89*91 

90.94 

97*30 

98*27 

104*94 

10*13 . 

83*75 

89*92 

89*63 

97*31 

96*76 

104*06 

15*20 . 

82*15 

90*09 

86*02 

97*31 

94*89 

104*96 
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Table I. {continued). 


RbCl. CsCl. LiNo 3 . 


Concentration, 






3 







xio-*. 

A. 

A 0 * 

A. 

A 0 . 

A. 

A 0 . 

2000. 

104-69 

109*42 

109-43 

113 73 

96*59 

100*22 

3*000. 

103*76 

109-42 

108*54 

113*79 

95*79 

100*22 

4 500. 

102*65 

109 43 

107 39 

113*78 

94*82 

100-23 

6*750 . 

101*26 

109*39 

105*99 

113 78 

93*63 

100-23 

10*13 . 

99*65 

109*38 

104*30 

113*80 

92*16 

100-22 

15*20 . 

97*74 

109*39 

102-20 

113*78 

90 53 

10037 


NaNCX. 

RbNO*. 

C*NO„. 



• 


A 



x io-«. 

A. 

-s. 

A«- 

A. 

A 0 . 

A. 

A<v 

2*000. 

102*36 

105*99 

113*00 

117*19 

117*65 

123*25 

3*000 . 

101*47 

105*99 

111*93 

117*19 

116*39 

123 23 

4*500. 

100*36 

105-99 

110*59 

117*19 

114*88 

123 24 

6*750. 

99*00 

10601 

108-90 

117*19 



10*13 . 

9724 

105-96 

106*82 

117*22 



15*20 . 

95-20 

106*06 






AgNO,. 

KBr. 

KI. 








vvii ufri J imu 1111 1 

xlO—* 

A. 

A 0 . 

A. 

A 0 . 

A. 

— N 

A 0 . 

2000. 

10608 

109-97 

105*69 

109* 17 

Ill'll 

114*38 

3000. 

104*89 

109-97 

104*86 

10919 

110*31 

114*39 

4-600. 

103 33 

109*97 

103*82 

109*19 

109*29 

114*37 

6*750. 

101*30 

109 97 

102*57 

109-17 

10804 

114 37 

10*13 . 

98 66 

109-97 

101*01 

109*19 

106*50 

11438 

15*20 . 

95*40 

(110*20) 

99*18 

109-29 




It will be seen that the consistency of A 0 leaves little to 
be desired. A summary of the results is shown in Table II.; 


Table II. 


Salt. 

A 0 (Author). 

B. 

h. 

A 0 (Fraser & 
Hartley). 

LiOl . 

89*02 

447-6 

0*6213 

90*90 

NaOl . 

97-29 

192*3 

0*4670 

90*95 

KOI . 

104*96 

271*2 

0-8074 

105*05 

RbOl . 

109*41 

209-0 

0*4448 

10865 

OsCl . 

118*78 

27.V2 

0-4882 

113*60 

LiNOg . 

100-22 

240*7 

0*4926 

100-25 

N*NO, . 

108-00 

363*5 

0*5409 

106-45 

HbNOg . 

117-20 

495*8 

0*5604 

11815 

OaNO . 

123-24 

373*8 

0*4930 

122-96 

AgNO, .. 

109-97 

1066*1 

0*6591 

112-95 

KBr . 

109-20 

300*3 

0*5226 

109-35 

KI 

114-38 

331*4 

0*5422 

114-86 
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for purposes of comparison the values of Aq calculated by 
Frazer and Hartley (loc. cit .) by means of the square-root 
formula are included. 

The superiority of the general equation ( 1 ) over the widely- 
used square-root formula ( 2 ) is evident from Table IH. 
below, in which are tabulated the values of A 0 for silver 
nitrate over a range of concentration. 

Table III.—AgNO s 25° C. 

Concentration, X10 r+. A 0 = A+ 1066* 1C 0 * 5 ” 1 . A = A4-45lC° ,500 °. 


2*000. 10907 112*46 

3*000. 109*97 112*70 

4*300. 109 97 112*90 

6*730. 109*97 113*02 

10*13 . 109 97 113*00 

15*20 . 110*20 112*98 


The results of a test of Kolilrausch’s law of independent 
migration of ions are given in Table IV. No explanation is 
at present offered of the irregularities, although it should be 
stated that Frazer and Hartley obtained good agreement by 
using values of A 0 computed from the formula (2)*. 


Table IV. 

Cation. Li. Na. lib. Os. 

A 0 nitrate —A 0 chloride . 10*30 8*71 7*79 9*46 • 

The Effect of Temperature on the Constants B and n in the 
Equation Aq = A 4 - BO. 

Practically the only reliable data for the conductivities of 
salts in non-aqueous solutions over a wide range of tem¬ 
perature appear to be those of Philip and Oakley (J. Ohem. 
tioc. 1924, cxxv. p. 1189 ; compare, however, McBaitt and 
Coleman, Trans. Far. Soc. 1919, xv. p. 27 ; Ilobertson and 
Acree, J. Phys. Chem. 1915, xix. p. 413) for potassium 
iodide iu nitrometbane. Their results are expressed in the 
form of a table in which are tabulated the values of the 
dilution in litres V, the specific conductivity k , and the 
equivalent conductivity A (Philip and Oakley, loc . cit 

* Compare, however, Part I. (Phil. Mag. 1925,1. p. 97lVfor aqueous 
solutions, in which by application of formula (1) better agreement for 
Kohlrausch’s law was obtained than that deduced by Koblrausch and 
Maltby from equation (2). 
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table 1). The values of A employed by the author were 
those obtained by multiplying the dilution in litres V by 
the specific conductivity tc } except for the figures at 25 , 
where the tabulated values of A were used, since the product 
V*=A leads to obviously untenable values of the equivalent 
conductivity. The complete results are presented in Table V., 
while a conspectus is given in Table VI. below. 


Table V. — KT in Nitromethane. 


o°. 


Concentration, 

xio-\ 

A. 

A 0 . 

2*000 . 

88*10 

90*80 

3000 . 

87*41 

90*81 

4*300. 

86*52 

90*81 

6-760 ...... 

85*36 

90*76 

1013 . 

83*94 

90*77 

15-20 . 

82-1 :> 

90-76 

Concentration, 
X 10~ 4 . 

55°. 

A.* 


2000. 

160-53 

166*30 

3000. 

159T7 

165*33 

4500. 

157 36 

165*31 

6*750. 

154*99 

165-27 

1013 . 

161*98 

165*26 

15 20 . 

148*01 

165*16 


25°. 40°. 

—A.-^ --A— 


A. 

A tt . 

A. 

A 0 * 

119*30 

123*01 

139*5 

144*1 

118*27 

123*02 

138*3 

144*1 

116*94 

1*23*01 

136*7 

144*1 

115*27 

123*04 

134*7 

144*1 

113*10 

123*05 

132*1 

144*1 

110-27 

123 00 

128*8 

144*1 

70 

o 



x-- *■ 

" -N 



A. 

A 0 . 



184*8 

1930 



*1827 

1930 



180*1 

1930 



1768 

192-9 



172-8 

193-0 



167*8 

193-1 




Table VI.—KI in Nitromethane. 


Temperature. Aq. B. ». 

0° . 90-79 S53-8 0-5726 

25° . 123-02 659 6 O6083 

40° . 1441 717-6 0-5939 

66° . 165-27 1034-5 0 6317 

70° . 193 0 928-6 0 5552 


Both the constants B and « increase steadily with tern- 

E erature up to 55° *, and then pass through a maximum 
etween this temperature and 70°. Whether this manner 
of variation is general in non-aqueous solutions or is peculiar 
to nitromethane is a question which can only be answered 
when more experimental data for the conductivities of salts 
in non~aqueous solutions over a wide range of temperature 
are available. 

* Except for the value of n at 26°. 
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On plotting the values of A 0 here calculated agiiinst the 
reciprocals of the viscosities or fluidities determined by 
Philip and Oakley {loc . cit.), a straight line is obtained, 
indicating that the relationship between the conductivity at 
infinite dilution and the fluidity f over the range of tem¬ 
perature 0*-70° is of the form 

A 0 &/, 

where a and b are constants. 

In conclusion, the author wishes to thank the Trustees of 
the Beit Scientific Research Fellowships for a Fellowship, 
Dr. A. Ferguson for his kind interest, and the Dixon Fund 
of the University of London for a grant which has defrayed 
most of the expenses of the research. 
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XIX. Interference between Grating-Ghosts. 
By Sven Fagerberg, Upsala *. 


[Plate IV.] 


I T is w«dl known that the illuminated field behind the focus 
of a grating spectrograph generally presents a character¬ 
istic appearance as to the distribution of intensity. Surveying 
the illuminated field behind the focus with an eyepiece at 
a sufficient distance from the focus, one finds the field tra¬ 
versed by several closely-lying sharp luminous lines separated 
by dark intervals parallel to the spectral lines. The arrange¬ 
ment of the lines is rather irregular. 

In order to investigate this fact more closely, the wave- 
front of a single spectral line (Fe \=4384 T. A,*third order) 
was photographed. The line was separated from the re¬ 
maining part of the spectrum by a slit in the focal plane, 
and a photographic plate was placed in the way of the 
diverging beam. 


The spectrograph used consists of a Rowland plane grating 
(AE ,/7 ? 14,438 lines to the inch, ruled in the year 1889), 
rotating about an axis perpendicular to the collimator ana 
camera. These are fixed at au angle of about 35° to each 
other. The focal distance of the lenses is 185 cm., and the 
plate was placed about 95 cm. behind the focal plane. 


* Communicated by Prof. Manne Siegbahn, D.Se. 
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If only one spectral line passes the slit in the focal plane, 
the wave-front has the appearance shown in A (PI. IV.). 
From this it will be seen that the variations of intensity 
along the wave-front are quite irregular and not very 
definitely marked. 

The grating in question shows, however, in the third order, 
in addition to the principal line of high intensity, fainter lines, 
the so-called ghosts, which are of the same wave-length as the 
principal line and are symmetrically located about it. The 
arrangement of the lines appears from fig. 1. S is the 
principal spectral line, G> lt G>* and Gr^, GL 2 the ghosts of 
the first and second orders to the right and left. The ghosts 
and the principal line are all equidistant. 


Fig. 1. 



Now widening the slit in the focal plane in order to trans¬ 
mit also the ghost of the first order on one side, the wave- 
front shows a totally different appearance (0, PI. IV.). 
One obtains a number of equidistant luminous lines separated 
by dark intervals. On the other hand, the ghost alone gives 
a wave-front, in its general character agreeing with that of 
the principal line (B, PL IV.). 

It is reasonable to suppose that the appearance of the 
lmninoos and dark lines in the case when the principal line 
and the ghost both pass the slit is due to interference 
behind the two diverging beams when they are superposed 
between the focus. Tims we may regard the spectral line and 
its ghost as two linear coherent sources of light. 

The elementary treatment of the phenomenon (see fig. 2) 
is entirely analogous to the treatment of, for example, the 
Fresnel mirrors. In the diagram the points S and Gr are 
the projections of the spectral line and the ghost on a 
plane perpendicular to them, and AB indicates the photo¬ 
graphic plate. In A the rays have travelled the equal 
path, ana therefore reinforce each other, provided that 
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they are in the same phase in S and G. In C the beams 

have the path-difference A= y (see fig. 2), supposing 

that d and 5 are small in comparison with Z, this also in 
reality being the case. * 

dz 

Thus the beams will reinforce each other when A = -j- 

=n\, X being the wave-length and «=1, 2, 3. . . Conse- 

\Z 

quently, the position of a luminous line is . On the 

plate we get equidistant lines at the distance of a = 
from each other. 


Fig. 2. 



In order to test the correctness of the above assumption, 
the distances a, l, and d were measured. The position of 
the focal plane was determined, successively photographing 
the spectrum with different adjustments of the camera slide, 
and in each case noting the reading on the camera scale. 
Examining these photographs, the one which showed the 
spectral lines with the greatest sharpness was chosen. The 
corresponding reading on the camera scale gave the position 
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of the focal plane. On this plate the distance between the 
principal line and ghost was measured. 

In order to obtain a good value of a, the distance between 
every tenth interference fringe was measured. It appears, 
however, that the distance between two adjacent fringes is 
subject to small accidental variations with their position on 
the plate. The mean distance determined in the way described 
above is, on the contrary, constant within a wide region 
in the middle of the plate. 

The following values were obtained :— 

a = 0*554 mm. 
rfss0*750 „ 

/ = 943-7 „ 

Hence A = 440 + 4/xyx. 

Standard value X, = 438*4 ti/i. 

The agreement is undoubtedly good. 

In order to get another control, the slit in the focal plane 
was widened fo transmit also the ghost of the second order 
on the same side of the principal line. As the distances 
between the principal line-and the ghosts are equal, the 
appearance of the interference phenomenon (provided the 
three rays are in the same phase when passing the focus) 
must be the same as in the preceding case, with the distinction 
that fainter maxima of intensity are to occur between those 
already observed. This is also the case, as seen from D 
(PL IV.). 

Making the principal line and all the ghosts to interfere, 
more complicated circumstances take place (E, PL IV.). 
As already stated, the grating in question gives (in the third 
order) ghosts of the first and second order on both sides of 
the principal line. Thus, if the whole complex passes the 
slit, five beams are brought to interference. On account of 
the rather irregular structure of this plate, it seems as if all 
waves do not pass the focus in the same phase, and the 
wave-fronts from the grating are not completely plane, they 
being subject to some small divergencies due to errors in the 
spacing of the grating. These plates, where more than two 
rays have been brought to interference, have much in 
common with photographs carried ont by Dowling and 
Teegan (Phil. Mag. 1. p. 241, 1925). In order to obtain 
several coherent sources, they used a complex of bi-prisms, 
which thus gave birth to interference fringes of the same 
kind as those described above. 
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At. first it seems surprising that the plates can show the 
interference so markedly, using beams of intensities so 
different as a spectral line and its ghosts. A rough estimate 
of the ratio between the intensity of the spectral line and that 
of the ghost of the first order gives, however, 25:1. TJie 
ratio between the amplitudes is thus 5:1, and tbe ratio between 
maximum and minimum intensity in the case of interference 
(6 : 4) s — 9 : 4. 

A phenomenon analogous to that above described has 
been observed by Wood (Phil. Mag. xlviii. p. 497, 1924), 
who worked with a small concave grating. He illuminated 
the collimator slit by monochromatic light, and placed the 
plate between the grating and the focus. Assuming that the 
circumstances are symmetrical with respect to focus, the 
lines observed by him would correspond to the interference 
fringes treated above, evidently with the difference that 
Wood was not able with his arrangement to shut out the 
ghosts, but observed the resulting effect of the spectral line 
and all its ghosts. Thus he did not photograph the wave- 
front of the spectral line alone (see A, PI. IV.). He 
however, is of the opinion that the observed luminous lines 
belong to this wave-front. According to this conception, 
the periodical errors of the grating have influenced the wave 
front of the principal line in such a way as if it had passed 
a system of parallel slits in an opaque screen, and the ghosts 
are regarded as spectra of different orders of this assumed 
system of slits. 

Upsala, Physical Laboratory 
of the University, 

Oct. 1927. 


XX. Prof. Joly and the Barth 9 s Thermal History . 

By Harold Jeffreys, F.R.S.* 

P ROF. JOLY uses an extract from a paper of mine in 
the * Geological Magazine ’ for November 1926 as the 
basis for a further discussionf. He would have done better 
to choose a different passage, as follows (p. 521) :— 

u In any ease the onus of proof that the theory of magnetic 
cycles explains anything at all rests with its supporters, at 
least if the word ‘ explain 5 is understood in the sense given 
to it by physicists. A theory explains a faet if it starts from 

* Communicated by the Author, 
t Phil. Mag. August 1927. 
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a set of stated hypotheses and shows how the fact in question 
follows from them. But the theory of magnetic cycles con¬ 
siders itself at liberty to use the observed facts to enable it 
to infer its own consequences; and any fact can be explained 
on any theory if that is permitted. If resolidification under 
excess of internal heat is possible, it should be well within the 
experimental powers of both Professor Joly and Professor 
Holmes to demonstrate it ; without this no case for the theory 
has been made out.” 

From Prof. Jolv’s omission to mention this passage many 
readers may be inclined to draw their own conclusions. But 
I think that further remarks on elaborate attempts such as his 
to solve difficult problems in theoretical physics with no mathe¬ 
matics beyond simple proportion are relevant at this stage, 
especially since he accuses me of misrepresenting his views. 
My answer to this charge is that I have devoted a great 
deal of time to tr\ f ing to understand his theory, that I am 
as well qualified to understand it as most people, and 
that if I have misinterpreted it in any respect the reason 
is that it is unintelligible, and that the reason for its un¬ 
intelligibility is his omission to state in proper form the 
laws he assumes. 

A specimen of the difficulty of seeing what Prof. Joly really 
means is provided by his assertion (p. 338) that “the heat is 
latent, and there is but little variation of temperature,” main¬ 
taining at the same time that his object was not what I said* 
namely to explain a periodic variation of temperature. Yet 
he quotes, apparently with approval, on p. 340, a passage 
from Mr. J, R. Cotter, as follows : “Prof. Joly thinks that 
the 0 O isotherm (that where the temperature is equal to the 
melting-point) would rise to within a very few miles of the 
surface. It would, however, finally become stationary, and 
then descend. . . . The whole series of changes would form 
a cycle which would be repeated.” If this is not a periodic 
variation of temperature I do not know what is. Again, in 
* The Surface History of the Earth,’ p. 105, we have : “ In 
periods of liquefaction and tidal movements the floor must 
be at first rapidly reduced in thickness. For, in fact, much 
of it is near the melting-point. ... It seems certain that the 
ocean floor cannot be indefinitely reduced in thickness. There 
will be a certain limiting thickness which will be attained 
when the rate of escape of heat into the ocean becomes equal 
to the rate of supply from beneath.” When the abnormally 
large supply of heat is being conducted through the abnormally 
thin ocean floor an abnormally high temperature gradient 
Phil. Mag . S. 7. Vol. 5. No. 27. Jan. 1928- P 
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must exist. This is one of the things 1 meant in referring to 
variation of underground temperature. 

Anyhow, my objection to periodicity in the flux of heat is 
equally strong whether or not it is associated with periodicity 
in temperature. 

I gave in a previous paper * two diagrams indicating the 
course of events to be expected if there is an excess of heating 
underground. Two were necessary on account of ambiguities 
as to the initial state assumed by Prof. Joly. He has not 
pointed out where, if anywhere, he disagrees with these dia¬ 
grams, nor has he offered any alternative. He does try to 
dismiss my analogy with the motion of a stretched string 
subject to damping as misleading, but does not say explicitly 
what alterations are to be made in the inferences. 

He remarks about this analogy f that there is nothing in 
it analogous to the accumulation of energy in the form of 
latent heat or to the transfer of this energy by convection. 
Both phenomena are fully allowed for in the analogy. In 
the thermal problem the fluid region is represented by the 
portion of the string in contact with the rigid barrier. The 
rate of extension of this region is given by the condition that 
the amount of fluid melting, multiplied by the latent heat of 
fusion, is equal to the excess of the heat generated within 
the fluid over that conducted out at the top and bottom. 
Since convection transfers heat upwards, the growth down¬ 
wards will not extend below the bottom of the radioactive 
region ; the partition between growth at the bottom and the 
top before that stage is reached could be stated in a given 
case. The string allows for these phenomena automatically 
if, as I explicitly stated, the transverse force originally 
applied to the constrained region is transferred to its upper 
margin. Convection again is allowed for bv the supposition 
that the distribution of temperature in the fused region is the 
adiabatic for a mixture of solid and liquid ; this is expressed 
by the slope of the barrier. 

Specimens of Prof. Joly's way of dealing with opposition 
are to be found on pp. 934-5 of his paper of May 1926. He 
says that the differential equation of heat conduction used by 
me is the same as that used by Mr. Cotter in 1924, save that 
I assume the rate of supply of heat constant. 41 Of course 
the time should enter through a negative exponential factor.” 
Is it seriously suggested that this equation was not published 
till 1924, or that the decay of uranium and thorium during 

* PbiL Mag. i. pp. 923-931 (1926). 
f Phil. Mag, i. p. 934 (1926). 
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geological time is of any importance in the present problem? 
Mr. Cotter himself takes the rate constant. 

My doubts as to ihe reason why Prof. Joly assumes fusion 
to occur under the oceans, as expressed in the firsi two para¬ 
graphs on p. 927 of my paper, are treated by him on p. 935, 
Direct comparison of the two passages is the only way of 
judging how far he has answered. I would add only that a 
flat contradiction on a question of fact, without a reference, 
is not in accordance with the best scientific practice. The 
views I expressed agree with those of J. H. L. Vogt*. 

Prof. Joly's next paragraph contains the elegant remark : 
“ We have here the mathematical point of view with a 
vengeance.” It does not, however, answer my statement 
that “ radioactivity within the granitic layer . . . only 
ensures that the temperatures below that layer become 
higher than they would in its absence.” Incidentally, this 
will produce the further effect of diminishing viscosity and 
enabling convection to bring up the heat generated below 
with greater ease and at an earlier stage, so that its escape 
is made easier, not obstructed. 

His paper opens with a reply to my arguments that the 
thickness of the granitic layer does not exceed about 15 km.; 
but as all his arguments are now out of date and mine have 
received additional support t, I do not propose to deal with 
them further. 

Prof. Joly** new paper (Aug. 1927) offers a series of 
periodic phenomena due to a steady supply of heat, and 
considers that they provide an answer to my statement that 
periodic phenomena cannot be produced in this way. Perhaps 
I ought to have added a list of exceptional cases where the 
proposition might not be expected to hold, as is done at great 
length in works on pure mathematics. But in physics the 
discovery of these is usually left to the reader. After all, 
the whole science of engineering is devoted to constructing 
systems that will, if suitably treated, behave in an extra¬ 
ordinary way. But in the present problem we are entitled 
to suppose that the system uas not been so designed. Prof. 
Joly has indeed done a service in mentioning the four 
examples he does, because they are admirable examples of 
the kind of exception that proves the rule* But as the 
conditions of convection in a layer of fluid of great hori¬ 
zontal extent are by this time fairly well understood, and as 

* Econ. Geol. 1926, pp. 207-233. Cf. also ‘ Nature/ March 5, 1927, 
p. 343. 

t M. N. R. A. S. Geoph. Suppl. i. pp, 885-402, 483-494. Garlands 
Beitr&ge z. GeophysUc. xviii. pp. 1-29 (1927). 

P 2 
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the basaltic layer, if fused, would be such a layer, we may 
as well consider the actual case first. It is, of course, 
well known that if a fluid is incompressible, but the density 
increases with height on account of variation of temperature 
or composition, the potential energy can be decreased* by 
interchanging upper and lower layers. This is not, how¬ 
ever, a sufficient condition for instability, though it was long 
believed to be one. Direct interchange of the layers is 
impossible because they obstruct each other; it can occur 
only by upward currents in some places combined with down¬ 
ward ones in others, and these are hindered by conduction 
and viscosity. Consequently instability does not actually 
arise until the vertical gradient of temperature exceeds a 
certain finite value. When compressibility is taken into 
account, instability arises when the gradient exceeds the 
adiabatic by a certain amount. When the system first 
becomes unstable, the motion takes the form of a set of 
polygonal cells, fluid rising in the centres and sinking 
around the edges. The motion is continuous and steady. 
This was found experimentally by B^nard, and contributions 
to the theory have been made by Lord Rayleigh and others*. 
With increasing gradient of temperature other types of 
instability arise and other inodes of motion become super¬ 
posed, till we get the complete turbulence known in the 
ordinary heating of a liquid from below. 

Now the horizontal extent of the cells is comparable with 
the depth. Also the tendency of the currents is to restore the 
adiabatic gradient of temperature ; and the departure from 
it needed to start them is proportional to the inverse fourth 
power of tli© depth, and is negligible when the depth is of 
the order of a few kilometres. Consequently we must infer 
that when a fluid is heated at the bottom or internally, the 
convection currents generated will prevent the gradient of 
temperature from ever departing far from the adiabatic. 
Their effect is to carry the heat to the top as fast as it is 
supplied ; increasing the rate of supply increases the in¬ 
tensity of the convective circulation, but not the gradient of 
temperature. But here we come to the essential point: the 
heat, on account of the limited size of the cells, always reaches 
the top within a horizontal distance of the place where it was 
originally supplied comparable with the depth of the liquid. 
At the top the liquid is in contact, in the geophysical problem, 
with the solid upper layer, the bottom surface of which must 
be at the same temperature as the top of the liquid. In the 
# Cf. Phil. Mag. ii. pp. 833-844 (1926). 
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upper layer the heat is transmitted to the outer surface by 
conduction. The whole thickness of the two layers being of 
the order of 30 km., a region whose horizontal extent is over, 
say, 100 kin. will be thermally practically self-contained. 
Mutual influence of continental and oceanic conditions will 
be negligible. 

In the terrestrial case the transference of heat will be 
partly by way of latent heat ; some liquid will solidify when 
it rises to the top, and the descending currents will contain 
suspended solid particles, which will gradually melt as they 
descend. But this does not affect the argument ; the only 
difference is that in the region where solid is present the 
gradient is the adiabatic for a mixture of solid and liquid, 
and not that for a liquid alone. There is no possibility of what 
Prof. Joly calls superheating—that is, rise of temperature 
far above the melting-point *. These inferences are at all 
points in agreement with those I made previously and 
illustrated by diagrams. Convection simply straightens out 
part of the graph of temperature against depth, and in no 
respect facilitates periodicity. 

Of the four self-acting periodic systems considered by 
Professor Joly, three differ from the geophysical problem 
through the working fluid being enclosed in a tube. I refer 
to the geyser, the Air Tester, and E. I I. Griffiths's heat engine. 
The essence of the geophysical problem is the possibility 
of interchange between layers of the liquid by ascending 
currents in some places and descending ones elsewhere. In 
a tube this is obstructed, and far greater gradients of 
temperature are needed to start convection. On account 
of the constricted character of the systems, the liquid 
in two of them acts as a movable valve capable of 
opening and closing communication between two masses of 
gas ; but in the geophysical one communication is open 
all the time. Griffiths's engine, with a trifling change in 
the constants, is converted into the ordinary apparatus for 
finding the coefficient of increase of pressure at constant 
volume. In Professor Joly’s experiment with the rotating 
sphere containing camphor and heated below, we have again 
a system with only a single infinity of possible positions of 
equilibrium, of wnich only two are realized in practice, so 
that the system can only pass from one to the other discon- 
tinuouslv. The greater freedom of an extended horizontal 

# In Preston’s * Heat/ 1919, pp. 344-348, this term is used for a rise 
in temperature above the normal boiling-point. What Professor Joly 
calls a superheated liquid is, in fact, an ordinary liquid. 
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layer makes continuous interchange possible; and this is 
what actually occurs. A better analogy with the conditions 
within the earth’s crust would indeed have been the boiling 
of the domestic kettle or, still better, the melting of a tray 
of paraffin wax by heating below. 4 

At the close of iny former paper in this Magazine I stated 
four objections to Professor July’s theory, any one of which 
would by itself be decisive. He has entirely refused to face 
three of them, and partly the other (c). But I would point 
out that my main objection to the theory is not merely the 
existence of serious arguments against it; it is that there 
are no serious arguments for it. The question is essentially 
one of theoretical physics : given a certain set of assumptions, 
to investigate their consequences in the light of physical laws 
and to compare the results with observation. This investi¬ 
gation will necessarily involve a considerable amount of 
mathematics ; at the least the equations of fluid motion and 
of heat conduction must appear in it and be solved. But 
until it is carried out, there is no reason to believe that the 
consequences would be anything like those asserted by Pro¬ 
fessor Joly. The onus of proof in a question of theoretical 
physics is on the advocate of a theory, not on its opponents; 
and it ought in this case to have been carried out before Pro¬ 
fessor Joly proceeded to publication in an important physical 
journal and followed it up with an ambitious book. If the 
problems to be solved are in any way more complex than I 
have considered, so much the more complex must the problem 
be that Professor Joly has to solve before his theory*will 
command the respect of physicists. The reason for this 
situation is simple: inadequately tested theories can be 
constructed more rapidly than people in the habit of taking 
reasonable care can point out the mistakes. I am sorry to 
have to point this out, but the number of suggestions that 
have been made in public and in private by non-physidiste, 
to the effect that it is the duty of a mathematical physicist 
to drop any work he may consider more important in order 
to examine some theory of the type under consideration— 
with the certainty that the results will be accepted only 
if they are favourable—have made it necessary. I add 
that, since I have already devoted more attention to 
Professor Joly's theory than I consider it worth, l do 
not propose to take any part in further discussion of it 
unless he produces more satisfactory arguments than he has 
done hitherto. 
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XXI. The Earth?& Thermal History . 
By J. Joly, E.R.S.* 


M Y paper entitled “ Dr. Jeffreys and the Earth’s Thermal 
History” (Phil. Mag. August 1927) has stirred 
Dr. Jeffreys into a rejoinder revealing so much irritation 
that I feel a real difficulty in pursuing the matter any further 
lest quite unintentionally 1 should say anything which might 
prove to be a source of further annoyance. At the same 
time he has raised issues which, not only for the advance of 
the subject under discussion, but as matter of courtesy, 
seem to render a further statement from me imperative. 

My paper was based upon one appearing from the pen of 
Dr. Jeffreys in the ‘ Geological Magazine * of November 
1926, in which he enunciates his ‘‘main conclusion.” I 
cite this statement in mv paper and proceed to comment 
upon it, pointing out that it appeared tacitly to assume 
that no relative motion of the parts of the medium takes 
place. Mr. (^otter's clear statement of wlmt is involved 
in the theory of thermal cycles follows ; and then certain 
phenomena are cited as showing that cyclic thermal pheno¬ 
mena might take place without involving any departure 
from the ‘‘main conclusion ” arrived at by l)r. Jeffreys. 

To this procedure Dr. Jeffreys takes exception in his 
paper appearing in this issue of the Philosophical Magazine. 
His first complaint is that I make the formal statement of his 
main conclusion the subject of my remarks, instead of some 
general observations of his, which appear later, as to the 
nature of “a theory” and how its supporters should 
defend it. 

I think most scientific readers would regard it as more 
incumbent upon me—and probably more fruitful—to deal 
with the “ main conclusion ” than to embark upon the very 
wide topic favoured by Dr. Jeffreys. 

Dr. Jeffreys objects to the analogy of the geyser. He 
says in effect—“ Without boundary constraints there would 
be no cyclic effects in the case of "the geyser, and therefore 
it 4 proves the rule ’— u e. that such effects cannot arise.” 

It is true that there will be no cyclic effects without con¬ 
straints. But the statement overlooks the fact that the 
cyclic nature of the phenomena turns on constraints, not 
Only in the case of the geyser, but also in the case of the 
substiatum ; and of necessity must do so in all similar cases 
where storage of heal followed by change of state occurs. 


a Communicated by the Author. 
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In the case of the geyser the medium is fluid, and con¬ 
straints hindering free circulation are required while the 
energy necessary to attain the boiling-point at all levels is 
accumulating. In the case of the substratum the medium 
is solid to start with, and the corresponding constraint is in 
the rigidity of the working substance which determines 
quiescence while the energy necessary to attain the melting- 
point at all levels is accumulating. The difference in the 
character of the constraints, which arises necessarily out of 
the differing mobility of the media, possesses no fundamental 
significance. As thermal energy accumulates, similar con¬ 
ditions of instability arise in both cases— i. a medium 
charged with energy proper to the pressure at all levels and 
necessarily changing state if any movement occurs to bring 
any part of it to a higher level. 

The use of the word “ rigidity” in connexion with the 
substratum should be qualified. For, in fact, every stage of 
viscosity must, in the substratum, successively prevail during 
long periods of time. Siliceous rocks have no definite 
melting-point. As thermal storage progresses, their viscous 
resistance to movement diminishes, the heat becoming latent 
in the gradual change of state. These conditions exist at all 
levels, but in the depths the thermal storage is greatest as 
higher melting-points have to be attained before movement 
can occur. Equilibrium finally breaks down, either spon¬ 
taneously or due to tidal forces. The ensuing circulation 
involves the superheating and perfect fluidity of rising 
magma brought into regions of lower pressure. The possi¬ 
bility of storage turns, throughout, upon the resistance to 
translatory movement during a certain time-interval. The 
same may be said of the geyser, where the necessary con¬ 
straints are not involved in the properties of the substance, 
but are, as it were, “ external.” 

In short, the geyser, or its experimental realization, is 
a fair and direct demonstration of the inapplicability of 
Dr. Jeffreys’s “ main conclusion ” to the conditions to which 
he would apply it, and in which, as I have said, he tacitly 
assumes that no relative motion of the parts of the medium 
takes place. In other cases, also, the inadequacy of his 
statement may be demonstrated. 

There exists a source of thermal instability which does not 
call for the external constraints of the geyser, and which 
might be supposed to actuate a geyser of any dimensions 
whatsoever and which, indeed, in some cases probably takes 
a part in geyser activity. I refer to the phenomena attend¬ 
ing ebullition in liquids which contain no undissolved 
gases ; i. e. 9 no bubbles 
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It is well known that this condition permits of a rise in 
temperature of the liquid greatly over the boiling-point. 
Boiler explosions have been traced to this source as well as 
unpleasant experiences with wash-bottles which have been 
left for long standing on the hot-plate. The fact that a sod, 
or a handful of gravel, cast into the geyser will precipitate 
eruption supports the view that its explosive character may 
be—at least in part—traceable to this phenomenon. 

Obviously an ideally tranquil ocean, continually re¬ 
ceiving a supply of heat from any source, might be 
brought into a state of instability in this way. The tem¬ 
porary constraint in this case resides in the tensile strength 
or molecular adhesion of the medium. A tidal movement or 
some other periodic source of disturbance may then initiate 
the castastrophic break-down. And we may fancy the rising 
vapour, condensing into clouds, as being seasonally or 
periodically restored as rain. Heat is here carried from 
source to refrigerator intermittently so long as the thermal 
supply continues. In other words, “ successive revolutions ” 
dominate the history of the region. 

In the case of the 44 Air Tester” the conditions are more 
complex. A net physical analogy arises which! sum in the 
statement—“There is a steady supply of heat entering the 
system accompanied by cyclical movements of a working 
substance with and against gravity.” 

Interesting possibilities arise out of the 64 Sublimation 
Engine,” which, although differing from the preceding 
systems in many respects, leads to the same end— i. the 
cyclic transfer of thermal energy from source to refrigerator. 
I can—as I write—see no reasons why the principle 
involved might not be applied to a system of unlimited 
extent and dimensions. A steady thermal supply from 
beneath, or originating radioactively in the working sub¬ 
stance, causes this to sublime and diffusing upwards to 
finally condense upon a horizontal ceiling kept cool by a 
refrigerator. When a considerable deposit has collected, 
its adhesion gives way and the instability rapidly spreading 
causes the whole deposit to sink back to its original position. 
Ahomely example is the periodic fall of soot from an unswept 
flue. A source of vibration might be supposed to time the 

E eriod of break-down. The analogy is obvious and need not 
e further pursued. 

Towards the end of Dr. Jeffrey&’s comments upon pe¬ 
riodic phenomena, we reach what I regard as the most 
important passage in bis paper in so far that for the first 
time it places a clear ana definite issue before as. He 
writes In the terrestrial case the transference of heat 
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will b© partly by way of latent heat ; some liquid will 
solidify when it rises to the top, and the descending currents 
will contain suspended solid particles, which will gradually 
melt as they descend. But this does not affect the argument; 
the only difference is that in the region where solid is present 
the gradient is the adiabatic for a mixture of solid and liquid, 
and not that for a liquid alone. There is no possibility of 
what Professor Joly calls superheating—that is, rise of 
temperature far above the melting-point. 

The importance of this passage is in the assumption that 
descending solid particles will gradually melt away as they 
descend. 

Now the accumulation of solid or crystallized magma in the 
depths is, I believe, as essential to the theory of thermal cycles 
as it is to Lord Kelvin’s contention that a crust forming at the 
surface of the cooling Earth and breaking up must collect 
beneath till all is solidified. In fact, the conditions are very 
much alike, save that in Kelvin’s theory the loss of heat is at 
the very surface. Kelvin was very clear that the gradient 
of temperature downwards in the cooling Earth must be 
sufficiently slow as not to annul the effects of pressure in 
raising the melting-point. Dr. Jeffreys discusses this matter 
in 4 The Earth/ and gives an expression defining the limiting 
gradient according to Kelvin’s “thermo-dynamic law of 
freezing.” 

In the theory of thermal cycles this condition is equally 
essential. The crystals rise in melting-point as they descend. 
The thermal gradient must not rise steeply enough to counter¬ 
act this rise of melting-point and cause the remelting of the 
crystals. This is quite clear, and it directs our attention to ex¬ 
traneous sources of a downward-rising temperature gradient. 

Are there deeper-lying sources of heat? Here we must 
recall the fact that thermal supplies to the surface of the 
continents, as determined by temperature gradients and con¬ 
ductivity of the rocks, can, mainly or entirely, be ascribed 
to heat of radioactive origin in the continents themselves; 
while in what appear to be the deeper-lying basal rocks, we 
find a diminishing supply of radioactive substances as we go 
downwards. 

We seem, therefore, led to the conclusion that there can 
be only a very small supply of heat # from regions deeper than 
those with which we are concerned. 

Again, we can hardly invoke the contemporaneous, output 
of radioactive heat. For this is too slow : about 3*4 calorie© 
per gram in the case of basalt, and 1*7 calories per gram in 
the case of eclogite, in one million years. 
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The gradient prevailing in a molten substratum must arise 
almost entirely from its own previous radioactivity and 
convective movements. The latter will tend to make the 
temperature uniform or diminish the temperature gradient. 
Tidal shearing movements, while operative, will tend towards 
uniformity of temperature. We cannot evaluate these 
effects, but it seems plain that the assumption of a sustained 
rise of temperature downwards adequate to counteract the 
effects of pressure in raising the melting-point is not allowable 
unless some sufficient reason can be adduced. Dr. Jeffreys 
advances|no reasons for such a downward rise of temperature 
—so far as I know. 

But. if this high gradient does not exist, then Dr. Jeffreys’s 
44 steady state” must fail. For the congealed basalt must 
build up from beneath concurrently with the escape of heat 
from the higher regions of the magma into the overlying 
solid ocean-floor; and the original solid state must in this 
way be restored. 

I am reprimanded by Dr. Jeffreys for not citing chapter 
and verse in support of my denial of his statement (Phil. 
Mag. May 1926) “that the melting-points of rocks increase 
with the basicity ; so oceanic rooks must on the whole have 
higher melting-points than continental rocks.” My defence 
is thfit I thought the experimental data were sufficiently well 
known to require no citation. 1 shall now endeavour to 
make good the omission. 

Dr. Jeffreys upholds his statement and gives two re¬ 
ferences: 44 Vogt’s Econ. Geol. 1926, pp. 207-233; cf. 
also ‘Nature/ March 5, 1927, p. 343.” The last is a review 
of Gutenberg’s 4 Lehrbuch der Geophysik ’ by Dr. Jeffreys 
himself, and apparently contains his reference to Vogt. 
A quotation from the review, although the wording is 
rather obscure, appears to show that there has been con¬ 
fusion between 44 melting-point” and 44 crystallization-point.” 
It is well known that these differ widely, i quote from 
Dr, Jeffreys’s review \— 

44 There is a remark on p. 52 that the melting point of 
basaltic rooks at atmospheric pressure is about 200-300° C. 
lower than that of granite ones, which is given as 1100°. 
F. W. Clarke gives 1240° for granite, and values from 1060° 
to 1250° for basalt (* Data of Geochemistry/ 1924, pp. 298- 
301). J/ H. L. Vogt gives 1250° for the crystallization- 
point of gabbro, which is chemically similar to basalt, and 
1000° for granite (* Economic Geology/ 1926, pp. 207-233). 
The latter estimates refer explicitly to dry material, but it 
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seems to be generally believed by geologists that in natural 
conditions the melting-point of granite is more affected 
by water than that of basic rocks. A reconsideration of 
the data on this question is overdue ; such a conflict of 
opinion on some of the most important experimental data 
of geophysics should not be allowed to persist/’ 

There is nothing in this, nor in the originals referred to, 
so far as I can find, to sustain Dr. Jeffreys^ contention that 
the melting-point of rocks increases with the basicity ; but 
quite the contrary. In confusing the melting-point with 
crystal]izing-point serious error is involved. 

In the case of ‘* crystallization-point 99 we deal with solu¬ 
tions : “ The relation of the several compounds in a magma 
is one of mutual solution ” (Harker, ‘The Natural History of 
Igneous Hocks/ p. 169). It results “ that the order in which 
the minerals crystallize is not determined by their relative 
fusibility as separately tested. This lowering of freezing- 
point is the most characteristic property of solutions 99 
(p. 170). The italics are Dr. Harker’s. 

Again, volatile substances play an important part in 
determining the temperature of crystallization of the con¬ 
stituents ; and as these substances escape more freely Irom 
extruded than from intruded magmas, the former may 
crystallize at higher temperatures than the latter. Also, 
volatile substances (such as water) are more abundant in 
acid than in basic magmas, and hence play a more important 
part in the crystallization of the former. “ It follows that 
under like conditions acid magmas crystallize at lower 
temperatures than basic magmas . 

But there is no doubt as to the fact that the melting-point 
rises with the percentage of silica. Thus Barus and Iddings 
find as follows :— 

Silica 

Melting-point, percentage. 

Basalt. 1250° 48*49 

Hornblende-mica-porpbyry 1400° 61*50 

Rhyolite. 1500° 75*50 

These figures bring out strikingly the difference, already 
referred to, between the melting-point and the crystallization- 
point. Rhyolite is generally regarded as the volcanic 

equivalent of a granite. Clarke, who cites these results 

0 Data of Geochemistry/ 1924, p. 301), continues: 44 At 
1300° the basalt was quite fluid, but at 1700° the rhyolite 
was still viscid ” 

Doelter found that basic rocks softened between 1000° 
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and 1150°, and acidic rocks softened at 1200°-1300° (Phys. 
Chem. Min. 1905, p. 124). 

Clarke ( loc . cit. p. 297) states the issue clearly. “In the 
geological interpretation of the melting-points there is one 
particularly dangerous source of error. We must not 
assume that the temperature at which a given oxide or 
silicate melts is the temperature at which a mineral can 
rystallize from a “ magma.” 

the experiment of floating a piece of granite in molten 
basalt may easily be made. Theconditions are stable, because 
the crystallization temperature of basalt (1050°) is beneath 
the melting-point, or rather the decomposition-point, of 
orthoclase (1.170°) and the melting-point of albite (1100°), 
and, of course, much below the rather indefinite melting- 
point of quartz. (See J. H. L. Vogt, ‘Physical Chemistry of 
the Magmatic Differentiation of Igneous Rocks,’ ii. 1926.) 

There remains one more point. Dr. Jeffreys refers to 
his deduction, on seismic evidence, of a low continental 
thickness, assuming that this has been verified. A recent 
paper by Mohorovicic in Gerlands 1 Beitrage zur Geo- 
physik , (Bd. xvii. Hept 2) disputes his low estimate, and 
contends that the thickness of the continental sial is about 
40 km. (loc. tit . p. 198). The discussion is still proceeding. 
Meanwhile the following statement by Dr. Jeffreys (‘Nature/ 
Sept. 25,1926) referring to certain seismic determinations is 
of interest. He refers to the Kulpa Valley earthquake of 
1909, the Wurtemberg earthquake of 1911, the Tauern 
earthquake of 1923, and the Oppau explosion. 

“The observations permit of a rough determination of the 
depths of the granite and basaltic layers. The former may 
be about 12 km., the latter about 20 km. Both are subject 
to an accidental error of about 4 km. In addition there is 
a possibility of systematic error. Uncertainty as to the 
depth of focus may allow the thickness of the granite layer 
to be doubled. ... 1 thinks therefore , that determinations 

of the depths of the layers by means of near earthquakes are 
not more reliable than those based on the Earth*s thermal state, 
isostatic balance between continents and oceans , and the group 
velocities of suiface~wave$S 9 etc . The italics are mine. 

Isostatic considerations appear to favour 37 km. or there¬ 
abouts as the continental thickness ( ( Nature/ Oct. 29,1927). 
Thermal estimates based on surface gradients and the radio¬ 
activity of the rocks are not very trustworthy. 

The point is not very important, and does not directly 
affect the theory of thermal cycles. 
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XXII. Double Excitation of Upper Levels in the Mercury 
Atoms by Collisions of the Second Kind . 

a 

jPo Editors of the Philosophical Magazine . 
Gentlemen,— 

M AY we make some remarks concerning the very interest¬ 
ing paper of Professor R. W. Wood in the September 
issue of your Magazine on u Optical Excitation of Mercury, 
with Controlled Radiating States and Forbidden Lines } * 
(Phil. Mag. [7] iv. p. 466, 1927). 

Professor Wood describes the radiation of the mercury 
resonance lamp which contains some nitrogen. He finds 
“effects of obscure origin, which can be explained only with 
difficulty.” Very strange is the development of the line 
2856 caused by the addition of the nitrogen, whereas the 
resonance is only excited by light of shorter wave-length 
than 2750. The line 4916 from the same upper level 3S is 
also enormously strengthened. 

In observations made on the mercury resonance-tube with 
addition of sodium ( Naturwiss . xv. p. 540, 1927) we have 
shown that upper levels of an atom are excited in high 
selectivity by collisions of the second kind if the energy 
of the colliding atom can be accepted very completely by 
the atom struck. At the collision of two metastable (in 
Wood’s terminology 2p z ) Hg atoms this effect of resonance 
can have the result that one accepts the whole energy, 
2 x 4*68 volts, while the other returns to the normal state. 
This process has a certain probability, because nearly under 
the theoretical level of resonance (2x4*68 = 9 , 36 volts) an 
actual level of the mercury is located with 9*25 volts, 
that is, only 0*11 volt is to be transformed into energy 
of translation ; this equals the thermal energy of the two 
atoms at 300° K. The level from which tne mentioned 
lines 2856 (2p # —38) and 4916 (IP—3S) originate is the 
level under the point of resonance 3S. 

Investigations are under way aiming to substantiate this 
hypothesis of the accumulation of energy. 

Yours faithfully, 

H. Beutler and B. Josephy. 

Kaiser Wilhelm-Institut fur physikalisch 

Chemie und Elektrochemie, Berlin-Dahlem. 

December 6,1927, 
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XXIII. Notices respecting New Books . 


The Nature of the World of Man . By Sixteen Members of the 
Faculty of the University of Chicago. Edited by H. H. Newman 
8vo. Pp. xxiv-f566, 132 figs, and 4 charts. (University of 
Chicago Press; Cambridge University Press, London, 1926. 
Price 20s. net.) 


T HE purpose of this book is to present an outline of our know¬ 
ledge of the physical and the biological world, and to show the 
position of man in the universe in which he lives. It contains the 
subject-matter of a “ survey course ” given each year by its 
authors at the University of Chicago to a group of selected first- 
year students of superior intelligence. The course was designed 
to give such students a preliminary view of the rich intellectual 
fields that lie before them, so that, on the one hand, all of their 
work shall have a large measure of unity and coherence, and on 
the other hand, they will be able to decide early what particular 
subjects they may wish more thoroughly to explore. There has 
been full co-operation between the various experts engaged in this 
educational experiment, and its success has seemed to make 
advisable the production of this volume. 

The arrangement adopted is from the general to the specific. 
Beginning with : 1. Astronomy (by Forest Ray Moulton), II. The 
Origin and Early Stages of the Earth (by Rollin T. Chamberlin) 
leads naturally to III. Geological Processes and the Earth’s History 
(by J. Harlen Bretz). Physics and Chemistry follow, repre¬ 
sented by IV. Energy: Radiation and Atomic Structure (by 
Harvey Brace Lemon), and V. The Nature of Chemical Pro¬ 
cesses (by Julius Stieglitz). Biology commences with VI. The 
Nature and Origin of Life (by Horatio Hackett Newton), fol¬ 
lowed by VII. a chapter on The Bacteria (by Edwin O. Jordan), 
after which Merle C. Coulter and Henry Chandler Cowles deal 
respectively with VIII. Evolution of the Plant Kingdom, and 
IX. Interaction between Plants and their Environment. General 
Zoology finds expression in X. The Evolution of the Invertebrates 
(by W. C. Allee) and XI. The Evolution of the Vertebrates (by 
Alfred S. Romer), after which XII. The Coming of Man is de¬ 
scribed by Fay-Cooper Cole. H. H. Newman (the Editor of the 
series) then discusses XIII. The Factors of Organic Evolution, 
and Elliot R. Downing XIV. Human Inheritance. XV. Man 
frotn the point of view of his Development and Structure (by 
George W* Bartelmez), XVI. The Dynamics of Living Processes 
(by Anton J. Carlson), and XVII. Mind in Evolution (by 
Charles H. Judd), conclude the series. A few selected references 
are given at the end of each chapter, and a somewhat limited 
glossary precedes the index. 
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The volume is well printed and the illustrations, which in part 
are photographic reproduction in the form of plates and in 
part simple line text-figures, are clear and helpful. 

The book should have a wide appeal to readers who seek a 
general knowledge of the world about them, and take an interest 
in the history and future of their own species. 


XXIV. Proceedings of Learned Societies 

GEOLOGICAL SOCIETY. 

[Continued from vol. iv. p. 256], 

November 2nd, 1927.—Dr. F. A. Bather, M.A., F.K.S., 
President, in the Chair. 

rjlHE following communication was read :— 

* The Stratigraphical Distribution of the Cornbrash : I.—The 
South-Western Area.’ By James Archibald Douglas, M.A., D.Sc., 
Sec.G.S., and William Joscelyn Arkell, B.A., B.Sc., F.G.S. 

This paper gives an account of the stratigraphical distribution 
of the Cornbrash in South-Western England, from Oxford to the 
south coast near Weymouth. The evidence obtained by the 
Authors is used in a critical discussion of the eleven brachiopod 
zones proposed by Mr. S. S. Buckman in a recent communication 
to the Society, and as a result a number of amendments in the 
list are suggested. 

A general description is given of the faunal sequence, and the 
distribution of the zones throughout the area is indicated by a 
detailed account of many type-exposures. 

The new records obtained are added to Mr. Buckman's faunal 
range-diagram, and in this way it is shown that many of hi* 
conclusions regarding penecontemporaneous erosion and non¬ 
sequences in the Cornbrash, as expressed in his clinal diagram, 
have been based on insufficient data, and that lack of geological 
information, in many instances due merely to exposure-failure 
or faulty collection, has been used as evidence of stratal failure. 

The introduction of new stratigraphical terms is criticized, and 
a twofold rather than a threefold subdivision of the Cornbrash is 
advocated. The more important bracliiopods and lamellibranchs 
are discussed in palaeontological notes, and several new species are 
described and figured. 


[The Editors do not hold themselves responsible for the 
vieivs expressed by their correspondents.’] 
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XXV. New Evidence of the Existence of Charges smaller than 
the Electron. —(a'' The Micromagnet ; (b) The Law of 
Resistance ; (c) The Computation of Errors of the Method. 
By Felix Ehrenhaft, Dr.Phil., Acting Professor of 
Physics and Head of Physics Institute III. of the University 
of Vienna, and Emanuel-Wasser, Dr.Phil., of Vienna *. 

§ 1. Introduction. 

I N a former paper, published in this Magazine t, we have 
referred to a new method of observations which enables 
as to demonstrate the nature of single colloidal test bodies 
moving in gases. This method, which depends upon velocity 
measurements of a single test body in an inhomogeneous 
magnetic field, is not only suitable for the determination of 
the magnetic constants of the observed particles, bnt can also 
be applied to the measurement of strong magnetic fields of 
small dimensions. 

If we set, according to Faraday (1848), the susceptibility 
of vacuum &=0, and denote a weak magnetic body as para* 
'magnetic when &>0, as diamagnetic when k<0, then the 
energy of a small particle of the volume V in the magnetic 
field H is i&VH*. From this results that the foroe acting on 

dfH 

a single particle in the direction cf the x axis is AVH-^—. 

While in a homogeneous field this force disappears, in an 
* Communicated br the Authors. 

t F. Ehrenhaft and E. Wasser, PhiL Msg. vol. u. (July 1826). 
PhU. Mag. S. 7. Vol* 5. No. 28. Feb. 1928. Q 





226 Prof. Ehrenhaft and Dr. Wasser on New Evidence of the 

inhomogeneous field a paramagnetic test body would be 
driven to the region of the greater torce, a diamagnetic body 
in the opposite direction. We now wish to examine in this 
way as small test bodies as possible, and construct for this 
purpose the suitable magnetic field. * 

§ 2. The Micromagnet • 

For the following measurements the circular poles of an 
Ehrenhaft condenser of the diameter 9 mm. were rebuilt 

Fig. 1. 



into 'poles of a strong electromagnet. The upper plate 
consists of a hollow cylinder of soft iron with an external 
diameter of 9 mm. and an internal diameter of 2 mm. Into 
this is introduced an electric insulated solid cylinder of the 
same iron with a diameter of 1 mm. These cylinders can 
be brought to various electric potentials. The lower plate 
ends in a conical iron pin, 2 mm. thick, which has a circular 
base with a diameter of 1 mm. The pin is surrounded by a 
mantle of brass with a diameter of 9 mm., so that its base 
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lies in the same plane as that o£ the pin. The described 
condenser plates go over into two iron cores (12 mm. thick, 
190 mm. long), each of which is wound with 14 layers of 
2-mra. copper wire. An accumulator battery of 120 volts 
cross-potential and very great capacity furnishes a quite 
constant current. The number of the ampere turns per 
1 cm. is 1080. The two cores are closed by an iron yoke 
which is insulated from them by leaves of mica. In this 
way the plates can also be used as an electrical condenser. 
Four coolers fed with flowing water, two for each core, 
provide for a sufficient removal of the heat and hold the 
temperature constant. When the windings are connected 
with the electrical circuit, there are produced two opposite 
magnetic poles in the vertical x axis. In this way we get 
a symmetrical inhomogeneous magnetic field between the 
plates of an Ehrenhaft condenser, which are at a distance 
1*8 mm. apart. 


§ 3. T/ieMeasurement of the Micromagnetic Field. 


It is well known that under the influence of a constant 
force P the velocity v of the test body in a frictional 
medium is proportional to the force acting. If B denotes 
the mobility of the test body, then we may write c = B.P. 
If P is a function of position, the velocity of the test body 
will change proportionally to the change in the force. In 
the following the measurements of the velocities are made 
over such small regions that the force P in these regions may 
be regarded as constant, and hence proportional to the 
velocity v . If the direction of the magnetic field is the 
same as that of gravity, and if the test body acquires, under 
the action of gravity and of the magnetic force, a velocity v,n 
in the frictional medium, then 


| J TTTT dR 

my±*VH^ = B . 

Her® vZ is the velocity, H the magnetic intensity, and 


( 1 ) 

dR 

dx 


the gradient of the intensity in a practically very small 
region in which the force may still be regarded as uniform. 
The positive sign holds for paramagnetic, the negative sign 
for diamagnetio bodies. In onrcase the gradient of the field 
in the central x axis is in the same direction as gravity. 
Hence the action of the magnetio field on paramagnetic 
bodies will be in the direction of gravity, and on diamagnetic 
bodies in the opposite direction. 
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In order to undertake the measurement of the inhomo¬ 
geneous magnetic field, we must first define its geometrical 
configuration. The observations were made with a micro¬ 
scope objective of the numerical aperture 0*34 and with a 
Huygens ocular 4. According to this the magnification 
was 95. This combination of ocular and objective gave a 
field of vision of a diameter about 2 mm., so that both the 
plates (distance 1‘8 mm.) were still visible. By a scale 
introduced in the ocular the space between the poles was 
divided into equal intervals of 9.10~ 3 cm. Of this, only 
the central part of the scale, 1*08 mm. long, was used for 
the observations. This central part of the field of vision 
was divided into L2 intervals. The measurements, however, 
were made over two intervals at once, as it was found that 
the velocity under the influence of the magnetic force was 
sufficiently uniform in this stretch. The magnetic field 
could therefore be examined over six double intervals of the 
length of 18.10" 8 cm., i.e. about two-thirds of the space 
between the poles. 

For the purpose of calibration an aqueous solution of 
3*01 per cent. FeCl 3 was used. It was necessary to hold 
the concentration as low as possible in order that the 
susceptibility might not be too high. In this case the 
velocities in the magnetic field would be very large and 
difficult to measure, and, furthermore, small susceptibility 
makes possible a comparison with diamagnetic bodies, most 
of which have very small susceptibilities. The susceptibility 
of ferric chloride solution was determined relative to 'water 
by repeated measurements, using a large magnet and the 
buoyancy method. Assuming the value k=z — 0*77.10~ 6 
for water, the value k=z 1T4.10*" 6 was found for the 
3*01 per cent. Fe01 3 solution. 

The solution was mechanically sprayed, and upon the test 
bodies the following measurements were made. Each test 
body is allowed to fall under the influence of gravity alone, 
and is repeatedly drawn up again by the electrical field. 
After ten measurements of the times of fall and rise had been 
made, the same measurements were repeated in the magnetic 
field. For the motion in the magnetic field we have fcbe 
relationship __ 

.<*> 

for tfhe motion under the action of gravity alone the 
relationship 

.... .. * (3) 
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where V denotes the volume o£ the test body. From this 
follows 




V,n 

? y' 


. . (4) 


From this results that for each interval the mean product 
of the magnetic intensity into the gradient is 


it dll 

u ,u 



. . . . (. 1 ) 


If, now, in (5) we give the density the value.1*03 and the 
susceptibility k the value as above determined, we can 

ii/H 

compute the value of H , for each interval, and can plot 

ax 

this as a function of position. In the diagram of fig. 2 the 


Fi*. 2. 



lengths of the intervals measured in 10~ 8 cm. are plotted as 

abscissae, the values of II , - measured in 10 8 abs. units as 

ax 

ordinates. In* the other two curves the ordinates are 

dH 

measured in 10* gauss, and - r measured in 10* abs. units. 

ax 

The marked points show the measured values of H-^ 

in the Six intervals. In order to determine the values of H, 
a cubical parabola was drawn to the points by the method 
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of least squares. This parabola fits the observed values 
extremely well. The deviations are all within the region of 
the errors of observation and are, in mean value, about 
1*5 per cent. 

dH * 

Hence the product H ^— can be written in a form 





where f(x) =*ax l . For the constant a the value 0*856.10 12 
was obtained. 

The equation _ 

= 0-856.10 1 *.* 8 
ax 


can easily be integrated. From this results*that the mag¬ 
netic intensity as a function of the position is 

H= (0*428 . 10 12 a? 4 -f c) 1/2 . 

From the number of ampere turns and from the dimensions 
of the magnet we have as the initial condition for c»H 0 J 
the value ~4.10 6 abs. units. Hence 


H = (0-428.10 1 V + 4.10 6 ) 1 /*. 

This curve is also shown in fig. 2. The quotient of the 

two ordinates H-y-~ and H at every point gives the third 

curve of the diagram . In this way it is possible to 

examine the nature of the magnetic field in all its details. 
Here we have a new method of measuring inhomogeneous 
strong magnetic fields of small dimensions. As can be seen 
from fig. 2, the intensities run from about 2000 to 13,000 
gauss. Of course very close to the point the intensity is 
still essentially greater, and may even exceed 20,000 gauss. 


§ 4. The Determination of the Magnetic Constants of Small 
Particles hy means of the Micromagnetic Field . 

As the structure of the magnetic field is already known, 
we can undertake the measurements on other paramagnetic 
and diamagnetic substances in order to determine their 
susceptibilities. In the following the results of the«e 
researches on several test bodies of selenium and ’Silver are 
given. 
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The procedure is here the samej as described for FeCl s . 
If v«o denotes the velocity of I a drop of ferric chloride in 
the magnetic field, and Vf the velocity under the influence of 
gravity alone in a certain interval, and if, furthermore, 
and v/ x have the same meaning for a particle of selenium, we 
get, according to (5), the two equations 



dBL 

As H-^-, under the assumption made above, has the 
same value in both cases, there results 


hsL . = / Vn i o i \ . / v »*i _ ^ \ 

<*o * o-i ~ \ *'jo / \ v fi / 

or 

..(7) 

O'! 

V «7* ) 

In this way, assuming the susceptibility of a calibrating 
substance as known, the mass susceptibilities of various 
substances can be determined from velocity measurements 
alone. Moreover, the advantage of the method is that the 
magnetic field can be controlled after each measurement; 
and this we have done in every case. During these 
measurements we have not only taken care that the electrical 
current for the exciting of the electromagnet should be as 
constant as possible, and that the measurement should be 
carried out on the same spot in the direction of the x axis, 
but, furthermore, that tne particle should not leave the 
central line of the field of vision* The deviations from the 
centre, e.g. on account of the Brownian movement, could 
not have been greater than 0‘2 mm. In this way we could 

dm 

be assured that the product H ^ - was measured on one and 

the same spot during the time of observation. 

The results of the measurements are given in the following 
table. In the first and second oolumns the quotients 

—■ for the substance in question and that for ferric chloride 

are shown, measured always in the corresponding interval. 




232 Prof* Ehrenhaft and Dr. Wasser on Mew Evidence of the 

In the third column stand the mass susceptibilities for Ag 
and Se. The mass susceptibilities agree perfectly well with 
those for the material in bulk. In particular, the mean 

values of - show quite clearly that the particles actually 
cr * 

consist of selenium and silver. 

It may further be mentioned that we are here working 
with red selenium, the mass susceptibility of which has in 
bulk the value 0 * 117 . 10 ~ 6 , which agrees exactly with our 

k 

value. The value for silver, - = —0*20. 10 “ 6 , comes also 

cr 

within the limits — 0 * 19 . 10“ 6 to — 0 * 22 . 10 ~ 6 , which have 
been given by several authors for the susceptibility of silver 
between 18 ° and 1100 °. 






Table I. 





T. 

b. 

W 




f 15. 

vii. 

1926 

0-723 

2*519 

-020 


16. 


„ («)... 

0-907 

1*966 

-0-22 

1< 

16. 

»♦ 

('0 ... 

0*910 

1*966 

-0-21 

cc 

17. 

tl 

n • • • 

.. 0-697 

2*519 

-022 


20. 

«> 

„ («) - 

0*615 

3 392 

-018 

1 

20. 


(.!>) - 

0*566 

3-392 

-0-20 






Mean value . 

. —U*20 



T. 

b. 

<5>/Se* 



S 

' 31. 

v. 1926. 

0-807 

2*752 

-0*12 

.2 

5. 

vi. 

n .. 

0*913 

1*669 

-0 14 

J 

v 

18. 

»» 

ii .......... 

0835 

2-752 

-0*10 

GO 

1 24. 


♦» ... 

0*579 

4*980 

-0*12 






Mean value .. 

. —0*12 


§ 5. Results of the Researches on Single Colloidal Test 
Bodies at different Gas Pressures . 

Since the nature of the particles in question has been 
examined by means of the micromagnetic field, we can now 
complete the proof of the validity of some other assumptions 
as to normal density and spherical form of the test bodies. 
These assumptions, it is well known, must be made if we 
wish to determine the magnitude of the particles according 
to the law of resistance. With regard to this problem, we 
may also refer to the above-cited publication. The method 
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described in this paper enables us to determine, in a purely 
mechanical way, the constants of the law of resistance by 
means of velocity measurements on the same test body at 
different gas-pressures. 

This series of researches, which up to the present time 
has been made on fluid drops and on solid particles of 
average density, has now been extended to heavy metallic 
test bodies. Papers prepared in our Institute *, which will 
shortlj* be published, show that when suitably produced in 
the electrical arc, silver and gold particles of constants 
within the limits of the theoretical derived law of resistance 
can also be obtained. The observed limits between which 
the single constants vary are much closer than those 
theoretically determined. The values of the constants of 
the law of resistance experimentally found closely agree 
with the values of the constants found for the substances 
already tested. 

Table II. 

Interval of 


Substance. 

<r. 

A'V 

A. 

the radii 
in 10 6 cm. 

e . 10 ,# . 

n. 

Oil . 

0*93 

082 

0*93 

3-59-11*52 

467 

21 

K,H gl I 4 .. .. 

301 

304 

1*03 

1*96- 4*21 

3*75 

7 

BaHgl* . 

3*50 

3*90 

1*05 

1*13- 3*25 

326 

17 

Se j .. 

4*26 

4*35 

101 

1*30- 3*72 

2*80 

26 

. 

»» 

389 

095 

3 19- 5*55 

2*56 

5 

Se III. 

„ 

402 

097 

108- 3*34 

149 

17 

Ag. 

1050 

1215 

107 

1*12- 4 08 

1*13 

21 

Au. 

1918 

19-19 

1*00 

0 83- 1*80 

1*04 

24 


The above table shows the complete results of all the 
experiments concerning the validity of the law of resistance 
for single particles of magnitudes down to 1.10~ 6 cm. 
This table is illustrated by fig. 3, which gives the results of 
measurements of several particles of selenium. The corre¬ 
sponding values of the mean free path of the molecules l and 
of the velooities u define a straight line the intercepts a 
and slopes /3 of which were found by means of the method 
of least squares. Since for the mobility we have the 
relation 



♦ 0. Trauner, ZS. f PA. ; M. Slopkovitaer, ZS.f PA. 
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the resulting expressions for the above coefficients, taking 
the aoking forces t into consideration, are 


a _?il fl! 

“ - 9 fiE* a 


o 9* 
p ~ 9 pE m 


, A a. 


From these result the values for A*<r and e/A : 

9/aE* /a ^ a? 

A = 9 “ e/A = 6n>. 


S'* 




( 9 ) 


( 10 ) 


Fur. 8. 



The mean values of A 2 <r for all materials tested up to the 
present time are given in Table II. The number of particles 
used for the computation of the mean values is marked in 
the table by “ n If we now compare the densities of the 
materials in bulk, which run from 0*93 (oil) to 19*2 (gold)* 

t Cf. F. Ehrenbaft and E. Wasser, Phil. Mag. /. 0. 
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with the products AV, we notice the proportionality between 
these two magnitudes. We can illustrate this relationship 
if we plot in a diagram the densities as abscissae and AV as 
ordinates. Fig. 4 shows this diagram. The circles mark 
the values obtained by computation of the arithmetical mean, 
while the crosses denote the average values of A*cr computed 
by taking the errors of the measurements into consideration. 

The results given below were got by measurements on 
140 particles of various densities. The number of single 
observations used for this purpose was about 32,000. As 


Fig. 4. 



a result of this great number of observations, we may. 
regard the relationship mentioned above as being better 
established than many well-known laws of physics. 

From the proportionality between the densities and the 
products A *cr, as well as from the fact that the products A s <r 
for one and the same substance show very small deviations 
from their mean value, the conclusion can be drawn that the 
single particles produced in various ways have their normal 
densities and structures. Under this assumption we get the 
constants A of the law of resistance, which are also shown 
in Table II* They all lie in the interval 0*93-1*07, and thus 
show still smaller deviations from each other than is per¬ 
mitted by the limits theoretically computed. The mean 
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value of all constants A is 1*02, whereof the error i& certainly 
no greater than 0*5 per cent., as very many observations 
have been used for its calculation. 

As the constants A, experimentally determined, prove 
the validity of all assumptions made for the purpose of «the 
determination of the magnitudes of single test bodies, the 
charges on these particles can be computed. In each case 
the smallest charge for each substance is given in Table II. 
The charges shown there are much smaller than the electron. 
In particular the value 1.10” 10 E.S.U. was often found for 
the gold particles ; and these values can be repeated. These 
small charges can neither be explained by deviations from 
the normal structure of the test bodies, nor by errors in the 
observations, as will be shown in the next paragraph. 


§ 6 . The Determination of the Errors of the 
Experimental Results . 


In a paper which is shortly to appear in the Zeitschrift Jiir 
Physik , E. Wasser gives a computation of the errors of 
observations according to the evacuation method. For this 
purpose new measurements? were made on selenium particles 
the magnitudes of which were I.10~*cm. to 3.10~ 5 cm. 
Since this critical order of magnitude is characteristic for 
the determination of small charges, the errors calculated 
there may be regarded as typical for all other substances. 

The averaging of the observations can only be made in 
accordance with a law which is theoretically well founded. 
It is well known, theoretically, that for large particles, 

the Stokes-Cunningham formula holds in the form 

n. ° 


as shown by equation (8). For very small particles, how¬ 
ever, — s> 1, the theory gives the relation 


B 


(A + Djl 

tiTTflCl 3 


( 11 ) 


An exact theoretical law of resistance should therefore 
contain both these cases as limits. The empirical formula 
of Knudsen and Weber * fulfils these conditions, and also 
closely agrees with the experiment. If, therefore, we wish 
to take into consideration the curvatures of the lines experi¬ 
mentally found, we are obliged to make use of the formula 

b = 4^K< a+d ‘-°’>} ■' 

• M. Knudsen and 8. Weber, Ann, d. Phyt. xxxvi. p, 981 (1911). 
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According to this, the results of measurements on the 
selenium particles are first approximated to the linear form 
of the law of resistance, and the errors resulting from this 
are calculated in the paper cited. The exponential law is 
then used for the determination of the sizes and charges of 
the particles, and the errors in these magnitudes are also 
computed. 

If, on the one hand, we assume the relation between the 
directly measured values of the mean free path, J, and 
velocities, w, to be linear, then we can set 

iti=* + /3li, .(13) 

where a and 0 have the meaning given above. Taking the 
expressions for « and 0 into consideration, we get 

A 2 a = F(«, 0, E*) 

and 

*/A-F'(« % 0).(14) 

The errors in the products A 2 <r and quotients e/A are there¬ 
fore composed oF the errors in the values for a, 0, and E*. 
The errors in the last magnitudes were computed according 
to the method of least squares t> and give the compound 
errors for AV and e/A shown in Table IXT. 

Table III. 


T. b. no. 


±™ AS< r%- 

./A. 

±"V%- 


1 . 

4*338 

9*66 

1*479 

13*94 

3 

3 .. 

4-710 

12*64 

1*773 

24*80 

5 

8 . 

3*903 

2-10 

3-669 

3*01 

6 

9 . 

3*390 

7*95 

1*920 

12*27 

4 

14 . 

3*646 

10*23 

2*629 

1730 

6 

16 . 

3*980 

8*23 

2631 

1302 

7 

20 . 

4*618 

11*64 

2-202 

20*14 

6 

22 . 

4-055 

6*96 

2*703 

11*64 

8 

24 . 

6*849 

7*68 

2*874 

12-16 

6 

28 . 

3*498 

4*50 

2*740 

6-43 

8 

29 . 

4*686 

8-46 

2-621 

9-83 

6 

80 . 

4-670 

6-07 

4-130 

511 

4 

3t . 

4*168 . 

7*79 

2*338 

11*40 

6 

32 . 

4*614 

6*26 

3-254 

9*16 

6 

33 .. 

6*660 

7*08 

3*660 

1071 

6 

36 . 

4*229 

6*08 

3364 

7*62 

8 

36 . 

3*626 

5*00 

5*820 

4*52 

3 

Average mean errors... 



lF36 



t For the extended formulas used in this case we may refer to the 
paper by E. Wasser. 
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As may be seen from the above table, the errors pun from 
2*1 per cent, to 12*6 per cent, for AV, and from 3*0 per 
cent, to 24*8 per cent, for e/A. The average errors for 
these two magnitudes are 7*3 per cent, and 11*3 per cent. 
The mean value of the products AV, as well as of the 
quotients */A, cannot be calculated according to the formula 
for an arithmetical mean, for the reason that each observation 
carries its own error. For the purpose of calculating the 
mean value, we must therefore regard the value of exactitude 
of each single observation. Taking this into consideration, 
we get 

A 2 <r=4*015 ; #/A = 3*066.10" i0 . 

The average errors for these two mean values are 1*3 per 
cent, and 1*8 per cent, respectively *. As the result of 
measurements on 17 selenium particles, we obtain 

A*<r = 4*015±0*053 ; e/A = (3*066 ± 0*056). 10~ 10 . 

In order to determine the absolute values of A, a, and e 
from the results of observations A 2 cr and e/A , a further 
assumption must be made about one of the three magnitudes 
A, <r, and e . Considering the proportionality between the 
densities <r and the products AV measured on various sub¬ 
stances, we may assume for the density its value for selenium 
in bulk. This assumption enables us to calculate the con¬ 
stants A, the radii of the test bodies a, and their charges e . 
The corresponding values for these magnitudes are given in 
Table IV. 

By assuming the density or as an exact figure, the total 
error in the product A 2 or is reduced to the error in A 2 . In 
this way we get the average error of each separate value of 
the constant A at 3*65 per cent, and the error in the mean 
value A =0*974 at 0*66 per cent. Table IV. shows these 
errors in the constants A as well as the charges e and the 
radii a. Since the average errors in the charges run from 
3*2 per cent, to 23*6 per cent., the majority of the charges 
is much smaller than the elementary unit 4*77.10“ 10 E.S.TJ. 

* There remains the question, how great is the actual variation for th© 
separate values of A 2 a and e/A. Above all it is to be considered if thi* 
average variation is within the probable error. Should this not be the 
case, it would be an argument in favour of the presence of real deviations; 
in fact the e/A vary so much that it is questionable if a mean value is 
justified. This can, of course, be decided by means of the computation 
of errors. It is shown in the paper by E. Wasser that these actual 
variations of the values for e/A are as great as 39 8 per cent., and thus 
exceed the limits of the average errors in these magnitudes. Accordingly 
the charges e cannot be regarded as constant. 
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Table IV. 

T. b. no. A. + flt A %, «.10 , cdi. ±m a %. e.10 10 . 

0 . 0-892 3-97 1 08 732 171 1290 

3. 1-051 6-32 1-16 13-20 1-86 2363 

15 . 0 966 4-11 121 7-90 2 44 13-66 

1 . 1-009 4-83 1-25 8-60 1-49 14-76 

20. 1-030 5-77 144 11-76 2-27 2095 

8. 0-957 105 1-53 191 351 3-20 

14 . 0-925 5-11 1-66 1027 2 43 18-03 

32 . 1-040 3 12 1 69 5 72 3-38 9 68 

33 . 1141 8 54 1-70 6-60 4 05 1130 

24. 1-171 3-84 1-91 7-47 336 1276 

22. 1-045 3-47 2 02 691 282 1215 

36 . 0-922 2-50 2-03 3 74 3 52 517 

29 . 1048 3-23 2 06 6-16 2 75 10 34 

85 . 0-996 2-54 2 34 4 73 3 35 8 03 

31. 0-989 3-89 2-36 7 23 2-31 1204 

28. 0906 2-25 292 415 248 681 

30 .. 1035 2-53 334 4 07 4-27 571 


Average mean errora ... 3*65 0*93 11*83 

Now, the deviations in the charges from the above value 
cannot be explained by the assumption of the non-validity 
of the law of resistance, provided this be linear, as has been 
shown in the above paragraphs. 

§ 7. The Averaging of the Observational Data according 
to the Exponential Law of Resistance. 

Should the law of resistance be continuous in the interval 
between the extreme limits mentioned above, then we are 
obliged to assume a curvature of the (w, Z)-lines if the mean 
free path of the molecules, Z, is comparable with the radius a ; 

i. e, if 1. This dependence of the constants A upon the 

ratios ^ is given by the empirical formula of Knudsen and 

Weber, to which we also made reference in our publication 
cited above* 

Considering the acting forces and the formula (12) for 
the mobility, we get 

“~|^*[ 1+ 'i( A+De ~ 0 *)]' • • • < 15 ) 
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We set 
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2 <rg 


9 fiE* 


* and make the averaging according to 


the constants A, D, C and the radius a. For this purpose 
the above expression for u must be made linear. This can 
be done by differentiating the equation (15) with regard to 
the constants A, D, C and the radius a, and by introducing 
approximate values for these magnitudes. We therefore set 

A —A 0 +# ; D = D 0 -f 7 ; 0=:Co+8; + 

In this way we obtain linear equations of the form 

«mi + /8n<-tys t -+S<f=ssri. .... (16) 

The minimum condition 


S(*w» + /8n*+ 75 t + S^—n) 2 = min. . . (17) 

gives the normal equations, from which we can calculate the 
corrections )8, 7, 8, a y and from these the averaged values of 
A, D, C, and a. 

This method of computation enables us to determine the 
radii of the particles, taking the curvatures of the (u, /)- 
lines into consideration. The measurements made up to the 
present time allow us only in single cases to make use of 
the averaging above. In the majority of cases, only six 
points were measured for each (u, Z)-line, which give two 
surplus equations for the determination of the corrections. 
This number of equations, however, does not appear to be 
sufficient for the exact evaluation of the curvature, as the 
application of the above method of computation to the 
selenium particles measured in our case has shown. Only 
in the case o£ two particles which furnished eight points for 
the ( u , Z)-line did we succeed in averaging the observations 
according to the exponential law of resistance. In all other 
cases the errors were so great that a curvature of an opposite 
sign was also probable. 


Table V. 


T. b. no. 

A. 

D. 

28. 

0*860 

0*127 

36. 

0*776 

0*220 

T. b. no. 


±®*D' 

28. 

0*140 

0*085 

36. 

0*133 

0*073 


O. 

a. 10 8 cm. 

eA0 l0 E, 

3*58 

3*02 

2*72 

2*38 

2*49 

4*04 

±m c . 

±*v 

±«V 

1*16 

0*08 

0*21 


0*89 0*07 0*35 

The data for these two particles are shown in Table V, 
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' Riemannian Null-Geometry* 

The calculated error for each magnitude stands under the 
value in question, and is marked by m©, me, m a , m # 
respectively. If we now compare the values for A, a, and e 
of the above table with the corresponding values for these 
two particles as calculated according to the linear form 
of the law of resistance, we may draw the following 
conclusions :— 

If we take the curvatures of the (w, Z)-lines into account, 
the constants A become smaller ; but also in this case they 
remain within the theoretical limits. The radii of the test 
bodies increase by so much as the constants decrease. 
Accordingly the charges, too, grow; they do not, however* 
reach the value of the electron. If we consider the above 
two examples, we may assert that, on account of the 
exponential law of resistance, the charges increase by about 
10 per cent, to 15 per cent., as against the charges calculated 
according to the linear formula. This circumstance, how¬ 
ever, cannot explain the large deviations of the charges 
measured in our case from the value of the elementary unit 
of electricity. 

Vienna, 

Aug. 0, 1927. 


XXVI. JRiemannian Null-Geometry. By J. L. Synge, Sc. 1). 9 
F.T.C.DUniversity Professor of Natural Philosophy, and 
A. J. McConnell. D.A., Lecturer in Mathematics , Trinity 
College, Dublin *. 

Synopsis. 

Pabt I.—§ 1. Introduction. § 2. Contact of surfaces. § 3. Conjugate 
cones. §4. Null-surfaces; characteristic lines; geodesic null-lines. 
J 5. The finite null-cone. 6. Conditions that a family of geodesic null¬ 
lines may constitute a null-surface. § 7. The two null*surfaces passing 
through "an (N—2)-space. §8. Geometrical solution of ^=0, when 
<j> is given over a surface. 

Pabt II.—$ 9. Optical significance of geometrical results. § 10. Re¬ 
flexion at a moving surface. $ 11. Refraction at a moving surface. 

§ 1. Introduction . 

W HEN a non-definite line-element is used in Riemannian 
geometry, there is introduced an important geo¬ 
metrical entity, the null-cone, which does not exist when the 
line-element is definite. The present paper is concerned 
with some aspects of the geometry of the null-cone. 

* Communicated by the Authors. 

PUL Mag. S. 7. VoL 5. No. 28. Feb. 1928. 
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In Part I., which treats of pure geometry, the cpntact of 
surfaces at ordinary and double points is discussed. A null- 
surface is defined as an envelope of null-cones, and its partial 
differential equation is shown to be 

= g mn <t>m<t>n = 0, (4>r = d$/d# r ), • (1*1) 

while the characteristic lines on a null-surface prove to be 
geodesic null-lines # . The finite null-cone, formed from all 
the geodesic null-lines issuing from a point, is shown to be 
a null-surface. It is proved that through an arbitrary 
subspace of (N—2) dimensions there pass two null-surfaces, 
formed from geodesic null-lines issuing from the points of 
the subspace, two directions being defined at each point. 
The duality of the solution of (1.1), when the value of <f> is 
given arbitrarily over a surface, is then evident. 

Part II. deals with the application of the geometrical 
results to optics. The propagation of light in space-time 
being defined by a generalized Huyghens’s construction, the 
history of a light wave in space-time is a null-surface. The 
history of a light-ray, defined as a characteristic on the history 
of a wave, is therelore a geodesic null-line. By regarding 
the wave, instead of the ray, as fundamental, we are able 
to discuss reflexion and refraction at a moving surface. 
The results are applicable to the general theory of relativity, 
but it is hoped that the generality of method may also be of 
some value in the discussion of other problems. 

Part I. 

§2. Contact of surfaces. 

Let there be a manifold V N with a coordinate system 
(x\ # 2 , ..., xF). Let Stf-i be a surface immersed in V N , and 
let P and Q be two points on this surface. Let Q approach 
P along any curve on the surface, and let rj r be quantities 
proportional to (x r )§— (# r )p in the limit as Q tends to P. 
Any such vector rj r is said to be a tangent to the surface 
at P, and the totality of tangent vectors constitute the 
tangent element at P. If the equation of the tangent element 
is of the form 

<*mV m = 0.(2.1) 

* Equation (1.1) will be found in von Laue’s 4 Relativiststhebrie,’ ii. 
p. 149 (1921), where he develops the theory of the propagation of elec¬ 
tromagnetic waves of evanescent wave-length. He also derives the 
equations of the light-rays from this equation. Here, however, we are 
-concerned with the geometrical aspect. 
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we say that P is an ordinary point. If the equation of the 
tangent element is of the form 

a mn v m V n « 0,.(2.2) 

then P is a double point; and so on. Equation (2.1) defines 
the elementary tangent plane at an ordinary point ; (2.2) de¬ 
fines the elementary tangent cone at a double point. 

The contact of surfaces will be defined in terms of the 
contact of their tangent elements. 

Let us consider the intersection of an elementary cone 
given by (2.2), in which without loss of generality we 
assume a mn symmetrical, with an elementary two-space V 2 
given by the equation 

7 ) r s= aX r 4 .(2.3) 

where a and /3 are parameters, and \ r and p r are fixed 
vectors. V 2 , in general, cuts Cy-i in two vectors. If these 
two vectors coincide, we say that V 2 touches Cn-i» and the 
common vector is the vector of contact . The condition for 
contact is 

My) 2 = a mn \ m \ n . . . (2.31) 

and the vector of contact may be written iu the form 

V r = * r . . a mn \ m f* n . . . (2.32) 

In order that V may be the vector of contact, it is necessary 
and sufficient that 

a rnn \ m \ n = 0.(2.33) 

and 

a wl „V>” = 0.(2.34) 

If V bo any vector in On_i and fi r any vector satisfying 
(2.34), then the elementary two-space given by (2.3) touches 
V being the vector of contact. Thus all the elementary 
two-spaces touching CV-i along \ r constitute au element of 
(N—1) dimensions, whose equation is 

a mn \ m v = 0,.(2.4) 

and which we shall call the elementary tangent plane to Car..! 
along the vector \ r . 

In order that the elementary plane 

b m rr = 0.(2.41) 

may touch the elementary cone 

Omnf) m v n = o, (a mn « a nm ) : (2.42) 

R 2 
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it is necessary and sufficient that V exist such that (2.33) 
is satisfied and the elementary planes (2.4) and (2.41) 
coincide. This is the case if, and only if, 

= 0bn> . . • . • (2.43) 

where 0 is a factor of proportionality. Hence 

\ m = 0A .(2.44) 

where is the cofactor of a mn in the determinant. | a mn |, 
divided by the determinant. Substitution in (2.33) gives 
the condition for contact 

A—M* = 0,.(2.45) 

while the vector of contact is given by (2.44),” from which 
the factor of proportionality may be omitted. 

We can now define the contact of surfaces. If a point 
common to two surfaces is an ordinary point on each, the 
surfaces are said to touch when their elementary tangent 
planes coincide. If the common point is a double point on 
one surface, the surfaces touch when the elementary tangent 
cone to one surface is touched by the elementary tangent 
plane to the other. If the common point is a double point 
on each surface, the surfaces touch when their elementary 
tangent cones have a common vector, and the elementary 
tangent planes to the elementary tangent cones along this 
common vector coincide. 

Let a surface be given by 

4>(x\ x*, ...,x™) = 0 .(2.5) 

If ci(j>j^x r do not all vanish at P, then P is an ordinary point, 
and the elementary tangent plane is 

= 0.(2.51) 

If c )4>/'dx r are all zero, bnt d 2 </>/d-P'd«' do not all vanish, then 

P is a double point, and the elementary tangent cone is 

<f> mn V m V n -0, .(2.52) 

where </>,„„ is the second covariant derivative of <f>. 

If P is an ordinary point common to 0=0 and ^>=0, the 
condition for contact is 

.( 2 . 6 ) 

where 6 is a factor of proportionality. 

If P is a double point on <f>=0 and an ordinary point on 
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ty—O, the condition for contact is 

® =*0, .(2.61) 

where <&* n is the cofactor of <f> mn in | <f> mn |, divided by this 
determinant *. 

If P is a double point on d> = 0 and *^=0, the condition 
for contact is that \ r exist, satisfying 

0, *lr mH \ m \ n = 0, . . (2.7) 

and making the elementary planes 

<pmn\ m v n = 0, ylr mn X*v n = 0. . . (2.71) 

coincide. Thus we must have 

< pmn\ m = .... (2.72) 

where 0 is a root of the determinantal equation 

\<f>mn—0>lr ni n\ = 0. .... (2.73) 

Equation (2.72) shows that the satisfaction of the tirst of 
(2.7) implies the satisfaction of the second. Thus, to deter¬ 
mine whether the surfaces touch, it will be necessary to solve 
(2.73) and substitute in the first of (2.7) the values of \ r 
obtained from (2.72). 

§ 3. Conjugate cones . 

Let us now introduce a fundamental symmetrical tensor 
g mn , which is such that the quadratic form g mn dx nl dx n is not 
definite. The raising or lowering of indices is effected by 
means of the fundamental tensor. At every point of the 
manifold there exists an elementary null-cone , 

$lmnV m V n — 0.(3.1) 

Two vectors V, are said to be conjugate (or perpendicular )r 
when they satisfy 

<7 TO% X*V*:=0. ..... (3.2) 

If we are given a plane element at a point, there is 

one, and only one, vector conjugate to every vector in this 
element, viz. b r . If we ure given an elementary cone Cbt-i 
with the equation 

<h*nV m V « 0, {Omn — a*m), . • • (3.21) 

the conjugate cone is defined as the elementary surface formed 

* The notation | <fhnn 1, used indifferently for determinant and modulus, 
is not satisfactory. We suggest the notation | <pmn | for determinant, 
retaining the customary \<fhnn\ for modulus. 
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of all the vectors conjugate to the tangent planes of Cn-i* 
The vector conjugate to the tangent plane a mn X w ^ w = 0 is 


f r = g rm a mn \ n . (3.3) 

Hence 

= a rrt \ n .(3.3T1) 


and 

X r = A rn f n ,.(3.32) 

where A mn is defined as in § 2. Substitution in the equation 
of the cone gives for the conjugate cone the equation, 
r) r being written instead of for the variable vector, 

A mn 7] m 7} n =0.(3.33) 

or 

AmnV m V n = o.(3.34) 

It is easily seen that the relation between conjugate cones 
is reciprocal. For the vector conjugate to the tangent plane 
to (3 34) along V is 

F = STA mn X n , .(3*35) 

and when this value of £ r is substituted for rf in (3.21), that 
equation is satisfied. Thus every vector conjugate to a tangent 
plane of the conjugate cone belongs to the original cone . 

The condition for contact of an elementary plane with a 
cone may be stated as follows :— An elementary plane touches 
a cone if\ and only if the vector conjugate to the plane lies in 
the conjugate cone. 

If we put a mn —g mn , we have A mn —g mn and A mn -g mn . 
Thus the null-cone is self-conjugate . The elementary tangent 
plane to the null-cone along the vector \ r is 

9mn^ l V n = 0.(3.4) 

We may state the following result:— An elementary plane 
touches the null-cone if and only if the plane contains its own 
conjugate vector ; that vector is then the vector of contact . 

§ 4. Null-surfaces ; characteristic lines ; geodesic null-lines . 

A null-surface is defined as a surface which touches the 
elementary null-cone at every point. Equivalently, we may 
say that it is the envelope of an x> family of elementary 
null-cones. Hence, putting A mn =g mn and b r —<f> r in (2.45), 
we see that, in order that the family of surfaces 9 

x 2 > •••, # N ) = constant . • .. (4.1) 

may be null-surfaces, it is necessary and sufficient that 

A x <f> =s g™<t> m <t>« = 0 .... (4.2) 
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at every point of the manifold. A surface whose normal at 
every point is a null-vector is a null-surface *. A surface 
whose normal at every point lies in the tangent plane is a 
null-surface. 

At every point of a null-surface there exists a vector of 
contact with the elementary null-cone, given by 

\ r = <p r .(4.3) 


Thus every null-surface contains a congruence of lines defined 
by these vectors. These are characteristic lines . Their dif¬ 
ferential equations will now be found f- By suitable choice 
of the parameter u along any one of these lines we can make 


dr* 

du 


0 


(4.31) 


Hence, taking the contravariant derivative with respect to u 
along the line, we obtain 


du 2 + 



dx m dx 11 
du du 


dx * - ^ A* 

•rfS— 


(4.32) 


Covariant derivation of (4.2) with respect to x r gives 

y nW *f>mr$n 2=2 0,.(4.33) 

which, since <f> mr is symmetrical, may be written 

<f>rm4> m = 0.(4.34) 

Thus the last expression in (4.32) vanishes, and the charac¬ 
teristic lines satisfy the equations 


d?x r f r dx m dx n 
du * ( m n ) du du 


. • ( 4 . 4 ) 


These equations, together with the particular first integral 


dx m dx n A 
du~ 0. 


. . (4.41) 


determine the characteristic lines. We shall follow tho 
usual custom in referring to any solution of (4.4) and (4.41) 
as a geodesic null-line , reserving the name characteristic for 
those cases where the line is considered in relation to the 
null-surface on which it lies. 

* Cf. Eisenhart, ‘ Riemftnni&n Geometry/ p. 41 (1926). 
t The work is similar to that of von L&ue, toe . cit., but we preserve 
tensorial form throughout. 
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If we transform from the parameter u to a genera) para- 
meter (4.4) and (4.41) become 

d 2 x r . i r ) doc" 


dv 2 \ inn j dv dv 


dx n q dx' 


dv ’ ( 


dx m d.v n __ . 
9nn ~dv Tv ~ °* 


(4.5) 


where 6 is a factor of proportionality. Furthermore, a set 
of equations in the form (4.5) can always be transformed to 
(4.4) by transformation of the parameter f. If we put 
v = and eliminate 0 from (4.5), we obtain (N—1) 

•differential equations of the second order for the determina¬ 
tion of x\ x 2 , ..., x **" 1 as functions of .r N . Thus a geodesic 
null-line is uniquely determined when its direction (or the 
ratios dx 1 : dx 2 : : dx 1 *) is given at a point. 

It may be remarked that, although there is no “ distance 9 ' 
along a geodesic null-line, there does exist a privileged group 
of parameters for which the equations take the form (4.4). 
If u is Huy privileged parameter, then all the other privileged 
parameters are given by 

w = au -hi, ,.(4-6) 

where a and b are constants. Thus any four points p., p., 
P 3 , P 4 on a geodesic null-line determine a number, 


U%—Ui 

— V 

independent of the particular privileged para meter employed, 
since this fraction is invariant under the transformation (4.6). 
Ordinary geodesics also possess a privileged groxip of para¬ 
meters, 

w = as + b, .(4.62) 


and for them the ratio (4.61) reduces to PxP 2 : P3P4. 

If we change the fundamental tensor to where 

\i s a function of the coordinates, the elementary null-cones 
are not changed. Thus null-surfaces and the characteristic 
lines on them remain unchanged. Hence we expect that 
geodesic null-lines also remain unchanged. We shall show 
that this is in fact the case, although the privileged para¬ 
meters are changed. Since g* mn =zg m ?/\, we have 



f Cf\ Veblen & Thomas, “The 
Math. Soc. xxv. p. 556 (1928). 


. . . (4.7) 


Geometry of Paths,” Trans. Amer. 
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and hence 


d?x r + ( r * dx m dx n 
du* \ mn J du du 

d?x r f r I dx m dx” , 1 dX dx r . dX dx m dx* 
du* \mn) du du X du du du du 


. . . (4.71) 


Thus, if a curve satisfies (4.4) and (4.41), it also satisfies 

d* ] x r f r \* dx m dx n __ - dx r ^ __ 1 dX \ 
du * tmnj du du ~ du 9 ~~Xdu 9 l 


m dx m dx n ,, 

9 mn ^7 du ~ °» 


(4.72) 


which are the equations of a geodesic null-line in the form 


§ 5. The finite null-cone. 

The totality of geodesic null-lines issuing from a point 0 
form a surface which we shall call the finite null-cone with 
vertex 0. It is not evident that a finite null-cone is a null- 
surface in the sense of our definition. We shall now prove 
that this is in fact the case. 


Fig. 1. 



It is required to prove that the finite null-cone touches 
the elementary null-cone at every point on it, other than the 
vertex O. Thus, if P be any point on the finite null-cone 
and G the geedesic null-line passing through O and P, it is 
required to prove that the vector €*, drawn from P to any 
neighbouring point P* of the finite null-cone, is conjugate 
to tne tangent to G at P* 
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Let G* be the geodesic null-line through O and P* 
(fig. 1). Having selected a privileged parameter u for G, 
so that its equations take the form (4.4), it will be possible 
to choose a privileged parameter u for G* in such a way 
that the parameters for G and G* have the same value at 0 
and the same value at P and P*. Now, if if denote the 
infinitesimal vector joining any point of G to the point of 
G* having the same value of the parameter, we have 


(T) r )j> = € r , 


. . (5.1) 


and, since G* has a null direction at every point, 



(x n + V n ) = 0, . 


(5.2) 


where x r denote the coordinates of any point on G. Sub¬ 
tracting the equation 

dx m dx n A ,r nt\ 

9mn du du~°' .( 5-2i) 


and retaining only terms of the first order, we obtain 


where 


a V »--=0 
9mnV du ’ • 

_ dr) m [ m ) dx* 
7 ’ m =-du + \pa\' lp -du 


But from (4.4) we have 


£ 

du ' 


/ dx n \ _ dx n 

V-* dt) = 9 9 -du> 


dx n 


(5.3) 
(5.31) 

(5.4) 


and this vanishes by virtue of (5.3). Thus along G we have 


dx n 

ffmnV m fa = constant. 


. (5.5) 


But if vanishes at O ; therefore the constant is zero. 
Hence at P 

ffmn€ m \ n « 0. .(5.6) 

where V is the tangent vector to G. Thus e r is the con¬ 
jugate to X r , and we have proved that a finite nulUcone is a 
null-surface . 

Let S be a null-surface and 0 a point on it. Let 0 be the 
finite null-cone with vertex O. Since S touches C at O 
they have a common tangent vector at 0, and this vector 
defines a geodesic null-line G contained in C and also in S* 
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as a characteristic line (fig, 2). We shall now prove that 
S touches C at every point of G. 

Let P be any point on G, and let c be the elementary null- 
cone at P. Then, by the result established above, C touches 
c at P, the vector of contact being X r , the tangent vector 


Fif?- 2. 



to G. But S also touches c, and has the same vector of 
contact. Thus the tangent planes to S and C at P coincide, 
being the tangent plane to c along \ r ; thus the result is 
established. 

§ 6. Conditions that a family of geodesic null-lines may 
constitute a null-surface. 

In the case of the finite null-cone we dealt with an oc N “ 2 
family of geodesic null-lines constituting a null-surface. 
An oo N "' 2 family of geodesic null-lines picked at random, 
subject only to a condition of continuity, will not in general 
form a null-surface. We proceed to investigate the conditions 
which the family must satisfy. 

Let Sir.i be a surface cut by the family. Each geodesic 
null-line cuts a surface in a point, and thus all the points of 
section form an (N—2)-space, Let the parametric 

equations of 2 k-j be 

a r ar X r (a u * 2 , a N _,). (6.1) 

There will be associated with every point of a direction, 
viz. that of the geodesic null-line passing through it, which 
we shall denote by £ r . Thus 

g n nfT = 0. . (6,2) 

The problem before us is the investigation of the conditions 
controlling the functions in (6.2), The method adopted is 
similar to that used in § 5. G and G* are two neighbouring 
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S eodesic null-lines, cutting 2 n- 2 at 0 and 0* (fig- 3). 

‘rivileged parameters are chosen, having the same value 
at 0 and 0*. P and P* are points with equal values of the 
parameter, and rf the vector from P and P*. We derive 
exactly as before 

dx n , n 

constant.(6.3) 


Fig. 3. 



In order that the geodesic null-lines may form a null-surface, 
it is necessary and sufficient that this constant should vanish 
all over 2 n- 2* Thus all over Sn_ 2 we must have 

ff m nV n T = 0.(6.4) 

for all values of rf given by 

n-2 

rf = 2 £-■ (6.41) 

A=1 0« A 

Hence at all points of we must have 

sw|~r« 0 , (A = 1, 2 ,N—2 ), (6.5) 

=0.(6.51) 

From (6.5) we derive (N—2) of the ratios f 1 : £* : ; £ N as 

linear functions of the remaining ratio. Substitution in 
(6.51) gives a quadratic equation for this remaining ratio. 
Thus at every point of Xn ~2 the direction of the geodesic 
null-line must be one of two directions, which are given 
when Sn-j is known. These two directions majr be called 
the characteristic directions associated with any pmnt of 2*r_s- 
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They are, in fact, the characteristic directions on the 
elementary envelope of the K “ 2 family of elementary null- 
cones having their vertices in 2 n_ 2 - 

§ 7. The two null-surfaces passing through an (N — 2 )-space. 

Let be an arbitrary subspace immersed in Vn. 

From § 6 we see that there are two families of geodesic 
null-lines passing through 2 h_ 2 and forming null-surfaces. 
From (6.5) we see that the characteristic directions on these 
null-surfaces are conjugate to every direction tangent to 
2 n~2* Now, the normal at a point on a surface is unique, 
but the normals at a point on a subspace of (N — 2) dimen¬ 
sions form a linear two-space. Thus the characteristic 
directions at any point lie in the linear two-space normal to 
Let \ r and y? he two vectors assigned at every point 
of and lying in the normal two-space. Then for either 
of the characteristic directions at any point we may write 

r = .(7.i) 

where a and ft are as yet undetermined. Since f r is a null- 
vector, we have 

a 2 ? wn V"X* + 2aftg mn \ m fM n + ft 2 g mn fi m p. n = 0, . (7.2) 

a quadratic equation for the determination of the ratio a : ft ; 

hence the directions of the characteristic vectors g[ l} , f[ 2 ) are 
determined. The totality of geodesic null-lines drawn in 
the directions ££» at all points of 2 k_* constitute the 
two null-surfaces passing through 2 n- 2 . 

Let it be required to determine the second null-surface 
passing through the intersection of a surface given by 

fsx constant, and a null-surface, given by constant. The 
characteristic directions at a point in 2^_ 2 , the subspace of 
intersection, are given by (7.1), with V=/ r and fi r ^z(f> r . 
But 

0.(7.3) 

and therefore (7.2) reduces to 

«?ff'»nf n ¥* + 2*ftg mn f’»<f> n = 0. . . . (7.4) 

This gives as one solution «=0, leading by (7.1) to the 
characteristic direction £> = =<f> r , belonging to the given null* 
surface. The other solution is 

• *. 2 9 -nf m <f> n 

e WV"' * * • 


. . ( 7 . 5 ) 
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Hence the second characteristic direction, belonging to the 
required null-surface, may be written 

f(2) = 2f r -9mnf m 4> 4* 1 * • • • (7.6) 

the sense of and the magnitudes of its components being 
at present of no significance. We note that the two charao- 
tenstic directions and the normal to the given surface lie in 
a linear two-space, as is, indeed, also obvious from (7.1), 
since the normal to Sx-i at a point in 2 n -2 must lie in the 
linear two-space normal to 2 . 

The second characteristic direction is the second inter¬ 
section of the null-cone at the point with the linear two-space 
containing the first characteristic direction and the normal 
■ .to Sk-_i. 

§8. Geometrical solution of Ai<£ = 0, when <f> is given over 

a surface . 

The integrals <f> = constant of the partial differential 
equation 

A i<j> = g mn <j> m <f> n =0 .... (8.1) 

are null-surfaces in the language of this paper. Let it be 
required to find a function x 2 , ic$) to satisfy (8.1) 

and to have arbitrarily-assigned values at all points of a 
surface Sn-i. The given subspaces <j> —constant in Sn- are 
each of (N — 2) dimensions ; we have seen how to construct 
the two null-surfaces passing through each such subspace. 
In this way we obtain two singly-infinite families of null- 
surfaces. Thus at any point P outside S^-i there are two 
values of <f >, which are the two values of <f> on at 

the intersections of Sjy_i with the two null-surfaces (one 
belonging to each family) passing through P. 

If the finite null-cone with vertex P he drawn, the two 
null-surfaces passing through P touch this cone along 
two geodesic null-lines. Thus there pass through P two 
geodesic null-lines such that the two values of <f> at P are 
equal respectively to the two values of <f> at the points where 
Sw-i is cut by these two geodesic null-lines. These two 
geodesic null-lines may be selected from those forming the 
finite. null-cone by the condition that their directions at 
the points where they meet*S^. 1 must coincide with one or 
other of the two characteristic directions associated with 
each point of the subspace of (N—2) dimensions formed by 
the intersection of Sx-i with the finite null-cone. 

If <f> is constant over Sn-i> the method requires modifi¬ 
cation. 
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Part II. 

§ 9 . Optical significance of geometrical results . 

The subject of geometrical optics deals with rays and 
phase-waves. It is the limit to which physical optics 
approximates as the wave-length tends to zero. We wish 
here briefly to develop a theory of geometrical optics, 
applicable to the gravitational field of Einstein, and based 
on a generalization of Huyghens’s construction. 

We define the mode of propagation of light by the 
condition that the history of a light-wave in space-time is an 
envelope of elementary null-cones. The history of a light¬ 
wave is therefore a null-surface. We define the history of 
a light-ray as a characteristic line on the history of a light¬ 
wave. Our method therefore enables us to deduce from our 
generalization of Huyghens’s construction the well-known 
equations—(1.1) for the history of a light-wave and (4.4), 
(4.41) for the history of a light-ray. The optical disturbance 
from a point-event is the finite null-cone having its vertex 
at the event, and the histories of the rays are the geodesic 
null-lines which form the finite null-cone. 

It is to be observed that, while this theory is formulated 
so as to be applicable to the general theory of relativity, all 
the results of ordinary geometrical optics can be deduced 
from it by putting 

g mn dx nl dx n = do* — V*dt*,> . . . (9.1) 

where da is the spatial line-element and Y the velocity of 
light. 

§ 10. Reflexion at a moving surface . 

The history of a moving body fills up a portion of space- 
time. That portion is bounded by a surface S 8 , which is the 
history of the surface (in the ordinary sense) of the material 
body. Let us suppose that a light-wave impinges on the 
surface. The intersection of the history of the light-wave 
with S* forms a subspace 2* in space-time. Through 2a, 
according to § 7, there pass two null-surfaces, of which one 
is the history of the incident wave and the other is the 
history of the reflected wave. The two characteristic direc¬ 
tions at anypoint of 2a belong to the histories of the incident 
and reflected rays. From the remark at the end of § 7, we see 
how the history of the reflected ray can be constructed w'hen 
the history of the incident ray an cl the normal to the history 
of the reflecting surface are known. 

We may state the law of reflexion in space-time: The 
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histories of the incident and reflected rays and the normal to 
the history of the reflecting surface lie in an elementary linear 
two-space . It is impossible to state anything concerning the 
u angles of incidence and reflexion ” in space-time, since 
the angle between a null-vector and another vector is not 
defined. 

The ratios of the components of a tangent vector to a 
geodesic null-line indicate the curve iu space-time along 
which light is propagated. The sense in which the propaga¬ 
tion actually takes place will be indicated by the signs of the 
components of the tangent vector. 


Fig. 4. 



Let us denote by I r and R r respectively vectors tangent 
to the histories of the incident and reflected rays and 
indicating the senses of propagation of those histories ; 
let N r be a vector normal to the history of the reflecting 
surface (tig. 4). Then, instead of (7.6), in which no 
attention was paid to the sense of £[%), we write 

mr = 2N r . . g mn N**N», . (10.1) 

where the sign of k is physically determinate. 

Now it is evident that, whether N r be drawn as in the 
figure or in the reverse direction, we must have 

N r = 8R r ,.(10.2) 

where « and & have opposite signs. Thus k and $r mn N m N* 
must have opposite signs. Remembering that the actual 
values of the components of R r have no physical significance, 
we may write 

k=-g mn N’*N", . . . . .(10.21) 

and hence 

e , = I,_ 2N ,|^I-N- . (10.3) 

This is the formula for reflexion at a moving surface . 
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Let us now apply our result to the case of a stationary 
gravitational field in which x 1 , x*, x s are spatial coordinates 
and x 4 the time. If we understand a range or summation 
from 1 to 3 when Greek indices are used, such a field is 
characterized by the equations 

= 0, ’bgnvnfox 4 = 0. . . . (10.4) 

The spatial line-element is given by 

dcr 2 = g^x ¥ ‘dx v ^ .... (10.41) 

and the velocity of light by 

V 2 = .(10.42) 


Fig. r>. 



The vectors I p and R p represent the directions of the 
incident and reflected rays in space. The vector N p is 
the normal in space to tne instantaneous position of the 
reflecting surface. We shall assume it drawn into the region 
of incidence (fig. 5) If i and r denote the angles of inci¬ 
dence and reflexion in the ordinary sense, we have 

cos i - - <fc,FN7L (^PPW^N'N*)*], > 

cost = ^ * } 

Since I r and R r are null-vectors, we have 

= —^44(i 4 ) 1 , g^nni* = -^ 44 (R‘) s . (io. 6 ) 

Moreover, since sc* increases along these veotors, I 4 and R 4 
are positive. Thus 

(*„PP)» = VI 4 , « VR 4 . .(10.61) 

Now, in (10.3) the magnitudes of the components of 
Phil. Mag. S. 7. Vol. 5. No 28. Feb. 1928. S 
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I r ami N r are arbitrary. We may therefore choose them so 
that I p and are unit vectors in space. Then 


= 1, S'pffN N" = 1, . . . (10.62; 

and hence 

I 4 = 1/V.(10.63) 

Thus (10.5) give 

cos i = cos r = g„ R^N'/VR 4 . (10.7) 

If dx l , dx*, dx 3 denote the infinitesimal displacement in 
time dx* of a hypothetical particle confined to the reflecting 
surface, we have 

ff^dxW+ffudxW = 0, . . .(10.71) 

and, if the displacement of the particle is along the instan¬ 
taneous normal to the reflecting surface, we have 

dx'/dx 4 = 0N» .(10.72) 

Thus, from (10.71), 

Q = - 944 N 4 ;.(10.73) 

and hence, if U denotes the normal velocity of the reflecting 
•surface in the sense of N p , 


We deduce 


U = -;/ w N 4 , N 4 = U/V 2 . . 
#»nI m N B _ _ V (V cos i + U) 

g~ mn N”*N n “ " ' V* - U 2 ” • 


. . (10.74) 

. . ( 10 . 8 ) 


Using the first three equations of (10.3), we obtain 


g = V * CQ S4 + 2VU + U 3 cos i 


while the last of (10.3) gives 


V*— IP 


( 10 . 81 ) 


R 4 = 


Y 2 -r 2VU cos t + U 2 

V (V 2 — U 2 ) -• 


. (10.82) 


Thus, substituting in (10.7), we find for the angle of 
reflexion 

_ V 2 cos i + 2VU + U 2 cos t 

cosr vs + aVCfoSTiTC* - 

2YU sin 2 *' 

* cos * + v* + ‘jVTJcos t+U 2 * (10 - 9 ) 

Here Y is the velocity of light, and U is the normal velocity 
■of the reflecting surface along the normal drawn into the 
region of incidence. 

it must be pointed out that, while (10.3) is believed to be 
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new and important, (10.9) can be deduced by a direct con¬ 
structional method by means of the classical Huyghens’s 
construction ; the method presents no difficulties as soon as 
one is satisfied as to the legitimacy of reducing the problem 
to that of the incidence of it plane wave on a plane mirror 
which has a motion of translation in Euclidean space *. The 
deduction is given here as an example of the general method, 
which has the advantage of being obviously invariant in 
character. The result is also valid for a Galileian frame. 

§ 11. Refraction at a moving surface . 

The history of the surface of separation of two media 
constitutes a surface S 3 in space-time. S 3 divides space-time 
into two regions, the region of incidence and the region of 
refraction. Let the null-cones in these regions be respec¬ 
tively 

9mnV m V n = 0, 9mnV m V n = 0. . . (11.1) 

The fundamental tensor is, in general, discontinuous 
across S 3 . 

Fig. 6. 



Let a light-wave be incident on the surface of separation. 
Then the intersection of the history of this wave with S$ 
forms a two-space, 2*. From each point of 2* there issue 
four characteristic directions, two in the region of incidence 
(corresponding to the incident and reflected rays), and two 
in the region of refraction. 

Let /w0 be the equation of S g> and the equation of 

* A formula equivalent to (10.9), developed in this way for this special 
case, will he found in SilbersteinV Theory of Relativity/ p. 89 (1924). 
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the history of the incident wave. There are two contra- 
variant vectors normal to S 3 , viz.: 

N* r a g* Tm fmi for the region of incidence ;. (11.2) 

N r = g^f^i for the region of refraction . (11.21) 

Similarly the history of the incident wave has two 
normals at every point where it meets S 3 , viz. : 

I* r = g* rm <pmi in the region of incidence; . (11.22) 
I r = g rm (f>m 9 in the region of refraction. . (11.23) 

We shall suppose the sign of <f> so chosen that I* r indicates 
the sense of propagation of the incident ray, i. e. is directed 
towards S 3 (fig. 6). 

The vectors N r and I r are normal to S 2 in the region of 
refraction. Hence (ef. (7.1)) the vector Lt r , tangent to the 
history of the refracted ray and indicating its sense of 
propagation, will be given by 

kU r = «N r + i8I r , .... (11.3) 

where k is a number whose sign is physically determinate 
when values have been assigned to ex and /8, and where the 
ratio ex : J3 is determined by 


o?g mn N™N* + 2*/3g m J m X n +Fg mn r‘l« = 0. (11.31) 

If the roots of this equation are imaginary, there is total 
reflexion . If the roots are real, we have 


13 


~ N"‘N*L ±V (g P9 l p NT )y V 1 '** 


Now, in the particular case where y mn z=g* mn on Sj, l r is a 
null-vector in the region of refraction. Thus (11.4) reduces 
to 


a _ _ fill! 

g mn N-N- L1±1J ' 


. (11.41) 


But in this case there will be no refraction; therefore we 
require a= 0. Thus the minus sign must be taken in (11.41). 
From continuity this sign must be taken in general in (11.4). 
Furthermore, in the particular case considered, R r and I r must 
indicate the same sense. Hence we see that the general 
formula may be written 


a = r-N' 


»I*N W 


gmn $ 7 


SM’ 




On PN *) 1 


)] . (11.5) 


This is the formula for refraction at a moving surface. 
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We may state the following law of refraction: The 
history of the refracted ray and the normals {in the region of 
refraction) to the histories of the incident wave and the surface 
of separation lie in an elementary linear two-space . An 
analogous theorem holds in the region of incidence. 

Let us apply our result to the case of refraction at a 
moving surface in a stationary gravitational field. We 
assume 

and, on S g , the history of the moving surface, 

ffflv ~ .(11.61) 

Hence we have 

I* p = P, N* p = N p . ... (11.62) 

Let the magnitudes of I p and N p be chosen so that 

<tp v rV = 1, N P N*' = 1. . . (11.63) 

Let V*, V be the velocities of light in the regions of 
incidence and refraction respectively. Then 

V 3 = —g u . . . .(11.64) 

Let U be the normal velocity of the moving surface, measured 
from the region of refraction into the region of incidence, and 
let us define fi and v by the equations 


V* U = vV.(11.65) 

Then, as in (10.63) and (10.74) respectively, 

I* 4 =1/V*, N 4 = U/V* = j;/V. . . (11.66) 

Now 

I 4 - g“gZl * 4 - = /x/V, . . (11.67) 

and therefore 

fi'wnl"!* = 1—jr«»N m N* as 1 — v*. .(11.68) 

Also, since 

cost —flwITN*’, . . . .(11.69) 

where t denotes the angle of incidence in the ordinary sense 
(fig. 7), we have 


= — cos t —fiv. 


. . (11.7) 
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Thus we have, as the evaluation of the expression in (11.5), 

jhJrV .gJSPTSirx i 
(fei p N? 


I 1 - 




1 %. 7 . 



and if we denote this quantity by K, we have, by (11.5), 

^“I'+N'^V-d-KI,.(11. 72) 

»*-^+ r^a-K) 

(fi + v cos i) — i»K (cos i+yuv) 

-. v —--(11.73) 

But, if r denotes the angle of refraction in the ordinary 
sense, we have J 

cos r = - ^ITN’/VR 4 , . . . ( 11 . 74 ) 

and therefore, by the above equations, 

— -^(m+vco s i) + K (cos i + /iv) 


Tfajs is the formula for refraction at a moving sur fa ce in a 
stationary gravitational field, the quantities a and v being 
defined by (11.65) and K by (11.71). 6 

If we have v=0 and 

/a 3 —sin* i 


cos r = —t 7 *\ 
(/^H-vcos i) —vi£ (cos i ■+■ fiv) # 1 ^ l, *v 


K* = l--i —£ 


cos z « 


cos*i 


( 11 . 8 ) 
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Hence 


Kcosi /ii oi\ 

COS 7 * "S5 ■■ •••••■ ( JLliOl) 

«„*■•= l-^- c ^i' = 9 i n ’ i . . .(11.82) 


or 


sin i 
sin r 


= 


. . (11.83) 


the ordinary formula for refraction at a stationary surface. 


XXVII. On the Constant of Mass Action . 

By It. I). Klkeman, B.A ., I).Sc .* 

T HE molecules taking partin a gaseous reaction according 
to a given reaction equation may be divided into two 
kinds, depending on their behaviour when isolated. One 
kind does not dissociate, while the other kind dissociates into 
molecules which themselves do not dissociate. Thus, for 
example, according to the gaseous reaction expressed by the 
equation 

2HI^H 3 -hI 2 , .(1) 

the iodine and hydrogen molecules when isolated do not 
dissociate; while the hydrogen iodide molecules when 
isolated dissociate in part into molecules of hydrogen and 
iodine. Again, in the case of the reaction expressed by the 
equation 

200*^200 + 0*.(2) 

the carbon dioxide molecules when isolated dissociate in 
part into molecules of carbon monoxide and oxygen, 
while molecules of the latter kind on isolation remain un¬ 
changed. If the molecules H s , I 3 , and 0* also dissociate 
when isolated, this would be expressed by the additional 
reaction equations 



The moleoules which now dissociate on isolation are HI, I St 
• Communicated by the Author. 
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H,, O s , and the molecules and atoms that do not dissociate 
are CO, I, and H. 

It is very important to make a distinction between these 
two kinds of molecules. Every gaseous reaction would 
evidently involve both kinds. It will be convenient .to 
distinguish them by names ; in this paper the molecules that 
do not dissociate on isolation will be called sepro-stable, and 
those that dissociate sepro-unstable molecules. 

The sepro-stable molecules when isolated will evidently 
obey the gas equation, which for our present purpose will be 
written for one mol in the form 


v = 


RT 
P ’ 


(3) 


where v denotes the volume at the pressure p and absolute 
temperature T. The sepro-unstable molecules will also obey 
this equation if there be no change in the number of molecules 
on dissociation. Hydrogen iodide is a case in point: two 
molecules on dissociation form a molecule of hydrogen and 
a molecule of iodine, and thus the pressure would not be 
altered. On the other hand, if molecules of OO s are isolated 
from a reacting mixture, some of them will dissociate till 
equilibrium exists between the remaining CO, molecules and 
the dissociation products CO and 0 2 . The total number of 
molecules in the end will, however, not be the same as the 
number of CO, molecules isolated in the beginning. Besides, 
the total number of molecules when equilibrium has been 
reached will evidently depend on the volume. The resuhtant 
mixture will therefore not obey the gas equation, but an 
equation which for one mol of the original molecules we will 
write in the form 


r= 



( 4 ) 


where A„ is a function of T. In general it may be said that 
sepro-stable molecules on being isolated from a reacting 
mixture obey the gas equation (3), while sepro-unstable 
molecules obey the equation (4), but that in certain types of 
sepro-unstable molecules the function A„ is zero. 

Let ns next consider the constant of mass-action of a 
reaction between the substances A, B, C, D in equilibrium, 
proceeding according to the reaction equation 


oA + 6B^cC + dD, . . . . . (5) 

where a molecules * of the substance A and b molecules of the 
* Meaning gram molecules or mols. 
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substance B combine to form c molecules of the substance C 
and d molecules of the substance D, and vice versa . The 
substances A and B will be supposed sepro-stable and the 
substances C and D sepro-unstable. 

Let us consider two different equilibrium systems of these 
molecules at the same temperature, obtained by allowing 
two different mixtures of the reacting substances to come to 
equilibrium in reservoirs, shown diagrammatically in fig. 1, 




and let these two systems be so large that removal of small 
quantities of the reacting molecules does not appreciably 
alter the composition. Furthermore, let us suppose that the 
vessels are provided with membranes permeable only to 
molecules A, B, C, and D respectively, in communication 
with cylinders provided with pistons, by means of which any 
given component of the mixture may be withdrawn, or 
added to either system. Now let ns : 

(a) withdraw from' reservoir I. a molecules A and b 
molecules B at the partial pressures p A and p B , at which 
they are present in the reservoir. The free energy change 
for this step is evidently zero, since the partial pressures 
of the substanoes are not measurably altered. 

(4) change reversibly the pressure of the two gases to the 
pressures p A " and at which they exist in the reservoir II. 
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The free energy increase of this step is 

AF 1= a [ Px " v . ?>p + b \ Pl ' v . B;>=aRT li/^+fcRT \n pB " l , 

Jpa' Pa P b 

since these are sepro-stable substances and the gas law (3) 
is obeyed. 

( c ) introduce the gases into the reservoir II., and since 
this does not measurably affect the partial pressures, the 
free energy increase is again zero. 

( d, e , f) by a similar series of steps remove c molecules 
of the substance C and d molecules of the substance D from 
the reservoir II. and introduce into the reservoir I. The 
pressures in the cylinders during the process of removing 
the molecules from the reservoir II. will not be the same as 
the partial pressures p c " and p D rf in the reservoir, on account 
of the molecules.being sepro-unstable. As soon as a number 
of molecules C have passed through a permeable membrane 
into the associated cylinder they dissociate till equilibrium is 
reached between the undissociated molecules C and the 
dissociation products, and a similar change takes place with 
the molecules D. The pressures in the cylinders will there¬ 
fore be greater than the partial pressures in the reservoir, 
and we will therefore write them C''p c " and where 

C" and D" are quantities greater than unity. Similarly, 
when the molecules are transferred into the reservoir I., their 
pressures in the cylinders will not be equal to the partial 
pressures p c ' and p D f in the reservoir but greater, and will 
be written C ’p c ' and where C' and D' are quantities 

greater Ilian unity. 

The total free energy increase during the foregoing 
operation is 

AF 2 =c I ..v.'dp+d] e.B,i*cRTln^+tfRTin^ 

Jo'Vc JO"p n „ Pc' p v " 

+ cRT In , ( ~ + dRT In +c\t- -~ C " . "I 05 ”* 

l/ u *- (n — 1 J c H p 0 " 


+ d 




Pn "I 


I 


V'Pu 


j W'p* 


where, since the substances are sepro-unstahle, the equations 


— RT 

P r * 

RT V D„ 
v~ — t 5 " 
P P n 



267 


Constant of Mass Action. 

are used instead of the gas equation, where C rt is a function 
of T referring to the substance 0, and D n a function of T 
referring to the substance D. 

The foregoing steps are supposed to be carried out at 
corresponding times and so slowly that the removed sub¬ 
stances are in chemical equilibrium while in the cylinders, 
and the substances A and B removed from the reservoir I. 
react in the reservoir II. to replace the substances O and D 
which have been removed therefrom, which in turn react in 
the reservoir 1. to form the substances A and B. Each step 
has then been carried out isothermally and reversibly, and 
the composition of each system is just what it was at the 
beginning of the process. The total free energy increase is 
therefore zero, or 

AF, rAF a = 0, 

which becomes, after substituting for AFj and AF 2 and 
rearranging 


■pm | (Pc )°(P t> y pm li/^° ^ ^ 

R r WTW? 111 KFw? 


+ [ eB i„u' +c s ( -^;= 7pl 


—<RT In C"-c2 
+ dRTlnD' + rf2 


_q 

-I)„ 


(*) 

If we write X for the expression within the square 
brackets in this equation and assume that 


the equation becomes 


X=0, 


(7) 


whence 


RTIn 


wnpv'r 


CPa") j (/>b T 0* 


= RT In 


( p^YM‘ 

(paY(pb'Y' 


(?v , ) , .(w v (Pcy(p»)<i 


This equation expresses that if the temperature is kept 
constant the value of each side is independent of the values 
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of the partial pressures, and we may accordingly write 

(Pc y(p»y 


K = 


(pJ a (P: 




( 8 ) 


where K is a constant at constant temperature which lias 
been called the constant of mass action. If, however, 
equation (7) does not hold, equation (6) may be written in 
the form 


__ (pc )°(Pl ) Y ___ ( Pc ( Pc ) X/RT 
~(PA") a (PB") h ~(PA) a (PB) be ' # ‘ 


It is evident that K is now not independent of the values 
of the partial pressures of the interacting molecules. Since 
these pressures are fundamentally functions of the inde¬ 
pendent variables, the volume of the mixture, its temperature, 
and the masses of the elemental constituents, K is in general 
also a function of these variables. 

It appears, therefore, that in order that in general K be a 
constant at constant temperature, equation (7) must hold 
besides equation (6). But there is h priori no thermo¬ 
dynamical reason why equation (7) should hold exactly, 
though it may of course hold approximately in the case of 
most reactions. In previous investigations of the constant 
of mass action it has been tacitly assumed, following 
van't Hoff, that the substances 0 and D when taken out of 
the reservoir II. do not dissociate. In that case O', D', 

and D" would each be unity, and C n and D w each zero, 
giving to X a zero value. But this would assume that on 
one side of the permeable membranes the molecules (J and 
I) may dissociate, while on the other side they do not, which 
is manifestly an untenable assumption. 

^ may be suggested that possibly the variables O', p c \ 
C , p 0 i D \px>i D", pjy n in the expression X identically 
vanish, and that therefore equation (7) holds. In that case 


cRT In C' -f c2 


-C n 


= 0 


separately, and the other similar expressions of X also 
vanish separately, since each expression contains a different 
set of variables. On adding cRTln p Q ' to each side of the 
equation, it may be written 


J" v . B(C//> 0 ') = RT In p c ' .... (10) 

by means of equation (4). The equation is manifestly 
absurd, since O cannot vanish from the left-hand side 
independently of p c '. The expression X cannot therefore 
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identically vanish, and equation (7) does not hold. It may 
happen, however, that the value o£ the integral is not 
sensitive to variations of C' from unity upwards over a 
considerable range, in which case the equation holds approxi¬ 
mately. If the same i* true for the integral in a similar 
equation referring to the substance D, equation (7) would 
hold approximately. 

It may also be suggested that possibly equation (7) identi¬ 
cally vanishes if C', O", D', D", 0 M , anil D« are expressed in 
terms of the partial pressures by the help of the mass-action 
equation (8), and that therefore the latter equation holds. 
Let us suppose that this is true, though actually it can be 
shown not to be true in most cases. The constancy of K 
will then still rest on the assumption expressed by 
equation (7), which is an assumption, since in general, 
without introducing assumptions, the equation V-f-Z = 0 
may be decomposed into the two equations V-fW = 0 and 
Z — W = 0 only, where W is an arbitrary function. 

But it is likely that in most cases K is approximately a 
function of the temperature only, as shown by experiment* 
The reason for this can be given. If the dissociation is 
small the substances C and D approximately obey the gas 
laws, and in that case, C', C", D', D" do not differ 
appreciably from unity and the quantities C„ and D n are 
small, and hence X is small. In that case K is approxi¬ 
mately a function of the temperature only. If the dissocia¬ 
tion is large the substances 0 and D will again approxi¬ 
mately obey the gas laws, and C» and D /t will be small as 
before. The quantities O', C", I)', D" will, however, now 
be large. The expression involving them may be written 

cRT In ~ + dRTln^,. 

Since the number of undissociated molecules available is 
small the pressure of the mixture may be varied considerably 
without much further dissociation taking place, and hence 
we may write C f s==G /f -f-a> and D'^sD" 4-y, where x and y are 
quantities which are very smell in comparison with C" and 
D" respectively. The foregoing expression therefore becomes 

cRT In (1 + + dRT In (1 + ^ ), 

which is approximately equal to zero. Thus, under these 
conditions also the constant of mass aotion is approximately 
a function of the temperature only. This may therefore 
also hold for intermediate degrees of dissociation, which is 
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rendered highly likely from the following considerations: 
n 

The series 2 — in the equation of the substance 0 is as a 
P n __ (j 

whole positive, and its integral 2 therefore as a 

whole negative. The quantities cltT In and 


— On # 

c2 («-iK0>c') nl1 

will therefore have different signs and may therefore 
approximately cancel each other. This corresponds to the 
integral in equation (10) not being sensitive to variations 
of O'. Similar remarks apply to the terms involving D', 
O", andD". 

It must happen, however, in certain cases and under 
certain conditions, that the constant of mass action varies 
appreciably with the volume of the mixture and the masses 
of the elemental constituents. Taking this possibility into 
account will help to explain many things that have been 
puzzling the chemist up to the present. 

This possibility can also be predicted from purely kinetic 
considerations. Let us consider, for example, the reaction 
expressed by equation (2). The chance of two molecules of 
C0 2 forming two molecules of CO and one of () 2 depends on 
their chance of encounter. The number of molecule’s of 
C0 2 dissociating per sec. per c.c. is therefore given by 


where C c(>2 denotes the concentration of the 00 2 molecules 
and k x the velocity constant of dissociation. But the chance 
of a molecule of 00 2 getting dissociated may not only 
depend on its chance of encountering another C0 2 molecule 
but on its previous encounters with other molecules, or two 
CO* molecules on encountering each other will dissociate 
only if they have been activated, so to speak, by previous 
encounters with other molecules. This activation will be 
expressed by the factor, or activation constant, tc x in the 
foregoing expression, so that the number of molecules 
dissociating per second is 

Similarly, the number of molecules of 0 2 and CO forming 
molecules of C0 2 per second per c.c. is not expressed by 

kOwXL. 
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where C co and C 0 denote the concentrations of the 00 
and 0 2 molecules respectively, and k 2 the activation constant 
of a pair of molecules due to encounters with other 
molecules. When theie is equilibrium 

*1^1^00, ~ • • • • ( 11 ) 

whence .(12) 

K 2 k , 2 

where K is the constant of mass action. From the kinetic 
theory of gases it follows that k j and k 2 , expressing chances 
of encounter per unit concentration, are functions of the 
temperature only. But the quantities tc x and tc 2 evidently 
depend on the frequencies of the encounters and their nature, 
and are therefore functions of the fundamental independent 
variables the volume* of the mixture, its temperature, and 
the masses of the elemental constituents. Therefore, unless 
& will also be a function of these variables. It may 
be pointed out that k x and tc % contain the whole theory of 
catalytic action, a subject that will be discussed in detail at 
some future period. 

It may finally be pointed out that if K in general is not a 
constant but a function of the above-mentioned independent 
variables, differential equations should exist connecting K 
with these variables. These differential equations will be 
given in a subsequent paper. 

Schenectady, N.Y., IJ.S.A. 


XXVIII. 7 he Conductivities of some Dilute Amalgams at 
various Temperatures . By A. L. Johns, M.Sc.,and E. J. 
Evans, D.Sc., Physics Department , University College oj 
Swansea *. 

Introduction* 

T HE work described in this paper is a continuation of 
that carried out by E. J. Williams t and T.I. Edwards J, 
who determined accurately the conductivities of dilute amal¬ 
gams of cadmium, indium, magnesium, thallium, germanium, 
antimony, yttrium, cerium, aluminium, and beryllium. 

Many investigations have been made on the conductivity 
of liquid amalgams, notably by Mattbiessen and Vogt §, 

* Communicated by Prof. E. J. Evans, 
t Phil. Mag. Sept. 1926, p. 689. 
t Phil. Mag. July 1928, p. 1. 

} PML Mag. (4) xxiil p. 171 (1862). 
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Weber *, and Batellif, but these observations, in the majority 
of cases, have been made at comparatively low temperatures, 
and furthermore the results are not altogether in agreement. 

In this research the dilute amalgams investigated were 
those of germanium, gallium, silver, and copper, and observa¬ 
tions were carried out between room temperature and about 
300°C. When the rnetal employed is only soluble to a 
small extent in mercury, observations could only be made 
at comparatively high temperatures, but in other cases it 
was possible to make observations at both high and low 
temperatures. 

One of the main difficulties encountered in these experi¬ 
ments, especially when the solubility of the metal is small, 
is uncertainty concerning the purity of the specimen. This 
uncertainty is more pronounced in the case of rare metals, 
which are difficult to prepare in a state of purity. For this 
reason, the experiments carried out by Edwards J on ger¬ 
manium amalgams were repeated for two concentrations of the 
metal. The germanium used in these experiments was supplied 
by Adam flilger, and had been analysed spectroscopically. 
The specimen of the rare metal gallium was also obtained 
from the same source, and, in each case, the metals used in 
preparing the amalgams were in a high state of purity. 
The results of the spectroscopic analysis will be given later. 

In the case of copper and silver there was no difficulty in 
obtaining material of a high state of purity. 

The results obtained in this investigation will be examined 
in relation to a theory put forward by Skaupy §. 

Let L and be the conductivity and viscosity respectively 
of the pure solvent (mercury), and c the concentration of 
metal dissolved in mercury expressed in gram atoms per 
100 gram atoms of mercury. 

If AL and A rj be the changes in conductivity and viscosity 
corresponding to the small concentration <?, and putting 


AL 
L c 


and 


1 Av 

r) c 


= r, 


Skaupy showed that l m + || is of the same order of magni¬ 

tude for different metals dissolved in mercury. Except in 
the case of some alkali amalgams, the values of l w are 

* Wied . Ann . xxiii. p. 470 (1884). 
f Atti Accad. Lincei, (4) iv. p. 206 (1887). 
t Loc . cit. 

§ Skaupy, Ztit. fur Phyeik . Chemie 9 Ixviii. p. 660 (1907); Verh. Deut. 
Phys. Qe$. xvi. p. 166 (1914); ibid, xviii. p. 262 (1916): Phys, Zeit. xxi. 
p. 697 (1920). 

|| l m and r m express the values of l and r for infinite dilution. 
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approximately the same when different metals are dissolved 
in mercury, and as the variation of viscosity with concentra¬ 
tion is not sufficiently known, especially in the neighbourhood 
o£ 300° 0 M the values of l m for the different amalgams will 
be discussed in the present paper. Skaupy * also showed, 
in the case o£ amalgams in which the change o£ viscosity 
is not as great as in the alkali amalgams, that 

l„-l 

_oo__ _ 

c 

is constant. 

Before the work on the amalgams was commenced, 
preliminary experiments on the electrical conductivity of 
pure mercury contained in a quartz tube were carried out 
at various temperatures ranging from 0°C. to about 300° C. 
The results agreed within experimental error with those 
already obtained by Williams f and Edwards J. 

The amalgams employed in this investigation were very 
dilute, the percentage weight o£ the metals dissolved in 
mercury varying from about *01 to *1. 

In most cases the tube containing the amalgams was open 
to the atmosphere, but the results for one or two concen¬ 
trations in the case of silver, gallium, and copper were 
confirmed by preparing the amalgams and measuring their 
conductivities in a sealed apparatus containing hydrogen. 

Experimental Arrangement. 

It is not proposed here to enter into a detailed account of 
the apparatus and method of using it, as that has already 
been given by Williams § and Edwards !L 

The conductivity of an amalgam was determined by 
measuring the electrical resistance of a fine cylindrical 
column of it by means of a Callendar and Griffiths bridge 
in conjunction with a moving-coil galvanometer of high 
sensitivity. The resistances measured were about 0*6 ohm, 
and could be determined with an accuracy of *00005 ohm. 
This latter quantity was equivalent to a change of tempera¬ 
ture of the amalgam column of about *09° C. at 300° 0. 
The various resistances of the Callendar and Griffiths bridge 
were all calibrated in terms of the largest resistance by the 
usual method, and thus the relative values of the bridge 
resistances were accurately known* These relative values 

# toe. eft. f Zoc. eft. 

t Zoc. eft. • S Zoc. eft. 

It Zoc. eft. 

Phil Mag. S. 7. Vol. 5* No, 28. Feb. 1928. 
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aro sufficient for an accurate determination of the tempera¬ 
ture coefficient of resistivity of mercury or of an amalgam. 
Even for a determination of the absolute value of the 
resistivity of mercury or of an amalgam at a given tempera¬ 
ture, a Knowledge of the correct absolute values of the 
various bridge resistances is not necessary if the standard 
value (94074 x 10~ 9 ) of the resistivity of mercury at 0° 0. 
be used. This value of the resistivity corresponds to a known 
value of the resistance of a column of mercury at 0° C., as 
determined by the bridge. The values of the resistivities of 
pure mercury at various temperatures previously obtained 
by Williams and Edwards were again confirmed in pre¬ 
liminary experiments ; and, as the resistances of the various 
amalgams were measured in the same tube and under the 
same conditions as employed for mercury the absolute 
values of the resistivities and conductivities of the amalgams 
could be determined at the same temperature. 

The mercury or amalgam was placed in a quartz capillary 
tube, which opened out at each end into wide limbs at right 
angles to the capillary. Glass tubes containing mercury and 
having short pieces of platinum wires sealed into their closed 
ends fitted into the limbs, and served as leads for the current. 
This tube and also the special glass apparatus used for 
determinations in an atmosphere of hydrogen were described 
in detail by Edwards*. 

When the latter apparatus was employed, the resistances 
of both mercury and amalgam were determined at the same 
temperature. The resistance of the glass leads was measured 
separately, and in this way the resistance of a column of 
mercury or amalgam of constant dimensions was obtained 
after the application of a small correction for the expansion 
of the quartz envelope. The resistance measurements at 
various temperatures were obtained by immersing the tube 
in a liquid of an appropriate boiling-point. The substances 
employed were water, aniline, engenol, and diphenylamine. 
The temperature of each boiling liquid, which was contained 
in an iron bath, did not remain absolutely constant with 
continual use, but slowly increased in value with time. 

In this way the resistance could be measured at a practically 
steady temperature, which was determined by a calibrated 
platinum thermometer placed alongside the capillary. The 
temperature of the amalgam column corresponding to a 
given resistance could be determined accurately to within 
1/10° C. even at 300° C., and the temperature measurements 


* Loc. oit . pp. 4-6. 
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have the necessary accuracy in comparison with those of the 
resistance. 

The main experimental difficulties encountered in the 
research were caused by thermoelectric currents and the 
formation of air-bubbles in the capillary, especially at high 
temperatures. The former difficulty was overcome by 
keeping the galvanometer arm of the Wheatstone bridge 
closed, and adjusting the resistances so that there was no 
change in deflexion on completing the battery circuit. The 
latter difficulty was overcome by heating the column in an 
electric furnace to a higher temperature (320° C.) than that 
at which a determination was made. The tube was then 
carefully examined by a lens, and if a bubble was observed, 
the warm amalgam was run through the tube until the 
bubble was removed. When an amalgam of the desired 
concentration could be prepared at room temperature, the 
quartz tube was allowed to cool from the temperature of 
the electric furnace, and the resistance of the column deter¬ 
mined at room temperature. The column was then placed 
in the liquid heating bath, and the resistance again determined 
at the high temperature. The tube was then removed from 
the bath and carefully examined for air-bubbles. The 
presence of air-bubbles was again tosted by redetermining 
the resistance of tile column at room temperature. In general 
it was found that the resistance of the column returned to 
its previously determined value. It is, however, of interest 
to point out that the solution in mercury of the metals 
employed in this investigation produced a diminution of 
resistance, whilst the presence of a small air-bubble increased 
the resistance. The diminution of resistance in the case of 
very dilute amalgams is small, and great^care was exercised 
in getting rid of all air-bubbles. 

Furthermore, in the case of metals like germanium only 
sparingly soluble in mercury even at 300° O., the column was 
kept at the boiling-point of dipheuylamine for several hours 
to ensure that the small quantity of metal put into the limbs 
had completely diffused through the mercury. When this 
had occurred the resistance of the column became constant. 

Calculation of the Conductivities of the Amalgams . 

The resistivities of pure mercury at various temperatures, 
as determined by Williams and Howards, can be represented 
by the equation 

pt-p 0 (l + *0*8877 < + -0 e 977 1*+ -0*19 **) *. 

* Edwards in deducing this equation from his experimental results 
had corrected for the expansion orWarts. 

T 2 . 



276 .Mr* Johns and Prof. Evans on the Conductivities 


The above equation also represents the results of the 
present experiments on mercury within experimental error. 

If a R t be the resistance of the amalgam column of length l 
and cross-section A at temperature £, and m R* the corre¬ 
sponding quantity for mercury, then * 

aRt~aPt • ^ 

R- „ 1 

— m pt • ^ 


and 


T> ^ 

o-*- 1 — 5 * • m > 


JU" 


pt- 


Thus the resistivity and conductivity of an amalgam at 
temperature iC t 99 can be calculated from the resistivity of 
mercury at the same temperature, and the corresponding 
values of the resistances of the amalgam and mercury at 
temperature u t” 

The percentage probable error in the values of the 
resistivity and conductivity of mercury and amalgams is 
estimated to be on the average about *01. 

Since the amalgams of germanium, gallium, and copper 
employed in these experiments were so very dilute, the 
* * I 

values of — and l n given in Table V. cannot claim 

great accuracy, and errors ranging from about 4 to 8 per 
cent, depending on concentration are possible on the. average. 
The same is also true for the extremely dilute silver amalgams, 
but the results for the more concentrated amalgams were 
determined with greater accuracy. 


Experimental Results. 

The Electrical Conductivities of dilute Germanium 
Amalgams . 

Edwards * determined the conductivities of four dilute 
germanium amalgams having concentrations varying from 
•0339 to *0753 at 301*8° 0., and also the conductivity of an 
amalgam having concentration of *0182 at 250*1°C. J3e 
obtained the value 4*7 for l m X10*. The solubility of the 
metal in mercury is comparatively small, and the resistance 
measurements were consequently carried out at about 300° 0. 
The change of resistance as compared with mercury is small, 
and the purity of the germanium is therefore a question of 

• Zee* ciU 
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primary importance. It was considered advisable to repeat 
Edwards’s observations for two concentrations, employing a 
specimen of germanium obtained from Messrs. Adam 
Hilger, Ltd., London. The sample from which the specimen 
was supplied was subjected by them to spectroscopic analysis. 
The only foreign line found in the spectrum was a very faint 
one at 2516 A.U., indicating the presence of » minute trace 
of silicon. Chemically a trace of sulphur and a minute 
quantity of arsenic were recognized, but these substances 
did not give any lines in the spectrum. These results show 
that the specimen of germanium employed in the present 
experiments was in a high state of purity. Some difficulty 
was experienced in bringing about solution of small pieces 
of the metal in mercury, even at 300° C. The small pieces of 
germanium, although lighter than mercury, were found 
sticking to the sides and bottom of the quartz bulbs at the 
ends of the capillary, and only a small proportion of the metal 
had passed into solution. This difficulty was not, however, 
encountered when the germanium was powdered, and the 
measured resistance showed a diminution as compared with 
mercury. The specimen of the metal employed by Edwards 
was already in the powdered form, and was obtained from 
Dr. Sohuchardt Gorlitz. 


Table T. 


Nature 

of 

Amalgam. 

Temp, in 
degrees 
centigrade. 

Percentage 
weight of 
substance 
in 

Mercury. 

Concen¬ 

tration 

14 c.’ 

Resistivity 

of 

M ercury, 

xW. 

Conduc¬ 
tivity of 
Mercury. 

Resistivity 

of 

Amalgam, 

xio*. 

! 

Conduc¬ 
tivity of 
Amalgam. 

Germanium. 

29028 

•01226 

•0339 

12778 

7827 

12757 

7839 


•• 

02503 

•06U2- 

•’ ' „ 


12733 

7853 


801 '0 

•00764 

•0219 

12803 

7811 

12787 



•I 

01427 

•0408 

^ 1 

»» 1 

12772 

7829 

Gallium. 


•03299 

•0944 

1 " ! 

>i 

! ” 

12740 

7849 


?» 

•04497 

•1287 

if 

» j 


7868 

« 


•01427 

•0408 

12793 

7817 j 

12764 

7835 


30176 

•01003 

•0316 

12813 

7804 

12786 

7821 

Copper. 


02000 

•0683 

ii 

ft 

12783 

7835 

* 


*0150 

•0478 

” 

ft 

12776 

7827 


* 'lbese determinations were made in a sealed apparatus containing an 
atmosphere of hydrogen. 
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The experimental results are given in Tables I. and V. 
In Table I. the concentration “c”is expressed in gram atoms 
per 100 gram atoms of mercury, t. e . in atom atoms per cent, 
approximately. In the fourth column of Table V. are 

calculated the values of x 10*, i. e • the increase of con-* 

ductivity relative to that of mercury at the same temperature 
multiplied by 100 ; and in the fifth column the values of 
AL 

-jp x 10* divided by the concentration. 

The difference between 4*52 and 4*79 can be accounted 
for by experimental error, and as the amalgams experimented 
upon were very dilute, the mean value 4*7 is taken to be 

equal to x 10 2 , which is the value of ~ x 10* for 

infinite dilution. 


The Electrical Conductivities of dilute Gallium Amalgams, 

As found by Ramsay *, gallium readily amalgamates with 
mercury, and as the amalgam does not readily oxidise, even 
at 300° 0., measurements of the resistance were carried out 
n the quartz tube in air. 

The metal used in these experiments was supplied by 
Messrs. Adam Hilger, who also made a qualitative and 
quantitative spectroscopic analysis of the sample from which 
the specimen was taken. The foreign elements found were, 
indium (the chief impurity), lead, and possibly silver. The 
two chief lines of silver were evident in strong spectra only. 
The quantitative determinations were :— 


Indium. 0*8 per cent. 

Lead. 0*013 per cent. 


The conductivity of indium amalgams had previously been 
determined by Williams+, and it is evident from his values 
that the small quantity of impurities present in the gallium 
could not possibly affect the experimental results to any 
material extent. 

The conductivity of gallium amalgam of concentration 
*0408 prepared in a sealed apparatus containing hydrogen 
gas was measured at a temperature of 300*33°C./and the 
results agreed with those determined in the quartz tube. 

* Journ. Chera. Soc. lv. p, 621 (1889). 
t Loc, cit. 
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Possible oxidation did not, therefore, affect the experimental 
results obtained with the quartz tube to any measurable 
extent. 

The results * obtained for four amalgams of concentrations 
varying from *0219 to *129, and also for the amalgam of 
concentration *0408 prepared in an atmosphere of hydrogen, 

Graph I.—Gallium. 



are given in Tables I. and V. The value of X 10 2 is taken 

to be the mean of the values of — ^ x 10 2 , which are 

c L 

constant within experimental error. The values of 
X 10* are plotted against c in Graph I., and the relation 
between them is a linear one. 


The Electrical Conductivities of dilute Copper Amalgams . 

The electrical conductivities of copper amalgams have been 
investigated by B.ttelli t and Schleicher Batelli employed 

# The authors hare not found any reference to work carried out by 
other investigators on the conductivities of gallium amalgams, 
t Xoe, tit, 

J Zed, Etectrochem, xviii. p. 998 (1912). 
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amalgams whose atomic composition varied from GuiHgm 
to Cu 4 Hg 127 , and determined the relative resistance of these 
amalgams (i. e. resistance of amalgam relative to that of 
mercury at 0° 0.) at 13° C. and 100° C. Schleicher measured 
the electrical resistance of amalgams whose concentrations 
were much greater than those employed in this investigation, 
and the results are therefore not comparable with those 
obtained in the present experiments. The solubility of 
copper in mercury is very small at room temperature, but 
increases with rise of temperature. Two dilute amalgams of 
concentration *0316 and ’0633 were prepared, and their 
resistivities determined at about 300° 0. The finest electro¬ 
lytic copper was employed in the preparation of the amalgams, 
and the measurements were carried out in the quartz tube. 
Later, a copper amalgam of concentration 0473 was prepared 
in an atmosphere of hydrogen, and its conductivity measured 
at about 300° C. The results are in agreement with those 
previously obtained with the quartz tube, and are given in 
Tables I. and V. 

The Electrical Conductivity of dilute Silver Amalgams . 

The electrical conductivities of silver amalgams have been 
determined by Matthiessen and Vogt.*, Weber f. BatelliJ, 
Calvo §, and Parravano and Jovanovich II. 

Matthiessen and Vogt measured the conductivities of silver 
amalgams containing from *01 per cent, to 1*0 per cent, of 
silver at a temperature of about J3°C. The conductivities 
were compared with that of a gold-silver alloy, whose con¬ 
ductivity at 0° 0. was taken to be 100. The ratio of the 
conductivities at 15°C. of silver amalgams containing *1 per 
cent, and *01 per cent, of silver, as determined in the present 
experiments, is 1*0068, whilst the value of the ratio as 
calculated from Matthiessen and Vogt's measurements is 
1*0059. Weber in his investigations deals with more con¬ 
centrated amalgams than those studied in the present experi¬ 
ments. A. Batelli also employed amalgams of greater 
concentrations. He measured the relative resistances of 
silver amalgams (i. e . relative resistance with respect to 
mercury at 0°C.) at I3°G. and 100° <J., using amalgams 
whose atomic composition ranged from Ag 1 Hg 40 o toAgjHgco. 

* Loc. cit t Loc. cit. T Loc. cit . 

§ A. R. Calvo, ‘Ion/ ii. p. 409 (1910). 

|| N. Parravano and G. Jovanovich, Gazz. Chirn. Ital xlix. -p. 16 
1919). * 
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A. R. Calvo * found for yery dilute amalgams containing 
from *0015 per cent, to *06 per cent, of silver* that between 
0° 0. and 20° C. the electrical resistance is a linear function 
of the concentration. For higher temperatures the resistance- 
concentration graph is a curve concave to the concentration 
axis. Parravano and Jovanovichf measured the conductivities 
of amalgams very rich in silver, the percentage of mercury 
varying from 0 to 14. In the present experiments the 
electrical resistances of silver amalgams of concentrations 
ranging from *018 to *186 have been determined. The 
resistance of each amalgam contained in the quartz tube was 
measured at three temperatures, viz. at room temperature, 
100° 0., and about 300° ()., and for one amalgam of concen¬ 
tration c = \I86 the resistance was measured at two tempera¬ 
tures between 100° O. and 300° C. Finally,a silver amalgam 
of concentration ‘0743 was prepared in an atmosphere of 
hydrogen, and its conductivity measured at room temperature 
and at 300° 0. The results are in agreement with those 
previously obtained, when the measurements were carried 
out in the quartz tube. The amalgams of various concen¬ 
trations were prepared from the purest silver obtainable, 
and the experimental results are given in Tables II., III., 
IV., and V. 


Table III. shows the variation of the average temperature 
coefficient of resistivity of silver amalgam of concentration 
c = *186 as the temperature difference is increased. The 
average temperature coefficient of resistivity increases as the 
temperature difference increases, but the values are less than 
the corresponding ones in the case of pure mercury. 


The values of 


AL 


the increase of conductivity relative to 


that of mercury at the same temperature, have also been 
calculated. For the same concentration the value of — 


increases with temperature. 

The values of the average temperature coefficient of 
resistivity of amalgams of various concentrations bt tween 
15° and 100° 0. are given in Table IV., and the results show 
that this average temperature coefficient diminishes as the 
concentration increases* 


* Loc. cit . 
t Log , cit , 
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___ Table II. _ 

Nature Temp, in Coneen- Conduo- Oonduc 

in tr , ati ?, n Mercury, W*' Amalgam, * W }T 0 * 

y. *• xlOC Mercur 7* xio!, Amalgam 


15 *00995 
, 02017 
„ -03012 
„ 03978 
„ *05499 
„ *06500 
„ *08503 
„ -10001 
18*05 -03997 


Silver. I 


0185 12831 

0560 



* 300*33 

•03997 

•07411 

12793 

7817 

12720 

7862 

i 15 

•loom 

■1859 

9535 

10488 

9463 

10568 

j 100 

«* 

M 

10336 

9675 

10231 

9774 

188-47 

j* 

It 

11320 

8834 

11204 

8925 

266-89 


ft 

12325 

8114 

12199 

8198 

1 300*5 

»» 

ft 

12793 

7816 

i 

12664 

, 

7897 

* Ihese determinations were made in a sealed apparatus containing 
»n atmosphere of hydrogen. 
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Table III. 

Silver Amalgams of Concentration *1859. 


Tem¬ 
perature, 
t° C. 

Resistivity 

of 

Mercury, 

X10». 

Resistivity 

of 

Amalgam, 

xio 8 . 

Average 
temperature 
coefficient of 
resistivity 
of Mercury 
from 15° O. 
to t° O., 

xio 4 . 

Average 
temperature 
coefficient of 
reeistivity 
of Amalgam 
from 15® O. 
to t c O., 

xio 4 . 

f xio*. 

15*0 

9535 

9463 

— 

— 

•763 


10336 

10231 

9-883 

9-548 


188-47 

^ 1320 


10-792 


1-030 


12325 


11-617 

11-478 


300*5 

12795 

12664 

11-976 

11-848 

1*036 


Table IV. 


Silver Amalgams. 


Concentration 
“ c” 

Average tem¬ 
perature coefficient 
of resistivity of 
Atna)gaiii8 from 
15° to 100° C., 

xio 4 . 

Concentration 

“c.» 

Average tem¬ 
perature coefficient 
of resistivity of 
Amalgams from 
15° to 100° C., 
xlO 4 . 

*0185 

9-841 

-1022 

9*723 

*0375 

9838 

-1208 

9-658 

*0560 

9-807 

*1580 

9*581 

*0739 

9784 

*1859 

9*548 


The relation between the electrical resistance (which is 
proportional to the resistivity) and the concentration *' c ” at 
15° C. and 100°(J. is shown in Graph II.. At these tempera¬ 
tures the relation is almost linear. The same result is also 
obtained if the electrical resistance is plotted against con¬ 
centration at 300*5° C. 
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Graph III. gives the relation between x 10* and “c” 

at 15° C., 100° 0., and 300° C. The graphs for 15° C. and 
100°C. are straight lines, showing that for the comparatively 
dilute silver amalgams examined the increase of conductivity 
relative to mercury at the same temperature is proportional 
to the concentration. This result is, however, not obtained 
at 300°C. 

Graph II.—Silver. 



Discussion of Results. 

For purposes of discussion, the results obtained for all the 
amalgams examined have been collected in Table V. The 
meanings of the various quantities tabulated have, in most 
cases, been previously explained. The sixth column gives 
the value of “ l ” for infinite dilution: i. e., the value of the 
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increase of conductivity relative to the conductivity of 
mercury at the same temperature divided by the concentra¬ 
tion when the latter is very small. According to Skaupy^s 
theory, which has been referred to previously, the value of 
== should be of the same order of magnitude for 

different metals dissolved in mercury. The values of r^ at 
15° 0., 100° C., and 300° C. are not known for amalgams of 


Grai»h III. —Silver. 



the concentrations employed in the present experiments, and 
consequently the values of l m for the different amalgams are 
considered. It is seen that for germanium, gallium, and 
copper the values of l vary from 4*7 x 10" 2 to 6*5 x 10“ 2 , 
and the mean value ot obtained for germanium in the 
present experiments is in good agreement with the value 
(4*7x 10~ 2 ) previously determined by Edwards*. 

• Lock ait* 
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Table V. 
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The values of — x 10* were determined at about 

c L 

303° C., and were found to be constant within experi¬ 
mental error at different concentrations. The mean value of 

x 10* for each amalgam was therefore taken to be the 

value of l' m for that amalgam. In the case of silver, the values 

of x 10* were determined at 15° C., 100° C., and at 

c L 

about 300° 0. At 15° 0. and 100° C, the values of this 
quantity were practically constant, and l m was taken to be 
the mean value. In this way it was found that l is 
4*0x10“* at 15°C., and 5*30x10“* at 100° 0. At about 

300° C., however, the value of i x 10 2 decreases with 
7 c L i 


increasing concentration, and varies from 8*74 at the con¬ 
centration *0185 to 5*57 at the highest concentration *1859. 
The value of l^ X 10 2 at 300*5° C. as deduced from a graph 

in which ~ x 10* is plotted against concentration is 9*0. 


H — H 


should 


According to Skaupy’s theory, the value of 
be constant, and if the variation of viscosity with concentra¬ 
tion be neglected, the expression ^ should be constant. 


According to this relation, the greater the value of the 
concentration the smaller the value of l ; and this is in 
agreement with the results obtained at the high temperature. 

The values of {l x —l)x 10* are plotted against concentration 
in graph IV., and the relation between the two quantities as 
approximately a linear one. It is, however, important to 

point out that the values of f = - ™are difficult to determine 

with the necessary accuracy, for a perfectly satisfactory 

verification of the relation ^constant. The values of l 

obtained for silver amalgams of concentrations examined in 
this investigation increase with rise of temperature, and 
in this respect agree with results previously obtained by 
Edwards* for thallium amalgams. This increase m the 


* Lee. sit 
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value of l at high temperature may possibly be due both to 
an increase of electron concentration with rise of temperature, 
and also a diminution in viscosity under the same conditions. 
It is hoped that accurate measurements of the conductivities 


Graph IV. 



and viscosities of dilute amalgams at various temperatures 
will throw further light on the nature of conduction in 
amalgams. The results obtained for the amalgams examined 
in the present work show that the values of l m are of the 
same order of magnitude in all cases. 

Summary. 

1. The conductivities of dilute amalgams of germanium 
gallium, silver, and copper have been determined. The 
conductivities of germanium, gallium, and copper amalgams 
of different concentrations were measured only at aoout 
300° O., but the conductivities of silver amalgams of various 
concentrations were determined at 15°, 100° C., and at about 
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300° 0* In the case of silver amalgam of concentration 
c=s*186 the conductivity was also measured at 184*4° 0. 
and 266*8° 0. 

2. The average temperature coefficient of resistivity 
between 15°0. and various higher temperatures of silver 
amalgam of concentration *186 was found to increase as the 
temperature difference increased. The values were less than 
the corresponding ones in the case of pure mercury. 

3. The values of the average temperature coefficient of 
resistivity of silver amalgams of various concentrations 
between 15° and 100° 0. showed a diminution as the con¬ 
centration increased. 

4. In the case of dilute germanium, gallium, copper, and 
silver amalgams (at 0° and 100° C.) examined it was found 
that the increase of conductivity relative to the conductivity 
of mercury at the same temperature was practically pro¬ 
portional to the concentration. This, however, was not found 
to be the case for silver amalgams at about 300° 0. 

5. It was found that the increase of conductivity relative 
to the conductivity of mercury divided by the concentration 
(when the latter was extremely small) was of the same order 
of magnitude for all the amalgams examined. 

The authbrs wish to thank Mr. Frank Homeyard for his 
valuable assistance in the construction of the apparatus. 


XXIX. 7 he Angular Velocity of a Rigid Body . By E. A. 
Milne, F.i£.<S., Beyer Professor of Applied Mathematics 
in the University of Manchester *. 

1. The Usual Treatment . 

C ONSIDER a rigid body in motion about some fixed 
point. The fundamental property of the motion is 
that it can be described by a certain vector, which is called 
the angular velocity of the body. 

It is customary m treatises on dynamics t to deduce this 
property by considering first the finite displacement of a 
rigid body, secondly the infinitesimal displacement of a rigid 

* Communicated by the Author. 

t E. g, Whittaker, ‘ Analytical Dynamics,’ Chap. I. Routh, ‘Ele¬ 
mentary Rigid Dynamics/ Chaj>. V. Lamb, 4 Higher Mechanics/ 
Chap* V. Appel ( 4 MScanique Kationelle/ Chap. II.) gives, however, an 
analytical method which deals with the body in motion. 

/ phil. Mag . S. 7. Yol. 5. No. 28- Feb. 1928. 


U 
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body. It is proved that if a body suffers two rotations 
about given axes passing through a fixed point, then the 
final position of the body is independent of the order in 
which the rotations occur, provided these are “ infinitesimal.” 
It is proved further that the resultant rotation may Jbe 
described by a vector which is the vector sum of the vectors 
representing the separate rotations. Prom the fact that the 
result of successive small rotations is equivalent to a rotation 
represented by the vector sum of the small rotations, it is 
inferred by proceeding to a limit that a rigid body in con¬ 
tinuous motion can be regarded as possessing simultaneously 
angular velocities whose vector sum gives the instantaneous 
angular velocity of the body. This is also expressed by 
saying that angular velocities may be compounded according 
to the vectorial law. 

2. Criticism „ 

There seem to the writer to be certain difficulties about 
this procedure. The essence of the theory of small displace¬ 
ments is that they are successive . It is not clear how it is 
ever possible from this theory to derive a result concerning 
simultaneous motions. Moreover, if we use the ordinary theory 
of infinitesimal displacements, we do not, in fact, know 
where the body is after two such displacements unless the 
order is specified. The difficulty is scarcely overcome by 
the process of letting an interval St tend to zero : the dis¬ 
placements remain successive, and are never simultaneous. 
It could probably be overcome by introducing the notion of 
simultaneous displacements, by displacing the rigid body in 
a frame of reference which is itself being displaced as a 
rigid body. The final position of the rigid body would then 
be unique, even for finite displacements. The necessary 
theory would, however, be somewhat different from the 
usual theory of displacements. 

The following treatment avoids these difficulties. It 
begins with the rigid body actually in motion, and avoids 
any reference to the theory of displacements or any passage 
to the limit. After a few years’ experience of teaching it 
to students, the author feels that it may be of interest to 
other teachers. Even if the above-mentioned objections are 
not considered weighty, the theory may be held to have the 
aesthetic advantage of not deducing properties of bodies in 
motion from the properties of bodies at rest. It involves 
only elementary vector analysis. 

We use the notations A. B and A A B to dooote respec¬ 
tively the scalar and vector products of two vectors A and B. 
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We need the results 

(A a B). C = (B a C). A= (C A A). B, . I. 
(A A B) A C = —A(B . O) + B(C. A), . . II. 

together with the elementary distributive theorems etc. of 
vector analysis. 

3. The Existence Theorem for the Angular Velocity 
of a Rigid Body. 

Consider a rigid body in motion about a fixed point O. 
Let P denote any point of the body, and let r denote the 
vector distance OP. We use the symbol r to denote the 
velocity of P, The theorem in question is : 

There exists a unique vector £1 which is such that the velocity 
of any point of the body is given by the relation 

r = ft A r. (1) 

Proof —Let P x be any definite point of the rigid body. 
Let P 2 he a second point, suoh that OP 2 is not perpendicular 
to the velocity of P 2 . Let r 1 and r 2 be the vectors repre¬ 
senting OPi and OP 2 . (rj.r^O.) The necessary and 
sufficient conditions of rigidity are 

r 1 2 = constant, 
r 2 2 =r constant, 

(r t — p 9 ) 2 = constant. 

Differentiating these with respect to the time, we have 


r, . *1 = 0,.(2) 

r * • *3=0,.(3) 

(**i — * 2 ) . (rj — r 2 ) *0.(4) 


Expanding (4) and using (2) and (3), we have 

r i • *s + r 2 . «*!=().(5) 

The relatiou rj.r^O accordingly implies Tj.r s =£0. 
Moreover, since «*! is perpendicular to r x and not perpen¬ 
dicular to r s , it follows that r x and r 2 are not parallel. 

Now consider the pair of equations 


n A r,***,,. (6) 

£1 A r,sr,.(7) 


We propose to show that these hare one and only one 
solution in £1, i. e. that they define a unique vector £1. 

U 2 
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We first show that they have at most one solution.- For, 
if possible, let them have two solutions ft, ft'. Then 

(ft—ft') A r x =0, 

(ft—ft') A r s =0. 


Hence either ft—ft' = 0, or ft—ft' is parallel both to r, 
and r 2 . But r x and r 3 are not parallel. Hence ft=ft\ 

We now show that they have a solution. Multiply (6) 
and (7) vectorially by r 3 and r t respectively, and expand 
the continued vector products by II. We find 

—ft(ri.r 8 )+r,(ft .r g )=r 1 A r s . ... (8) 

~ft(r 2 .rj)+r ? (ft .rj)=r 2 A r x . ... (9) 


Add (8) and (9), and use (5). We find 


r,(ft . r 2 ) + r 2 (ft . r t )=0.(10) 


But r x and r 2 are not parallel. Hence if a solution ft exists. 


(10) requires that 

ft . r x = 0.(11) 

and ft.r 2 = 0.(12) 

Equation (8) now gives 


ft = 


*L A r 2 
**i • ’ 


since r, .r 2 ^tO, and similarly equation (9) gives 


(13) 


ft = 


r 2 Ar, 


r, .r 2 



These are equal by (5). It is immediately verified that this 
value satisfies the original equations (6) and (7) on using 
the conditions of rigidity, delations (11) and (12) are also 
satisfied. We have accordingly found the unique solution 
of (6) and (7). It may be written also in the form 


ft=^ = 


r 2 Ai-j 


« r * ,.(13") 

We now consider any third point P, whose vector distance 
from 0 is r. We suppose in the first instance that OP does 
not lie in the plane OPjP a . Put 

ft A r=X. 


We propose to show that 


X=r. 
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To do this we shall show that 

X.r=*.rn 

X.Ti = *.**!, >.(14) 

X.r,=r.r,.3 

It will then follow that X=r. For otherwise X—r would 
be perpendicular to each of r, r,, and r s , which is impossible 
by hypothesis. 

The conditions that r is rigidly connected to 0, Pj, and P* 

are 

p 2 * constant, 

(r — rj) 2 = constant, 

(r—r s ) 2 = constant, 

which give, on differentiation with respect to the time. 


P.r=0,.(15) 

r . Pj + r,. r=0,.(16) 

p . Pj + P a . p = 0.(17) 


We have now, on using (15), (16), and (17), and theorem, 
X. p =fl A r. p =d=r.p, 

X. p,=flAr.r,= -ftAr,.r=-r 1 .r=:r.r 1 , 

X . p 2 =ft A P . p a = — ft A p,, p= — r,. r=r. p„ 

which establish (14). Hence we have result (1),provided r 
does not lie in the plane of Pj and p 2 . 

Now let P lie in the plane of P, and P 2 . Take a neigh* 
boil ring point P', vector distance p', not lying in the plane 
OPjP,. Then 

flAr'=i' 

As p'-*p, flAr'-+flAr, and p'-*p. Hence 

ft A P = P. 

We have thus established (1) generally. Further, XI . p= 0. 
We have thus found a vector ft satisfying any number of 
equations of the type flAr,=r,; and since each pair of such 
equations has only one solution by the above, the vector ft 
is unique. 

When the motion is suoh that ft is constant, we have 
d 

(ft * p) * ft. p—XI. ft A r—0, 
and hence ft. p»s con stunt. 
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In this case the vector r, of constant length, is inclined at a 
constant angle to the fixed direction o£ ft. Moreover, 

r 2 =(ft A r) 3 =fl 2 r 2 —(ft *r) 2 =constant. 

Hence the speed of P is constant. In other words, QP 
rotates round 12 at a constant speed. The time of a complete 
revolution is the length of the path of P, which is 


2tt 


| r A SI | 

TO ’ 


divided by |r|, namely |ft A pj, i. e. the time of a complete 
revolution is 2irj\Sl\. For this reason the vector 12 is 
called the angular velocity of the body round the point 0. 


4. Notes on the Proof. 

The idea of the proof *, it will be seen, is that we use the 
motion of two given points to fix 12, and then show that the 
motion of any third point is determined in terms of 12. We 
naturally need the complete set of conditions of rigidity, 
namely those expressing that P x and P 2 are rigidly con¬ 
nected with 0 and with one another, and that P is rigidly 
connected with 0, P l5 and P 2 . 

For the velocity r of any point we have now the explicit 
formula 

^ A (r A r 2 ) A p 
P = ft A P= UL--- 

*1 -r- 


= *i 



This shows that the velocity of any point P of a rigid body 
in motion round a fixed point is a linear function of the 
velocities of any two given points P 3 and P 2 (provided 
Pj.fjgfcO), i.e. that the velocities of all points are parallel 
to the plane. It is an interesting exercise in vector analysis 
to prove this result without the intervention of 12, using 
only the conditions of rigidity. 

The following additional remarks may be of interest. 


5. The Theorem of Relative Angular Velocities . 

Let a rigid body or frame of reference (2) have an angular 
velocity Q? relative to a frame of reference (1), and let 
(1) have an angular velocity ft x relative to a frame of 
reference (0). Then (2) has an angular velocity ftsrftjH-fts 

* A similar proof, using quaternions, is given by T&it , 4 Quaternions f 
(3rd edition, 1890), p. 288. 
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relative to (0). For if r denotes any point, ▼ its velocity in 
(0), its velocity in (2), and v* the velocity in (0) of the 
same point considered as belonging to (1), then we have 

VrrVj+Vg, 

A r, 

▼ 2 = ft 2 A r, 

whence v=(n 1 + ft 2 ) A r, 

and so 11 = 0,4*122. 

6. Angular Velocity independent of Origin of Reference. 

Let a rigid body have an angular velocity XI round a 
point O, which is moving with velocity v 0 . Let Oi be any 
other point, and let the angular velocity round Oi be 
Then ft = ftj. For if 00 l = r 1 , and v x is the velocity of O, 
then 

v i= v o + & A *V 

But if r denote any point of the body, v its velocity, 

X V=V 0 tfi A p. 

Put r=:r l +r\ 

Then ▼=v 0 4 ft A (^4-r'j 

= Vi 4ft A r'. 

But v=v 1 4ft r Ar'. 

This is true for all points r'. Hence ft* = ft. 

7. The last two results complete the minimum necessary 
to describe the most general motion of a rigid body in terms 
of an angular velocity. 

The theorem of relative angular velocities allows us to 
dispense with the somewhat difficult notion of a body 
possessing simultaneously two or more angular velocities. 
Such cases can always be reduced to the case of a definite 
velocity in one frame of reference, together with the angular 
velocity of that frame of reference in a second frame of 
reference, and so on. The advantage of this is that each 
angular velocity can then always be measured in principle 
by a revolution-counter. 

October 1927. 
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XXX. On the Capillary Rise of Liquids in Wide Tubes . 
By Claude H. Bosanquet, &LA^ Dr . Lee's Reader in 
Physics, Christ Church , Oxford*. 

T HE form of the surface of a liquid at rest in a circular 
tube under the influence of capillary forces is given by 
the equation: 

- — ^ sin <f >— a sin <f> = 0, .... (1) 

a r ~ dr ~ 

where h is the height above the free surface, <f> is the angle 

T 

between the radial tangent and the horizontal, and a 2 = —. 

For a plain circular tube and a liquid which wets it, <f> = 0 

at the axis and ~ at the walls. 

Lord Rayleigh f gives an approximate relation between 
h at the axis of the tube and r : — 


log, - = — - + 0*8381 + 0-2798 - + £ log* -. . (2) 

This formula is only applicable to very wide tubes 
he also gives a formula for narrow tubes. 

Bashforth and Adams J have attacked the problem of a 
numerical solution of equation (I;. They tabulate corre¬ 



sponding values of (f> and ^ for various values of a 

x T'Ji, 

parameter /3, where ^ and fi — in the notation 

of this paper. This table extends as far as /3 = 100, and in 
this case where <j> = 90°, % = 0*31646, so that - = 0*2 when 

b a 

- = 3*1646. 

a 

Sugden § gives a table of values of ^ and g for ^ ss 90°, 
using the results of Bashforth and Adams. In his notation 


* Communicated by the Author. 
t Rayleigh, * Collected Papers/ vi. p. 358. 

t Bashforth 8c Adams, ‘Capillary Action ’ (Camb. Uuiv. Press. 18831. 
5 Sugden, Tr. Chem. Soc. 1921, p. 1483. 
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<* 3 =2# 2 . He bridges the gap between the end of the tables 
and the point where Rayleigh’s formula begins to apply by 
graphical interpolation. 

It is the object of the present paper to give the results of 
some direct computations covering this region. 


Method of Calculation . 

The method employed, though on the same lines as that of 
Bashforth and Adams, differed in that the central difference 
notation was used. This method involves working by suc¬ 
cessive approximations, but it is so much less laborious than 
their method that the total time for a computation is con¬ 
siderably reduced, besides which the successive approxi¬ 
mations provide useful checks on the accuracy of the 
arithemetic. 

In this notation, if a table of values of y for equal incre¬ 
ments of x and their differences be formed as below:— 

y-* 


y-x 

A 1 -* 

A?, 

Al“ 

yo 

Aj 1 





Aj 11 

y\ 

Ai| 

A" 



y* 

Then 

- 1 — (v* 

*1 — *0 ’x 0 

_yo+Jfl 1 ( , \U , \ll\ A IV \ 

2 “24 0 Ao *° + l) 

This series is much more convergent than that used by 
Bashforth and Adams ; in addition it only uses the even 
terms in the difference series. 

. dv 

A still more convergent series can be obtained if is 
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known in addition to y . Calling this y 7 and forming the 
table as below:— 


V -1 


V o 


y i 


y 2 


B% 


Bl 1 

Bl 1 


Bl 11 - 


Then 

® 1—*0 *0 


y 




y« + yi — A ’o / sj i jin , ^ *v 

= --- + 560 S » 


2 


79 «vii 
:io24uo 4 


4 — 1759 * 

+ 39916800 4 


IX 


•)• • • CD 


A table was constructed showing the values of - , sin <f> y 

di ^ 

tan<£, and sin </>, and the differences of tan <f> and 

d 7* • • 

a-y sin d> for values of - differing by 0*1, using various 
dr " 


h 


initial values of Up to the point where the difference 

fit 

between sin </> and tan <f> becomes appreciable, the equation 
can be written : 


1 dy _ d*y _ 
x'dx dtf ~ ’ ’ 


( 5 ) 


anil values of — and —. ^ can be obtained from tables of 

yo yo dx 

Bessel functions. 

After the table had been started in this way, inspection of 
the general run of the differences gave approximations for 

the next value of a — sin^ and for the required differences. 

Using only the first term of the correction series, new values 
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were obtaiued for d> and -; substitution of these values in 

* d 

equation (1) gave a new value for a^sin<£. If this value 

differed from the original extrapolation, the new values of <f> 

h 

and - were corrected, but with a little practice it was 

possible to guess the run of the curve with considerable 
accuracy. 

After extending the table by twenty or so steps in this 
way, a second approximation was made, using the first to 
provide the correction terms and the approximations for 

This table was then extended to form a first 

v 

approximation over a new range of -, and in this way the 

OL 

accumulation of large errors was avoided. Two approxima- 

r 

tions over any one range of - were always sufficient, the 

full correction series being, of course, used in the second 
approximation, though terms beyond the second were never 
required. v 

When $ approaches the differences begin increasing 
* ^ 

rapidly, and it is more convenient to use - as the inde¬ 
pendent variable, the equation becoming 

\ — ~ainff> + <x ^cos<£ = 0. ... (6) 

The change of variable was made approximately at the point 
where <6 = and the curve was continued up to the point 


where ^ . 

v Is 

^ was worked out for several values of aud for purposes 

of interpolation use was made of equation (5). If the differ¬ 
ence between sin <f> and tan (f> be neglected, then, if in 

equation (5) ~&ssl where a—^,~=>yo‘ a can «“sily 

be shown that in the limit where r s«, 

log,- = log* yo —0-08087. 
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A curve was drawn showing the relation betweeu - 

log.^o-0-03512 and 

and since the curve must pass through the origin, it can be 
used for extrapolation of the correction to larger values of r. 

Results . 

Five values oE - were worked out, corresponding to 
cc 

values of log 10 - differing by 0*5; in addition, two points 

OL 

were taken from Bashforth and Adams’s tables. The results 
are given in Table I. 

Tablk I. 


r 

a * 

W.o* X10‘°. 

Log l0 ^° —0-03512. 

3*0 

9-36603 

000188 

31 

9*32651 

000227 

3*9278 

90 

0 00395 

5*1866 

85 

0 00406 

6*4294 

8*0 

(.>•00340 

7*6584 

7*5 

0 00289 

8-8764 

70 

000262 


The first two values were obtained by interpolation from 
the tables of Bashforth and Adams, the remainder are new 

points; the values of are somewhat uncertain in the 

a 

fourth place, but when the figures in the third column are 
plotted against the smoothness of the curve shows that 

the values of logio~ unlikely to be in error by as much 
as three in the fourth place. 

The final results ar.' given in Table It., which extends the 
table given by Sugden up to a point where the capillary rise 
is infinitesimal. 
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Table II. 

Log.o- x 10 10 . 

n 


0 0. 0 2. 0-4. 0*0. 0*8. 1U 


3*0 . 9S660 9*2870 02082 0*1294 90505 8*9715 

4*0 . 8*9715 8*8924 8*8132 8*7338 8*0542 8*5740 

50 . 8*5740 84947 8*4147 8*3345 8*2540 81734 

0*0 . 8 1734 8 0927 8*0119 7*9309 7*8497 7*7085 

7*0 . 7 7085 7*0870 7*0054 7*5238 7*4420 7*3601 

8*0 . 7 3001 7*2*81 7*1900 7*1138 7 0315 0*9491 

9*0 . 0*9491 6*8600 6*7840 6*7014 6*6187 6*5350 

10*0 . 05359 0*4530 6*3700 0*2871 6*2040 6 1208 

11*0 . 0*1208 6*0376 5*9543 5*8711 5*7877 5*7042 


XXXI. A Method of Measuring the Radiant Heat emitted 
during Gaseous Explosions . By C. H. Johnson, Ph.JD . 
( Chemical Department , University College, London) *. 

radiation from flames has long been known to 
JL represent a considerable fraction of the total beat 
of combustion. This radiation lies mainly in the infra-red, 
with very small amounts in the visible and ultra-violet regions 
of the spectrum. The percentage of the heat of combustion 
appearing as radiation is governed by a large number of 
independent factors, so that its magnitude is very largely 
determined by the experimental conditions. Thus Calendar 
(Brit. Assoc. Rep. 1910) found that 16 per cent, of the gross 
heat of combustion was radiated from a large coal-gas name 
burning under the most favourable conditions, whilst small 
flames radiated much less—2 to 3 per cent. only. The latter 
figures agree with the earlier results of R. Helmholtz 
(Verhandlungen dee Vereins zur Beforderung des gewerh - 
fiiesses in Prilssen , Ixviii. 1889). 

Hopkinson (Proc. Roy, Soc. A, lxxxiv. p, 155, 1910) was 
responsible for the pioneer work upon measurements of 
radiant energy emitted during gaseous explosions, and using 
coal-gas and air in such proportions as to ensure complete 
combustion, found that the energy radiated during explosion 

* Communicated by Prof. W. E. Garuer, D.Sc. 
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and cooling amounted to 22 per cent, of the gross heat of 
combustion ; only 3 per cent, appeared np to the time 
of attainment o£ maximum pressure, which must represent 
roughly that emitted during the period of inflammation. 
David (Proc. Hoy. Soc. A, xcviii. p. 183, 1920) has obtained 
further data which may be summarized briefly. Hydrogen-air 
mixtures sustained losses by radiation of 8 to 16 per cent, of 
the total heat of combustion, depending on the strengths of 
the mixtures employed ; the losses from explosions of coal- 
gas and air varied between 23 and 26 per cent. It is necessary 
to emphasize the fact that these figures refer to the radiation 
emitted both during explosion and during the process of 
cooling. The percentages emitted up to the time of attain¬ 
ment of maximum pressure were from 0*5 to 1*4 per cent, in 
the case of hydrogen-air mixtures, and from 3’3 to 7*0 per 
cent, with coal-gas. 

This practically represents the whole of the present-day 
knowledge of this subject. From the standpoint of the 
engineering sciences, such data are of great value ; but from 
the point of view of physical chemistry in its endeavour to 
unravel the problems of mechanism of chemical reaction, 
and in particular of the part played by radiation from the 
flame front in “activating” the unburnt gases ahead of 
the wave, all the above measurements suffer from tw r o vital 
defects. In the first place the gas mixtures which have 
been studied are very complex, and in the second place 
it is impossible to distinguish between the radiation received 
from the burning gases in the wave-front and the .purely 
thermal emission by the hot products of combustion. 

Another important aspect is the recognized dual character 
of radiant heat : first there is thermal emission, which is 
emitted from any hot material in thermal equilibrium 
whatever its state of aggregation ; and secondly chemi¬ 
luminescence or luminous heat, which may be emitted by 
flames. It is possible that an appreciable part of the 
available chemical energy of flames is liberated directly 
as radiation from the freshly-formed molecules, the latter 
originally containing more energy associated with the 
so-called internal degrees of freedom than corresponds to 
their mean kinetic energy. It is unnecessary to enter 
into a lengthy consideration of this question ; practically 
every contribution connected with the subject contains an 
elaborate discussion of the meagre experimental data 
available. 

It is nowadays taken for granted that a gas can radiate 
by virtue of its temperature, and it is fairly certain that the 
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greater part of the radiation produced during combustion in 
engine cylinders is of this type. There are, however, two 
isolated observations—one due to David and the other to 
R. Helmholtz—which are frequently quoted in support of 
the view that a portion of the radiation from flames is 
of the second type, which it is convenient to call “ chemi¬ 
luminescence . fJ David found that the maximum rate of 
emission of energy from an exploded mixture of coal-gas 
and air occurred 0*025 sec. before the attainment of 
maximum temperature, which may indicate occurrence of 
chemiluminescence in this explosion. 

The second experiment is that by Helmholtz, in which 
he showed that preheating the gases (coal-gas and air) 
diminished the intensity of radiation from the flame in 
spite of the fact that the moan temperature of the flame 
is raised by the preheating. Helmholtz explained the 
decreased emission as caused by an increase in the rate 
of attainment of thermal equilibrium at the higher tempe¬ 
rature of the flame. In other words, the supposed chemi¬ 
luminescence was decreased on preheating the gases on 
account of the more rapid degradation of the chemical 
energy into thermal energy by molecular collisions. Re¬ 
ference to the original publication and examination of the 
diagram of the burner used in the experiments shows that 
the gases (preheated separately to about 1800° K.) mixed 
before appearing at the jet. Thus there is no doubt that 
some chemical combination appeared here, and that con¬ 
sequently there was less reaction in the flame and therefore 
less energy radiated. Haslam, Lovell, and Hunneman 
(J. Ind. and Eng. Chem. 1925, p. 272), who successfully 
verified the result, admit that their experiments were incon¬ 
clusive for the same reason. While, therefore, it would be 
untrue to say that there have been no indications of 
luminescent beat, yet up to the present time no certain 
demonstration of the phenomenon has been given. 

It is in this connexion that the augmentation of the infra¬ 
red energy which accompanies the drying of mixtures of 
carbon monoxide and oxygen is particularly interesting 
(see Garner and Johnson, Phil. Mag. iii. p. 97, 1927). There 
can be no doubt that the mean flame temperature in the case 
of an explosion of dried carbon monoxide and oxygen is lower 
than when a trace of water is present, since the explosion 
time is relatively long and the combustion less complete. 
Yet more than three times as much energy is liberated 
as radiation from the wave-front in the oase of the dried 
gases. Even supposing there were differences in the modes 
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oE propagation in the two cases, it seems impossible to avoid 
the conclusion that the extra radiation is luminescent in 
character. This is probably the first reliable evidence of the 
existence of “luminescent heat.* 5 

It may be well to emphasize here the importance attaching 
to the design of bomb for use in such investigations. It 
was anticipated that with a narrow cylindrical bomb the 
very rapid cooling of the gases would reduce to negligible 
proportions the amount of radiation emitted by the products 
of combustion. The analyses of total-radiation corves (see 
later) confirm this expectation, and prove that to all practical 
purposes the effective radiation is from the wave-front. 
This is in very sharp contrast with David's experimental 
conditions, where at least 90 per cent, of the radiation 
originates in the hot products of combustion. The bomb 
used by David has a capacity of about 21 litres, which was 
150 times that used in these investigations. In explosions 
of coal-gas and air, only about 3 per cent, of the gross heat 
of combustion was received upon the bolometer up to the 
time of attainment of maximum pressure ; of this, only part 
originated in the flame. Chemiluminescence, if it occurred, 
would thus be very largely masked by thermal emission in 
David's experiments. 

Having observed the remarkable sensitiveness of the infra¬ 
red spectrum of burning carbon monoxide to traces of water 
and other catalysts (Garner and Johnson, loc\ cit .), and 
having established a relationship between the emission of 
radiant energy and the speed of propagation of flame, it was 
necessary to determine the absolute amounts of energy 
emitted, in order to ascertain whether they were of sufficient 
magnitude to account for the large variations in explosion 
velocity. The experiments about to be described were carried 
out with this end in view. 

The problem of calculating the percentage of the heat of 
combustion appearing as radiation is by no means simple 
with a bomb such as that used in this work in conjunction 
with a linear thermopile placed at some distance in front 
of it. 


Experimental. 

The explosions were carried out in a cylindrical bomb of 
phosphor bronze, 36 cm. long and internal diameter 2 *4 cm., 
with a standard mixture of pure carbon monoxide and.oxygen 
in the proportions 2 s 1, ignited by the fusion of 1*5 mm* of 
thin iron wire. The radiation penetrating a fluorite window 
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was recorded upon a sensitive quick-acting linear thermopile 
placed some 30 cm. in front of the window, the thermopile 
working in conjunction with a Downing galvanometer, 
critically damped. The movements of the latter instrument 
were recorded photographically upon a revolving drum, and 
thus was obtained a series of deflexion-time curves the areas 
of which were proportional to the amount of heat leceived by 
the thermopile. For a full account of the experimental 
procedure, reference should be made to the published work 
already referred to. 

In order to determine the calorific equivalents of these 
total radiation records, their areas were compared with that 
of a “Control Curve” obtained by placing suddenly upon 
the thermopile a known small quantity of radiation and 
registering the galvanometer deflexion thus obtained, all 
other experimental conditions being maintained precisely as 
when recording radiation from the explosions. 

To obtain a Control Curve • 

Fig. 1 shows the disposition of the apparatus. The 
pointolite lamp L is held in position in front of the 

Fig. 1. 


I I T 

$ 

L 

A B 

thermopile T, and between them is placed an iron shield A 
with a circular orifice of 3 cm. diameter, an asbestos board 
B with an orifice of 1 cm. diameter, and a camera shutter 
0, mounted with its diaphragm open to about 0 8 cm. The 
orifices are centrally placed in regard to one another, and 
of such dimensions that the whole thermopile slit can 44 see ” 
the glowing point of the pointolite. The thermopile has 
the same slit-width, and the galvanometer the same sensitivity 
as in the explosion experiments. It was found that opening 
and closing the camera shutter caused no deflexion of the 
galvanometer, provided the lamp was not in circuit. With 
the camera shutter closed the lamp is turned on (run at a 
PhiL Mag. S. 7. Vol. 5. No. 28. Feb . 1928. X 




306 Dr. 0. H. Johnson on a Method of Measuring the 

constant current of 1*25 amps.) and allowed to remain for 
five minutes before starting the experiment ; several records 
are then taken with the shutter adjusted to give an exposure 
of “ 99 second. These are the control curves. They 

were found to be exceedingly reproducible, but the control 
curve used in the analysis of the explosion record was an 
average curve obtained by taking means of the ordinates of 
the individual control curves at corresponding times. 

Measurement of the Energy Equivalent of the 
Control Curve . 


There being no standard source of radiant heat available, 
the problem resolved itself into the measurement of the rate 
of emission of energy (in absolute units) from a pointolite 
lamp. The calibration was based upon an experiment by 
Denning (Phil. Mag. x. p. 270, 1905)), but many modific¬ 
ations were necessary to suit the particular problem in hand. 
The method is a calorimetric one, the lamp being allowed to 
illuminate a metal disk of known mass, and the initial rate 


of rise of temperature determined. It can be shown that the 
quantity of radiation received by unit area of the disk per 
7ns d T 

second (R) = -r~ -p, where m is the mass of the disk, A its 
A at 

area, 5 the specific heat, and (°C./sec.) the initial rate of 


rise of temperature. The main part of the experiment 

centres round the measurement of — r . 

at 


A copper disk, 1 cm. in diameter and 2 mm. thick, is made 
one junction of a copper-eureka couple, and mounted in an 
iron tube as shown in fig. 2 ; before mounting, the disk and 
tube are carefully blacked over a smoky turpentine flame. 


Fig. 2. 



In explanation of fig. 2, R is the iron tube, N a tight- 
fitting cork, S, S thin silica tubes, and P and Q are, respec¬ 
tively * fine copper and eureka wires affixed to the copper 
disk E with a minute amount of solder. The dimensions of 
the iron tube are very nearly the same as those of the brass 
tube in front of the thermopile slit (D, fig. 1), and a card¬ 
board disk with an orifice (1*2 X 2 cm.) affixed to the end of 
the iron tube is exactly similar to the corresponding orifice 
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in the thermopile tube. The thermopile is removed and 
the iron tube put in its place, so that the copper disk is in 
the same vertical plane as previously occupied by the 
thermopile. Before finally inserting the cork carrying the 
copper disk it is important to make sure that the tube is 
aligned in such a way that all parts of the disk can “see” 
the pointolite, and thus ensure uniform illumination. The 
other junction of the couple is maintained at constant 
temperature by immersing in water contained in a Dewar 
vessel, and the wires are connected to the Downing galvano¬ 
meter (critically damped). The work consists essentially of 
two experiments : first, the determination of the rate of 

change of galvanometer deflexion ^j^cm./sec.^ upon opening 

the camera shutter with the lamp running at 1*25 amps, (as 
before) ; second, the recording of deflexions produced by 
maintaining the two junctions of the thermocouple at 
different temperatures ; both junctions, in this case, are 
kept immersed in water in Dewar vessels, the water being 
stirred by bubbling air through it, and the temperatures 
measured by means of standardized Beckmann thermometers. 
The galvanometer deflexions are recorded photographically 

in both experiments. The curves are time-marked, and 

can thus be measured up accurately. In the second case 
the temperature differences are plotted against deflexions, 
dO 

and (cm. /° 0.) obtained from the slope of the straight-line 
graph. 

Now the inital rate of rise of temper¬ 

ature in °C. per sec. The mass of the disk is determined, 
and its mean diameter when blackened measured with 
the aid of a travelling microscope. Thus all the data 
necessary for the calculation of R, the quantity of radiation 
falling on the disk per sq. cm. per sec., has been obtained. 
The galvanometer sensitivity has to be considerably reduced 
for this work and the instrument shunted ; the only necessary 
precaution is to ensure that the sensitivity and shunt are the 

same in both ~~ and experiments. In order to check 

the accuracy of the method, the whole experiment was 
repeated with a silver disk in place of the copper. The 
result with the silver disk was almost precisely the mean of 
wo obtained with the copper disk. 

X 2 
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Calibration of the Camera Shatter . 

The pointolite lamp is enclosed in alight-tight box with 
a small opening, in front of which is placed the camera 
shutter. A condensing lens (mounted in a tube) focusses 
the image of the camera diaphragm upon the drum. 
The method is to take two or three “250 sec *" exposures 
upon a film with the drum at rest, and then to give “ 
sec. 9J exposures with the drum rotating at a high speed; 
the film is independently time-marked so that the speed of 
rotation is readily calculated. From the images thus recorded 
several things become apparent : first, that even with this 
short exposure the shutter opens completely and closes 
instantaneously; a very slight (and not always appreciable) 
tailing-off in the front of the image indicates that there is 
sometimes a small lag in the opening process. The maximum 
error introduced on this account is, however, negligibly 
small. From the elongation of the image and the speed of 
rotation of the drum the true time of exposure is easily 
calculated. 

The thermopile line was examined under a low-power 
travelling microscope, and the discontinuities were found to 
amount to less than 0*5 per cent, of the total length. 

Results. 

1. Amount of heat radiated from the pointolite lamp to 
thermopile per sq. cm. of thermopile surface per second. 

Experiment. Cnlories/eq. c 

Ou disk . 0 0023 

Ag „ . 00024 

Cu „ . 0 0020 

2. Exposure time (“ ” second). 

Experiment. 


Exposure time. Mean. 
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3. Effective area of thermopile surface = 0*0574 sq. cm. 
Length of thermopile line = 1*13 cm. 

Width „ „ ,, =0*504 mm. 

Calculation. 

Energy corresponding to area of control curve 

= Energy/cm 2 /sec. x Area of thermopile surface 

x Exposure time 

= 0*0024 x 0*0574 x 0*0028. 

= 3*86 x 10~ 7 c;ilorie. 

The energy equivalents of all the total radiation records 
have been estimated from this basic result. 

The calorific values of the total-radiation records can be 
calculated from the product of the energy equivalent of the 
control curve and the ratio of the areas of the explosion and 
control curves. The radiation received on the thermopile 
represents only a minute portion of the total energy radiated 
during *an explosion. The ratio of the energy received on 
the thermopile to the total radiation is 3*519 x 10” 7 . The 
evaluation of this fraction is a long and complicated process, 
and is dealt with fully in the appendix to this paper. 

There are also several factors that reduce the radiation 
falling on the thermopile, for which allowance must be made 
in calculating the true value for the amount of energy 
radiated during explosion. These are as follows : absorp¬ 
tion by the cold carbon monoxide ahead of the wave ; 
absorption and reHexion from the fluorite window ; reflexion 
from the thermopile surface; penetration of the thermopile 
line due to discontinuities ; and absorption by atmospheric 
moisture and carbon dioxide. 

Since the thermopile line cannot 44 see ” the walls of the 
bomb, reflexion effects do not enter into the problem; the 
very slight focussing action of the fluorite window is pro¬ 
bably negligible. It is not possible to make allowance for 
absorption of thermal radiation by hot carbon dioxide ; the 
analysis of the radiation curves indicates, however, that 
practically all the radiation is from the wave-front. The 
corrections to be applied for the various losses are now 
considered in detail. 

1, Absorption by Carbon Monoxide . 

The calculation is lengthy, but the steps can be statea 
briefly;—From data given by Coblentz (Pubns. of Carnegie 
Inst. No. 35, 1905) the average absorption by carbon mon¬ 
oxide in each of the two regions covered by the emission 



310 Dr. C. H. Johnson on a Method of Measuring the 


bands from the explosion is calculated (Garner and Johnson, 
loc . cit.). From this is computed the average extinction 
coefficient in both bands, separately, and the emission spectra 
corrected ; the true ratio of emission intensity in the 2*8 p 
and 4*4/4 bands of the explosion becomes 1*34 : 1. From 
this result and the values for the two extinction coefficients 
is calculated the average extinction coefficient of the cold 
carbon monoxide in the explosion ; the value obtained was 

0*000171. From the relation ^2=^, where l is the 

length of the column of carbon monoxide, p the partial 
pressure of the gas, and k the average extinction coefficient, 


the mean value of 


Eo 

bT y 


the ratio of the true to the apparent 


emission intensity (averaged over the entire length of the 
bomb), is readily obtained. 

The final result showed that 14 per cent, of the total infra¬ 
red emission is absorbed by the cold carbon monoxide. 


2. Absorption and Reflexion by the Fluorite Window . 

Coblenfcz (Pubns. of Carnegie Inst. No. 97, 1908) has 
found that the extinction coefficient of colourless fluorite is 
practically constant over the range of wave-lengths between 
2 [jl and 7 p. 

By experiment it was found that the losses due to these 
causes for the window used (1*0 cm. thickness) amounted, to 
14 per cent, of the energy radiated. 

3. Reflexion from the Blackened Thermopile Surface . 

Correction .. 2 per cent. (Glazebrook’s Diet, of 

Applied Physics.) 

4. .Penetration of thermopile Line and Atmospheric Absorp¬ 

tion. 

The losses are negligible. 

The total losses therefore represent approximately 30 per 
cent, of the energy radiated. Thus the radiation curves 
only register about 70 per cent, of the total energy emitted 
in the direction of the thermopile. The multiplying factor 
is therefore 1 # 43. 
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Calculation of the percentage of the gross heat of combustion 
liberated as radiation in an explosion of wet gas mixture , 
i. e., of standard mixture containing 1*9 per cent . of water- 
vapour. 

Area of curve for wet gas =-*=4 19 x area of control curve. 
Calorific value of wet gas curve = 4*19 x 3*86 x 10~ 7 
calorie. 

Corrected calorific value of wet gas curve* = 4*19 x 3*86 X 
10” 7 x 1*43 calorie. 

Itatio of energy received by thermopile to total energy 
radiated = 3*519 x 10~ 7 . 

.*. Total energy radiated during wet gas explosion — 
6*57 calorie. 

Gross Heat of Combustion . 

2CO + 0 2 -*2< !0 2 +135,400 calories. 

The volume of gas mixture held by the bomb = 164 c.c. 
(see Appendix). This volume of standard mixture corre¬ 
sponds to a calorific value of 308 calories. 

Analyses made upon the gas mixture and upon the pro¬ 
ducts of combustion show that this value needs to be cor¬ 
rected, since in no case is the combustion complete. 


Table I.—Gh»s Analysis. 


Description. 

Percentage of* Mixture 
uiiluirnt after explosion. 

Corrected Gross 
Heat. 

| 

I Wet gas . 

00 

280 calories. 

! Dried gas . 

0*8 

278 

Dried gas-fCCl 4 ... 

10*0 

277 


The large amount of gas remaining unburnt even in the 
presence of water-vapour is surprisingly large. Less than 
1 per cent, of impurity (probably nitrogen) was detected in 
the standard mixture. Ino great accuracy is claimed for the 
analyses, but a large number were carried out and the results 
were quite consistent. In any case, the above correction 
makes little difference to the order of the final result. 

Thus percentage of total heat radiated during explosion of 

a * . 6*57 x 100 0 „ , 

wet gas mixturess —— .= 2’3 per cent. 

# Water-vapour of this concentration does not appreciably absorb the 
energy emittea from the explosion* 
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Similar calculations have been made in the other cases, and 
the results are tabulated below. 


Table II.— Herein are summarized the main 
results of the research. 


Description. 


Wet gas . 

Dried gas . 

Dried gas-f CCI 4 


Per cent of Gross Heat of Combustion 
radiated during explosion. 


28 

m 

9‘f> 


It is obvious from the involved nature of the calculations 
that these percentages can only indicate the order of magni¬ 
tude of the emission intensities. It is satisfactory that they 
are in agreement with the results of other similar investi¬ 
gations. Probably <a large part of the radiation emitted 
from an explosion of wet gas mixture is thermal in character ; 
the 6-7 per cent, increase represents the extent of chemi¬ 
luminescence. 

Note . The last two figures should be increased by about 
10 per cent, of their values in order to allow for losses by 
conduction to the parts of the thermopile during the period 
over which radiation is received upon it. This correction 
has not been made. 

It is at present impossible to take into account the relation 
of speed of chemical combination to the velocity of propa¬ 
gation of flame, since there appears to be no data relevant to 
temperature coefficients and velocity constants of the homo¬ 
geneous reaction between carbon monoxide and oxygen. 
Assuming a temperature in the neighbourhood of 2500** K. 
for the explosion wave in wet gas, the loss of an extra 6 or 
7 per cent, of the gross heat of combustion from the dried 
gas mixture may reduce this temperature by 100-150°, and 
quite apart from other factors which also enter in, such a 
temperature difference is capable of producing large changes 
in the velocity of combustion, and hence in the rate of 
propagation of flame. 

* About 1 per cent, by volume of 0C1 4 . See other publications, loc 
cit . 
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Appendix. 

Calculation of the Fraction of Energy received by the Thermo¬ 
pile of the total amount radiated during an Explosion . 

The method is long and somewhat involved, but may 
summarily be divided into three stages :— 

I. By graphical construction, and a drawing to seal , to 
determine the boundaries of the space within the 
bomb from which the thermopile, either the whole 
or part, receives radiation. 

II. To determine the average length of thermopile visible 
from any section of the bomb. Obviously at any 
section (taken through a plane at right angles to 
the axis of the bomb) part only will radiate to the 
whole of the thermopile, and part will illuminate 
portions of the thermopile. 

III. Making use of the general equation obtained in II. to 
calculate an expression for the fraction of the total 
radiant energy received upon the thermopile from 
any section of the bomb, whence the lotal energy 
radiated is readily obtained. 


Pig. 3. 

- CENTIMETRE'S - 
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of graphical projections. In this connexion the author is 
greatly indebted to his friend, E. T. Hutt of the Great 
Western Railway Co., both for inspiration and for the time 
spent in making the drawings. 

I. The bomb and its relation to the thermopile are drawn 
to scale in fig. 3. Lines have been drawn from the 
thermopile to indicate the limits of the effective radiating 
beam. It is at once apparent from consideration of any 
length XX at right angles to the length of the bomb and 
parallel to the thermopile, that only a fraction of it (a, a ) 
“sees’* the whole of the thermopile; the parts (a&, a'b') “see” 
portions only, whilst beyond bV none of the radiation emitted 
can be received on the thermopile. From the known dimen¬ 
sions of the diagram and from the properties of similar 
triangles, it is a fairly simple matter to derive expressions 
for the lengths aal and bb' merely involving L, the distance of 
any section from the end of the bomb, viz. :— 

aa' = 0*012968 L —0*19428, . . . . (1) 

bV ■* 2*6379 — 0*0522 L.(2) 

II. On account of the fact that the thermopile is rectangular 
and the orifice of the bomb a cylindrical tube of small bore, 
the shape of the beam responsible for the radiation falling 
upon it can only be determined by making orthographic 
projections at various sections along the bomb. These 
projections can be contoured in such a way as to show the 
proportion of the length of thermopile line visible from the 
different parts of the given sections. Such a contoured 
projection is reproduced in fig. 4 (6). Details of the con¬ 
struction are now given. 


The Method of Projections. 

It was convenient to make projections upon a scale eight 
times the actual dimensions of the bomb. In order to 
visualize the method, it is helpful to imagine the reverse 
process of what actually occurs ; namely, the illumination of 
the interior of the bomb by the thermopile line* Then the 
shadow cast by the outer circular orifice of the small cylin¬ 
drical tube determines aa f (fi^. 3), and that cast by the inner 
circular orifice bb'. The radii of the shadows cast from the 
outer and inner orifices can be obtained readily, for any 
section, from the known dimensions of the small cylindrical 
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tube, the distances of the thermopile and of the line XX 
from the window. In this way the following formulae were 
obtained :— 

Radius of shadow cast by inner orifice, 

• n =0*7516-0*0104 L. 
„ „ „ outer orifice, 

r 0 = 0*92342 — 0*12798 L. 

Thus r< and r 0 can be calculated for any given section. 


Fi<f. 4. 



In order to make a contoured projection, the cross-section 
of the bomb is drawn and rectangular coordinates added ; 
on the vertical axis the lengths bb', aa' for the given section 
are set off symmetrically about the centre. Through b the 
arc of a circle is drawn of radius r x . Through a 1 another arc 
of radius r 0 is drawn to intersect the first. Clearly, the area 
enclosed by these arcs represents the portion of the given 
cross-section of the bomb from which the lowest point of the 
thermopile is visible {fig, 4 (1)). See also fig. 3. This is 
repeated for // and a, and thus is obtained the corresponding 
area for the topmost point of the thermopile. The area 
included by the overlap of these two outlines gives the 
portion of the given cross-section of the bomb from which 
the whole of the thermopile is visible. By drawing the 
common tangents, an outline (2) is obtained which circum¬ 
scribes the area from which any fraction whatever of the 
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thermopile is visible. Any part of the section outside this 
boundary is invisible from the thermopile and non-effective 
for the purpose of radiation measurement. In the successive 
stages of the projection process illustrated in fig. 4, the new 
construction lines are shown broader than those drawn in 
preceding stages. 

Now consider the similar but slightly more complicated 
problem of finding the outline of the area within which the 
thermopile is visible to the extent of 90-100 per cent. In 
this case a continuous length equivalent to 90 per cent, of the 
thermopile may be considered to occupy any position along 
the full length of the thermopile line. First, consider that 
the 90 per cent, length is measured from the bottom 
upwards ; as previously, for the full length of the thermopile, 
the lowest point will again produce the outline (1) in fig. 4, 
but the topmost point will produce a new outline formed 
by the intersection of an arc of radius r 0 drawn at a distance 
p above a, and an arc of radius r, at a distance q above b\ 
The distances p and q may be calculated from the diagram 
in fig. 3 by the method of similar triangles. The area 
covered by the overlap of these two outlines represents the 
area of a given cross-sectiou from which the thermopile is at 
least 90 per cent, visible, in the lower position (3). This 
process is repeated for the case of the 90-per-cent, length 
measured from the top down wards, when a similar but 
inverted outline is obtained as shown in (4). Joining these 
outlines by vertical straight lines an area is obtained within 
which 90 per cent, or more of the thermopile line is visible 
( 5 ); 

The quantities p and <y are constant for constant decre¬ 
ments of the thermopile length, and thus for 10 per cent, 
decrements a series of outlines mav be obtained, subject« 
however, to the fact (incidental to the nature of the orifice 
of the bomb) that r 0 ceases to modify the outlines beyond 
a certain point. This is easily verified by reference to fig. 3. 
By repetition of the process the whole of the outline (2) 
may be contoured. The final result is shown in (6). 

The diagram (6) is to be regarded as a contoured map ; 
it is, in fact, an orthographic projection of a three-dimen¬ 
sional figure with base representing the given cross-section 
of the bomb and with perpendicular ordinates proportional 
to the length of thermopile visible from each point in it. 
Fig. 5 is the projection of another section taken nearer the 
fluorite window than (6). 

In order to obtain the average length of thermopile 
visible from the given section across the bomb, which from 
now onwards will be denoted by T, it is necessary to measure 
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the volume o£ the three-dimensional figure. This was 
done by the accurate but laborious method o£ finding the 
areas of the separate contours, determining the volume 
enclosed by each adjacent pair, and summing them. The 
formula used for calculating the volume enclosed by any 
two irregular areas A and a separated by a distance d 

was VAa + a). Since the contours were taken 

o 


Fig. 5. 



average height to the solid figure, which is the mean value 
of T for the section considered. Care must be taken when 
estimating t> that due allowance is made for the enlarged 
scale of the section. 

In this way a value of T was obtained at three different 
sections distant 10, 20, and SO cm. from the end of the bomb. 
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From the relation T=AL a + BL-t-C the constants A, B, C 
were evaluated, with the result: 

T== 0*0000685 L 2 —0*011505 L + 0-43370. . (3) 

From equation (3) it is obvious that when L = 0, T = 
0*4337. T was therefore determined by graphical con¬ 
struction for the section through the extreme end of the 
bomb, and a value 0*432 obtained. This gives some idea 
of the accuracy with which the method can be applied, and 
at the same time proves the general correctness of equation 

( 3 ). 

The justification for assuming an equation of the type 
AL 3 -f BL-f C = T is that it had previously been found to 
apply for the imaginary esse of a surface thermopile with « 
circular receiving surface. In this simpler case the con¬ 
toured projections are made up of a series of concentric 
circles, the effective beam of radiation within the bomb 
being conical. If H represents the full diameter of the 
thermopile surface, I) the internal diameter of the bomb, 
and A and B respectively the values of aa f and bb\ then 
it is readily proved that 

T== 3D^ B, + AB ^ A *>’ 
or, substituting the values of A and B, 

T=0*0001447 L 2 - 0*01609 L +0*49098. . . (4) 

In this particular case of a surface thermopile, T is a 
mean diameter. Comparison of the T curves obtained from 
equations (3) and (4) is shown in fig 6. Since with the 
experimental arrangement the last 4*56 cm. of bomb wall 
truncate the extreme portions of the W region, slight 
corrections are necessary, and are indicated by dotted lines 
on the curves. The corrections were determined graphically 
by re-drawing the extreme limits of the bh f region on a 
large scale and, by taking 2 per cent, visibility increments 
instead of 10 per cent., finding the area cut off by inter¬ 
section of the bomb walls. 

The close resemblance of the curves derived from equations 
(3) and (4) is rather surprising ; the areas enclosed differ 
only by about 2 or 3 per cent. 

III. The next steps in the calculation can be stated 
summarily as follows:—If the flame-front is considered 
instantaneously to occupy any particular section of the bomb 
^distant K cm. from the thermopile, it will radiate in a 
practically uniform manner in all directions, and concentric 
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spheres proceeding outwards from the flame-front will form 
surfaces of uniform radiation density. The thermopile can 
therefore be considered to occupy part of the surface of one 
of these spheres (radius Kera.), and the fraction of the total 
energy radiated received by the thermopile is given by the 
ratio of the area of the thermopile (average length visibleX 
slit-width) to the area of the sphere, 4XK’- 1 . Thus at any 


Fin 6. 



section of the bomb distant K from the thermopile the 
fraction of the energy received by the thermopile of the 


total amount radiated 


= 4 


6T 

4 7T&” 


where b is the slit-width. 


Note.**— Obviously, only the central portion of the thermo¬ 
pile lies in the surface of the sphere of radius K, and more¬ 
over* all parts of the wave-front will be distant K cm. from 
the thermopile, but with the experimental arrangement used* 
errors introduced on this account are absolutely inappreciable* 
and neglecting them greatly simplifies the subsequent pro¬ 
cedure* 

T has already been expressed as a function of L in 
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equation (3). This can readily be transformed into a func¬ 
tion of K, since the thermopile and bomb are fixed in definite 
relationship to one another. Thus T=/(K), and the above 
expression becomes 

H/(K) ] 

47tK 2 

Integration of this expression between the limits imposed 
by the length of the bomb gives the area enclosed by the 
curve obtained by plotting values of the above fraction 
against K. Dividing this area by the length of the bomb, 
the mean value of the fraction averaged over the length of 
the bomb is obtained. Thus is calculated the average fraction 
of the total energy radiated received upon the thermopile. 

Calculation. 

For the purposes of integration, as has already been pointed 
out, it is necessary to transform equation (3) from a function 
of L into a function of K. 

When this is done (L = 72*15 —K), equation (3) becomes 
T —00000685 K 2 + 0-0016205 K-O0398. . . (5) 

Average urea of thermopile visible __ hT 

Area of corresponding sphere 47 tK 2 

_ &(-0000685 K 2 4-*0016205 K-*0398) 

4ttK* 

= ~ (•0000(585 + -0016205 K" 1 - -0398 K" s ). . (6) 

From equation (6) can be calculated the fraction of the 
total energy radiated reaching the thermopile from any 
section of the bomb. 

Integration of (6) gives 

~ (-0000685 K + -0016205 log. K + -0398 K^ + C). . (7) 

4tt 

The limits of the long cylindrical portion of the bomb 
between which the integration is to be made are K 3=36*0 cm. 
and K = 72*15 cm. This length also includes a small conical 
part of the bomb leading from the main portion into the 
narrow cylindrical tube carrying the fluorite window (see 
fig. 3). Since no part of the conical neck is visible to the 
thermopile, it is permissible to treat it as though the trans¬ 
ition from the large to the small cylindrical tube was abrupt, 
provided that allowance is made when estimating the 
capacity of the bomb for the small extra space assumed to 
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exist. This method is much less laborious than dealing 
separately with the small conical space, and perfectly 
accurate. 

Evaluation of equation (7) gives the area enclosed by the 

IttK 5 ’ curve. Dividing this area by the effective length 

of the bomb (36*15 cm.), the average fraction of the total" 
radiation received on the thermopile is obtained. The value 
of this fraction is 3*406 X 10 “ 7 . 

The average value of this fraction for the very small 
cylindrical section between the main bomb tube and the 
fluorite window is very easily calculated. T is practically 
constant at 1*10 cm., and the limits of K are 36 and 34*7 um. 
The fraction is 3*558 x 10~ 6 . 

The volume of the main cylindrical part of the bomb is 
163*5 cc. 

The volume of the small cylindrical part of the bomb is 
0*57 cc. 

By simple proportion, therefore, the fraction of the total 
radiated energy received by the thermopile, averaged over 
the entire bomb, 

= 3*519 x 10~ y . 

The following table is of interest in showing that under 
the experimental conditions the energy received on the 
thermopile from any part of the bomb is practically constant. 


K. 

1 

bT 

36 

3318 X10- 1 

40 

3-403 ff 

45 

3-431 „ 

50 

3-437 „ 

65 

3-430 „ 

60 

3-414 „ 

7215 

3-368 „ 


The above method of calculation has been given at some 
length, since it may be of use, at any rate in principle, to 
others engaged upon similar work. A very great simplifi¬ 
cation is possible if, instead of a linear thermopile, a thermo¬ 
pile with a circular receiving surface or, secondly, a “ point ” 
thermopile is used. In these cases no accurate drawings 
are necessary, since the effective radiating beam within the 
Phil . Mag. 8. 7. Vol. 5. No. 28. Fek 1928 . Y 
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bomb is conical in section, and thus the projections, (if made) 
would merely be concentric circles, and the volume of the 
three-dimensional figure (see text) readily estimated by 
means of the ordinary formula for the frustrum of a cone. 
In this connexion reference should be made to equation (4). 
Unfortunately, a surface thermopile is not suitable for this 
kind of work, having large thermal capacity, being slow- 
acting and very susceptible to losses by conduction. A 
sensitive, single-element, vacuum thermopile (approximating 
to a “ point ” thermopile) constructed by Moll is now on the 
market, and might possibly be adapted for work in the infra¬ 
red. 

Summary. 

When conducting a physico-chemical examination of the 
radiation from a gaseous explosion, it is very important 
to discriminate between the emission of' radiant energy from 
the wave-front and that from the hot products of com¬ 
bustion, a point to which little consideration seems to have 
been given by other investigators. In order to attain the 
desired result, a long narrow explosion vessel w r as used 
in which the rapid cooling of the burnt gases behind 
the wave reduced to almost negligible proportions the 
amount of radiatiou received from that source. A simple 
method for the calibration of a linear thermopile, neeessaril}* 
placed at some distance from the bomb, has been described 
which enabled a quantitative extension of work detailed in 
other publications to be made. 

The effect of water, and incidentally of other catalysts, 
upon the emission of infra-red radiation from the wave-front 
in explosions of carbon monoxide and oxygen has proved to 
be of considerable magnitude. In particular, an additional 
7 per cent, of the gross heat of combustion was radiated 
from a dried gas mixture, in excess of that emitted in the 
presence of 1*9 per cent, of water-vapour. In future, there¬ 
fore, no theory designed to explain the action of water in 
promoting spread of flame through carbon monoxide-oxygen 
mixtures can be considered complete that does not include 
the hitherto unrecognized radiation factor. 

The author wishes to express his indebtedness to Professor 
W. E. Garner for helpful criticism and advice during the 
course of the investigation, to Mr. Allis who constructed the 
explosion vessel, and to the Department of Scientific and 
Industrial Research for a maintenance grant. 

The Ramsay Laboratories of 
Inorganic and Physical Chemistry, 

University College, London. 
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XXXII. A Study of the Rectification Efficiency of Thermionic 
Valves at Moderately High Frequencies . By W. .E. 
Benham, B.Scf 

Introduction . 

1 1 HE principle involved in the valve voltmeter due to 
Moullin t is well known. It* a small oscillatory e.m.f. 
is suitably applied to a thermionic valve, a certain change AI 
in mean anode current takes place. This change in mean 
anode current is proportional to the square of the amplitude 
of the input e.m.f., provided this amplitude does not exceed a 
certain value generally of the order of 1 volt. Calibration of 
the voltmeter, which may be either of the diode or triode type, 
is effected by means of measured low-frequency voltages. 
Suppose, however, that it is suspected that high-frequency 
voltages will not produce the same value of AI as low-fre¬ 
quency voltages of the same amplitude. The calibration 
would then be subject to correction for frequency. Moullin 
himself states in his book t that a frequency error of the 
voltmeter is less than 1*5 per cent, at A, 300 metres, this 
result being based on measurements with a sensitive electro¬ 
static voltmeter or radio-frequency electrometer. The 
object of the present paper is to show that for wave-lengths 
much shorter than A300 metres a frequency error is apparent, 
and to indicate the nature of the frequency variation of AI 
at constant input voltage amplitude. The experiments about 
to be described consist essentially of measurements on a 
Moullin diode type voltmeter with a view to investigating 
the frequency error referred to, the input voltage being 
measured by means of an electrometer of the suspended 
needle type. Owing to the large number of variables, the 
experiments are necessarily very incomplete, and must be 
regarded as of a preliminary nature only, relative rather 
than absolute accuracy being aimed at. 

Experimental Details . 

Various types of valve were tested. In the first experi¬ 
ments the valve was used as a diode. 

Referring to the diagram (tig. 1), it will be seen that the 
grid £ is connected externally to the anode a . The filament/ 
was heated by a current supplied by an accumulator e through 

• Communicated by Prof. Alfred W. Porter. F.R.S, 

+ J. I. E. E. lxi. p. 295 (1928). 

x ‘ Radio-frequency Measurements’ (Griffin), 1926, p, 38. 

Y 2 
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a variable rheostat r. The source of steady potential Ei 
was a high-tension accumulator. 

The source of high-frequency oscillations was a valve 
oscillator covering the range of frequencies from 4*1 to 16*8 
megacycles. (N.B. The term megacycle is used through¬ 
out this paper to denote 10 6 cycles per second.) The oscillator 
was calibrated against a standard by a method of harmonics. 
The coil L had four or five turns only, and was loosely 
coupled to the oscillator (not shown in the diagram). 

The quadrant electrometer Q was a Dolezalek, and served 
to measure the root mean square value of the high-frequency 
e.m.f. induced in the coil L ; the needle of the instrument 
was connected to the point A. The condenser C\ was a 
blocking condenser of 2 p F. capacity, and is needed to 
isolate the high-tension accumulator, which would otherwise 


Fig. 1.—Circuit diagram. 



short-circuit. With the frequencies in use, its impedance is 
always less than 0*04 ohm, so that the voltage drop across it 
is negligible as far as the high-frequency current through 
the valve is concerned. The quadrant electrometer can, 
therefore, be regarded as connected directly across the valve. 
The electrometer was found to have a capacity of about 
0*0005 u F. This was the only capacity connected across 
the coil L save that in the valve itself, so its capacity is 
represented by the dotted condenser C in the diagram. 

The rectified component of the current passes through the 
system G, S, E 2 , R, which is adjusted so that there is no 
current through the galvanometer until the oscillator is 
brought into play. The shunt S controls the sensitivity of 
the galvanometer, and makes it sufficiently damped for 
readings to be taken as quickly as the electrometer itself 
will allojv. The oscillating component is prevented from 
passing through the galvanometer etc. by air-core chokes I/* 
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This arrangement confines the high frequency to the left, 
and the direct currents to the right, in the diagram. 

On the high-frequency side of the apparatus all leads 
were kept short and thick. In view of the importance of 
ensuring that the valve is subject to the same high-frequency 
potential as the electrometer, which would not be the case if 
the leads had an inductance comparable with L or a capacity 
comparable with 0, the valve was mounted near the terminals 
of the electrometer, and the condenser C* was also held very 
near by means of a wooden stand. The electrometer was at 
first screened; but this was afterwards found to make no 
difference, the reason being that stray static potentials have 
no effect, since the coil L permanently short-circuits the 
instrument so far as static potentials are concerned. 

Sensitivity of Electrometer. 

The idiostatically-connected electrometer was connected to 
sources of steady potential which could be applied in either 
direction, and the deflexions 0 on a millimetre scale placed 
100 cm. from the instrument were read. The results are 
recorded in the following table, the last column giving 
K in the formula K0 = V 2 j where K is constant and V is 
the applied potential in volts, 0 being in millimetres. 


V. 

V*. 

Mean <p. 

K. 

26*0 

676 

970 

6*97 

17*3 

299 

421 

6-89 

4*0 

16 

2*2 

7*2 

2*1 

.4-4 

0*7 

63 


This table shows how insensitive the instrument becomes 
for low voltages, and it is just the low voltages for which we 
require to use it. Taking K=6*9, we note that for 0 = 5 mm. 

volts ; for <£ = 10 mm. V = 8 3 volts. In order to 
get the peak voltage of the corresponding alternating 
voltages, the above voltages must be multiplied by \/2, 
giving 8*3 volts at £*=5 mm. and 11*7 volts at 0=10 mm. 

Method of Experiment — Outline. 

The filaments of the valves were turned on for such time 
as was necessary for the steady currents to attain constant 
values. The resistance R was then adjusted to balance out 
the steady current. The oscillator was then brought into 
play by completing the plate circuit of the oscillator. The 
coil Ii was then coupled sufficiently to the oscillator to deflect 
the electrometer by a certain amount 0 read on a millimetre 
scale. The corresponding deflexion 0 of the galvanometer G 
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was then taken. The oscillator was then cut out and its 
frequency altered to another value, and the above readings 
repeated. The zeros of both the electrometer and galvano¬ 
meter were inclined to change ; but while the change of the 
former was gradual, and therefore not serious, the changes 
in the latter were often sudden. This is due to irregularities 
in the emission from the filament—the well-known Schottky 
effect *,—and is troublesome when the deflexions are very 
small, as is the case when measuring small changes in steady 
current. The trouble caused by these irregularities was to 
some extent overcome by taking several readings of 0. 

In the following series of measurements the input voltage 
was given several different values at a given frequency. 
Each of the tables (I. a~d) is devoted to a definite frequency. 
The deflexion <f> was first ad justed to 1 mm., and the deflexion 
0 noted as accurately as possible, and then given successively 
increasing values up to <f> 1"3 mm., which corresponds to a 
range of peak voltages from about 3‘7 to 13*5 volts. The 
voltage was then given successively decreasing values. The 
mean value of 0 only is shown. 


Data —Marconi R-type Valve. 


Filament voltage . 

* 

ii 

6 


Anode } volta S e ( st « ad y) . 

... E 1 = 26*0 


Peak value of input voltage... 

... e= 3*7-►13*5 

Mean anode current . 

.... I = 418 

m. A.’*/ 

Change in anode current. 

... AI = 0 017 0 

(where 0 

is in cm. deflexion) 



Table I. (a) .—N 

= 15-00. 


Electrometer 

Galvanometer 

AT 

* AI 

deflexion. 

deflexion. 

<f> (cm.). 

Mean 9 (cm.). 

I 

f l 

0*2 

0*325 

1*24X10-* 

6-2 X10“* 

0*3 

0*5 

101 

6*37 

0-4 

0-6 

2*29 

5-73 

0*5 

0*8 

305 

6*1 

oti 

1*025 

390 

6-5 

07 

1*2 

4*57 

6-53 

0*8 

1*525 

5-8 

7*25 

094 

2-05 

7-81 

830 

1*0 

2*25 

8-57 

8-57 

ML 

2-625 

100 

9*09 

1*2 

3 075 

11-7 

975 

1*3 

4*05 

15*4 ] 

Ll-85 


* Ann . der Phye. lvii. p. 541 (1918). 
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Electrometer 

deflexion. 

Table I. (6) .- 

Galvanometer 

deflexion. 

- N = 10 - 89 . 

AI 

1 Al 

0 (cm.). 

Mean 9 ( cm .). 

1 

0 l 

oai 

0*2 / 

0*3375 

1*35x10-“ 

6*75x10-* 

03 

0*475 

1*90 

6*33 

0*4 

0*65 

2*00 

6*50 

0-5 

0*825 

330 

6*60 

0*6 

0*975 

3*90 

6*50 

0*7 

1*16 

4*60 

6*57 

08 

1*425 

6*70 

7*12 

0*9 

— 

— 

— 

1*0 

1*825 

7*30 

7*30 

1*1 

2*15 

8*60 

7*82 

1*2 

2*425 

9*70 

8*08 

1*3 

2*775 

11*10 

8*64 

Electrometer 

Table I. (<?).- 

Galvanometer 

-N = 8 * 02 . 

AI 

1 AI 

deflexiou. 

deflexion. 



0 ( cm .). 

Mean 9 (era.). 

1 

0 I * 

0*2 

0*4 

1*57 Xl0~2 

7*85X10- 2 

0*3 

0*55 

2*135 

7-12 

04 

0*725 

2*86 

7*15 

06 

0*875 

3*45 

690 

00 

1*05 

4*14 

6*90 

0*7 

1*25 

4*93 

7*04 

0*8 

1*4 

5*62 

6*90 

0*94 

1*85 

(7*29) 

7 75 

1*0 

1*85 

7*29 

7*29 

1*1 

2*175 

8*50 

7*78 

1*2 

2*425 

9*56 

7*97 

1*3 

2*7 

10*63 

8*18 


Table I. ( d ).—N = 5-02. 


Electrometer 

deflexion. 

0 (ora.)* 

0*2 

Galvanometer 

deflexion. 

Mean 9 (cm.). 
0*425 

AI 

T* 

1*65X10-* 

1 AI 

0 1 * 

8 25X10-* 

0*3 

0*60 

2*33 

7*77 

0*4 

0*75 

2*91 

7*28 

0*5 

10 

3*88 

7*76 

0*6 

125 

4*85 

8*08 

0*7 

1*325 

5*14 

7*34 

0*8 

1*575 

6*11 

7*64 

0*94 

2*025 

7*85 

8*35 

1*0 

2*075 

8*05 

8*05 

1*1 

2*4 

9*31 

8*46 

1*2 

2*85 

11*05 

8*21 

1*3 

3*175 

12*32 

9*48 
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On fig. 2 is plotted against <f> for two frequencies. 

The result would be horizontal straight lines if rectification 
tookiplace according to a square law. It will be seen from 
the curves— 


(a) That departure from square-law rectification takes 
place at some value of input voltage amplitude which 
is different at different frequencies . 

(h) That the rectified current is in general different at 
different frequencies for a given voltage amplitude. 


Fig. 2.—Showing relation between rectified current and square of 
input voltage at two frequencies. 



a 10 12 14 0 (mm) 


With regard to ( h ), it is to be noted that the frequency 
variation referred to is independent of the external im¬ 
pedances, and must not be confused with the case in which 
an oscillatory e.m.f. of given value is supplied to the valve 
in series with an external impedance . In this case (cf. Chaffee 
and Browning, Proc. I. R. E. Am. xv. p. 2, Feb. 1927) 
a frequency variation arises from the fact that the voltage 
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across the valve is different at different frequencies*. If the 
voltage across the valve is kept constant, the external 
impedances have no influence on the rectified current, and 
any observed frequency variation must be due to the valve 
itself. 

The variation of rectified current with frequency is 
indicated by fig. 3. The values of for a given value of 

Fig. 3.—Showing the variation of rectified current with frequency 
at different input voltages. 


-y- XIOO 


>0 s 13mm 
(£•13 5 volts) 




0 = 115 mm 


0 110 mm 


>0 = 7*5mm 


O $ - 5 mm 
(*$ r 8*3 volt,s) 


»0 15 


<6 are smoothed values obtained by plotting a curve having 

y as ordinates and <f> as abscissae. Fig. 3 gives some idea 

of the increase of input voltage amplitude on frequency 
variation, but must not be taken as an accurate representation 
of the variation of rectified current with frequency, as the 
curves are based on four frequencies only. 
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Variation of Rectified Current with Frequency for Small 
Values of Input Voltage Amplitude . 

The lowest curve of fig. 3 is of most immediate interest, 
since the value of <f> to which it corresponds is low enpugh 
to ensure square-law rectification over the greater part of the 
range N = 4*l-*16‘9 mega-cycles. The departure from 
square-law rectification at <f>~ 5 mm. is seen from fig. 2 to he 
in the neighbourhood of 2 per cent, at 15*00 mega-cycles. In 
order to establish the form of this curve accurately, it is 
necessary to take measurements at a large number of fre¬ 
quencies. The resulting curves for two valves are shown in 
figs. 4 and 5. In the case of the Marconi R-type valve, 


Fig. 4.—Showing variation of rectified current with frequency at 
constant (input) voltage amplitude. 



Conditions :— 


A. Filament voltage = 4*2. 

B. „ „ «5 0. 

For both curves € = 8*3 volts (^=5 mm.). 

E«24 „ 

measurements were made at two filament temperatures. 
The broken curve B corresponds to a filament voltage of 
E/5*0, the full-line curve to E/4 # 2. Now temperature 
saturation is approached at a. filament voltage of 5 in the 
case of the valve quoted, so that for this case Langmuir's 
3/2 power law is most nearly satisfied. Fig. 5 indicates 
that the variation is less in the case of a Dutch valve (bright 
valve, now obsolete), possibly due to the smaller electrode 
dimensions. 
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With regard to the upper curves of fig. 3, it appears that 
the magnitude of the frequency variation is greatly enhanced 
by increase of input voltage amplitude. For large ampli¬ 
tudes the rectified current arises from a whole series of terms 
in sin npt, where n is even. The frequency variation of 
such terms is likely to increase rapidly with n. 

It was expected that the anode voltage E would have, for 
given values of <j> and E/-, an appreciable effect on the 
magnitude of the variation. This was not found to be the 



2 4 6 6 10 12 14 16 ~^ N 18 

Conditions :— 

Filament voltage =40 volts. 


E =24 


case for values of E below that required for voltage 
saturation, the variation for E=0 being sensibly of the 
same form and magnitude as the variation for E=24. If 
the voltage E is increased above voltage saturation value, 
it becomes necessary to increase Efin order to obtain a 
reading at all. The variation is then appreciably diminished, 
and none could be detected at E60, JEf5. The variation 
must depend on E/ in a very complex manner in view of 
the crossing of the two curves of fig. 4. 
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Effect of Gases . 

With a view to obtaining information as to the effect 
of gases a helium-filled valve (Type A.R. 1) was used. 
Substantially the results were similar to those obtained with 
gas-free valves, below the critical potential. Above "the 
critical potential enormous frequency variations took place, 
the change in mean anode current being positive at some 
frequencies and negative at others; the curves are very 
unreliable, due to the large amount of ionization. The 
plate voltage has a very marked effect above the critical 
potential, inasmuch as increase of plate voltage increases 


Fig. 6.—Showing rectified current as function of frequency in case of 
valve used a* a tnode and containing helium vapour. 



The curve A corresponds to plate potentials below the critical 
potential of helium (=21*4 volts), and represents the rectified 
current as a percentage of its value at N -> 0. The curves B 
and O correspond to potentials above the critical potential of 
helium. The input voltage amplitude (£ss2*8) was the maximum 
consistent with square-law rectification. 

the degree of ionization and therefore the number of slowly- 
moving ions. The fact that the rectified current changes 
sign is doubtless due to the fact that two kinds of thermions 
are present—He 4 and electrons. At low frequencies the 
observed rectified current is mainly due to He 4 * ions. At 
nigh frequencies these ions become exceedingly sluggish, 
ana the rectified current is again carried mainly oy electrons# 
The curves for this helium valve are shown on fig. 6. lie 
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valve was used as a triode in order to diminish the chance 
of overrunning. The grid was connected through a coupling 
coil to the filament. It will be seen that the rectified anode 
current increases with frequency for a given voltage amplitude 
between filament and grid. The irregularities in the curves 
obtained for voltages below the critical potential may be due 
to small traces of ionization. These irregularities did not 
repeat regularly or in the same place, so that, while the 
points are shown, the curve drawn corresponds to the average 
form, which repeated itself. The points X corresponding to 
E = 4 volts lie very nearly on this curve. The curves 
corresponding to values of E above the critical potential 
are plotted on the same diagram. The most interesting 
result to be obtained from fig. 6 is that the curves A, B, 
and 0 cross one another at a frequency of 14 megacycles, 
approximately. The obvious interpretation of this result is 
that the contribution of the positive ions towards the rectified, 
current is zero at this point. 

The presence of gases clearly complicated matters. It 
would seem as if the observed frequency variation in the 
absence of gas is in some w*iy due to the inertia of the 
electrons. The theoretic aspect of this question will be 
relegated to a subsequent paper. 

Summary . 

1. Experiments with a diode are described which show 

that. 

(a) For a given input voltage amplitude the rectified 

current is in general different at different frequencies, 
the frequencies employed in the experiments lying 
between 4*1 and lti*8 megacycles (\73~\17*8 
metres). 

( b ) The value of input voltage amplitude at which 

departure from square-law rectification takes place 
decreases as the frequency is increased. 

2. The form of the frequency variation is investigated in 
detail in the case where the input voltage amplitude is small 
enough for rectification to take place according to a square 
law. In this case the rectified current falls off as the fre¬ 
quency is increased, the rate of variation being markedly 
affected by the filament temperature. 

3. Experiments with a helium-filled valve used as a 
triode show a variation of similar form and magnitude for 
plate voltages below the critical potential, the variation 
corresponding, however, to an increase with frequency as 
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distinct from the decrease with a two-electrode valve. For 
plate voltages above the critical potential the variation with 
frequency is much more rapid, doubtless due to the presence 
of slowly-moving ions ; at a certain frequency, depending 
on the potential, the rectified current is zero, the rectified 
current due to the space-charge being neutralized bjr a 
similar current due to the helium ions. At a higher fre¬ 
quency (about N = 14 megacycles) the rectified current is 
the same as it would be in the absence of helium ions; in 
other words, there is no rectification due to helium ions in 
the neighbourhood of this frequency. 

In conclusion, the author wishes to thank Prof. E. V. 
Appleton for the loan of a Helium valve, and the Department 
of Scientific and Industrial Research for a maintenance 
grant, with the aid of which this research has been made 
possible. 
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§ 1. Differential equations and boundary conditions in the case 
of a limitless medium. 

§ 2. Expression of the electric potential and of the electric force * 
for such case. 

§ 3. A polarized sphere in a medium bordered on one side by a 
plane. 

§ 4. Final expression of the electric potential and force. 

$ 5. Transformation of the formulae. 

§ 6. A general characteristic of longitudinal electroprofiles. 

§ 7. A general characteristic of transversal electroprofiles. 

§ 8. Generalization of solving the problem of a hidden sphere. 

§ 9. A general characteristic of oblique electroprofilea. 

Introduction . 

A WIDE application of physics in various regions of 
knowledge evokes new questions which insistently 
demand their solution. In this respect geology and mining 
are in advance, where the spreading of physical methods of 
investigating the structure of the earth's crust and the quest 

♦ Communicated by the Author. 
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o£ useful minerals is daily increasing. It follows, as a 
matter of course, that the circumstances in which one is 
obliged to solve physical problems are often so complicated 
that a mathematical analysis of the question meets with 
unsurmountable difficulties ; in such a case the engineer is 
assisted by the laboratory and by experimental investigation 
on models, taking into account the definite demand of simi¬ 
larity. Thus the greater value attaches to the analytical 
investigation of the simplest cases, especially of those where 
the question is solved to the end and expressions are obtained 
in the form of algebraic-trigonometrical formulae, which 
give from the first glance a clear conception of the pheno¬ 
menon. 

The examination of one of such simple cases is the subject 
of the present paper. We shall call it u Tlie Problem of a 
Hidden Polarized Sphere/’ 

The problem consists in the following :— 

All infinite space is divided into two parts by a plane 
X O 0 Y (fig. 1), and the medium filling the upper part repre¬ 
sents a dielectric, whereas the medium filling the lower 
possesses conductivity. 

Fig. 1.—The sphere hidden in a homogeneous isotropic half-space. 

zi 



In some region of the lower part an ideally conducting 
sphere is hid, of a radius r 0 , the centre of which 0 is at the 
depth h under the plane of division, and is projected on the 
latter in the point O 0 * 

By^ any causes whatever the above-mentioned sphere is 
polarized—i.#., it develops an electromotive force of its own 
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which has the greatest value along a certain diameter (axis of 
polarization), inclined at an angle a to the vertical, and 
diminishes by cosine law in dependence on the angle 6 , 
which is formed by the given direction and the axis of 
polarization 

<? = Ecos0 .(1) 

At the same time, in the conducting medium surrounding 
the sphere a current is formed which spreads over the whole 
lower part of the space, evoking electric and magnetic effects. 
It is required to determine whether it is possible, and in what 
manner, by observing the above-mentioned effects on the plane 
of division (or near it), to find all elements characterizing the 
hidden sphere— i.e ., the exact situation of O 0 , the projection 
of the centre, the depth of its bed h , and the radius of the 
sphere r 0 . 

In solving the question we shall make the following 
assumptions : — 

(а) Each of the mediums filling the two parts of the space 
is homogeneous and isotropic. 

(б) The bed’s depth to the centre of the sphere, A, is 
considerably greater in comparison with the radius of this 
sphere r G . 

Part I. 

Electric Field of a Hidden Sphere . 

§ 1. Let us suppose that the plane of division is absent, 
and that the whole space is filled with a homogeneous 
isotropic medium. 

Let the right-hand system of coordinates (fig. 2) be 
disposed so as to place its beginning in the centre of the sphere; 
the axis Of to correspond in direction with the axis of polari¬ 
zation, viz. oE the greatest development of the electromotive 
force; the axis Of to be perpendicular to 0£ in the plane of the 
drawing, and the axis perpendicular to the latter. In 
such a case, the system being symmetrical in respect of the 
axis Of, we may assume that the electric potential U and all 
other values are functions of two derivatives only ; for 
example, of the radius r and the polar angle 6 , 

U = U (r, 6). 

The value U must satisfy the differential equation of 
Laplace, which for the considered case will take the form 

2SU I d 2 U cottfdLT 
dr* r 'dr + ^ ££ • ■ 


. . (2) 
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Moreover, this function must be finite, single-valued, and 
continuous, and must satisfy the following conditions :— 

(a) For the surface of a sphere it must take the form 
expressed by the formula (1), namely for 

r=r 0 , U=~cos0 .(3) 

In fact, the distribution of the electricity over the surface 
will then be symmetrical, and the difference of potentials in 
each point will be balanced by the electromotive force. 

Fig. 2.—Distribution of the axis of coordinates (vertical and 
horizontal projections). 



(ft) For any very distant point of the space it must be 
reduced to zero. Consequently 

r=oo, U = 0.(4) 

§ 2. The solution of these differential equations will be 
sought in the form 

U ss U'(r) cos 0+ U"(r), .... (5) 

where U'(r) and U"(r) are unknown functions of the vari¬ 
able r only. Following the method used in my paper 
“On the Theory of Earth-Currents 1 Measurement V* we 
* Phil Mag. vol. iii. pp. 60-62 (January 1927). 

Phil . Mag . S. 7. Vol. 5. No. 28. Peb. 1928. 


Z 
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shall easily find that the function U must have the form 

U » (Ar + cos 6 + ^ + D.(6) 

According as we are dealing with the outer ( r> r 0 ) or the 
inner space (r < r 0 ), we can write two functions of the 
type (6), though with different arbitrary constants 
her) and Afnj viz. 


U«= (A„r + ®j r )eos 0 + ^ + D„, . . (6') 

U,»=(A i .r+ ??)cos0 + C f+V<„. . . (6") 


Let us consider the former. 
r^To make it satisfy the condition (a), 
equations must hold :— 

(5„=D.,=0, 


A eI 7’ 0 + 


B„ 


n 


E 

2 


the 


following 

• • ( 7 ) 

• • (»)' 


Whereas, to make it satisfy the condition (£>),it.is necessary 
that 

A„=0,.(9) 

which, on comparison with (8), gives 


B 


ex — 


Er 0 » 

2 “* 


• • ( 10 ) 


Let us consider the second function (6 ')• 

To make it satisfy the condition (a), it is also necessary 
that the following equations hold :— 


C fa -D tft =0.(11) 

A ‘» r °+ ^*2 = 2 .( 12 ) 

Whereas, to make it remain finite in the centre of the 
sphere, it is necessary to have 

B<„ = 0, ...... (13) 

•which, compared with (12), gives 



• • ( 14 ) 
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Thus we finally have expressions for the electric potential 
in any outer and in any inner point of the sphere :— 


T7 — a 

Ufx— 2^.2 COS 0 ^ 

U w = cos 6. 


(15) 

(15") 


On translation into Descartes’s coordinates, the following 
expressions have to be substituted for r and 6 :— 

VF+V + F,.(16) 


cos 


s0 = 




(17) 


Because of symmetry the electric force in any point of 
the outer field will lie in the plane passing through the given 
point and through the axis of polarization ; in particular, if 
the point lies in the plane of the paper, the electric force 
will lie in the same plane, and can be transformed into two 
components : that of the axis directed parallel to Of and 
the normal one directed perpendicular to Of, viz. towards P. 
They are obtained from functions (15') and (15") by means 
of differentiating according to — f and — p, and are expressed 

fey 


(F<). 


(F,). 


Er 0 * 3 cos 2 6 — 1 
2 • r » ’ 

3Er 0 a sin #cos 0 

o • « 3 ~ • 


(18') 


. . (19') 


The electric force in a point of the inner field is obtained 
by the same procedure. It is easy to make certain that it 
is in all points directed parallel to the direction —Of, and is 
consequently expressed by : 

(F*)*.= -.(18") 

(F,).»=0.(19") 

In fig. 3 is graphically shown the distribution of iso¬ 
potential lines of force in the plane passing through the axis 
of polarization. 

§ 3. It has been supposed so far that the sphere is situated 
in a limitless medium. In reality its centre is placed at 
some depth under the earth. In such a case the ascending 
current lines, when reaching the surface, are forced to curve 

Z 2 
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and continue their way horizontally. It follows, therefore, 
that the new function W, which expresses the electric 
potential, must, in addition to all the above conditions, 
enumerated under 3, satisfy another condition more, namely : 


Fiff. 3. —Electric field produced by a polarized sphere in a 
limitless medium. 



On the parting surface of the two media the electric force 
must have a tangent component only. 

Let us trace a new right-hand system of coordinates (fig. 4) 
in such manner that its beginning shall be point O 0 ; in which 
point the centre of the sphere 0 is projected on the parting 
surface. The axis OX shall be directed horizontally either in 
the plane O 0 O£ or O 0 O£, passing through the axis of polari¬ 
zation of the sphere ; the axis O 0 Y horizontally too and 
perpendicularly to O 0 X, whereas the axis O 0 Z will be vertically 
upwards. In such a case the new boundary condition can be 
expressed by the equation 

It* 0 .(2o'i 

The function W expressing the electric potential for the 
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considered case can be found approximately by means of the 
following consideration. 

Let us figure the real electric image of the given sphere 0 
in the plane of parting. It shall bo the sphere O' with radius 
r 0y situated above the parting surface on the same vertical 
and at the height h equal to the depth of the centre of the 




sphere O, polarized in addition according to the cosine law 
(1) along the lino O'f'; the latter lies in the plane OO'Z 
or OO'f, *nd Is bent towards O'Oo at the angle a'=*. 

Should we imagine a third system of coordinates with the 
axes O'f', OV> 0'% which also presents the real image of 
the system Of, 0Of in the plane of parting, the electric 
potential produced by the imaginary sphere O' in any point 
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P of a uniform, isotropic, limitless medium will obviously 
be expressed through the formula 

U2^ cos & .(21') 

PV 

U f w=^-cos 6 \ .(21") 

67'o 

where r' is the distance of the point P to the centre of the 
sphere O', and 0 f is the angle between the direction O'P' 
and the axis O'f'. 

The functions (21') and (21") evidently satisfy all the 
conditions enumerated under 3. 


§4. Let us accept the formulae below for expression of 
the final potential W in a medium which is limitless on 
one side and is bordered on the other by the plane r = 0. 


W^Uex+U'** 

W*~U*. + U'*= 


Er 0 2 rcos 6 cos 0'"] 

'TL7' y * 

e r A «cos^'i 


(22') 

( 22 r ) 


It is easy to be convinced that the former satisfies all 
requirements, including the condition (20), whereas the latter 
meets them but approximately *. The distribution of the 
potential within the sphere presenting no practical interest^ 
we may, ignoring the latter circumstance, take the formula 
(22') for the sought expression of the electric potential 
created by the polarized sphere situated at some depth under 
the surface of the plane XO 0 Y. 

Translating this formula into the coordinates of Descartes, 
corresponding to the axes X, Y, Z we obtain 



t 


xs\nu + (h + z) cos a j;sin« +(/t— c)cos«"j 

[^+? +(*+*)*]*» ( ) 


•* In the first approximation the coefficient E, standing in the formula 
(28) and following, is the value of the electric force developed by the 
sphere; therefore the same expression E is being conservea. In the 
second approximation it proves to be somewhat lower, nAtnely. instead 
of E we must put the value A, which is expressed by the formula 


E 


r X (_ 1 r£r'i* o “ + 2i_( 1+ ?“*‘b*“2» i 

+ «t ”F?--+sr J • 


( 24 ) 
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and on the plane XO 0 Y, viz. for s=0, 


W = En>* 


sc sin a + h cos a 
[a:® + y l + A 3 ] 3/2 ’ 


. (25) 


Fig. 6.—The electroprofile obtained in the plane of polarization. 



y*o 


Taking the derivatives of W according to coordinates, 
we shall find the expressions for respective projections of 
the electric force too, which on the plane XO 0 Y, viz* for 
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*=0, take the form 

, 3 has cos x —( ft? + y*— 2x 3 ) sin x 

... ’ 


F I = Er 0 a ’ 


Fy= Er 0 : 


a 3(A cos x + x sin a)y 
{W+xt+y'f'*' ’ * 


F.=0. 


(26) 

(27) 

(28) 


§ 5. To get an exact idea of the character of the electro¬ 
profile, let us give the graphical representation of the 
discovered formulas. For that purpose wo introduce the 
denotations 


u— 



. . . (29) 


v —• • » • • * • (80) 

We have then 

(a) The electric potential in any point of the plane XO 0 Y, 
possessing the coordinates x and y : 

Er 0 * cos u + u sin x 

hT [1 + • • • 


W = 


(31) 


( b ) The projection of the electric force on the horizontal 
direction parallel to the plane of polarization of the sphere : 


F*= 


A 8 


(1 + v 2 — 2u") sin x 

[i +w 2 + ,;*]s/2-~.• 


(32) 


(c) The projection of the electric force on a horizontal 
direction perpendicular to that plane : 


ra _ Er 0 * 3 (cos *4 n sin x)v 
y ~ ft* + 


(33) 


§ 6. In fig. 5 are shown the values of the horizontal pro¬ 
jection of the electric force F* for y—0, viz. those obtained 
when the observer is moving along the axis O 0 X (in other 
words, along the line passing through the horizontal projec¬ 
tion of the centre of the sphere and lying in the plane of 
polarization of that sphere). On the axis of the abscissae 
are reckoned the values of u, on the axis of ordinates 
those of F*, the coefficient being taken as equal to 1000 

( Er * \ 

viz. = lOOOj. The first curve corresponds to the value 
**s0° (the axis of polarization of the sphere is running 
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vertically) ; the second to the value « = 45 p (the axis of 
polarization is inclined); and the third to the value a =90° 
(the axis of polarization is horizontal). 

Inspection of fig. 5 leads to the following conclusions : — 

1. An electroprofile in a plane of polarization presents in 
a general case a curve with three numerical maxima, of 
which two are positive and one negative ; besides this the 
curve has two zero-points, and falls to zero asymptotically 
when moved from the point where the ceutre of the hidden 
sphere is projected. 

2. The distribution of the curve of the electroprofile 
relatively to the projection of the centre of the hidden sphere 
is not symmetrical : 

(a) The front zero-point is nearer to the projection of the 
centre of the sphere than the rear one. 

(b) The front positive maximum is also nearer than the 
rear one, and it is greater than the latter. 

(c) The negative maximum is behind the projection of the 
centre of the hidden sphere, being nearer to this projection 
than the front maximum ; in absolute value it is greater 
than either of the positive maxima. 

(d) In a particular case, when « = 0°, i.e. in a vertical 
direction of the axis of polarization, the front zero-point is 
just above the centre of the hidden sphere, whereas the rear 
point passes into infinity; at the same time the front positive 
maximum becomes numerically equal to the negative maxi¬ 
mum, and both are placed at a distance from the projection 
of the centre of the sphere equal to the half of the depth of 
the sphere’s centre ; i.c., we have 

Wwt «±0*5.(34) 


The value of each of these two maxima is expressed by the 
formula 




Er 0 3 . 3 

A 8 2 (l'-25)W 


= 0*859 -ff-. 

A 3 


. (35) 


The rear positive maximum in the case under discussion is 
entirely absent. 

(e) In a particular case, when a = 90°, i. e. in a horizontal 
position of the axis of polarization, the front and rear zero- 
points are placed at distances from the projection of the 
■centre of the hidden sphere equal to 



±0*707. 


(36) 
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The value of each of them equals 

Er 0 * 4 „ _ Er„ 3 
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The negative maximum is situated below the very centre 
of the sphere, and is expressed by the formula 


F 


in — 


E r<? 
h z 


(38) 


On fig. 6 an electroprofile is given, obtained in a survey 
along the line parallel to the plane of polarization (but not 
lying in this plane). 

From that it is seen : 

3. Curves expressing a longitudinal electroprofile in a 
side dislocation retain the same shape as in a plane of 
polarization, but zero-points (where there are two) retreat 
further from the projection of the centre of the sphere ; 
likewise also do the maxima separate, losing gradually at 
the same time their sharpness (i. e. diminishing numerically). 


§ 7. On fig. 7 an electroprofile is represented, obtained 
along the line perpendicular to the plane of polarization and 
passing over the centre of the hidden sphere. 

From it is seen the following :— 

1. The curve expressing the electroprofile has only one 
zero-point, one positive and one negative maximum ; the 
curve asymptotically tends to zero the further it moves 
from the projection of the centre of the sphere. 

2. The distribution of a curve of the transversal electro¬ 
profile relatively to the projection of the centre of the hidden 
sphere has a mirror symmetry. 

(a) The zero-point is always over the centre of the hidden 
sphere. 

( [h) The maxima are placed at distances from the projection 
of the centre of the sphere equal to the half of its depth. 

.(39) 

(c) The values of the maxima are numerically alike and 
are expressed as folio ws : 

F—.( 4 °) 

it) V Q 

(d) In a particular case, when a=0°, i. e. in a vertical 
direction of the axis of polarization, the transversal electro¬ 
profile does not differ from the longitudinal one. 

(e) In a particular case, when a =90°, i.e. in a horizontal 
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direction of the axis of polarization, the transversal electro¬ 
profile is entirely absent; i.e., the electric force is everywhere 
equal to zero. 


Fig. 7.—The electroprofile obtained along tho line perpendicular to the 
plane of polarization and passing over the centre of the sphere. 



On fig. 8 is given a transversal electroprofile which does 
not pass over the centre of the hidden sphere. 
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From this is to be seen : 

3. Carves expressing a transversal electroprofile in side 
displacement do not change their shape, their zero-points 


Fig. 8.—The electroprofile obtained along a line perpendicular to the 
plane of polarization and not passing over the centre of the sphere. 



remain in their places, but the maxima gradually separate 
in different directions and diminish in value the further they 
are removed from the projection of the centre of the sphere. 
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§ 8. Let us now suppose that the observer is tracing an 
electroprofile along the line O 0 X', inclined to the line O 0 X 
(and at the same time also to the plane of polarization at 
the angle <f> (fig. 9)); and he observes the projection of 
electric force to the direction O 0 X', i. e. the value F x \ 
expressing it in the function of coordinates x , y or in the 
function of values u' y v connected with x\y' by the following 
relations:— 


u = 


x' 

h 7 


(41) 


v’=^ .(42) 


Hg. 9.—Distribution of the axis of coordinates in a general case. 



Let us find the expression of the potential and of the 
electric force in the function of these values. For that 
purpose we substitute in formula (31) the values u, v by the 
expressions 

«=«' cos <f>— Fsin . . . 

ti=u' sin <f> + v’ coa(f), . , . 

and obtain a formula for the potential W. as follows: 


(43) 

(44) 
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By differentiating this formula by x ' or y\ and taking into 
consideration the relations (41), (42), we obtain the expres¬ 
sions for projections of electric force sought for at the point 
u 1 , v along the directions O 0 X', O 0 Y'. 


™ _ _ B_W _ _ BW 

x Bo?' lidu' 


3 u' cos a — M 4* r'* — 2k' 2 ) cossin * — 3uV sin <f> sin 


■<£ 


w B W _ BW 

y,=3 ~ By ~~abv 


[! + ** + t/*] 6 * 


. . . . (46) 


Zv f cos a 4- (1 + u' 2 — 2v' 2 ) si n <f>sin a -f 3u Voos <f> sin a / ^ x 

= Q-- ( ; 


where 


Q = 


Er 0 2 
A 3 * 


(48) 


§ 9. On fig. 10 an electroprofile is given obtained along 
the line inclined to the plane of polarization at an angle 
<^=45° and passing through the point O 0 lying over the 
centre of the hidden sphere. 

Examining it, we see the following :— 

1. Curves expressing an electroprofile in general have 
the same shape as in the case of an electroprofile obtained 
along the line lying in the plane of polarization. 

2. Points (2a), (2b), (2c), {2d), and (2e) enumerated in 
§ 6, corresponding to the above-mentioned curves, retain their 
meaning also in the given case, but with the following 
differences: 

(а) The zero-points are nearer to the point O 0 than in 
the electroprofile taken along the line lying in the plane of 
polarization. 

(б) The maxima are numerically less than in the case of 
the above-mentioned electroprofile. 

(c) When a=0° this diminution is entirely absent; it is 
the more considerable the nearer a is to 90°. 

3. The electroprofile also does not undergo any essential 
changes in the case when the line of surveying O 0 "X", 
remaining inclined at the same angle <j> to the plane of 
polarization, does not pass through the point 0 0 lying over 
the centre of the sphere ; such an electroprofile is given on 
fig. 11. 
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In this case the following particulars are to be noticed : 
(o) The zero-points recede from the point Qo—the front 
one somewhat, the rear one considerably. 


Fig. 10.—An electroprofile along the line, inclined to the plane of 
polarization, but passing through the projection of the ephere’s 
centre. 



( b ) The maxima also recede from the point O 0 —the front 
positive maximum and the rear negative one not so quickly 
as the rear positive maximum ; the numerical values of the 
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rear maxima diminish ; the numerical values of the front 
maxima diminish at small angles a and increase at large 
angles a. 

Fig. 11.—An electroprofile along the line, inclined to the plane of 
polarization, and not passing through the projection of the sphere’s 
centre. 



(e) At a=90° the electroprofile loses its symmetry with 
respect to points O 0 lying above the centre of the bed 0, 
because the front zero-point remains in its place, whereas the 
negative maximum shifts back. 

Phil, Mag . B. 7. Vol. 5. No. 28. Feb . 1928. 2 A 
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XXXIV. The Crystal Structure of the Isomorphous Sulphates 
of Potassium , Ammonium* Rubidium , and Cat slum. By 
A. Ogg, M.A., Ph.DFJnst.PProfessor of Physics , 
University oj Cape Town *. 

[Plates V. & VI,] 

1. rpHE sulphates of potassium, ammonium, rubidium 
JL and caesium form isomorphous crystals, which 
belong to the holosymmotric class of the orthorhombic system. 
The crystallographic characters of this isomorphous series 
have been very carefully investigated by Tutton t* 

The dimensions of the unit cells of potassium, ammonium, 
rubidium, and caesium sulphates and the number of mole¬ 
cules per unit cell were determined by Ogg and Hop wood t. 
Each cell contains four molecules. 'fable I. gives the 
lengths of the sides of the unit cells in A.U. (10~ 8 cm.). 


Table I. 


Crystal. a. b. 


K.so« . 

5731 

10*008 

<NH0,SO ( ... 

5*951 

10-560 

Kb 2 SO, . 

5*949 

10*391 

Ca 5 80. . 

6’218 

10*884 


Axial ratios 
a :b :c. 

7 424 0-573 : 1 : 0 742 

7 720 0-563 : 1 : 0 732 

7-780 0-572 : 1 : 0 748 

8198 0-571 :1 : 0 753 


The ratio of b : a is very nearly : 1 or 1 : 0‘577. The 
“ c ” axis is an axis of pseudohexagonal symmetry. Potas¬ 
sium sulphate shows a marked prevalence of repeated 
twinning in the form of three individuals interpenetrating 
to form what appears to be simple hexagonal prisms. Tutton 
has shown that the other salts of the series frequently twin 
in the same way. Ogg and Hopwood observed the spectral 
intensities for the K* radiation of palladium. I am indebted 
to Mr. E. N. Grindley, Lecturer, Physics Department of the 
University of Cape Town, for repealing and extending the 
observations on potassium and ammonium sulphates for the 
K* radiation of molybdenum. 

2. Since the intensity of the reflexion of X-rays from any 
plane depends on the distribution of the scattering power in 

* Communicated by the Author. 

t ' Crystalline Structnre and Chemical Constitution,’ by A E H 
Tutton. 

X Phil. Mag. xxxii. p. 618 (1916). 
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a direction perpendicular to that plane, and corrections have 
to be made for absorption and extinction which are difficult 
to evaluate, the structure of such crystals has to be deter¬ 
mined by a process of trial and error. Atomic arrangements 
have to be assumed, and then tested by comparing the calcu¬ 
lated intensities of the X-ray spectra with the observed inten¬ 
sities. In these crystals, which are orthorhombic, the atoms 
have, as far as symmetry is concerned, considerable degrees 
of freedom. The difficulty in such a ease is to fix on possible 
atomic arrangement. The most certain aid to such a selection 
is that of symmetry. There are 28 space-groups to which 
these crystals may belong. They are V *1 to V*28 in the 
notation of Schoenfiios, or Q A 1 to Q*28 in the notation of 
Hilton. Each space-group is characterized by certain 
internal regularities which cause reflexions from certain 
planes to have zero intensities *. A comparison of these 
predicted from the regularities of the space-group with the 
observed intensities is sufficient to fix the space-group. 

The observed spacings of the important planes referred to 


the spacings of the unit 

cell jjiven in Table I 

. were :— 



Tabi.k 11. 



halved 

1 (021) 

normal 

(010) 

halved 

! ' (1101 

normal 

("oi; 

lull ved 

; ("Ii) 

normal 

(in) 

normal 

i (i:w) 

normal 


These spectral observations suggest, that this isomorphous 
series of crystals belongs to the symmetry group \\16, 
a conclusion which can be tested when the symmetry elements 
have been placed within the unit cell. This symmetry 
group contains two reflexion planes, four glide planes, twelve 
dyad screw axes, and two sets of four centres of symmetry. 

3. Elements of Symmetry. 

Bradley1 9 James and Wood Dickson and Binks§, and 
Wasastjerna |j have shown that in crystals the sulphate S0 4 
group forms a tetrahedron with the sulphur atom or ion at 
the centre of the tetrahedron, and the oxygen atoms or ions at 
the corners. If we assume this tetrahedral form for the S0 4 
group, symmetry and spectral intensities give us at once 

* Astbury and Yardley, Phil. Trans. A, cciv. p. 221. 
t Phil. Mag. xlix. p. 1225 (1925). 
t Proc. Roy. Soc. cix. p. 698 (1925). 

§ Phil. Mag. ii. p. 114 (1926). 

ll Soc. Scient. Fetm. Comm. Phya. Maths, ii. p. 26. 

2 A 2 
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certain information about tho distribution of the symmetry 
elements and of the S0 4 groups. The two sets of symmetry 
centres of the V*16 group form two sets of four-fold points 
without freedom. The four sulphur atoms cannot, however, 
be placed at any one of these sets of symmetry centres, 
because the centre of a tetrahedron with oxygen atoms at the 
corners cannot be a centre of symmetry. There is, however, 
another alternative. A point on a reflexion plane with two 
degrees of freedom is multiplied into four by the action of 
the symmetry elements. All other points with three degrees 
of freedom are multiplied into eight by the elements of 
symmetry. We may say, then, that the sulphur atoms must 
lie on reflexion planes. It follows that a reflexion plane is 
a plane of symmetry of the S0 4 group. If the S atom lies 
on a reflexion plane, two oxygen atoms of the group must 
also lie on the plane, and two be equidistant from the plane, 
one being the mirror image of the other in the plane. To 
fix the position of the S0 4 group three parameters have to 
be determined, if we assume the dimensions of the tetra¬ 
hedron constant. The S atom has two degrees of freedom 
on the plane, and the group may be rotated round an axis 
perpendicular to the plane. 

The spacing of the (100) planes is a/2, and the intensities 
fall off normally for all members of the series, showing that 
the structure must consist of layers of atoms parallel to (100) 
with spacings a/2. The sulphur atoms will lie in these 
layers, and since they also lie on reflexion planes, we conclude 
that the reflexion planes are (I00)i/ 4 and (100)_ 1/4 , if we take 
the centre of the unit as the origin of coordinates. Also, since 
the “ c ” axis is an axis of pseudohexagonal symmetry, we 
can settle the positions of the glide planes. 

The proposed elements of symmetry, referred to the 
symmetry centre at the centre of the unit as origin, are:— 

Reflexion Planes : 

(100) 1/4 , (100)_ 1/4 . 

Glide Planes : 

(010)i /4 , (010)_ 1/4 , Translation c/2. 

(001)i /4 , (001).i/ 4 , Translation a/2, b/2 . 

Centres of Symmetry : 

I. (0, 0, 0), (£, 0, 0), (0, *£), (■£, 
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Dyad Screw Axes : 

(100)oo, (100)i /2 i/j, (100)i/3 O , (100)oi/2, Translation o/2. 

(010) 01/4 , (010) 0 _ M , (010) 1/ill/4 , (010) 1/a _ J/4 , Translation 5/2. 

(001) 1/41/4 , (001) -1/4-1/4, (001) — 1/4—1/4 , (001) 1/41/4, 

Translation cj2 . 

4. The Arrangement of the Atoms. 

It has been shown by Bradley * that the distance 
between S and O centres of the fc>0 4 group in potassium 

o 

lithium sulphate crystals lies between 1*5 and 1*6 A.TJ. 
James and Wood f have found that the distance 1*5 gives 
good agreement with observation for barytes, celestine, and 
anglesite. The tetrahedral form of S0 4 was assumed as 

well as the distanced — 01*5 A.U., and it has been found 
that such an S0 4 group fits well with observation. 

Since the structure must consist of layers of atoms on 
reflexion planes parallel to (100), the metallic atoms must 
lie on reflexion planes. They must consist of two sets of 
four, and not of one set of eight X . The environment of the 
metal atoms may therefore be of two kinds. 

A very strong (130) spectrum, a strong (330) spectrum, 
ami the u c ” axis being an axis of pseudohexagonal symmetry 
indicate hexagonal packing or two interpenetrating base- 
centred structures. Models of S0 4 groups were constructed 
and built together to satisfy the elements of symmetry, and 
it soon became clear how the metal atoms would fit into the 
structure. The atoms were finally adjusted to give as good 
agreement as possible between the calculated and observed 
intensities. 

If we take the symmetry centre at the centre of the unit 
as origin, an atom whose coordinates are &*, y, z is converted 
by the elements of symmetry into eight atoms within the 
unit cell, whose coordinates are :— 

±0, .V. z)> ±(a/2 — x, y, z), 

+ (x, b/2—y, —c/2 + z), ±{—a/2 + x, —b/2+y, c!2~z). 

If the amplitude of the reflected wave due to a given atom 
is A, when reflexion is taking place in the (A kl) piano, then 

* !>*?. cit, 
t Lac . cit, 

J W. L. Brnfr# and G. B. Brown have found a similar condition for 
aluminium atoms in chrysoberyl (BeAljO*), Proc. Roy. tf oc. cx. p. 46 
(1926). 
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the eight corresponding atoms contribute a wave whose 
amplitude is 

AS cos 2 wm^ + l f + 7 ), 

where m is the order of the spectrum. 

The summation taken over the eight atoms gives the 
expression 

8 A cos27m^~^ -f |^cos 4 - 

cos 27rm^~ H—^ cos (A + k -f l)tr. 

The factor cos (A + k 4 - /)tt affects only the sign of the 
expression. This expression for the amplitude shows that 
planes of the type (okl), when k and / are not zero, give 
normal spacings. 

Planes of the type (kol) have their spacings halved, when 
l is odd. 

Planes of the type (hko) have their spacings halved, when 
(A + k) is odd. 

Planes of the type (Jikl) have normal spacings. 

As special cases of the above rules, all pinakoid spacings 
are halved. 

The deductions from the chosen elements of symmetry are 
in agreement with the observed spacing* enumerated in 
Table II. 

In calculating the spectral intensities, Hartree’s * values 
for the scattering functions of potassium and sulphur 
were used, while for oxygen those of James and Wood f were 
used. Only general agreement was to be expected. 

It was of considerable help in solving the structure to 
compare the spectral intensities of different members of the 
series for the same plane, and to observe the effect of the 
change of the metal atoms. Take, for example, the spectra 
from the (001) planes. The odd orders are absent. The 
(002) spectrum of ammonium sulphate is much stronger than 
the (004) spectrum. The (002) spectrum of potassium 
sulphate is slightly weaker that the (004) spectrum. The 
(004) spectrum of rubidium sulphate is the stronger. The 
( 002 ) spectrum of caesium sulphate vanishes and the (004) 
spectrum is very strong. These observations are explained 
by the proposed structure. 

# Phil. Mag. 1. p. 289 (1925). 

+ Loc. cit . 
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In fig. 1 the approximate positions of the atoms of potas¬ 
sium sulphate and the elements of symmetry are projected 
on to the three principal planes. The atoms are represented 
by circles of different radii, but these radii are not intended 
to represent “ atomic radii.” Since the atoms within the 
unit lie mostly in two layers parallel to (100), the atoms 
projected on to the plane (100) have been shaded to dis¬ 
tinguish these layers. The white circles represent, atoms on 

Fig. 1. 
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the front plane, and the black circles represent atoms on a 
parallel plane at a distance a/2 behind it. The other shaded 
atoms lie beween the planes. The S0 4 groups are shown by 
lines joining the S atoms to the oxygen atoms. One kind 
of potassium atom is marked a and the other 

Fig. 2 shows corresponding projections of the atoms of 
ammonium sulphate. Although we can only locate the 
NH 4 group as a whole, it is resonable to assume the tetra¬ 
hedral form of the group with nitrogen at the centre. The 
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positions of the hydrogen atoms cannot, however, be deter¬ 
mined from intensity measurements. Two possible ways of 
forming the group can be proposed. The nitrogen atom 
could take up three electrons from the hydrogen atoms to 
its 2j system and become a nitrogen ion with a charge —3, 
while the fourth hydrogen atom would give up an electron 
to one of the oxygens of the S0 4 group. The NH 4 group 
would then consist of a central nitrogen ion with charge —3 
surrounded by four ions, each of charge +1. The NH 4 group 


Fig. 2. 


61'dc Plane^ Translation^. 




Reflection Planes 
pCo Dyad Screw axes Translation^? 

Qo.;jn.C s.oh. 


•Centres of Symmetry 


Projections of Ammonium Sulphate 
crystal 


would be equivalent to a polar ion of charge +1. The 
nitrogen atom could, however, in accordance with the sug¬ 
gestion made by Niven * for ammonia, give up four electrons 
to the four hydrogen atoms to complete their 1 Y systems, and 
also one electron to one of the oxygen atoms giving a nitro¬ 
gen ion of charge 4*5, surrounded by four hydrogen ions, 
each with a charge — 1. The orientation of the (NH 4 ) groups 
would, however, be different in the two cases. The first 
alternative in which the positive hydrogen ions would form 
the connecting-link between the nitrogen and oxygen ions 
has been adopted. 

* Phil. Mag. iii. p. 1316 (1927). 
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In this case the orientation of the * (NH 4 ) groups would 
appear to be fairly certain ; but there are two possible orien¬ 
tations of the /3 groups consistent with the symmetry and the 
linkage of hydrogen to oxygen. The one which gives the 
hydrogen linked to those oxygen which have the closest 
approach to the metal ions of the other crystals has been 
taken. 

The coordinates of the atdms with the centre of the unit 
as origin are summarized in Table III. In each case the 
coordinates of one atom is given, the others being derived 
from it by the operation of the symmetry elements. 

The oxygen environment of the metal atoms is different 
for the two sets of metal atoms in the structure. In the 
diagrams one set is marked a and the other /8. 

The distances between the atomic centres of the metal 
atoms and oxygen atoms and the number of times any parti¬ 
cular measurement occurs are summarized in Table IV. 


Table IV. 

r> 

Atomic distance M a —0 in A.U. 


No. 

■Ka-O. 

Rba-O. 

Cs a —o. 

(NHJ a -0. 

1 . 

2*71 

2-89 

310 

286 

4 . 

2*89 

2*95 

3*20 

2*91 

3. 

300 

312 

3*20 

315 

2 . 

315 

3*17 

328 

3*25 

1 . 

3*50 

3-50 

3-70 

3*60 


Atomic distance M 0 —O. 


No. k>- 0 . Ilb/3 — O. CS0-O. (NH 4 )0-O. 


4. 

2*71 

2*89 

310 

2*86 

21. 

2*91 

301 

3*17 

310 

•v 

2-95 

315 

3-30 

3*15 


310 

320 

3*37 

320 


The distance of closest approach is the same for both 
kinds, and is 

K-0 . 2-71 A.U. 


Rb-0. 2-89 

Cs —0 . 3-10 

(NH 4 )-0... 2*86 
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Those atomic distances are in close agreement with the 
distances suggested by Wasastjerna * for atomic radii with 
a clear recognition o£ the fictitious nature of atomic radii. 
The values were 

K-0 = 1*30 + 1-35 = 2*65, 

Kb- O = 1*50 + 1*35 = 2*85, 

Os — 0= 1*75V 1*35 = 3*05. 

Bradley f mentions in his paper on the structure of lithium 
potassium sulphate that Prof. W. L. Bragg J modified the 
values originally proposed by him in the manner suggested 
by Wasastjerna, and proposed the value for 

K-0 = l*34-f 1*36 = 2*70, 

which is in very close agreement with the value given above. 

The Mp atoms appear to be more closely linked to oxygen 
than the M a atoms. 

Bradley’s structure for KLiS0 4 crystals indicates that it 
is K a that is replaced by Li. 

The closest approach of the metals is 

K a -K* . 3*55 A.IJ. 

lib*—Rb,* ......... 3*75 „ 

<V«—Cfy.. 3*95 „ 

( v NH 4 ) tt — (NH 4 )^.., 3*75 „ 

The structure of these sulphates is one in which each 
positive metallic ion is surrounded as closely and as 
uniformly as possible by negative oxygen ions, perfect 
freedom of adjustment being prevented by the attachment 
of the oxygen ions in fours to sulphur to form the sulphate 
group. The S0 4 groups are in turn surrounded by metallic 
ions. In potassium sulphate the distances of the potassium 
atoms, surrounding an S0 4 group, from the nearest oxygen 
of that group are two at 2*71, five at distances from 2*900 

to 3*00, and three at 3*15 Jl*U. 

5. In potassium sulphate the cleavage (001) is distinct, 
and the cleavages (010) and (110) are imperfect. In 
ammonium sulphate the cleavage (001) is perfect. These 
cleavage planes are indicated in figs. 1 and 2. 

* J. A. Wasastjerna, “ On the Iiadii of Ions,” Soc. Scient. Fenn. 
Comm. Phy. Maths. 5. p. 88 (1923). 

t Loc. ctt. 

X “Interatomic Distances in Crystals,” Phil. Mag. ii. p. 258 (1927). 
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Although the ions of such a structure are in equilibrium 
in electric fields produced by the surrounding ions, it seems 
probable from the position of the cleavage planes and from 
the distances of closest approach of the metallic ions to 
the oxygen ions that one metal ion of each kind belongs to 
each S0 4 group to form the molecule. Fig. 3 represents 
the molecule of potassium sulphate as it occurs in these 
crystals. The potassium, sulphur, and two oxygen atoms 


Fig. 3. 



lie in a plane. The other tivo oxygen atoms, which are 
equidistant from that plane, are also represented as lying in 
that plane, and have bet*n displaced to prevent the electron 
systems from intersecting in the diagram. 

6. The crystals of this series show repeated twinning, 
which results in interpenetrating groups which are almost 
indistinguishable from simple hexagonal crystals. Fig 4 A 
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shows a section of such a crystal built from three crystals, 
I., II., and III.* Figures of characteristic triplets of potas¬ 
sium selenate are given by Tutton f. The external faces of 
the crystal are the planes/? (110) and p 1 (130). The twinning 
plane (130) is nearly at right angles to the plane (110). If 
the re-entrant angles formed by the planes (130) vanish by 
the growth of the crystal, there results an almost true 
hexagonal prism terminated by a hexagonal pyramid. Each 
face is however composed of two halves, which are inclined 
at a small angle to one another. This inclination can be 
detected by reflecting light from the face of the crystal. 

Fig. 4 . 



A twining plane must have special characteristics. The 
cases hitherto observed show twinning planes to be planes 
of closely-packed atoms. It must also be such that, if the 
crystal is built up to this plane, its continuance on the other 
side of the plane may follow one or more alternatives. One 
of these is correct and continues the plan of the crystal. 

* * Physikaiische Krystallographie/ Groth, p. 406. 
t ( Crystalline Structure and Chemical Constitution/ A. E. H. 
Tutton, p. 93. 
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The others are not so ensy to follow. The plane (130) 
satisfies these conditions. 

Fig. 4 B, which is a section of potassium sulphate perpen¬ 
dicular to the “ c 99 axis, explains the process of twinning in 
these crystals. The figure shows the /3-potassiuin atoms in 
the projection lying inside a nearly true hexagon of oxygen 
atoms, which in turn lie inside a larger hexagon of S atoms. 
These potassium atoms lie in the reflexion planes parallel to 
(100). Their positions relative to the oxygen atoms are 
shown in iig. 4 C. If these potassium atoms are rotated 
through uearly 60° into the plane (130), they would occupy 
positions relative to oxygen atoms illustrated in fig. 41). 
The crystal would now grow in that direction as the ( 100 ) 
plane of the twin. The potassium atoms might equally 
well be rotated through nearly 60° in the opposite direction 
into the plane (130). Arcanite (K 2 S0 4 ) is described in 
Dana’s 4 System of Mineralogy ’ as giving repeated twins 
on the planes (110) and also on (130) resembling aragonite. 

The diagonal of the “ hexagon ” of S atoms parallel to the 
plane ( 100 ) is slightly longer than that parallel to (130) oi* 

(130). The lengths are 6*67 and 6*63 A.U. The longer 
direction is the correct direction for the potassium atoms. 
The section between the lines 7 and 8 would serve as origin 
for the growth of either system on each side of it. 

7 . Models of S0 4 groups were made with spheres of 
1*5 cm. diameter to represent both S and 0. The distance 

5 —0=1*5 cm. The K 2 S0 4 unit was then constructed with 
SO 4 models and with spheres of 2*7 cm. diameter to repre¬ 
sent K atoms. The radii of these spheres were not intended 
to represent “ atomic .radii.” A similar model of the 
(NH 4 ) 2 S 0 4 unit was made, taking a sphere of 1*5 cm. 
diameter to represent N and a sphere of 1*0 cm. diameter to 
represent H. The whole NH 4 group would then lie within 
a sphere of 1*75 cm. radius. 

Two views of the (100) planes of each of these models are 
given in PI. V. (figs. 5 A & B) and in PI. VI. (figs. 6 A 

6 B). 

It can be seen from the model that, if ammonium sulphate 
were to twin like potassium sulphate, not only would the 
NH 4 group have to be rotated through nearly 60° about an 
axis parallel to u c 99 but the groups would also have to be 
inverted ; i. e ., rotated through 180° about an axis through 
its centre parallel to M b 99 
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Summary. 

The structures of the isomorphous sulphates of potassium, 
ammonium, rubidium, and caesium have been investigated. 
The structure is based on a simple orthorhombic lattice 
having four molecules to the unit cell, and the space-group 
is Yh 16. The positions of the atoms in the structures have 
been determined. An explanation of the characteristic 
twinning of these crystals has been given. 

In conclusion, I wish to express my thanks to Dr. A. E. H. 
Tutton, F.R.S., for supplying me with certain crystals for 
this investigation, to the South African Research Grant 
Board for some financial assistance, and to Mr. J. A. Linton 
for skilful assistance in making models and diagrams. 


XXXV. Energy Distribution among Secondary Electrons 
from JS’ickel , Aluminium , and Copper. Jig 1>. A. Wells, 
Assistant Professor of Physics, l ’nicer sity of Cincinnati * * * § . 

A REVIEW of experimental work indicates that results 
do not always agree as to the energy distribution 
of secondary electrons. The highest velocities found by 
Barber t working with copper correspond to from 2 to 5 
volts. The results of McAllister J, using practically the same 
apparatus and continuing the work of Barber, indicate that 
there are a few electrons reflected or emitted with velocities 
approaching the velocity of the primary stream. Davisson 
and Kunsman§, investigating the maximum velocity of 
secondary electrons from aluminium, platinum, and mag¬ 
nesium, found that secondary electrons with velocities “ not 
appreciably less than that of the primaries proceed from 
the platinum and magnesium for all bombarding potentials 
up to the highest investigated in each case, 3000 volts and 
1500 volts respectively.” 

* Communicated by the Author. 

f I. G. Barber, 4< Secondary Electron Emission from Copper and 
Copper Oxide,” Phys. Rev. vof. xvii. pp. 322-338 (1921). 

f L. E. McAllister, “ The Effect of Ageing on the Secondary Electron 
Emission from Copper Surfaces,” Phys. Rev. vol. six. p. 246 (1922). 

§ C. Davisson andC. H. Kunsman, Phys. Rev. vol. xxii. p. 242 
(1928). 
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Description of Apparatus . 

Fig. 1 gives n diagram o£ apparatus and connexions. 
F, a flat spiral tungsten filament (Coolidge X-ray cathode) 
heated by means of lead storage-cells, was used as the source 
of primary electrons. A nickel shield S served as an anode 
and allowed a narrow beam of primary electrons to fall on d , 
the metal from which secondaries were to be studied. The 
large disk D, carrying the small disks d y could be rotated 
from the outside by the action of an electromagnet on a 
short iron bar attached to the extreme end of the axle. The 


Fig. 1. 



A r<TA 7 t/J A A/D Z?/A &A'A /I OA C 0A//VfC r/OA/6 


Faraday cylinder G could be put at any potential with respect 
to d by moving the point N. The primary electrons could be 
given any desired energy by moving the contact M. From 
the diagram it may be seen that the galvanometer reads 
Ip—1 # , the difference between the primary current striking 
and the secondary current leaving d. Therefore the complete 
energy distribution among secondary electrons for a given 
value of primary accelerating potential E„ may be obtained 
by moving N from A to B. 

The aluminium cathode C was used for bombarding the 
metals to remove adsorbed gases. The negative terminal of 
a 7-inch induction coil was connected to this cathode, and 




Electrons from Nickel , Aluminium, and Copper . 369 

the other terminal to D. When a vacuum just high enough 
to give a yellow glow had been obtained, the high potential 
from the coil was applied, and the metal to be investigated 
was bombarded until the vacuum was of such a degree as to 
allow no discharge to pass. An iron Langmuir condensation 
pump, backed by a two-stage rotary oil-pump, was used to 
maintain the vacuum. Two traps were interposed between 
the pump and the tube. The one nearest the tube was kept 
continuously in a freezing-mixture, while the other was filled 
with coconut charcoal, which, during the first part of the 
exhaustion, was heated for an hour or more at a temperature 
of approximately 400°C. and then surrounded by a freezing- 
mixture. 


Experimental Results . 

Typical secondary energy-distribution curves for nickel at 
various primary voltages are shown in fig. 2. The first break 

Fig. 2. 



in a curve, shown by the point M where the dotted line 
becomes tangent to the curve, indicates the maximum energy, 
expressed in volts, of a perceptible number of secondary 
electrons emitted for that particular primary voltage. For 
further decrease in the negative potential of G with respect 
PUL Mag . S. 7* VoL 5. No. 28. Feb. 1928. 2 B 
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to d, more electrons with less energy reach G. When the 
potential of G with respect to d is zero, practically all 
secondary electrons have energy enough to reach G. The 
curve then soon begins to approach saturation as G is made 
positive with respect to d . 

If from the value M, where a curve just begins to break, 
any other following value is subtracted, it will give the 
number of secondary electrons having corresponding energies 
or greater. Repeating this for a number of points to 
where the voltage of G becomes zero with respect to 
the curve shown in fig. 3 is obtained. This secondary 


Fig, 3. 



energy-distribution curve has an advantage over the original 
curve in that it gives directly, for a fixed value of E a , the 
number of electrons having a given energy or greater up to 
the maximum. Values of log I, plotted as a function of E # * 
gave (except for the first few points) a straight line, which 
shows that the curve is closely approximated bv the general 
equation y^ae^K The actual equation for the curve for 
nickel where E*=230 volts is I, = 4 # 3 tf~* CO0088 B3 , 

A series of curves similar to those of fig. 2 were taken for 
aluminium and copper, and in each case were found to have 
the flame general form. With this apparatus it is true that 
secondaries may be emitted from the collector GK However, 
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in taking the curves of fig. 2 the first electrons from d to 
reach G do so with a velocity equal to zero, and the energy 
with which the electrons from d reach G is never greater 
than the difference between their energy of emission and the 
retarding field. Therefore secondary emission from G 
cannot appreciably affect the energy-distribution curves 
except for low values of retarding potential. 

As mentioned before, the points M (fig. 2), where the 
curves just begin to break, give the maximum secondary 
energy for a fixed primary voltage. When values of 
maximum secondary energy were plotted as a function of 
primary voltage, for nickel, a straight line was obtained. 
If the secondary electrons are a result of the atoms absorbing 
the radiation produced when the primary electrons strike the 
plafe—in other words, if secondary elections are due to photo¬ 
electric effect,—the above graph should be a straight line 
having a slope of unity. However, the actual slope obtained 
was D34. Data are insufficient to make definite conclusions 
regarding this. 


Conclusions . 

In every case the curves indicate that there are a few 

secondary electrons with energies approaching that of the 

primary beam. This is shown by the / act that in every case 
the curves begin to bend while G is still at a high negative 
potential with respect to d . The number having high values 
of energy is relatively small ; indicated by the slight change 
in slope which first occurs. 

The empirical equation found for the curve of fig. 3 is the 
regular probability equation ; and although it does not hold 
for low values of secondary energy, it indicates that within 
a certain range the number of electrons having a given 
energy or greater up to the maximum energy of any being 
emitted is determined by a law related to the law of 
probability. 


2 B 2 
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XXXVI. Metallic Spectra excited by Active Nitrogen .. By 
J. Okubo and H. Hamada. {From the Laboratory of 
Physics , Sendaii Japan *.) 

[Plate VIL] 

Introduction. 

S INCE the discovery of the active modification of 
nitrogen by E. P. Lewis f, a hirge number of in¬ 
vestigations with a view to find out its real nature have 
been carried out. Though as the results of the continued 
experimental work by Lord Rayleigh t, A. Fowler §, E. P. 
Lewis, R. T. Birge (|, and others many important properties 
of the gas have come to light, the rea) nature of its activity 
still remains obscure. In recent years two different theories 
to explain this activity have been put forward. The first, 
advanced by M. N. Saha and N. K. Sur If. maintains that 
active nitrogen is simply nitrogen molecules in the state 
of excitation, and the contents of its energy are 8’9 volts. 
If such a molecule collides with other molecules or atomp, 
parts of its energy can be transferred to those others by the 
collision of the second kind, as put forward bv O. Klein and 
S. Ros.seland* # and confirmed experimentally by J. Franck ft 
and his students. From the excitation potential of the 
mercury lines which are excited when active nitrogen is 
made to act upon this vapour, the energy contents of the 
nitrogen molecule can be deduced. 

The second theory has been put forward by H. Sponer 
and she is of opinion that the active nitrogen is simply a 
neutral nitrogen atom. If two nitrogen atoms encounter 
a neutral metallic atom or molecule, the energy corre¬ 
sponding to the heat of dissociation of a nitrogen molecule 
can be utilized to excite the neutral atom or molecule, and 
the spectra of the gas are emitted. From the facts of the 
peculiar enhancement of the first positive group and the 
complete lack of the second positive group in the after-glow 
spectra, H. Sponer concluded that the energy of dissociation 
is greater than 11*4 volts and smaller than 13 volts, and the 

* Communicated by the Authors, 
t E. P. Lewis, Astrophys. Journ. xii. p. 8 (1900). 
j R. J. Strutt, Proc. ftoy. Soc. lxxxv. p. 219 (1911): xciii. p. 264 
(1917). 

§ R. J. Strutt and A. Fowler, Proc. Roy. Soc. lxxxv. p. 377 (1911); 
lxxxvi. p. 106 (1912). * 

|| R. T. Bir^e, ‘Nature,’ cxiv. p. 642 (1924). 

If M. N. Saha and N. K. Sur, Phil. Mag. xlviii. p. 421 (1924). . 

** O. Klein and S. Rosseland, Zeit. f. Pkys, iv. p. 46 (1921). 
tf J. Franck, Zeit. f. Pkys . ix. p. 269 (1922). 

XX H. 8poner, Zeit. f. Pkys . xxxiv. p. 622 (1926) 
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spectral lines of* the other gas excited in the after-glow must 
be lower than 11*4 volts. 

Observations on the rate of decay of the after-glow by 
Angerer * and Rudy + are closely in agreement with the 
consequences following from Sponer’s triple-collision hypo¬ 
thesis, and the experimental results recently published bv 
Ruark, Foote, Rudnick, and Ohenault J have also confirmed 
the same assumption. 

As above stated, an exact knowledge of the spectra of 
various metallic vapours excited by the stream of active 
nitrogen is very important in throwing light on the real 
nature of the activity and in other views of chemi¬ 
luminescences. We have been investigating, for the last 
two years, the properties of ionized and excited nitrogen 
molecules and atoms, and sped roscopic observations of the 
after-glow and of light-emissions from various metallic 
vapours under bombardment by active nitrogen have been 
carefully carried out. The results obtained, as shown in 
the following paragraph, differ in the case of mercury from 
that observed by Ruark and others, and other metallic 
spectra are more fully extended than has been hitherto 
reported. 

Expeiumental Arrangements. 

Various types of discharge-tube were used in this investi¬ 
gation. The one which was mainly used is one similar to 
that of Strutt, and Fowler, also used by R. S. Mulliken § in 
his researches on the copper iodide spectra. Nitrogen was 
prepared chemically in the usual manner, from ammonium 
chloride and sodium nitrite. After passing through a row 
of purifying and drying tubes the continued stream of 
nitrogen enters the activating tube, then the activated gas 
flows into the light-irap of a cranked glass tube, and then 
into an after-glow tube made of Pyrex glass or fused 
silica. A small cylindrical side bulb containing the metals 
under examination connects with the main one, 1 or 2 cm. 
distant from the connecting part of a light trap, and the 
bulb is gently heated with a Bunsen burner. The light 
emitted was always observed end-on through a quartz 
window at the end of the tube. 

The discharge was carried from the secondary coil of an 
induction coil with a spark-gap and a suitable condenser, 
and the electrode near the after-glow tube was always 

* E. v. Angercr, Ptys. Zeit xxii, p. 97 (1921). 

t 11. Rudy, Phys. Rev. xxvii. p. 110 (1926). 

f A. E. Ruark, P. D. Foote, P. Rudnick, and R. L. Chenault, 
J. O.S. A. xiv. p. 17 (1927). 
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earthed. A JHilger quartz monochromator was adapted 
to serve as a spectrograph by substituting a camera' for 
the telescope. 

The Spectra of the After-glow. 

In the first place it is necessary to study exactly ihe 
light-emissions due to the after-glow itself. Our results 
were exactly the same as those recorded by Strutt and 
Fowler, and recently observed by R. G. Johnson and 
H. G, Jenkins*. The a, /S, and 7 groups are emitted 
but the u group are especially enhanced, while traces of the 
second group of positive Bands due to the nitrogen mole¬ 
cules could not be observed, though we endeavoured to 
expose the photographic plates for more than 60 hours. 
No one has ever reported the appearance of this group, 
which contradicts the results obtained by Ruark and his co- 
operators, and it may be questioned whether their sectored 
disk operated satisfactorily and perfectly cut out the direct 
discharge or not. (PL VII., a.) 

Next w« went on to the study of the light-emissions from 
metallic vapours under the bombardment of active nitrogen. 
All the metallic vapours tried cause deposits as coating of 
mixtures on the colder parts of the wall of the after-glow 
tube. The products consist of mixtures of metallic nitrides 
and of the excess of metal condensed there from vapours. 

At the beginning of the experiments the characteristic 
glow of the metallic vapours appeared very brightly at the 
places where the metallic vapours met the stream of active 
nitrogen. It gradually faded out as the coating increased 
in thickness, and can be explained by the metallic nitrides 
acting as a poison on the activity of the gas. Other 
experimental difficulties are that the bulb containing the 
metals occasionally" bursts after the burner has been removed. 

We took very great care to prevent ihe stray discharge 
from entering the after-glow tube. When the earthing of 
the electrode near the tube is very good and no metallic 
clamps are used, no traces of any stray discharge diffuses 
in the tube. By observing the second positive hand, it 
can be ascertained whether the stray discharge enters or 
not; but to obtain absolute security a sectored disk of the 
same kind as that described by R. 0. Johnson was used, 
and confirmed the the fact that our tube was quite free from 
the stray discharge even when the sectored disk was not 
placed in the proper position. 

* R. 0. Johnson and H. G. Jenkins, Phil. Mag. ii. p, 621 (1926). 
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Wet have observed metallic spectra under a great variety 
of conditions. Some plates were exposed for a long time 
to obtain lines having higher levels of energy, and the 
results are described in the following paragraph with special 
remarks. 

The After-glow Spectra of Metals. 

1. Mercury .—As shown in the following table, till the 
lines excited are arc lines, and the resonance line at X, 
2537 A., specially enhanced. The highest level of energy 
appearing in our records was 4 d 1 corresponding to the 
excitation potential 9*51 volts. To obtain lines up to 
this level only four hours were needed, but we could not 
find any traces of lines higher than those levels of energy 
even after 100 more hours. On these points there is quite 
a difference from observations made by Ruark and his 
co-operators, and we shall discuss this later. Mercury 
nitrides are black powders and very explosive, as small 
cracking sounds are heard in the tube and occasionally 
the explosion was great enough to break the tube. Accom¬ 
panying these explosions, light of a bluish colour flashed out 
instantaneously. (PI. VII., g.) 

The lines recorded on our plates are : 


Ob*. Lines. 

Glass. Remarks. 

! Obi. Lines. 

Class, 

Remarks. 

6461 


) 3026-22 

2p l — 4d 


4368 

- 2s 

2664-62 

2p. 2 -4 d 


4047 

-/>; - 2S 


Marked by a 

3341 

•Vi-* 

| 5791-70? 

j 

P-* 

1 1 

Cl Cl 

2894 

2/> ? —3s 

group. 

2763 

2ft,—** 

| 4078 

-Pi —-’S 


3603-50 

3132-20 

1 ! 
sC s£ 

C4 

; 2537 

IS— -Pt 

Very strong. 

2967 

Vp s —3d 





2. Cadmium .—Cadmium nitrides are dark-grey powders. 
Ruark failed to photograph lines of this metal and remarked 
that it destroys the after-glow. We think that in these 
experimental arrangements the active nitrogen does not 
collide with the vapour in the concentrated proportions, and 
the light excited is very feeble. (PI. VII.,/.) 

Our records are : 


Obi. Lines. 

Class. 

Remarks. 

Obs. Lines. 

Class. 

Remarks. 

6086 

2p r — 2s 


2982-81 

2p, — 4 d 


4800 

2^-2* 


2881 

2p 3 —4<£ 


4678 

2p n —2s 

[Cd IS—2/> a . 

2837 

'Jp 3 —4d 


3253? 

2 p i — 3s 

Masked by 

2764 

2p t —bd 


3183 ? 

2 p 2 —3s 

Masked by 

2678? 

2p^—bd 

Masked by /3 

8081 

3s 

Hg 3132-26. 

2640 

2p a -bJ 

group 2679. 

3814-11 

2pj—3^ 


3261 

18—2 tp. 

Very strong. 

8468-86 

2 p a — 8d 





8404 

2p $ —M 


2288 

IS—2P 
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3. Zinc .—Nitrides of this metal are also dark grey powders* 
In addition to the lines described by Lewis, we observed 
many other lines. (PI. VII., e .) 


Obs. Lines. 

Class. 

Remarks. Obs. Lines. 

Class. 

Remarks. 

4811 

2 p x — 2s 

2616 

2p, — 6d 


4722 

2p i —2s 

2491 

2 p 3 —6d 


4680 

2p 8 —2s 

2480 

2 p-6d 


3072? 

2^—3* 

M asked by 2463 

2p—?d 


3036 

2/> 2 —3s 

Zn IS—2© a . 2440 

2 P . 2 -7d 


3018 

2p 8 ~~3s 

2431 

2p x —Sd 


2712 

2p x —4s 

2408 

2p. 2 —8d 


2684 

2 p. 2 -4 s 

2397 

2p a —8d 

[Zn 2 p 9 — 8 d. 

2670 

2p s -4s 

2409 ? 

2p l — 9 d 

Masked by 



2387 ? 

2p. 2 —2d 

Masked by /L 

3346-46 

~Pi — 



group 2387. 

3303 

2 p^—'M 

j 2139 

IS—2P 


3282 

2p z - 3d 

1 



2801 

2pi — 4d 

1 4630 

2P—4D 


2771 

2/> 2 — 4d 

! 



2766 

2p 8 -\d 

i 3076 

1S-2 p 2 

Very strong. 

2609 

2 p x —bd 

; 



2682 

2p—bd 

4293 

2p u -28 


2670 

2p 3 -bd 

i 




4. Magnesium .—The intensity distributions of the lines are 
exactly similar to those observed previously by Lord Ray¬ 
leigh and Fowler. In addition to these lines we have 
observed 2p — 2s , 2p— 45, and 2p — 6d. Nitrides of this 
metal need special notice, as some black coatings were 
produced at the neck of the bulb, while on the wall 
near the bulb the product was red in colour. After the 
experiment a cotton-like white compound remains in the 
bulb, among which crystals of bright golden colour were 
found ; but it is questionable whether these are varieties of* 
magnesium nitrides or not, for the insides of the bulb, made 
of pyrex glass, are attacked severdy by the vapour. The 
product is very hygroscopic, as it smells as strongly as 
ammonia gas, in consequence of its absorbing atmospheric 
moisture. (PI. VII., d .) 

Lines observed are listed in the following : 


Obs. Lines. 

Class. 

Remarks. 

Oba. Lines. 

Class. 

Remarks. 

6184-67 

3337-30 

2p—2s 

2p—3s 


4671 

1S— 2p. A 

Very strong. 

2942-37 

2p —4s 


2852? 

1S-2P 

Masked by Na 
2853. 

3838-29 

2 p-3d 




3097-91 

2p-4d 


2783-76 ■ 

2p— 2p' 

Strong. 

2862-47? 

2p~5d 

Masked by Na 


2737-82 

2p — 6d 

2853. 





5. Sodium . —Nitrides of this metal are dark grey, and it 
burns in air. When the metal is heated in the bull) a bright 
green light column is seen at the neck where the dense vapour 
meets the stream of active nitrogen, and surrounding this 
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column broad yellow aureoles diffuse in large volumes. 
Spectroscopic observation shows the green lines X 5688-83 A. 
strongly at the centre of the column, and at the outside the 
I) line strongly appears, as Lord Rayleigh and Fowler 
remarked. After several trials it seems that tho difference 
in these colours depends absolutely on the density difference 
of the vapour, and we shall publish some quantitative investi¬ 
gations of this point in the near future. The glow of this 
metal is very intense, and nitrides are not so harmful to the 
activity of gas as that of other metals, and we could not 
understand why Ituark and his co-operators could not observe 
any lines in their tube (PL VII., b). The lines observed are: 

Remarks. 


Ota. Lines. 

Class. Remarks. 

Obs. Lines. 

Class. 

6890-96 

1 s — '2p 

5688-83 

2 7 >—4d 

3302-03 

1 8 — 3 p 

4983-79 

2 p — bd 

2853 

Is —\p 

4669—65 


2680 

Is —bp 

4498-94 

2 p —7 c/ 

2594 

1 s— k> 2 > 

4393-90 

2 p—6d 

2544 

Is— 7/? 

4324-21 

2p—i)d 

2512 

1 8—Bp 

42*; 7-73 

2p—\0d 



4242-39 

2p—lld 

5154-49 

2 p —4s 

i 4216-13? 

2 1 y—\2d 

4752-48 

2 p~bs 



4545-42 

2p — 6s 



4 423-20 

2 p —7s 




6. Potassium .—Nitrides df.this metal resemble those of 
sodium, but it acts as a powerful poison of activity, so it 
was difficult to obtain sufficient exposure of the plates. 
Our observations (PI. VII., c*.) are : 

Kemarks. 


Obs. Lines. 

Class. 

Remarks. 

Obs. Lines. 

Class. 

4044-47 

Is—3 p 


| 5832-13 

2 p-bd 

3447-18 

Is—4 p 


6360-43 

2 p-tid 

3217-18 

Is— bp 


5112-97 

2p —7 d 

3102 

Is— 6p 

[group 3035. 

4965-51 

2 p-Sd 

3035? 

U—7p 

Masked by /3 

4870-56 

4805-91 

4769-46 

2p — Vd 
2p —lOrf 
2/>-ilrf 


7. Thallium. —Reddish-yellow nitrides are formed. Be¬ 
sides the lines Ruark has reported, 2 \p — 5s, 2 />— Id, 2p —8</, 
and 2p —9 d were clearly seen. (PL VII.,/*.) 


Ota. Lines. Class. 


Remarks. 


Obs. Lines, 


5360 

2 p x —2* 

: 

l 3529-19 

3776 

2p a —-2* 


1 2768 

3230 

2p 1 —3* 


1 2921-18 

2580 

2p u —3s 


1 2380 

2826 

2p t —4e 


i 2711-09 

2316 

2 Pa --4t 


2238 

2666 

2 Pl —6s 


! 2610-09 

2207 

2p „— 6* 


| 2169 

2586? 


Masked by y j 

group 2596. j 

2553 

1 2517 

- 2494 



i 

2211 


Class. 
2^-3 d 
2*-3 d 
2p .—4 d 
2p s ~ 4 d 
LX-5 d 
2*v-5 d 
2p. — 6 d 
2?> ? -6 d 
—? d 

2p —8 d 

2/),—9 d 
Unclassified. 


Remarks. 
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8. Calcium .—The excitation potential of the spark re¬ 
sonance lines of this metal is 9 2 volts, and it is very 
interesting to ascertain whether these lines appear or not 
in the after-glow spectra. We have made several attempts 
to obtain the spectra of this metal, but unfortunately none 
of the trials was successful, because as soon as the stream of 
active nitrogen passes through, even in the solid state, 
it forms nitrides. 

9. Surface Fluorescence of Metals .—Surface fluorescence 
was observed when metallic sodium, potassium, magnesium, 
calcium, and barium were put in the after-glow tube. But 
it cannot be observed when the surface of pure magnesium 
is freshly cut with a knife, and it is revealed again after 
being thrown in the air. Perhaps this phenomenon of 
the surface fluorescence is intimately connected with the 
surface conditions of the metal. 

Interpretation and Discussion of the Results. 

As described in the preceding tables, the metallic spectra 
excited by active nitrogen are arc lines of the vapours, and 
no spark lines are observed. It must be remarked that the 
relative intensities differ from those in the common arcs, 
and especially that the resonance line IS—2/> 2 of alkali earth 
metals is more strongly excited than in other cases. Ruark 
and others reported that the distribution of intensities did 
not obey the usual rules of arc, but said nothing about the 
resonance lines, for they observed accurately only the cases 
of mercury and thallium. 

It will be very worth while to compare our results with 
the metallic spectra excited bv atomic hydrogen in the 
report recently published by F. L. Mohler *. From his 
report we can see that the resonance line of sodium and 
cadmium appeared strongly, very weak and only just 
observable lines in potassium and mercury, and no lines 
at all in magnesium and zinc. As the work of dissociation 
of hydrogen molecule is 4*38 volts, and is so small that 
it is insufficient to excnte the resonance line of mercury, 
we cannot expect the excitation of lines corresponding to 
higher levels of energy, but it can be conceived that his 
results fairly coincide with our cases of nitrogen, and 
the resonance lines were excited in a comparatively high 
degree. In other words, it seems that the probability of 
exciting resonance lines, as triple collisions occur, is com¬ 
paratively greater than in other cases of excitation. 

* F. L. Mohler, Pbya. Eev. xxix. p. 419 (1927). 
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The highest level of energy obtained in our experiments 
was that of 4<i of mercury corresponding to the excitation 
potential 9*51 volts. As above remarked, lines up to this 
level develop satisfactorily with four hours* exposure, but we 
could not detect any traces of lines having higher level 
than this. For example, in mercury the triplets 3026-22, 
26,54-52 appeared clearly with four hours’ exposure, but 
triplets 2925, 2576, 2464, and 2805-03, 2483-82, 2378 
do not appear even with runs of a week’s exposure, though 
the differences in the excitation potentials of the latter 
are only about 0*14 and 0*32 volt greater than that of the 
former. 

In conflict with our results, Ituark has reported the 
appearance of series members up to 10*0 volts energy. 
Of course, the dissociation energy being higher than the 
excitation potentials of these lines, there are no theoretical 
objections to this result, but it is very questionable whether 
these lines can be excited only by the active nitrogen itself 
or not. We believe that if they had been observed under 
the conditions as above mentioned, these triplets would not 
have appeared. It can be stated with certainty that the 
mercury atom can receive from active nitrogen the energy 
corresponding to 9*51 volts, hut not attain that corre¬ 
sponding to 9*65 volts, and ft is smaller than the value 
expected from Sponer’s hypothesis. This di>crepancy can 
be explained after the mechanism of the triple collision has 
been fully studied. 

As the ionization potentials of cadmium, zinc, magnesium, 
sodium, potassium, and thallium are lower than 9*51 volts, 
the ionizations of these metallic atoms are theoretically 
possible. Saha and Sur also pointed out this in connexion 
with their theory. o c 

Magnesium lines X 2796 A. and X 2803 A. are intense 
spark resonance lines corresponding to 12*0 volts, and it is 
very interesting to see whether these are observable or not ; 
but we could not find them at all. Using titanium tetra¬ 
chlorides, Jevon * found a few singly ionized titanium lines 
in the after-glow tube, but his experimental conditions are 
very complicated and nothing can be deduced as to whfetber 
these are due to the atomic nitrogen or not. Thus obser¬ 
vations do not tell us that the metallic atoms are ionized in 
the triple collision. It is very remarkable that from the 
fact that lines 2 p-2p' of magnesium appear strongly, two 
electrons may be displaced simultaneously to higher levels 
of energy. 

* W. Jevon, Proc. Roy. Soc. lxxxix. p. 187 (1918). 
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Lastly, we have carefully examined the band spectra due 
to formations or decompositions of metallic nitrides, but 
contrary to the cases of atomic hydrogen, no traces were 
found, at least in the observed ranges of wave-lengths. As 
lluark remarked, from the thermochemical point of view, it 
is very questionable whether metallic atoms can be excited* 
as the result of the decomposition of metallic nitrides in the 
after-glow tube. 

All the experimental results recently obtained favour 
Sponer’s hypothesis, but no exact explanation of the 
mechanisms of triple collisions have been hitherto proposed. 
It is very desirable to attempt some experiments in this 
direction. 

In conclusion, the present writers express their best 
thanks to the Saito Gratitude Foundation for the expenses 
of this experiment, which were paid by the Research Fund 
from the Foundation. 

Sendai, Japan. 

May 1927. 


XXXVII. On the Diamagnetic Susceptibilities of Gases at 
Low Pressures. By V. J. VAIDYANATHAN *. 

Abstract. 

The Instrument .—The apparatus employed is a modified 
form of Curie balance of high sensitivity and specially adapted 
for investigations on weakly magnetic gases. It consists of 
a thin closed bulb, suspended from the balance-beam in a 
suitable non-homogeneous field. The gases under investiga¬ 
tion surround this bulb. The glass of the bulb is diamagnetic, 
but it is almost compensated for diamagnetism by enclosing 
the requisite quantity of air ; so that in a vacuum there is 
very little magnetic force acting on it at atmospheric tem¬ 
perature. When a diamagnetic gas surrounds the bulb, it is 
attracted towards the stronger part of the field, causing a 
twist in the suspension fibre of the balance-beam and vice 
versa . The deflexions give a relative measure of the volume 
susceptibilities. The balauce is enclosed in an air-tight 
chamber of required shape, into which gases are let in. 

ltesults.—~A complete investigation at low pressures 
showed strict proportionality between pressure and volume 
susceptibility. The relative values obtained were —(M)0092 
xl(T e , —0*00113 x 10~ 6 and -0 00058 x 10~ 6 for the 

* Communicated by Prof. C. V. Raman, F.U.S. 
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volume susceptibilities of carbon dioxide, argon, and 
nitrogen respectively at 0° C. and 760 mm. (Air: 0*0308 
x 10“ 6 at 0° C. and 760 mm.) 

Sensitiveness .—A change of volume susceptibility of 
0*000006 x 10~ 6 in a field of 1400 Gauss corresponds to 
a deflexion of 1 mm. on a scale at a distance of a metre, 
and this is much higher than those attained in any previous 
investigation. The relative values obtained are accurate to 
within about 5 per cent. 


The Susceptibility Balance . 

rriHE instrument* was developed in an investigation 
X by the author on the magnetic susceptibilities of 
carbon dioxide at low pressures, and is illustrated in fig. 1. 
It consists essentially of a hollow glass bulb D, which is 

Fig. 1. 



sealed and suspended from one end of a light aluminium 
bar AB, the latter being suspended by a torsion fibre. The 
bulb D is blown out of feebly-diamagnetic glass selected by 
preliminary investigation on various specimens, and this 

* Vadiyanathan, Ind. Journ. Phys. vol. i. p. 183 (1926). 
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diamagnetism is compensated as nearly as possible by 
enclosing within it the requisite quantity of air.' The 
bulb hangs in a suitable non-homogeneous field between 
the pole-pieces of an electro-magnet. The bulb C, attached 
to the other end of the balance, counterpoises the weight 
of D, and in addition its volume is so adjusted that theu 
hydrostatic buoyancy due to introducing gases into the 
balance-chamber is completely neutralized. The shape 
of the balance-chamber is suitably adjusted for the free 
movement of the balance within it. The chamber is con¬ 
nected to an elaborate arrangement for the introduction 
of gas and for altering of pressure. M is a galvanometer 
mirror by which the deflexions of the beam are read by the 
usual lamp-and-scale arrangement. 

When the magnet is excited, the bulb is slightly attracted 
or repelled in vacuum owing to the imperfection in com¬ 
pensation and temperature fluctuations changing the sus¬ 
ceptibility of the contained air. By rotating the torsion 
head, the balance is so adjusted that the beam lies along 
the axis of the chamber. Now, if we introduce a dia¬ 
magnetic gas around the bulb, it apparently becomes more 
paramagnetic and is drawn towards the stronger part of 
the field, and on introducing a paramagnetic gas, it becomes 
diamagnetic to that medium and is repelled. The movement 
of the bulb D is adjusted to be in a perfectly horizontal 
plane and at right-angles to the non-homogeneous field, 
causing a couple in the torsion-fibre of the balance-beam. 
From the relative deflexions, the volume susceptibility of 
one gas can be determined if the other is known. The 
chief difficulty was due to the heating of the coils of the 
magnet and the consequent rise of temperature. This 
causes a decrease of the susceptibility of the air used for 
the compensation of the bulb To avoid this, only single 
intervals of pressure were investigated at a time, the next 
observation for a different pressure being made after a 
considerable interval. The temperature fluctuations of the 
atmosphere cause a shift in the zero reading of the spot of 
light, but do not influence the actual change of deflexion, 
which alone need be taken account of in the measurements. 

Purification of Argon and .Nitrogen. 

The compressed gas argon, supplied in a cylinder, was 
purified by passing it in succession through freshly cut 
phosphorus *, concentrated solution of ferrous sulphate kept 

* Hon. E. J. Strutt, Proc. Eoy. Soc. A, lxxxv. p. 219 (1911). 
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cooled in ice, concentrated sulphuric acid, calcium chloride, 
hard glass tubes containing magnesium, freshly reduced 
copper heated over a furnace, and a cooling spiral. The 
stream ©f gas was maintained for about If) hours, and 
5 litres were collected for ‘subsequent investigations. 
Nitrogen was prepared by warming a concentrated solu¬ 
tion of equi-molar quantities of pure sodium nitrite and 
ammonium chloride. The purification was effected as in 
the case of argon, the magnesium tube being substituted by 
aiU-tube containing caustic potash. 

Results for Argon . 

Tn the following tables, column 1. indicates the pressure/? 
in mm. of mercury between which the measurements are 
made; II. the corresponding readings of the spot of light : 
III. the change of pressure ; IV. the relative change of 
deflexion ; V. the ratio of the change of deflexion to the 
pressure ; the last column is also a relative measure of 
susceptibility. The constancy of the ratios in column V. 
shows that the volume susceptibility is proportional to 
pressure, and the anomalous behaviour observed by Glaser * 
is also not found. 




Table I. 



1 . 

II. 

hi. 

IV. 

V. 

p- 

9. 

dp. 

d9. 

dO 

dp* 

0-50 

180-188*6 

60 

8*5 

*170 

0-86 

190-205 

86 

15 

*176 

0-176 

190-224 

176 

34 

*192 

100-196 

202-220 

96 

18 

*184 

200-300 

206-224 

100 

18 

*180 

260-540 

193-247 

290 

54 

•182 

400-500 

230-248 

100 

18 

•180 

2-500 

200-293 

600 

93 

*168 

0-250 

218-264 

260 

46 

•180 


Mean = *179 

A similar experiment was conducted with pure C0 2 to 
obtain the value of argon relative to it. The mean value of 
dd/dp for CO* was 0T45. Taking the volume susceptibility 
of CO* as — 0*00092 X I0~ e at 0°C. and 760 mm.t, this 
reduces to — 0*00113 X 10“ 6 at 0°C. and 760 mm. for the 
volume susceptibility of argon. 

# Glaser, Ann d l Phys . lxxiv, p. 469 (1924). 
t Vaidyaaathan, Joe. cit. 
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Results for Nitrogen. 
Table II. 


I. 

II, 

III. 

IV. 

V. 

d9 

p- 

9. 

dp. 

d9 . 

dp 

0-90 

273-284 

90 

11 

•122 

90-182 

283-294 

92 

11 

•120 

100-197 

271-283 

97 

12*5 

•128 

187-273 

283-292-5 

86 

9-5 

•109 

189-304 

270-282 

105 

12 

•113 

300—400 

282-294 

100 

12 

120 

480-562 

277-287 

82 

10 

*121 

0-230 

260-287 

230 

27 

•118 

0-302 

255-292 

302 

37 

Mean 

II 

^ | H-* 

M 1C 

CO 1 o 


Over the same regions the change of deflexion corre¬ 
sponding to the change of susceptibility of 1 mm. of air 
was 5*44 divisions at 30° 0. The pressure-changes required 
in the case of air being of the order of a few mm., these 
were read with a cathetometer. Taking the volume sus¬ 
ceptibility of air as 0*0308 x 10~ 6 at 0° 0. and 760 mm.*, 
and performing the necessary calculations, the volume sus¬ 
ceptibility of nitrogen is — 0*000525 X 10“ 6 at a mean 
temperature of 29° 0. and 760 mm. pressure. 

Table III.—Susceptibilities. 


Gas. K 0 xl0«. X,xl0 (; . X w Xl0«. 

N 2 . -0*00058 *46 12-9 

A . -0 00113 035 25-3 

COt . -0 0009 *465 20 5 


In the above table K 0 is the volume susceptibility ob¬ 
served and reduced to 0° O. and 760 mm., x» the specific 
and Xm the atomic or molecular susceptibilities. 

Sensitiveness and Source of Error. 

The relation between the change of deflexion of the 
balance-beam and of volume susceptibility is 

c.dd = lv H . . Kp 

where c denotes the couple per unit twist of the torsion fibre, 
d0 the change in the angle of deflexion corresponding to the 
change of the volume susceptibility of the surrounding 
medium, l the distance between the point of suspension of 

* Takd Son$, Phil. Mag. xxxix. p. 305 (1920). 

| Vaidyananthan, loc. tit. 
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the beam and the bulb D, v its volume and H « a vector. 

(In the experiment, x is the horizontal axis at right-angles 
to the field.) From the expression, it is easily seen that the 
sensitiveness mainly depends on c, /, and v. The advantage 
secured in the experiment was the possibility o£ the variation 
of c . Since the bulb D inis practically very little susceptibility 
at atmospheric temperature and the suspended system is very 
light, a very sensitive fibre could be employed, v was about 
3c.c., and this was the convenient maximum for the volume, 
since it had to be suspended within the balance-chamber and 
oscillate within it without jamming. I was about 11 cm. 
Since it was the aim to make measurements in small fields, 
H was not increased beyond 3000 gausses. The retorsion 
method was found impossible, owing to the mechanical dis¬ 
turbances resulting from the process, but the torsion method 
was found to be sufficiently accurate. The constancy of the 
cfR. 

factor H . was tested experimentally, and the assumption 

was found justifiable within experimental errors. Tbe ad¬ 
justment for hydrostatic buoyancy was tested with a 
microscope. A series of preliminary experiments were 
found necessary to select the proper diamagnetic^ glass, to 
obtain a thin uniform bulb, to secure the compensation, and 
to adjust the volume and weight of the counterpoise, making 
the experimental investigation somewhat difficult and tedious. 

Taking the experiment on nitrogen,a change of (POOOOOtJG 
x 10" 6 of volume susceptibility corresponds to one division 
on the scale in a field of 1400 gausses, and this could be 
easily detected. When a continuous current was running in 
the magnet for about 6 minutes, a drift of about one division 
of the spot of light could be observed on the scale, due to 
various disturbing influences. The current was kept fairly 
constant with necessary arrangements. Allowing for the 
maximum effect of the various sources of error, the relative 
values are accurate to within about 5 per cent. 


Comparison of Experimental Data on Diamagnetic Gases . 



Table IV.- 

—Specific 

susceptibilities x 10 6 . 


Gas. 

Tnk4Son6*. 

Hector t. 

Glaser J. 

Lei ire r §. 

Author. 

CO a . 

—0*423 

— 

-0 43 

-0-47 

-0-52 

-0 48 

. 

. - 0205 

-0*42 

-0*20 

— 

-0*46 

A . 

— 

-045 

*— 

-0*48 

-050 

-0*64 


* Tak6 Son4, loo , cit. t Hector, Phys. Rev. xxiv. p. 418 (1926). 

J Glaser, loo. cit . § Lehrer, Ann. dcr Vhys. lxxxi. p. 229 (1926). , 

PUL Mag. 8. 7. VoL 5. No. 28. Feb. 1928- 2 C 
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In the case of argon the value of the susceptibility is 
40 per cent, higher than Hector's and 28 per cent, higher 
than Lehrer's. The values for nitrogen and carbon dioxide 
are in fair agreement with those of Hector and Lehrer. In 
investigating argon it was found that the cylinder argon 
generally supplied contains a large quantity of air, and the 
purification requires a number of tubes to remove the oxygen 
and nitrogen. Special attention has been paid to this point. 
If we substitute the present value in Langevin’s formula, 
after necessary calculations, the mean atomic radius comes 
out as 1*06 A.U. (approximately), in very close agreement 
with 1*02 A.TJ. and 1*43 A.U. obtained from Bragg’s deter¬ 
minations and Rankine’s viscosity measurements. According 
to L. Pauling* the calculated value for the grain atomic 
susceptibility of argon is 21*5 x 10" 6 , and according to 
Dr. Stoner t 30xl0“ 6 (the latter is a rough calculation 
from the ionization potential), while the value obtained in 
the present investigation is 25*3 x 10~ 6 . 

After the work of the present investigation had been 
completed, a preliminary note by Hatumar j and a paper by 
Lehrer § appeared in the Proc. N. A. S. and Ann . der Phys . 
respectively, in which they have also found a linear relation 
between pressure and susceptibility. 

In conclusion, I have the greatest pleasure in acknow¬ 
ledging my indebtedness to Prof. 0. V. Raman, F.R.S., for 
suggesting the problem and for taking a deep interest in tbe 
work. The work has been carried out in the Physical 
Laboratory of the Indian Association for the Cultivation of 
Science. 

210 Bowbazar Street, Calcutta (India). 

5th May, 1927. 


XXXVIII. 7 lie Pine Structure of Mercury Pines, 

By W. H. McCurdy, Ph.l ).|| 

[Plate VIII.] 

N AGAOKA, Sugiura and MishimaU have made an 
extensive examination of the fine structure of the 
strong lines of the mercury arc spectrum. They used quartz 

* L. Pauling, Proc. Roy. Soc. A, cxiv. p. 181 (1927). 
t Stoner, Phil. Mag. iii. p. 336 (Feb. 1927). 

% HAmmar, Proc. N. A. S. xii. p. 594 (1926). 

§ Lehrer, loc. cit . 

*| Communicated by the Author. 

IT Nagaoka, Sugiura and Mishiina, Jap. Journ. of Phvs. ii. p. 121 
(1928). ‘ r 
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Lummer-Gehreke plates which enabled them to examine the 
lines in the ultra-violet, which region has, until recently, been 
little investigated. As a source of radiation they used an 
Aron's quartz mercury arc, water-cooled to prevent excessive 
broadening of the lines. 0 

Wood* has repeated their work on the strong line 2537 A., 
and has found the earlier results to be incorrect. He has 
found that the apparent structure of the line may be varied 
at will by varying the temperature of the arc. Using a 
carefully cooled Cooper-Hewitt quartz arc and forcing the 
discharge against the wall of the tube by means of a weak 
magnetic field, he has found the structure of the line to be 
entirely different from that given by Nagaoka and his co¬ 
workers. He explained the results of the earlier work as 
due to broadening and self-reversal of the components of 
the line, the overlapping of the unabsorbed wings accounting 
for the fact that the number of components found by Nagaoka 
was not double the number of true components. 

In the course of his experiments on Optical Excitation of 
Mercury Vapour, Wood has observed that one of the com¬ 
ponents of the line 3650 A. and also of the line 2967 A. 
appears self-reversed under certain conditions. It was 
therefore considered advisable to repeat Nagaoka's work 
on these lines, in order to determine whether or not the 
earlier results were sufficiently reliable to justify attempts 
to construct the fine structure energy diagrams for mercury. 

Apparatus. 

A quartz Cooper-Hewitt mercury arc was used as source 
throughout the work, with the mercury cathode cooled in 
running water, as shown in fig. 1. The pressure of mercury 
vapour is controlled by the temperature of the cathode, 
provided there are no drops of mercury on the sides of the 
arc ; consequently the lines were made sharp by keeping 
the cathode at a low temperature. This type of arc has the 
additional advantage of making possible the observation of 
the arc from the side. It is well known that the width of a 
spectral line increases as the length of the radiating column 
is increased, also that the shape of the line is different when 
the tube is observed end on from the shape when the same 
tube is observed side on. The long source gives a line with 
a flat top, and in some cases a reversed or partially reversed 
line, while the intensity distribution in the case of the tube 
viewed side on is that given by the probability law. The 

• Wood, Phil. Mag. 1. p. 761 (1925). 

2 0 2 
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arc was so arranged that the discharge could be thrown 
against the wall of the tube by means o£ a magnetio hold. 


Fig. 1. 



The optical arrangement is shown in fig. 2. The light- 
was polarized before entering the first Lummer-Gehrcke 
plate by means of the double-image prism P. The two 
quartz Lummer-Gehrcke plates LGj and LG 2 were placed 

Fig. 2. 


it 



perpendicular to each other as shown, and the light was 
focussed on the prism of the first plate by the quartz lens Lj. 
The interference fringes were photographed by means of the 
large quartz spectrograph B, which served to separate the 
lines. The slit S was placed at the principal focus of the 
quartz fluorite lens L a as the light is necessarily parallel on 




Fine Structure of Mercury Lines* 389 

emerging from the interferometer. The photographic plat? t 
were placed as nearly as possible perpendicular to the 
direction of the light from the prism of the spectrograph, 
which made it possible to obtain approximately square 
patterns and at the same time circular interference points. 

Hammer Special pltetes were used throughout the work, 
as they were found to be both fast and clear. Exposure 
times ranged from ^ to 8 hours. 


Fig. 3. 
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The structures found for the two lines are shown dia- 
grammatically it) fig. 3. They are so arranged that 
comparison with the results of Nagaoka’s work is very 
easy. The components found in the present work are 
placed above the line, while those found by Nagaoka are 
placed below. 


Discussion of Results. 

In the case of the line 3650 A. the three weak components 
to the short wave-length side of the main component coincide, 
within the limits of error of the work, with the corresponding 
ones measured by Nagaoka, as does also the single one to 
the long wave-length side. As may be seen in 6g. 3, the 
strong central component is found to coincide with a weak 
one found by Nagaoka. The two stronger components 
reported by Nagaoka are not found, however. Exposures 
taken without the water-cooling on the arc show a slightly 
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different result. Reproductions of photographs taken with 
and without water-cooling on the arc are shown in 
PI. VIII. (figs, land 2). It may be observed that in the 
case of a hot arc the central component of the line has 
become very broad and appears self-reversed. In the case 
of the cold arc, however, the strong central component 
appears as an almost circular dot, indicating that within the 
limits of the apparatus the central component is single, and 
not multiple as given by the earlier work. 

From the above observations it appears probable that the 
explanation of the results reported by Nagaoka and his co¬ 
workers is that they have mistaken a broadened and partially 
self-reversed line for a group of at least three and probably 
five components. The two unabsorbed wings of the line ami 
the incompletely absorbed central portion of the line are 
mistakenly termed three separate com} onents. The two 
weak components on either side of the central group have 
not been found in the present work, as may be seen by the 
plates given in PI. VIII. (figs. 1 and 2). The only apparent 
explanation of this is that the excessive broadening of the 
central component has produced such a broad interference 
point that it has been mistakenly interpreted as including a 
weak unresolved component on either side. It is barely 
possible that these are so weak that they have not appeared 
in the present work, but this explanation appears improbable 
considering the relative intensities reported byNagaoka. It 
may also be pointed out that the intensity of the main 
component in the present work is much greater relative 
to that of the others than is the case in the earlier work! 
This is apparently further confirmation of the supposed 
absorption. 

As the line 2967 A. lias a place in the energy level dia- 
grams o of mercury similar to that occupied by the line 
3650 A., it may be expected to show similar peculiarities. 
Photographs of the fine structure of this line were also 
taken with both hot and cold arc. The broadening in the 
hot arc, however, was so great that it was found impossible 
to analyse the structure of the line from the plates obtained. 
Further, the line was so weak that exposures of over eight 
hours were necessary, using crossed Lummer-Gehrke plates. 
For this reason the plates were used crossed only to determine 
the position of the components, and they were used separately 
for examining the structure in the vicinity of the central 
component. 

Tne structure of this line in the cold arc, using crossed 
plates, is shown in PI. VIII. (fig. 3). This shows the two 
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components to the short wave-length side of the central 
group and the single one on the long wave-length side. The 
weak component reported by Nagaoka at — 185 m.A. does 
not appear, as it would be expected to almost coincide with 
one of the stronger components with the particular plates 
used. PI. VIII. (fig. 4) shows the structure around the 
central group. This group is seen to consist of the strong 
central component, with a weak component on the long 
wave-length side. The reproduction also shows the other 
components found with the crossed plates. A diagrammatic 
representation of the structure of this line is given in fig. 3, 
contrasted with the structure reported earlier by Nagaoka. 

The structure found in the hot arc, using a smaller plate, 
is shown in PI. VIII. (fig. 5). This shows the unsym- 
lnetrically reversed main component. The asymmetry here 
is due to the fact that the weak component is nor resolved 
but included in the unahsorhed long wave-wing. 

Fig. 3 shows that the two short wave-lenuth components 
and the single long wave-length one may be made to coincide, 
within the limits of the work, with the corresponding one 
reported earlier. The central group, however, is entirely 
different in the two cases. The explanation appears to he 
that in the earlier work Nagaoka observed a broadened and 
partially reversed main component and an incompletely 
resolved weaker component. The group was mistakenly 
considered to consist of three separate components of almost 
equal intensity. 

Thus we find that instead o of nine components originally 
reported for the line 3(550 A. there are actuallvo five com¬ 
ponents, and instead of seven for the line 2907 A. there are 
actually six. The separation of these from the main com¬ 
ponent is given in fig. 3. 

Conclusion. 

Ruark * has recently attempted to work out the fine 
structure energy levels of mercury with hut limited 
success. The results of Wood's experiments on the line 
2537 1. and of the present experiments on the lines 3650 
and 2967 A. show the necessity for a complete review of the 
fine structure of the mercury arc spectrum, although the 
lines cited are the most liable to be incorrect owing to 
the difficulties involved in the observations, the first being 
a principal series line and the others ending on metastable 
levels. Since the study of fine structure is proving of 
* Ruark, Phil. Mag. vol. i. p. 977 (1920). 
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importance as a tool in the study of atomic structure, it is 
well that the importance of the source of radiation as well 
as the reliability of the optical apparatus be realized. The 
present work shows how unreliable results may prove when 
care is not taken in selecting a proper source for work with 
optical apparatus of such high resolving power. 

In conclusion, the author wishes to express his most sincere 
thanks to Prof. R. W. Wood, who first suggested the problem 
and placed the necessary apparatus at his disposal ; also to 
the National Research Council for the grant of a Fellowship, 
which made the work possible. 

Johns Hopkins University, 

Baltimore, Md. 


XXXIX. Some Approximate Formula ? for the Numerical 
Integration of differential .Equations. (Analysis anil 

generalization of a method given by H. T. U. Piaggio.) 
By E. Remes, Aspirant of the Catliedre Mathhnalique , 
Kiejf y liussia *. 



The approximate determination of an integral curve which 
passes through the initial point #=a, y~b, comes, as is well 
known, to the successive determination of the increments Ay 
corresponding to the small successive increments Ax. H. T. 
H. Piaggio has given + a practical method for finding two 
limits between which Ay must lie. 

Considering first the simple case where F (x 9 y) =*/(#), 
depending only on x, and assuming that f fr (x) keeps the 
same sign in the interval (a, a + A), we can take as limits of 
the increment 

Pa+A 

Ay =s I J(x)dx , 

Ja 

corresponding to A# = h, Either of the two pairs of numbers 
p 9 q or/>. r , where je, y, r measure respectively the following 


* Communicated and translated by Prof. H. T. H. Piaggio, M.A., 
D.Sc.f University College, Nottingham, 
t Phil. Mag. xxxvii. (1919). 
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rectilineal areas (see figure) :— 

•p — trapezium ATUO = hf(a + tfi) 

(TU is the tangent at Z) ; 
q so trapezium AKZB 4- trapezium BZMC 
= \hiffa) + 2A« + P)+/(a + A)] ; 
r =a trapezium AKMO = ££[/(«) +/(a + /i)]. 



The linear combinations 

o = £[3Xp-f-(4-6\) 9 + {3\-l)r] ... (2) 

f ives for every value of X, as is easily verified, the well- 
nown Simpson’s Rule, which gives the increment Ay with 
an error of the 5th order of the small number h. Two 
particularly remarkable combinations are obtained by 


putting X= £ and X=$, namely 

o' = i(p+2 9 ), ...... (3) 

o" *i(2 p+r) .(4) 
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The extension of formulae (4) and (3) to the general case, 
where F(x,y) involves ;/ us well as «r, lead's respectively to 
the approximate formulae of Runge * and Piaggio f* But, 
as there occur in the general case supplementary errors 
which depend on the approximate evaluation of p, </, r, the 
total error of these approximate formulae is generally greater 
than before, say of the 3rd or 4th order instead of the 5th. 
To Piaggio is due the idea of using the numbers p and q , 
each calculated with a suitable upper and lower value so 
chosen that the signs of the differences />-— Ay and q—Ay are 
known, as exact limits for A;/. With these he then forms 
the approximate combination cr\ Generalizing this idea of 
Piaggio\s, we can obviously use in the same manner, as limits 
for Ay, the two numbers/), r, each calculated with a suitable 
upper and lower value, and use these to form t!»e approximate 
combination <y". We propose now to examine the last two 
methods of calculation in respect of their precision in order 
to arrive by combining them to a generalization of Piaggio’s 
method, giving in every case the order of approximation $. 

We shall assume that the function F(«r, y) has, in the 
neighbourhood of the initial point (a, b ), certain continuous 
partial derivates of some of the lowest orders, which appear 
in the discussion. We can trace beforehand the curves on 
which the functions 


dF rfF_aF F dF 

d;/ ’ d.v ~dx + *dy ’ 


d*F 

dx 2 


bvF 

d.r 2 


+ 2F 


d 2 F 

dy 


+ F2 


bF BF 
b# dy 



are zero or cease to be continuous, and likewise the curves 
on which F is equal to +1 or becomes discontinuous. 
Disregarding the case when the integral curve cuts one of 
these loci of exceptional points, we can obviously assume § 
that the integral curve is contained in the rectangular 

* Math . Ann . xlvi. (189 ). 

t Zoo. cit, 

t The second form of calculation that we wish to examine depends on 
the same linear combination as Runge’s method, and these two methods 
coincide for the trivial ca«e F (x,y)—f(x); but there is certainly an im¬ 
portant distinction between them in the general case, for in Bunge’s 
method there is no attempt to find exact limits for Ay. 

§ Taking y instead of x as independent variable, if j ^ > 1. 
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domain * 

a < x <_ a + A, b — h < y < b + 7t, 

and that the functions dF/dy, dF fix, d 2 F/dx 2 do not change 
sign in this domain. 

Taking the equation of the integral curve to he y~<f>{&), 
we shall use the following notation :— 

x a = a + *h ; //« = <£(>«) ; F a =F(> a , y a ) ; ... (» = 0, i, 1) 

P»*F| ; Q=i*(K 0 + 2F*+F 1 )5 »«*WF 0 +F l ) 5 

S'=J(P + 2Q); 2 f, = i(2P-hR). 

The maximum and minimum values of the function F on 
the part of the integral curve between the ordinates x—a 
and x=a -f h will he denoted by M and M respectively, 
while the approximation used instead of these, respectively 
greater and less than them, by M and M. 

Finally 

F a =s F(« + <*h , h -p M«A) : 

F a = Ffa-P aA, A-f Mar A) ; 

F a = F(a -f- a//, b -f MaA) ; > 

P = ; PsAFi; F = AF*; P = AF* : 

with a similar meaning for Q, Q, t v >, R, R, R, R. 

It is clear that 

F 0 = Fo = F 0 = F° = F 0 , 

and that the numbers M and M coincide respectively either 
with Fi and F 0 , or with F 0 and F Jf according to the sign of 
dF/dx. It follows that one of the numbers M, M may be 
taken equal to F 0 , and so found immediately. As for the 
other, we could take for it one of the numbers F (a-f A, A± A), 
according to the signs of dFjdx and dF/By. but. to obtain 
the desired order of accuracy v\ e shall take the value 
F(a-f A, A-p/xA), /x being as follows : 

F 0 , if dF/dt/<0; 

F(a-pA, A-f A), if dF/^y > 0 and dF/dx > 0 ; 

F(a + A, 6 —A), if dF/^y > 0 and dF/dx < 0. 

# To fix ideas, we assume A > 0. 
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Hence 

P>P>P>P>P, if bF/by > 0, 
but 

P.<P<P<P<P, if 3P/d y <0. 

There are analogous inequalities for Q and for It. 

By considering the signs of d 2 F/dx z and bF/by we get 
four possible cases, in each of which we can indicate limits 
for Ay, and indeed do so in two different ways. In the 
first place, using the numbers P and Q, we get: 

Q > Ay > P, if d»F/dx* > 0 and bF/by > 0 ; 

Q < Ay < P, if d^Fjdx 2 < 0 and bF/by > 0 ; 

Q > Ay > P, if d*F/dx* > 0 and bF/by < 0 ; 

Q < Ay < P, if (PF/dJ < 0 and bF/by < 0. 

The combination 2' formed with a pair of corresponding 
numbers Q, P, or Q, P, will be denoted by 2'(M, M). 

Secondly, we can use a pair of corresponding numbers 
ft, P, or R, P (according to the signs of d^Fjda 2 and 
bF /by) as limits for Ay. The combination 2" formed with 
such a pair will be denoted by 2"(M, IM). 

We shall now find the order of smallness of the differences 
Ay~2'(M, M) and Ay—2"(M, M). As the differences 
Ay —2', Ay -2" are of the 5th order (taking h as small of 
the 1st order), we must examine the order of the differences 

2'~2'(M, M), 2"-2"(M, M). 

Now 

2'—2'(M, M) = {2'-2'(M,M)} + {2'(M, M)-2'(H, M)}, 
where 2'(M, M) is what 2'(M, M) becomes when M, M are 
replaced by M, M respectively; and similarly 2"—2”(M, M), 
may be written as the sum of parts. But if we choose 51 
and M as above, the differences M—M, M—M will be of the 
2nd order*. Hence the differences F„—-F a , F«—F a will be 
of the 3rd order, and consequently P— P, P—P, Q—Q, ... 
etc. of the 4th_ order. Thus 2'(M, M) — 2 , (H, M) and 
2”(M, M) - 2"(M, M) are also of the 4th order. 

* Other ways of choosing M and M are available, but theae may lower 
the order of mallness of the differences. 
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It remains to examine the order of the differences 
2'-S'(M, M) and 2"—2"(If, M). We shall show that 
it depends on the sign of the product 


dF dF d*F . 

Sji “y- 


(5) 


If fl < 0, S'—S'(M, M) is of the 4tli order, 

S"-S"(M, M) of the 3rd. 

If II > 0, the orders are the 3rd and 4th respectively. 

Hence the orders of the differences S'—S'(M, M) and 
S” — S"(M, M) are also the 4th and 3rd respectively if 
fl < 0, or the 3rd and 4th if fl > 0. 

The proof is a direct application of Taylor’s series. Take 
first the case fl < 0, and to fix ideas take dF/dy > 0, 
<Z*F [dx* > 0, itF/d.f < 0. Using the suffix 0 to denote values 
at the initial point (a, A), w e have * 


M = F 0 ; M = F,; 

S'—S'(M, M) = J(P + 2Q)-i(P + *G) 

= FUti/ffFj-hV + ^CFi-F*) ; 

S"-S"(M,M) = £(2P + R)-£(2P + R) 

* ^A(F, ~F,) + |A(Fj—F*). 

But 

^(F.-F.) 

= £{F(a:,, y\)— F(#t, A + AF 0 )} 

= £A{y, -(b + h F 0 ) } . d F(« + h, b + 6h) / By 


,1 r, 1T , h*nll?\ Id fcPFX ~\ x » 

= ** [ + ,il ' o + 2 (<iv ) 0 + 6 + • • • j - (^ + hl ' o) J- 


_ A® /dF\ /bF\ 
~ 12 \clx 


{ ( BF 

i\ ( 0 V ) 

VoVd/y/u 


Id fd s F\ 
tT V/. 
d 3 F 




+ 


* * For simplicity we use infinite series, but it is really sufficient to use 

finite series with a remainder term, involving only the assumption of the 
existence and continuity of a few partial derivatives of F(.r,y). 
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where 0 < 0 < 1, and 

A - I (*1\ (*l\ 4 - f( +d(* 2 l\ i 

36 Ux* )o\ d/y dx ) o l \b* dy A. \ v h i ’ 

so A is a bounded number depending on h . 

Similarly 


*(F,-F t ) = * {y*-(6 +i*F,)}.&*> + **, 6+$A)/3y 

= - *-CU)„(s)n +C * + -• 

where 0 < § < 1, and B, 0 are bounded numbers. 
Hence 


S'-S'(M, M) = (A + B -hC)// 4 4- 


of the 4th order; 


S"-2"(M, M) = -f (£),(!£). + < A+ *°>* + -• 

of the 3rd order. 

Now take the second case, fl > 0, and to fix ideas taka 
c)F fdy > 0, dF/dx > 0, <PF /dx 2 > 0. We get 

M = F, ; M = F 0 ; 


S'-S'm,M)=-f(f )j|?) B+ .... oE tliH 3rd order; 

2"-2"(M, M) = D/i 4 + , of the 4th order. 

(D is a bounded number.) 

Thus we obtain the following result:— 

The error of the approximate formula which uses limits 
between which Ay must lie is of at least the Ath order of small - 
ness, provided that we choose the special values for ftT, M. 
specified above , and use the combination 2'(M, M), i. e., 
Piaggio’s method , in the case fl < 0, but the combination 
2"(M, M), i. e. the generalization of PiaggWs method\ in 
the .case fl > 0. 
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The often-discussed example of Hungers 

[_dy/dx = {y—x)l(y + x) ; a = 0, b = 1] 

provides an example of the case fl < 0. The high degree of 
precision which the combination 2 / (M, M) may give is well 
shown in Piaggio's paper *. 

For the other case, R > 0, let us examine the example : 

dyjdx = 4 y/x = ¥(x } y) ; a = 1, b = 0*1, 

taking the increment A# = /t first as 0*1, secondly as 0*01, 
and thirdly as 0*001. Here 

BF/dy = 4/a? > 0 ; dYjdx = 12y/ar > 0 ; 

^F/rfar 2 = 24y/tf 3 > 0. 

The exact integral is 

y = 0*1 a ,4 = *[#) say, 

so that 

*(1*1) = 0-14641; 0(1*01) = 0*104000401 ; 

*(1-001) = 0-1004006004001. 

These exact results enable us to find the degree of precision 
in the approximate work. 

(i.) 

h =s 0*1 ; M = F 0 =s 0*4; 

= F(a + A, A + A) = 4 x 0*2/l*l < 0-8; 

M = F(a + A, b+fxh) » 4x018/1-1 < 0*7. 

F 0 SB 0*4; F| = 4 x 0-12/1-05 > 0*457. 

F|=: 4x0-135/1-05 <0*515; F x = 4x0*17/1*1 < 0*619. 

P = 0-0457 ; R = 0 0510 ; ~(Q = 0*0513). 

2"(M, M) » *(2P + R) = 0-0475, 

_ with an error —1*1 x 10~ 3 . 

KP + 2Q) « 0-0494, 

with an error —3-0 x 10“ 8 . 

* Phil. Mag. xxxvii. (1919). [Translator*s note . I am afraid that this 
highjlegree of precision was a lucky accident, due to the values I took 
for M, M. These values were not chosen in the way specified by 
Mr. Remes.—H. L\ H. P.] 
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(ii.) 

h = 0-01 ; M = 0*4 ; /* * 0*436 ; M « 0*414. 

F 0 = 0*4 ; Fj = 0*405970 ; F* = 0*406249 ; 

F, = 0*412436. 

P = 0*00405970 ; ft =» 0*00406218 ; (Q = 0*00406234). 
S''(M, M) = 0 00406053, with an error —1*3 X 10 -7 . 
[S'(H, M) = 000406146, with an error —1*06 x 10~ 6 .] 

(iii.) 

h = 0*001; M = 0*4 ; y. = 0*40360 ; M * 0*40122. 

F 0 = 0*4 ; Fj = 0*400599700 ; Fj = 0*400602139 ; 

F, = 0*401203677. 

P = 0*000400599700 ; It = 0*000400601839 ; 

(Q = 0*000400601989). 

M) = 0*000400600413, with an error —1*3 X 10“ u . 
[S'lM, M) = 0*000400601226, with an error -8*26 x HT 10 .] 


XL. The Lowest Natural Frequency of Circular Arcs. 

By J. P. Djcn Hartog *. 

Abstract. 

Formulas are derived for the first and second natural 
frequencies of a part of a circular ring, hinged or clamped 
at its ends. It is shown that the type of vibration, in which 
extension of the fibres occurs, under certain conditions may 
have a lower natural frequency than any non-extensional 
type of vibration. The results are given in the form of 
curves and tables. 


rilHE problem of finding the natural frequencies of vibration 
JL of a part of a circular ring has been attacked by Lamb f, 
who derived the differential equation and solved it for the case 

* Communicated by Mr. It. V. Southwell, F.R.S. 
t Proc. London Math. Soc. xix, p. 806 (1888). 
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Natural Frequency of Circular Arcs . 

of small curvatures. The exact integration for the general 
case of a central angle a having any value between 0° and 
360° becomes extremely complicated. In this note the 
approximate method ot* Rayleigh-Ritz has been applied for 
calculating the lowest natural frequency of circular arcs 
subtending any angle, for hinged as well as for clamped 
ends. 

The following notations are used :— 

w , r = radial and tangential displacements (tig. 1). 

* = the central angle. 

R = mean radius. 

7 = mass per unit length of the centre line. 

EI = rigidity against bending. 

£ =radius of gyration of the cross-section. 

S = cross-sectional area. 


Fig. 1 



A. Hinged Ends. 
The boundary conditions are :— 


*-±S. 


d*w ,, 


Phil. Mag . S. 7. Vol. 5. No. 28. Feb. 1928. 
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2 D 
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We will first consider the non-extensional vibrations, in which 
case w and v have to satisfy the condition 


. dv 

w +dt= 0 - 


( 2 ) 


As a suitable analytical expression for the displacements* 
satisfying (1) and (2) we may take 


&;=A sin ^^sin cot , 


A a / 


cos- 




+ 1 


) sin ant. [ 


(3) 


Substituting this in the expressions for the elastic and kinetic 
energies of the arc, 


V* 

T= 



. . (4) 

. • (4a) 


and equating their maximum values, the circular frequency 
a> is found : 


EI_ a 4 — 87T S a 2 4- 16 tt 4 /ex 

tRV' 1 + •075« 2 /tt ,_ • • • • (, V 


For the angle « = 0 this result coincides with the exact 
solution for a straight bar, having a node in the middle. 
For « = 2tt wo have a complete ring turning about onp 
hinge, and consequently have zero frequency. 

As another assumption satisfying (1) and (2) we take 


w 




•-^-cy+T(*y-?(jyj-.* 

from which in the same manner 


( 6 ) 


E l « 4 —78-5«*+1585 
yR 4 * 4 ' 1 + -094? * • • • (7) 


For angles 60°<*<270° this will give smaller and therefore 
better results for e> than (5). From (5) and (7) is deduced 



(8) 
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in which Oj is to be taken from the following table 

Table I. 


« ... o° 20 


40 

60 

80 

100 











C,.J 39*4: 38 6 367 33 6 i 29 4 25*1 20 4 161 1215 8*80 


160 

180 

1215 

8*80 


This non-extensional type of vibration, in the limit a=0, 
reduces to the second natural mode oE the straight bar (with 
a node in the middle). The deformation, corresponding to 
the lowest natural mode of the straight bar, which does not 
have nodes except at the ends, becomes extensional as soon 
as the bar becomes curved. For small angles therefore, 
the question arises, whether a shape of vibration not ful¬ 
filling the condition of non-extensibility (2) may not have a 
lower period than the one expressed by (8). We take as 
an analytical expression for the shape or deformation 

ia = A cos—sin e >t 9 
a 

t . 2irA , . 67nfn . 

ax Bin ^ 4-a s sin —x.Jsm a>t,~ 

fulfilling the boundary and symmetry conditions, but not 
the non-extensibility condition (2)* 

2D2 















404 Mr. J. P. Den Hartog on the Lowest 


Here Oj and a* are arbitrary constants, which will be 
determined so as to make the elastic energy. 



Substituting (10) in (11), «i and a a have been calculated 

from^- =0 : = 0 leading to the results : 

0^1 0^2 

2 0 . 

«i- 5 v s ' a ’ 

2 « 

“ s= ” 105 ' w* * A ' 


With these values the elastic energy becomes 


EIA 2 « 

4R S 



This involves less calculation than determining a t and a a from the 
condition that u be minimum, the result being about as accurate. 
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The kinetic energy from (10) and (4) is 

T= [l+ 004« s 1 cos* a>t. 

For angles a not over 80° an error of less than *3 per cent, 
in the frequency is made by neglecting *004a 2 with respect 
to 1 in the expression for T. Then it is found 

• • (i2 > 

This can be brought to the form (9) with the constant 

C’, = 4 «in*“ \Z'820 (j )" + (~ — 1)’. . . (13) 


Fig. 3. 



The numerical values of this constant and of the one in 
Table II. are shown in fig. 3. 

It ie seen that for angles a smaller than about 60° the 
extensional mode of vibration has a lower period than the non - 
extensional . 

B. Clamped Ends. 

The boundary conditions for clamped ends are 
* - . . * dw 

vss “ =s ^ a=0 * * 


. . (14) 
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The simplest non-extensional shape for W, fulfilling (14) 
and (2), has a node in the middle. Due to the tangency at 
the ends, however, this shape is more complicated than with 
hinged ends, so that an assumption, like (3), with one para¬ 
meter does not give accurate enough results. We have to 
take recourse to two parameters A and B for instance : 



(15) 


Substituting this in (4) and equating the maximum values 
of Y and T, we arrive at an expression for <o in terms of A 
and B. 

Determining these two parameters in such manner as to 
make o> a minimum, the following result is obtained : 



where C s is to be taken from 


Table III. 



(17) 
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Table IV. 


a ... 

0° 

20 

40 ! 

60 

80 

100 

120 

140 

160 

180 

0 4 ... 

017 

60*7 

58*0 

! 

58-8 

48*3 

42*1 

356 

290 

23*0 

17*55 


For the extensional vibrations of the arc with clamped 
ends corresponding to the fundamental mode of the straight 
bar, we follow the same course as before for hinged ends, 
assuming 


iv = A^l -f cos 

. 2TT<f> 
v = a t si n 



• . ( 18 ) 


Fig-. 4. 



With the aid of (11) we find 

ai= ~ SSr A ? 
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The elastic energy becomes 


EIA 2 arR 2 




2 It® 

and the kinetic energy 


sn 


7 RAV„[® + l£j. 


(19) 


( 20 ) 


Equating (19) and (20), making some simplifications and 
bringing a> in the form (17), we find for the constant: 

The value of this constant for various ratios R/k and various 
angles a can be taken from figure 4. 

Research Laboratory, 

Westing-house Elec. & Mfg. Co., 

East Pittsburgh, Penna. 


XLI. The Results of Classical Wave Mechanics obtained by 
using the Methods of Relativity Mechanics. By T. Lewis, 
M.Sc., University College of Wales , Aberystwyth *. 

Introduction . 

FTTHE close similarity between the Principle of Least 
JL Action in the Maupertuis form and Fermat's 
Principle of Least Time led de Broglie f to associate a 
wave of phase with every type of energy quantum in motion. 
Schrodinger’s $ “ Wave Mechanics ” is a development o£ 
this idea along lines slightly different from de Broglie's. 
He pays more attention to the amplitude of the associated 
wave, and practically ignores the phase. 0. Klein § has 
interpreted Wave Mechanics from the standpoint of a five¬ 
dimensional “ universe/* and has shown that the path of the 
material particle emitting the wave is the projection in 
space-time of a null-geodesic in this five-fold “ universe." 
In this paper we will show that the spatial path of a particle 

• Communicated by Prof. G. A. Schott, F.R.S. 
f J. PJivb. t. vii. pp. 1-6 (1926): “Ondes et Mouvements,” par 
L. de Broglie. 

% Ann . der Phys . Bd. lxxix. (1920) 

5 Zeit.fiir Phys. Bd. xxxvii. (1926). 
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moving in a conservative field according to classical laws is 
the projection of a null-geoilesic in a certain space-time, and 
that this geodesic is the “track” of a ray of its associated 
wave. It will be seen that the equations of motion of the 
particle and those of a ray of its associated wave follow from 
the same principle of variation, thus demonstrating the close 
connexion between the above-named principles. These 
equations will then be expressed in canonic form—the same 
set represents the motion of the particle and the ray it 
follows, provided the parameters are suitably interpreted in 
each case. We next derive the Hamilton-Jacobi equation, 
and show that the phase, regarded as a [unction o[ time and 
position , is a solution. Finally, we derive Schrodinger’s 
equation from a principle of variation. No new results are 
given. We merely apply the methods of Relativity 
Mechanics in order to derive the known results of Classical 
Mechanics, including Wave Mechanics. But, first of all, 
for the sake of continuity, we deduce the equations of motion 
of a particle from the Principle of Least Action, and those 
of the ray which it follows from Fermat’s Principle. 

§ 1. The Principle of Least Action. — Let a particle of 
mass m move in a conservative field according to classical 
laws. If V is its potential energy and E its total energy, its 
velocity u is given by 

m= V2(E —V)/m.(1.1) 

The path joining two points A and B of the field corre¬ 
sponds to a stationary value of the action, the total energy 
being kepi constant for ail variations considered. This is 
expressed mathematically by the equation 

SA=SI = *ud<r=0, . . . (1.2) 

where da is an element of the path. 

Let t be any parameter, and let differentiation with 
respect to it be denoted by dots. Then 

i* B 

8A=:5| uadrssO, with a 2 &sa*+y 2 + z s . 

• a 

The parameter r can be chosen so that the values corre¬ 
sponding to A and B in the varied path are the same as for 
the actual path. Bearing this in mind, the above equation 
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is equivalent to three of the following type : 


d / ua:\ 
dr\~&) 


9m 

9# 


: 0 . 


(1.3> 


The form of this equation is invariant with respect to 
change of parameter ; so if r denote the time, (1.3) becomes 

ldu* 




2 9a? 


= 0 . 


(1.3)' 


§2. Fermat 9 s Principle of Least Time .—Let us regard 
the conservative field as an isotropic medium of refractive 
index ft (~u/c, where c is a constant having the dimensions 
of a velocity). The velocity of light in this medium will be 


v~ft ~ l c*=c?/u, .(2.1) 


and the path of a ray joining two points A and B is 
given by 

rB ( i a r b 

8(*a-<b)«SJ a uda ' • ’ ( 2 * 2 > 


* 

We see that (2.2) is identical with (1.2). However, the 
law of description of the path is different. Proceeding as 
before, and this time denoting the actual time by t and 
differentiation with respect to it by accents, we find the 
equations of motion to be of the type 


dt 



. . (2.3) 


§ 3. The Geodesic Principle .—Let us now consider the 
space-time characterized by the quadratic form 

ds 2 = v*dt* - (dx* + dp* + dz 2 ) « v*dt* - da 2 . . (3.1) 

The critical velocity in this space-time is that of the wave 
associated with a particle moving in the conservative field 
already described. The determinant of the coefficients is 
— r 2 . Hence the four-dimensional element of volume is 

d£lz=ivdtdxdydz. .(3.2) 

As before, t is any parameter, and we write 

2L (x* + tf+ i 3 ) = . (3.3) 

A geodesic in this space-time is defined by 

srhere P and Q are two fixed points in space*time. Btti 
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this is not the only integral which is stationary along a 
geodesic. If the parameter t is chosen so that the values 
corresponding to P and Q in the varied curves are the same 
as for the geodesic joining P and Q, the integral 

*=£ Ldr . . . . , • ( 3 . 4 ) 

is stationary along the geodesic. In view of the fact that 
we shall be dealing with geodesics of zero length, it is more 
convenient to define them by the equation 

&S=sj*Ldr~*0. .(3.5) 

Performing the variation and bearing in mind the con¬ 
dition imposed on r, we arrive at the equations 

~(v s «)=0, * + . . (3.6) 

with two more ot the latter type. From the first of these 
equations we get 

vH = constant = c* .(3.7) 

Let f have the same meaning as in (2.1), and substitute 
for v in terms of n. The second of equations (3.6) now 
becomes 


.. 1 


.(3.3) 

Ibis equation is identical with (1.3)'. So the parameter r 

18 thne of the material particle describing the path 

which is the spatial projection of the geodesic. However, 
it must not be thought that the track of a material particle 
in space-time is a geodesic. For the equations (3.6) have 
an integral 

L * constant.(3.9) 

This equation, together with (3.7), is inconsistent with <r=w. 

If we eliminate t from (3.6) and denote differentiation 
with respect to t by accents as before, we get three equations 
of the type * 

+ • • • • ( 3 - 10) 
which is identical with (2.3), provided 

+ 3 ^*+**=«*; 

t. provided the constant on the right-hand side of (3.9) 
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is zero. In other words, the track of a ray of the wave 
associated with the particle is a geodesic of zero length. 


§ 4. 77 te Canonic form of the Equatio?is of Motion .—The 
covariant components of the four-vector (f, x, y , i) are 
defined in the following manner : 


. . (4.1) 

with two more equations of the second type. 

If we express L in terms of these covariant components 
and the coordinates, it becomes 


L = H(/>, x) {Px*+Pi ?4 p z *)}, ■ (4.2) 


and the system of equations (3.6) is equivalent to the double 
system 


dr dpt * dr dp* ’ 

djfh __ 0 dpx _ __ B H 

dr ’ dr d# * 


(4.3) 

(4.4) 


The equations of motion of the particle, as well as of the 
rays of its associated wave, are contained in (4.3) and (4.4). 
As before, t is the time of the particle and t the time of a 
ray. The double system has an integral H=constant. This 
constant is zero in the present case. Another integral is 
pt constant. If, as before, we put this constant equal to c 2 
and substitute in H, the latter differs from the ordinary 
Hamiltonian function by a constant—the total energy. 


§ 5. 'The Hamilton-Jacobi Equation .—This equation is 
obtained by assuming that the covariant components ( PbP w ) 
are derivable from a scalar potential. We write 


dylr d^Ir 


(5.1) 


Substituting these values in (4.2), we get the desired 
equation 




ftyfr 




(5.2) 


If we put H=0 and -g£- = (? a , we arrive at the usual 
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Hamilton-Jacobi equation for a particle in a conservative 
field. However, this particular form does not correspond 
to de Brogiie\s point of view. He assumes the particle to 
move along a natural path (in our case, a Fermat path 
described according to the laws of classical mechanics) and 
to emit at every point of its path a disturbance which is 
propagated in all directions with velocity v. If the disturb¬ 
ance is a periodic one, the surface of constant phase ( <f >, say) 
is the locus of the extremities of Fermat paths (corresponding 
to the same time of description) which issue from the point 
where the particle was situated when in that phase. AVe 
will now show that <f >, considered as a function of position 
and time, satisfies the Hamilton-Jacobi equation (5.2). 

Write 

<f> sb2ttv( t~x + const.), x( A > =J a ~ , ■ (5.3) 

where A is the position of the particle at the time t 0 when 
it emitted the phase which reaches B at time t. The 
coordinates of A will be denoted by (a; 0 , y 0 , ~ 0 ) and those 
of B by (x,y 9 s). 

Let us consider once again the function S defined by (3.3) 
and (3.4). If we vary it in the most general manner 
possible, we get 

88= [L 8t]*+[vH8t-;c8x...] ( *- |^(r*«)& 

— (? + r^ <*)$#...)■ dr. . (5.4) 

We now impose the condition that the varied tracks are 
also geodesics of zero length. (5.4) then reduces to 

SS=|>*<«f-*&r...]2=0. 

Or, writing c 1 for v i t, 

c*8t 0 —k8x 0 ...=:c*8t—x8x . (5.5) 

The accompanying diagrams will help us to interpret 
(5.5). P (fig. 1) is the position of the particle in space- 
time when it emits a wave, a ray of which reaches the point 
Q in space-time. PQ is therefore a null-geodesic. PP' is 
the natural track of the particle, and P'Q' is another null- 
geodesic. 
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A (fig. 2) is the spatial position of the particle at time 1 0 
when it emits the disturbance which reaches the space-point 
B at time t . AB is therefore a Fermat path, the spatial pro¬ 
jection of PQ. AA'is the path of the particle and therefore 
the spatial projection of PP'. A'B', the projection of P'Q\ 
is another Fermat path. 

Fig. 1. Fig. 2. 



From what we have said, it follows that 

$■^0 == UggStQf 8Z() == ^£^0? • • (5.t>) 

where (m*, ti y , uf) are the velocity components of the particle, 
and u 0 its resultant velocity. These components must not 
be confused with <?o)> for, although the resultant of 

the latter is w 0 , they refer to a different direction—that of 
the path AB. 

If we substitute the expressions (5.6) in (5.5), we get 
c 2 ^l——jpcos 1——-jcost?J8t 0 

= c 3 ^ 1— ^°eos0^8£ o =c 2 S/ — irS#— ..., (5.7) 

where 6 is the angle between the path of the particle and 
AB. If we regard t 0 as a dependent variable and write 

K = (l — (u 0 /v Q ) cos#), .... (5.8) 

we get 

|jf-l/K. |j’-i/Ke>3-»7Kr*, . . (5.9) 

and we can easily verify that t 0 satisfies (5.2) with H=0. 
Again from (5.3) 

<f>=2irv(t—x + const.) = 2 wv (< 0 + const.).' 

It follows that (j> satisfies the Hamilton-Jacobi equation (5.2). 
On aooount of {the motion of the particle the frequency of 
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the disturbance at B is not the frequency of the particle, 
but that multiplied by the Doppler factor i/K. 

§ 6. Stationary States of the Atom .—Let an electron 
describe a closed orbit about the nucleus, as in the case of 
the hydrogen atom. De Broglie imagines the electron to 
emit a periodic disturbance which is propagated in the 
manner explained. A ray of tin* wave of phase will describe 
the orbit of the electron in the same sense as the electron 
itself, while another will describe it in the opposite sense. 
A stationary state is possible only when the length of the 
orbit consists of an integral number of wave-length, i. e . 

f vda 

-= n. 

* 

But r= E/A = mc 2 /A. Hence the above condition becomes 
^ mu dar~nfu 

We will now assume that the electron is a pulsating 
sphere—the periodic expansion and contraction being due 
to the pressure of the aether and some internal pressure. On 
account of this pulsation the surrounding aether will be 
subject to a periodic disturbance ; and if we assume that 
the phase is propagated with velocity r, the velocity of 
transfer of energy at any point will be the group-velocity 



In the vicinity of the surface of zero-velocity (in this ease, 
the sphere E —V = 0) the phase-velocity becomes very great 
and ultimately infiuite. The group-velocity, on the other 
hand, becomes small and ultimately zero—the aether becomes 
rigid in this neighbourhood. Outside this surface both 
u and t? become imaginary. It follows that the atom is a 
closed system in a very real sense. The electron radiates 
energy even when the atom is in a stationary state, but 
none of this energy can escape—most of it will be reabsorbed 
by the electron, while an infinitesimal amount may accumu¬ 
late on the surface of zero-velocity. When for some reason 
or other the atom passes from one stationary state to another, 
it will radiate the quantum of energy demanded by Bohr's 
theory. Hence it appears that, in some respects, the 
Quantum Theory and the Wave Theory are not irreconcilable. 
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§7. Schro(linger y s Equation .—If we multiply (H(y, a/t) 
by a scalar quantity p/v and integrate throughout a portion 
of space-time, we get an invariant integral 


1 = 






pdtdxdydz . (7.1) 


The conditions that this integral should be stationary for 
small variations in yfr which vanish on the boundary is 


1 d / 

_ B / B^\ 

_ B / 7^yfr\ 

B / 

v' 2 d< v / 

v bx ) 

B// v B.y / 



. . . . (7.2) 

This equation is identical with Schrodinger's when p is 
constant. In any case, it gives the ordinary Hamilton-Jacobi 
equation for S ( = k log y\r/2iri) , when h~ l is neglected in 
comparison with h ~ 2 . 

Sehrbdinger seeks solutions of (7.2) which are finite, 
continuous, and one-valued throughout the whole of physical 
space-time, and thereby obtains the accepted energy-levels— 
at least for the standard cases already worked out. 

De Broglie, on the other hand, seeks a solution which has 
a moving singularity—the electron. His solutions are of 
the nature of retarded and advanced potentials for which he 
assumes the form 

.(7.3) 

If we substitute this value for yjr in (7.2) and denote by 
□ the operator on yfr in that equation, we get the two 
following : 

□ (/)-p/H(<M)=0, 2pH(/, <£) +/□ (<f>) = 0. (7.4) 

De Broglie does not assume H(<£, $) = 0, but it is natural to 
do so ; and since we have an extra function p to dispose of, 
we can do so here. The consequence of this is that/satisfies 
the same equation as the complete wave-function yfr. We 
can also verify the following equation : 

□ (/W* 0.(7.5) 

A solution can therefore be got by assuming/to bea function 

of <£, and regarding (7.5) as a linear equation of the first 

order to determine the function p . 


In conclusion, I wish to oxpress my gratitude to Prof. 
Sdhott for his encouragement and valuable advice. 

Applied Mathematics Department, 

< Aberystwyth. 
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XLII. 7 he Structure of Vortex Sheets. By A. Fage, 
A.R.G.Sc ami F. C. Johansen, B.Sc., of the Aero¬ 
dynamics Department, The National Physical Laboratory *. 

I. Introduction. 

(1) ^I^HE outstanding features of the two-dimensional 
X flow behind an infinitely long obstacle of bluff 
cross-section immersed in a moving fluid are now well 
known. Two thin bands of vorticitv are shed at the after 
end of tli© obstacle, or edges in the case of an inclined flat 
plate, and these as they flow downstream separate the 
freely-moving stream from a low-pressure region of nearly 
motionless fluid at the back of the obstacle. At some 
distance behind, these sheets break up with a uniform 
frequency into two trails of discrete cylindrical vortices of 
opposite direction of rotation, to form a vortex street. The 
vortices are arranged alternately in the street so that each 
vortex in one trail is midway between two successive 
vortices in the other trail. 

{2) In an earlier paperf the writers describe an investiga¬ 
tion undertaken to furnish information oil the flow of air 
behind an inclined flat plate. Experiments were then made 
to determine, for several angles of inclination of the plate, 
the frequency and speed with which the individual vortices 
pass downstream, the dimensions of the vortex system, 
the average strength of the vortices, and the rate at which 
vorticitv was leaving the edgt^s of tbe plate. The present 
investigation J can he regarded as a continuation of this 
earlier work, in that it includes a more detailed examination 
of the structure of the vortex sheet shed from the edge of 
a plate sot normal to an air stream. To obtain more 
generality, an examination has also been made of the sheets 
sited from other bodies of widely different forms—such as 
an aerofoil, a cylinder, and wedges,—and it has been possible 
to show how some of the characteristics of these sheets, 
such as the velocity distribution across a section and the 
rate of opening-out, depend on the form of the body. Some 
of the experimental results are compared with those pre¬ 
dicted by the theory § of the rate of spread of turbulence in 

* Communicated by Ernest F. Relf, A.R.C.Sc. 

+ Proc. Roy. Soc. A, vol. cxvi, (1927). 

% Permission to communicate the results was kindly granted by tbe 
Aeronautical Research Committee. 

§ Zeitsckrift fur Angeioandte Mathematik und Mechanik, December 
1920 (Tollmien) and April 1925 (Prandtl). 

Phil . Mag. S. 7. Vol. 5. No. 28. Feb . 1928. 2 E 
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a vortex sheet, which has been developed by W. Tollmien on 
the basis of* earlier work by L. Prandtl. 

In addition, measurements have been made to determine 
the longitudinal spacing between consecutive vortices in the 
vortex street at some distance behind each body, and also the 
frequency and speed at which these vortices pass downstream*. 
Finally, an analysis has been made to determine to what 
extent these characteristics of the vortex sheet are influenced 
by the structure of the sheets leaving the body. 

(3) All the experimental work has been carried out in a 
wind tunnel, with each model extending between the floor 
and roof, and the observations have been in the median 
plane of the tunnel, where the flow is two-dimensional. 
A summary of some of the principal results obtained 
is given at the end of the paper. 

II. List of Symbols. 

V = velocity at any point in the field. 

V 0 =velocity of the undisturbed air relative to model. 

Vi & Y 2 =velocitieg at points in the outer and inner 
boundaries respectively. 

V 3 = downstream velocity of the individual vortices. 

/> 0 =pressure in the undisturbed air. 

p = pressure at any point in the field. 

jt) m = mean pressure at the back of a model. 

H 0 = total head in the undisturbed wind. 

H = total head at any point in the field. 

a s= angle of incidence of the plate or aerofoil 
(degrees). 

#=wind direction at any point in the field relative 
to undisturbed wind direction (degrees). 

&=a representative dimension of a model (see 
figs. 7 and 8). 

^&y = the longitudinal and lateral coordinates of a 
point in the field. They are measured along 
and at right angles to the undisturbed wind 
direction (see figs. 7 and 8). 

a =b longitudinal spacing between two consecutive 
vortices in the same row. 

/~ frequency per second with which the individual 
vortices in each row leave the model. 
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T = time-interval between the shedding of succes¬ 
sive vortices in the same row. 

K = total strength of vorticity leaving each side of 
the body in one second. 

p = density of the air. 

A = breadth of a vortex sheet. 

s = longitudinal distance behind a body of a section 
of a sheet. 

III. The Sheet shed from a Normal Flat Plate. 

(4) Observations of Velocity and Total Head .—The vortex 
sheet selected for a detailed examination was that shed from 
the sharp edge of a Hat plate 6 in. broad, mounted normal 
to the air stream and extending between the floor and roof of 
a 7-ft. wind-tunnel. To obtain some idea of the structure of 


Fig, i. 



this sheet, observations of velocity and total bead were taken 

along transverse lines parallel to the plate, ^ =0*034, 

0*084, 0*168, 0*252,; 0*336, and 0*504 respectively, and 
situated in the median plane of the tunnel, where the flow 
is two-dimensional. The observations of velocity were 
taken with a small hot-wire velocity meter (fig. 1 (a)) 
mounted so that the wire was parallel to the edge of the 
plate—»fhat is, normal to the plane of the two-dimensional 
Sow. The wire was’of platinum 0*3 in* long and 0 001 in. 
diameter. A complete description of this instrument and 

2 E 2 



420 Messrs. A. Fage and F. C. Johansen on the 

also of its method of use is given in the paper referred to 
in § (2). 

The direction and total-head observations were taken with 
the instrument shown in fig. 1 (6). The principle of direction 
measurement is the same as that described by A. Bailev *, 
and depends on the fact that the shielding effect of a 
cylindrical rod mounted in a wind stream in front of a 
heated wire is a maximum when the plane passing through 
the axes of the rod and wire is along the local wind direc¬ 
tion. In use the hot wire was maintained at a constant 
resistance (and therefore temperature) on a Wheatsone 
bridge. The instrument, mounted so that the hot wire was 
parallel to the edge of the plate, was rotated about an axis 
midway hetween those of the shield and hot wire through an 
angular range including the position for which the current 
was a minimum, and the direction of the local wind obtained 
from a curve showing the variation of current with angular 
position. To obtain compactness, the shielding cylinder was 
made of steel tube of outside diameter 0 032 in., and used 
for the measurement of total head. Fig. I (h) shows that the 
upper part of the tube was shaped so that its mouth, situated 
in the axis of rotation, pointed into the local wind when the 
hot wire was completely shielded by the stem. Although 
the direction and total head are measured at different points 
in the axis of rotation, no appreciable error is introduced 
thereby hecause the flow is two-dimensional. The total 
head (H) was measured against the total head (H 0 ) in the 
undisturbed wind. It should perhaps be mentioned that 
the advantage of the hot-wire direction meter over the 
standard pressure-direction meter + commonly used at the 
laboratory is that it is more suitable for use in a region of 
steep velocity gradient, such as that which occurs in a 
vortex sheet. In other regions, where the velocity changes 
slowly from point to point, the standard instrument is to be 
preferred because of its greater accuracy. 

(5) The actual observations of velocity and total head 
taken across the several transverse lines of exploration 
expressed as non-dimensional coefficients by dividing by 
V 0 and pV* respectively, are plotted in figs. 2 and 3. 
These curves show that immediately behind the plate the 
total head is a minimum and the velocity is small, and 

N * Aeronautical Research Committee, Reports and Memo rand a, 

t T. lavender. Aeronautical Research Committee, Reports and 
Memoranda, No. 844. r 
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that outward beyond this region rapid increases in both 
velocity and total head occur. 

There is, then, a vortex sheet or band separating the 
freely-moving stream from the stationary air at the back of 
the plate. The increase in the breadth of the sheet and its 
lateral displacement with increasing distance behind the 
plate are shown in fig. 7 (a), where dotted lines have been 
drawn to represent the boundaries of the vorticity region. 


Figs. 2 and 3. 



It is of course obvious that these dotted lines are not stream¬ 
lines ; since, as will be shown in § (14), there is a flow across 
them. 

6. The instruments just describedfjgive average values 
over comparatively long intervals of time ; and so the 
observations obtained with them can only be accepted with 
confidence when the flow is steady. Records of the velocity 
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fluctuations were accordingly taken in the region,imme¬ 
diately behind the plate, where the explorations were made, 
in order to examine the steadiness of the flow. These 
records are analysed later in the paper (§ 12), but it is 
necessary to mention now that most o£ the observations 
which are about to be analysed were taken in a region where 
the flow was comparatively steady. Some uncertainty 
undoubtedly exists in a restricted region near the inner 
boundary of the sheet, but this does not appreciably affect the 
conclusions arrived at from the calculations made through¬ 
out the paper because the velocity in this region is so 
small. 

(7) To eliminate, as far as possible, small experimental 
errors of observation, and also to obtain greater accuracy in 


Fig. 4. 


Faired Directory Curves, 



x 

b 


Ft G. 4 . 


the subsequent calculations, the observed values of /y ^ 

/ H—H \ ° 

\ — y — an ^ ^ have been faired by the usual system of 


cross-plotting. Figs. 2-4 show that, in general, the faired 
curves pass closely through the actual observations. It 
should be noticed in fig. 4 that no direct observations of 6 
were taken near the inner boundary. The direction of the 
flow in this region of the sheet was obtained from extra* 
polations of the curves drawn through observations taken in 
the steadier region near the outer boundary. 

(8) Boundaries of the Sheet .—Fig. 2 shows that at each # 
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section of the sheet the velocity rises from a small to a well- 
marked maximum value, which is a constant 


[vl -1 ' 45 ] 


within the accuracy of measurement. We shall first 
assume, as was done in the paper referred to in § (2), that 
the outer boundary of the sheet is the line passing through 
the points of maximum velocity (VY), and the inner 
boundary is the line passing through the points of minimum 
velocity (V 2 ). If this assumption is justifiable, these 
boundaries should be in close agreement with those obtained 
from direct calculations of vorticity. It will now be shown 
that this is so. The time-average value of the vorticity, 
(c)v 

^— L at any 


A ft* 
VoVbY 


r 


point was determined from the 


V, 


faired observations of ^y 1 ) and 0 given in figs. 2 and 4. 

The values of and ] were estimated graphically 

from the slopes of tangents drawn to the curves of i^and // 
on x and y bases respectively, where u = Vcos 0 , r = Vsin 0 , 
and x and y are measured from the centre of the plate 
respectively, parallel to and normal to the direction ot the 

* . , , e 6 /dv d* 

undisturbed wind. The estimated values ot y- 


plotted against 


for several constant values of 



are 


given in fig. 5 a. It will be noticed that there is a pro¬ 
gressive opening-out of the sheet, and also a progressive 
diminution in the value of the maximum vorticity at each 
section. There is therefore a lateral spreading of vorticity 
due to an inflow of fluid from outside. 

Arrows are placed on each of the curves of fig. 5 a to 
indicate the position of the boundaries of the vortex sheet 
as estimated from the velocity curves ot fig. 2. Ihese 
arrows are seen to be in close proximity to the P 0 ^ s 
of zero vorticity on the curves.; so that almost all the 
vorticity leaving the edge is contained within the boundaries 
estimated from the velocity curves. 


(9) The average experimental distribution of vorticity 
across the sheet estimated from the five curves of fig* 5 a 
is shown by a dotted line in fig. 5 where values ot 

—where A represents the breadth of the 
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sheet and the velocity at points in the outer boundary— 
are plotted on a base representing the breadth of the sheet. 
Included in this figure is a curve giving the theoretical 
distribution of vorticity which, according to the Prandtl- 
Tollmien * theory, is identical at all sections across the 
sheet. The agreement between the theoretical and ex peri- * 
mental curves is not very close; but some discrepancy is to be 


Figs. 6 a and 5 b. 



expected because, owing to the steep velocity gradient 
across the sheet, it is difficult to determine with good 


accuracy the experimental values of 



Both 


curves exhibit the interesting feature that the vorticity has 


* See § (2). 
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These results are given in Table I., where 


its maximum value not at the centre of the sheet, but along 
a line situated about 60 per cent. of the breadth from the 
inner boundary. 

(10) Since the values of were obtained graphi¬ 

cally from the slopes of tangents to velocity curves, they 
are liable to be in error. To check the accuracy of these 
estimations, the cross-section of the sheet was included by 
several rectangular contours (see fig 7 (a)), and the total 
strength of the vorticity within each rectangle determined 
from the integral over the surface of the estimated values of 

/Bt> bu\ 

VcM by)' 

they are compared with those obtained by the more simple 

and accurate method of finding the circulation j (udx + vdy) 

% 

around the contour of each rectangle. The agreement 
between the two series of results is reasonably close, from 
which it is inferred that the accuracy of the values of 

is satisfactory. It should be noted that the 

comparison undertaken in this section has been made on 
the assumption that the motion in the sheet is steady. 
It will be shown in §(12) that the motion is steady except 
near the inner boundary; but the unsteadiness in this region 
should not appreciably lessen the value of the work because 
the velocity there is very small. 


Table I. 


Rectangle 
(see fig. 7 (*)). 

1 . 

II. 

III . 

IV . 


Vjjj® - all ) d " • dy v 0 /J 


over the area. 
-0*097 
-0*136 
-0*125 
-0*118 


(udx + vdy) 
around the contour. 
-0*107 
-0*139 
-0*128 
-0*116 


(11) The boundaries of the vortex sheet have also been 
marked on the curves of total bead given in fig. 3. As 
would be expected, the total bead beyond the outer boundary 
is approximately uniform and equal to the total head in the 
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undisturbed wind, H 0 ; and the total head in the dead-air 
region contained within the inner boundaries is also approxi¬ 
mately constant. These conditions of flow provide further 
evidence to support the method of estimating the boundaries 
of the vortex sheet. This method has therefore, because of 
its simplicity, been used to determine the boundaries of the 
vortex sheets considered later in the paper. 

(12) Steadiness of Sheet .—To examine the steadiness of 
the sheet, photographic records of the velocity fluctuations 
were taken with an Einthoven galvanometer nsed in con¬ 
junction with a hot wire. The method of observation was 
the same as that described in the paper to which reference 
has been made in § (2). To illustrate the general character 


Eigs. 6 a and 6 b . 



of the velocity fluctuations, three records taken in the section 

j = 0T68, at points situated in the outer boundary, the centre 

of the sheet, and the inner boundary respectively, are given 

in fig. 6 a. The mean values of at these points are 

T42, 0*68, and 0T8 respectively. These records show that 
the velocity fluctuations near the outer boundary—where the 
mean velocity is a maximum—are very small, but that they 
become appreciable near the inner boundary, where the mean 
velocity is low; and also that the fluctuations at any point do 
not appear to be regular either in amplitude or frequency, 
although there is an occasional indication of a frequency 
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(T = 0*202 sec., Vo=lfi*8 ft./sec.) equal to that with which 
the individual vortices, arising from the rolling-up of the 
sheets, are shed. Other records (not included in the paper) 
showed that the amplitude of the velocity fluctuations tended 
to increase with the distance behind the plate. In all cases, 
therefore, velocity observations have been taken at sections as 
close to the body as possible, and away from the region 
where the sheet was rolling-up. Some evidence of a 
“flutter” or “whip” of the sheet, of a slow indefinite 
frequency, was also obtained. It was suspected from the 
magnitude of the angular amplitude that this disturbance 
was associated with the ordinary disturbances in the tunnel 
wind; the evidence was not, however, conclusive. 


(1H) Rate at which Vortic.ity is shed from Kd<je .—In 
steady motion the vortieity at any point (a?,//) is given by 

so that the total amount of vortieity, K, passing 


/(Jr Du\ 
By/’ 


) wrfjr. 


a section of a sheet in unit time is, in non-dimensional units, 

1 r*«/d£ d?0 

By 

where y x and y 2 are the limits of the sheet. For a theoretical 
sheet of infinitesimal breadth the above expression reduces to 

( 2 2 where V) and V 2 are the velocities at points in 

the boundaries of the sheet. In the earlier paper [see § (2)] 
it was shown that tie breadth of the sheet, although in¬ 
creasing with the distance downstream, is small compared 
with its radius of curvature , and it was assumed that the 
latter expression, K = (V r 1 c —V a 8 )/2V 0 *, gave a reasonably 
accurate value for the amount of vortieity leaving the edge 
in unit time. The additional observations since taken allow 
an estimate to be made of the accuracy of this approximate 
expression for K. 

Values of x i ■'* § kju u ft \ » 

d y 


f* / Be 

B«\ 

k 

By/ 


estimated for several sections of the sheet are given in 
Table XI. The values of «, that is V cos 0, used in these 
calculations were determined from values of V and 0 taken 
from the faired curves of figs. 2 and 4. The values of 


were taken from the curves of fig. 5 a. Included 
>B# By/ * /ys-V,*' 

in the table are the corresponding values of l 


2 Vo* 


)• 
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A comparison ot‘ the two series of values given in this 

( V 2 —Vo 3 \ 

) 


underestimates the amount of vorticity leaving the edge in 
unit time by about 9 per cent. Closer agreement between 
the two expressions for K is to be expected for other types 
of sheet, such as those considered later in the paper, for 
which the curvature is smaller than that for the flat plate. 


Tablk II. 


X 

h' 

Vjy 2 \d» dW y 

/Vi a -V. 
\ “ 2V 0 * 

0034 

1*18 

1*07 

0-084 

1-20 

107 

0-108 

115 

0*99 

0-252 

Ml 

102 

0-330 

M0 

1*05 


Fig* 7 («), (&), (c), (d), (e). 



(14) Floio across each Boundary .—To determine these 
flows, the field containing the sheet was divided into rect¬ 
angles by lines parallel to and normal to the section of the 
plate, as shown in fig. 7 (a). The flow through an arc of a 
boundary was then obtained by the evaluation of J( udy-rvdx) 
around the contour of that part of the rectangle cut off by 
the arc. For example, for the arc DE of the outer boundary. 
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the integration was taken around the contour DLME. and 
for the arc GF of the inner boundary around the contour 
GLMF. The results are given in Table III., and indicate that 
air is flowing into the sheet across both boundaries. The 
values in the last column of this table give the flow per sec. 
per unit length of each arc. The agreement between the 
values for the arcs of each boundary is not very close ; there 
is, however, no indication of any systematic variation along 
the boundary. Average values of the flow per sec. per unit 
length of arc have therefore been taken for the outer 
boundary from A to E, and for the inner boundary from 
K to F. They are 0*189 V 0 and 0*083 V 0 respectively, the 
ratio being 2*3 *. This ratio on the Prandtl-Tollmien theorv 
is 2*f>. The close agreement between these two values must 
be regarded as partly fortuitous in view of the following 
discussion in § (15). 


Tabu 

K III. 


Arc of boundary 

Flow per nee. 1 

(flow per sec. p 

(nee fig. 7 (a)). 

A'V ' V„ 

unit length). 

( AB 

00111 j 

0140 

] no 

0-0220 

0-204 

Outer boundary. 

j CL) 

0 0231 [ 00737 

0*222 

1 1)E 

0 0175.) 

0*180 

r K<J 

-0005O\ 

-0081 

Jlf 

-0 0059 

—0*002 

Inner boundary. < 

j Hli 

V -0-0276 

-0 0058 ( 

-0*004 

l OP 

-OOIO9) 

-O’128 


(15) The reason why estimates of the flow across arcs of 
the inner boundary are included in the paper, when no 
measurements of the direction of flow in this region could 
be taken—see § (7),—is that the method of estimation is such 
that no exact knowledge of the direction of the flow near the 
inner boundary is needed. Thus the magnitude of the flow 
across an arc such as FG (fig. 7 (a)) has been determined from 
the fact that it must be equal and opposite to that of the flow 
through the contour FMLG. If, therefore, any uncertainty 
in the direction of flow at points situated in the sections MF 
and LG, and also near the inner boundary—where, it must be 
noted, the velocity is very small compared with that at points 
near the outer boundary—does not greatly modify the flow 
across these sections, a reasonable estimate of the flow 
* Lengths of arcs AE and KF are 0*888 b and 0*883 b respectively. 



430 Messrs. A. Fage and F. C. Johansen on the 

across the arc FG can be obtained. To show that this is the 
case, the flow across the inner boundary from K to F has 
been determined on two assumptions : (a) that the unknown 
directions at K and F *re taken from the dotted lines in 
flg. 4, that is, more or less tangential to the boundary ; and 
(h) that the directions are normal to the boundary. The 
results are given below, and indicate that, although the 
assumptions sire so different, the reduction in the flow through 
the inner boundary does not exceed 17 per cent., of the value 
given in Table III. 


See fig. 7 (a). 

(a). 

See Table III. 

(>>)■ 

Flow across EF . 

-0*1156 

—0*1094 

,, f , AB (outer boundary) . 

0-0737 

0*0737 

AK. 

0-0143 

0 0127 

Flow across KF (inner boundary). 

-0-0276 

- 0*0230 


This percentage corresponds to an increase in the ratio of 
the flows across the outer and inner boundaries AE, I\F 
from 2*3 to 2*8. It would be possible, of course, so to adjust 
the values of 6 at points in the inner boundary that the flow 
calculated by an integration along its length would be 
exactly equal to that obtained by an integration around the 
contour formed by the two end sections and the outer 
boundary. This, however, has not been attempted, because 
the velocity at points in the inner boundary is too small and 
unsteady to be measured with reliable accuracy. In short, 
it follows that a reasonable estimate of the flow across the 
inner boundary can be made because the method adopted 
takes advantage of the fact that the air which is passing 
across this boundary at a low velocity and in an unmeasur¬ 
able direction is gradually absorbed into the sheet (together, 
of coarse, with the air flowing across the outer boundary), 
and eventually acquires a higher velocity and a measurable 
direction. The direction of the flow across the outer 
boundary is indicated by arrows in fig. 7 (a). 

IV. Sheets shed from Other Bodies. 

(16) Attention has been centred, so far, on the sheet shed 
from a sharp edge of a flat plate mounted normally to the 
wind. To obtain more generality, the research has been 
extended to include an analysis of the vortex sheets shed 
from bodies of widely different forms. This work shows 
how the rate of spread of turbulence and the velocity 
distribution in a sheet depends on the form of the body. 
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(17) The sectional shapes of the models selected are shown 
in figs. 7 and 8. The models were :— 

No. 1.— A flat plate normal to wind (fig. 7 (a)). Breadth, 
b ss 0*5 ft. (This model is included here for the purpose of 
a general comparison with the other models.) 

No. 2.—Cylinder (fig. 7 (6)). Diameter, /> = 0*281 ft. 

No. 3.—Flat-sided wedge with the apex pointing into the 
wind. Width of base, 6 = 0232 ft.; apex-angle, 17°*8. 
(Fig. 7 (*).) 

No. 4.—An “ ogival ” wedge with the apex pointing into 
the wind (fig. 7 (rf)). This shape is formed by the arcs of 

b f a* 3 "] 

a cubic parabola, y=- + ^ J^l + from # = — A to #.= 0. 

Width of base, 0*232 ft. ; height, //=3*lfi 0. 

No. 5.— Ogival model, with parallel-sided extension at 
the back (fig. 7 (<?)). Width of base, b— 0*232 ft. ; overall 
length = 9*46 1, 

No. 6.—An aerofoil inclined at 10°, 20°, and 45° to the un¬ 
disturbed wind (fig. 8 (a), (6), (c)). Length of chord = 0*5 ft. 
At the speeds of the experiment there was a pronounced 
dead-air region behind the aerofoil at each angle of incidence. 
The air-flow at 10° incidence was. however, sensitive to the 
wind-speed, and it was found that at this incidence the 
dead-air region disappeared at speeds greater than 40 ft./sec. 

No. 7.—Flat plate inclined at 40° to the undisturbed wind 
(fig. 8 (if)). Breadth, fc = 0*5 ft. 

(18) Each model had a length of 7 ft., and was mounted 
between the floor and the roof of a 7-ft, wind-tunnel. 
Observations were confined to the median section of the 
tunnel where the flow is two-dimensional. The product 
(V 0 6), where Y 0 is in ft./sec. and b is in feet, together with 
the position of the axes OX and OY in relation to each 
model, are given in figs. 7 and 8. The models fall into two 
groups : first, symmetrical models with the axes of syminetiy 
in the direction of the wind (fig. 7), and second, asymmetric 
models (aerofoil and inclined flat plate, fig. 8). The sheets 
shed from each model of the first group are arranged 
symmetrically, whereas those for the second group are 
asymmetric both in shape and position. 

(19) The boundaries of the sheets shed from each model 
were determined, as before, from velocity observations along 
several lines, taken at right angles to the undisturbed wind- 
direction. The lines selected were taken close to the model, 
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and in a region where the motion was comparatively steady. 
The estimated coordinates of points in the boundaries of each 
sheet, and also the velocity at these points, are given in 
Tables IV. and V. Included in these tables are the 
values of K estimated from the approximate expression 


K 


_r*- V A 

“ V 2 Vo* /' 


The boundaries of the various sheets are 


shown by the dotted lines in figs. 7 and # 8. The values given 
in Tables TV. and V. show that the velocity at a point on 


Fig. 8 (a), (6), (c), (d). 



each outer boundary is uniform, within the accuracy of 
measurement—except for the aerofoil at *=20°, for which 
two types of flow appear possible,—and that the velocity at 
a point on each inner boundary, taken close behind the 
the model, is small. For any one sheet the values of K are 
also in fairly close agreement if the sections are taken near 
the model (V 3 small). Table V. also brings out the 
important fact that vorticity is shed from the upper and 
lower surfaces of an asymmetric model at the same rate. 

(20) Velocity Distribution in Sheets '.—The observations of 
Tables IV. and V. show that, although at points on the outer 
boundary the velocity is uniform, it slowly increases on the 
inner boundary with the distance of a point downstream. 
The velocity distribution across a section depends therefore 
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on its distance behind a model. To make a genuine com¬ 
parison between the velocity distributions for the various 
sheets it is necessary, therefore, to take observations in a 
section close behind a model for which the value of V 2 is 
small. The breadth of the sheet immediately behind a 
model is in most cases small, and it is difficult to take 
observations with good accuracy. An approximation to the 
velocity distribution across a section of the sheet close 
behind each model has, however, been obtained by drawing 
a fair carve through observations taken in several sections 
near the model, the closeness of these sections being such 
that the velocity at ttie inner boundary did not exceed 
0*1 Vj approximately (V x =■ velocity at a point in the outer 


Tahlk IV.—Symmetrical Model*. 




Ordinates 

Wlocrit v 
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of boundaries. 

in bouu 

claries. 
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1 

0- : 

ft> 
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1 
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1*47 

0*13 
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1 
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0630 
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1*47 • 

0 13 

1*07 
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0*1505 

! 
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i 
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0 759 ; 
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1 44 

0-22 
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U 20 
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0880 
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1 

Cylinder. 
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007 
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► 0*90 
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0*93, 
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boundary). The curves obtained are shown in fig. 9 a, 


where values of 


(\r) are 


on a base representing the 


breadth of the sheet. The actual observations from which 
these faired curves have been obtained are too numerous to 
be shown conveniently in the paper. An exception has, 
however, been made in the case of the flat plate (a = 90°), 
in order to convey some idea of the accuracy of this method 
of estimation. These results are given in fig. 9 b . The 
agreement between the separate sets of observations for this 
sheet can be regarded as representative of that obtained for 
the other sheets, and is considered to be sufficiently close to 
justify the taking of a mean curve. 


Fig*, 9 a and 9 b. 



The velocity distribution in the sheets shed from the 
aerofoil at 10 6 , 20°, and 45° incidence has been represented 
by one curve, because although the curves for the lower 
surface were somewhat higher than those from the upper 
surface, the differences were of the same order as those 
obtaining between the observations in any one sheet. 


(21) The rate at which the breadth of each sheet increases 

with the distance downstream has been determined, and was 

found to have a constant value throughout the length. 

c) A ° c 

These values, denoted by where A is the breadth of a 

seotion and < is its distance downstream from the body 
measured along the sheet, are given on the curves of fig. 9 a. 

2 F2 
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They are seen to lie between the limits 015 and 0*3(5. The 
distributions of velocity predicted by the Prandtl-ToHinien 

theory for these two values of^^-have been determined, and 

they are also shown in fig. 1) a. They were found to be 
identical except near the inner boundary. 

(22) The velocity curves of fig. Da show a progressive 
departure from the theoretical curve in the order : flat 
plate, cylinder, aerofoil, wedge, ogival, extended ogival. 
Also they appear to fall into two more or less distinct 
groups : (flat plate, cylinder, aerofoil) and (wedge, ogival, 
extended ogival). The curves of the first group resemble 

^ A 

more closely the theoretical curve, and the values of ~-- 

o# 

are in close agreement ; whereas those of the second group 
show more marked departures from theory, and the values ot‘ 

are, by comparison, distinctly lower. Another dif- 
o 4 ' t 

fereuce—exhibited in figs. 7 and 8—is that each sheet of tile 
second group has a relatively larger breadth where it leaves 
the model, due to the appreciably larger surface exposed to 
the wind-stream, for tin* same area of obstruction. In this 
connexion it is of interest to note that the addition of the 
extension piece to the ogival model increases the overall 
length in the ratio 3:1, and also increases the breadth of 
the sheet, leaving the model in about the same proportion 
(2.8:1). The experiments demonstrate, then, how the 
shape of the body influences both the rate of opening-out 
and the velocity distribution across the vortex sheets trailing 
behind. 


(23) One of the assumptions of the Praiidtl-Tollmien 
theory is that the breadth of a sheet is initially zero. OH 
the sheets considered above, that shed from the flat plate 
most closely realises this condition, and it is of interest to 
note that it is for this case that the velocity distribution is 
in closest agreement with that predicted by theory. 

(24) To determine whether the flow around the surface of 
the extended ogival model had become unsteady, records of 
the velocity fluctuations both within and without the vortex 
sheet were taken immediately behind the body. The posi¬ 
tions at which these records were taken, and also tracings of 
the records, are shown in fig. 6 6. A comparison of these 
records with that taken in the undisturbed wind shows that, 
although there are occasional indications of a slight periodic 
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disturbance, the motion both within and without the sheet 
is comparatively steady. There does not appear in this case 
to have been any tendency for the creation of vortices of 
appreciable size, due to the coalescence of neighbouring 
vortices as they pass along the surface from nose to tail, as 
has been tentatively suggested by H. Levy * in his paper on 
the growth of eddies in a viscous fluid. In fact, throughout 
the present experiment, there appeared to be fairly definite 
evidence that the large vortices, which piss downstream 
at some distance behind a body, are created by the rolling-np 
of the sheet8 after they have left the body. A record of the 
velocity fluctuations due to the vortices in the vortex street , 

taken at a point { = 2’SpJ =1*22^ situated some distance 

behind the extended ogival model, is given in fig. fie. A 
comparison of this record with those given in fig. t> h shows 
that the velocity fluctuations within the sheet are small 
compared with those which occur outside the street at some 
distance behind the body. 

(2f>) Relation hetiveen p m and p t .—Table YI. gives the 
Table VI. 


i Coord inn It* 8 of point. , 
j in boundary* j 


Model. 

®- 

(0- 

•C c< 

ir< 

aj ~ 

\ )>v.r 1 : 

Flat plate 

! 

0034 

0 0*4 

0 IBS 
0*252 
0*330 

0*570 

0*030 

Oo'dft 

0705 

0*07 

-0 71) 

- O 06 ! 

-0 03 y -0*05 
-0 59 1 
-003J 

-0-6!) 

Flat plate 
(*^40°). 

0072 

0072 

-021* 

0*700 
-0 490 
0*493 

-(>•49 
-0-45 
-0 47 . 

• -0-47 

—0*55 

Aercfoil 
(*---4f>°). 

-0400 

0167 

01)11 
-0115 

-0451 

-0-46 

-0-47 

—0*51 

Cylinder. , 

0-804 

0 500 

0600 

0 670 

- 0 45 | 
— 058 J 

-0*49 

> -0*51 

Ogival. 

0*090 

0 180 

0-5*>0 

0-650 

-t\w} -0 )83 

; —0*252 

Extended 
ogi vol. 

0-186 

0-090 

0*050 

0*041 

:S)-« 

i * 

— 0*225 


* Phil. Mag. October 1926. 
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relation between the pressure p m at the back of each model 
(except the wedge, which has been excluded because the posi¬ 
tion of the outer boundary was not determined very exactly) 
and the pressure in the outer boundary of the sheet. The 
values of p m were measured directly, while those of p\ were 
deduced from observations of velocity and total head. A 
comparison of the results shows that, in general, the pressure 
in the outer boundary is slightly greater than that measured 
in the dead-air region behind a model. It should here be 
mentioned that it was also found for the flat plate, «=I)0 C , 
that the average pressure^ at points in the inner boundary 
was equal to (p 0 —0*69pV 0 2 ), that is, the pressure, p my 
measured directly behind the plate. 

V. Vortex Streets behind Models. 

(26) It is well known that the vortex sheets behind a 
body are unstable, and that at some distance behind the 
body they break up into two rows of discrete vortices, to 
form a vortex street. To determine some general charac¬ 
teristics of vortex streets, measurements have been made for 
each model of the frequency,/, with which the vortices pass 
downstream, and also of the longitudinal spacing, a, between 
consecutive vortices in the same row. The method of 

Table VII. 


1 

Col. 1. 

Col, 2 

Col. 3. 

Col. 4. 

Col. 5. 

Col. 0. 

Col. 7. 

Col. 8. 

| Model. 

(rj 

K. 

0 

© 

(*:)■ 

&■ 

0- 

(», 

Flat plate 1 
(«=90°). f 

1*45 

106 

0*146 

a-25 

0 77 


0270 

2*84 

i 

Flat plate 1 
(»=40°). J 

1*37 

0*93 

0 231 

tS'ob 

0*82 

1*20 

0*277 

2T6 | 

Cylinder. 

1*39 

0*96 

0*187 

4*27 

080 

1 45 

0*271 

2*95 | 

Aerofoil ] 
■(•« 45°). J 

1 Aerofoil ) 

! 10°). / 

137 

1*19 

0*94 

0*70 

0*210 

0*785 

3*67 

1*25 

0*77 

0 92 

1*31 

067 

0*275 

0*418 

2*80 

2*19 

1 Wedge... 

1*32 

0*80 1 

i 

0 238 

3*45 

0*82. 

115 

0*273 

34)0 

t Ogival ... 

1*15 

O fiG j 

0 271 

! 3*16 

0*80 

HO 

0*298 

2 67 

1 Extended ] j 
' ogival. f 

1*18 

0t>» 

0*254 

3 33* 

0*81 

i 

1*31 

■ \ 

0-332 i 2-54 ! 

i ' i 


* Value eteadily increases with distance behind modal. 
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measurement was precisely the same as that described in the 
paper previously mentioned (§ 2). The speed, V 8 , with 
which the vortices in each row pass downstream has also 
been calculated from the product (/a). The results are 
given in Table VIT., together with values of Vj and K 
(taken from Tables IV. and V ). The values in columns 1, 
2, and 5 (Table VII.) show that, in general, the speed (V 3 ) 
with which the individual vortices pass downstream decreases 
with an increase in (Vj) and consequently in K. The values 


of both and for the different models—columns 3 

and 4—are seen to vary considerably. This variation is, of 
course, not surprising, since the values of b taken refer to a 


particular dimension of each model, and so are unrelated. 


(27) If the sheets shed from the models were parallel 
hands of small breadth, and if they had the same velocity 
Vj in the outer boundary, the frequency (/) would vary 
inversely, and the longitudinal spacing (a) directly, as the 
distance between the bands, at the velocity V e . If, then, b f 
represented the distance between the outer boundaries of 


the sheets, both 
even although 
from model to 


^ and would have constant values, 
\ V 0 / \h / , ™ v / a \ 

the values of I v. 1 and ( 7 } varied 

\V 0 / /fb'\ '"/ / a \ 

model. Calculations of yyj and \[/J — 


where b ' represents the maximum distance between the outer 
boundaries, as shown in tigs. 7 and 8 —have accordingly 
been made, and the results are given in columns 7 and 8. 
Except for the extreme cases of the aerofoil at 10° incidence 

and the extended ogival, the values of an d a ^ so 


are in close agreement. It appears, then, at a constant 
speed V 0 , both the frequency {/) and the longitudinal 
spacing (a) of the individual vortices behind a body depend 
largely on the lateral spacing between the vortex sheets, 
and that these characteristics are influenced to u much 


smaller extent (except possibly in extreme cases) by the 
shape and structure of the sheets. 

(28) The values of (y) measured in the vortex streets, 

behind the flat plate and aerofoil at several angles of inci¬ 
dence, are given in Table VIII. It is of interest to note 
that the two series of values are in close agreement, except 
below 30°, where the values for the plate are greater than 
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those for the aerofoil. The agreement at a large incidence 
is not unexpected, because only the flat lower surface of the 
aerofoil, which resembles a flat plate except for the curvature 
at the edges, is then exposed to the wind ; at a small 
incidence this is not the case, as a part of the upper surface 
is also exposed. 

Tadlk VITL 

v,ln "' <,r("). 


n°. 

Flat pinio 
(A — hreatllli;. 

Aerofoil 
(b — <4i«,nl). 

<>o 

. our. 

0 150 

on. 

. 0-J73 

(i-lT'-i 

r»o. 

. oi or, 

0*107 

45. 

. Oi>05 

<1*1210 

40. 

. 0 1251 

01247 

:;o. 

. o*;;o7 

0 510 

l!0. 

i 0 47* 

. ( o 5u;; 

0*418 

u: . 

f 0 548 

0*544 


\ 0 077 

14 . 

J 0*740 

. ,0*000 

o oos 


VI. Summary. 

The structure of the sheets shed from infinitely long 
bodies of widely different cross-section lias been examined. 
Measurements have also been made to determine the principal 
characteristics of the vortex streets formed at some distance 
behind each body. 

It is established from estimations of vorticity and also 
from observations of total head, that, the outer boundary of 
a sheet can be taken as a line drawn through the points in 
the field of maximum velocity (V,), and the inner boundary 
as the line passing through the points of minimum velo¬ 
city (V*). 

The motion in'a sheet is steady near the body, except 
possibly near the inner boundary. 

The pressure at points in an outer boundary is slightly 
greater than that in the dead-air region behind the body. 

Air flows into a sheet through both boundaries, but at a 
greater rate through the outer boundary. 

( y 2_y 2v 

2V 3 2 / &* veS a ^ 09G 
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of the total amount of vortieity passing a section of a sheet 
in unit time. 

Vortieity is shed from the two sides of an asymmetric 
body at the same rate. 

I he variation of velocity across a section of a sheet and 
also the rate of increase of the breadth with the distance 
downstream, depend on the form of the body. The velocity 
distribution in the sheet shed from a flat plate normal to the 
stream is in close agreement with that predicted by the 
Prandtl-Tollmien theory. 

At a constant forward speed, both the frequency and the 
longitudinal spacing of the individual vortices in the vortex 
street depend largely on the lateral spacing between the 
sheets, and to a smaller extent on the form of the body. < 

In conclusion, the writers wish to acknowledge their 
indebtedness to Dr. II. Lamb, F.U.S., for valuable sugges¬ 
tions made during the preparation of the paper, and also to 
Mr. J. H. VVarsap for assistance in carrying out the experi¬ 
mental work. 


XLIII. On the b'eyser Theory. 

To the Julitors of the J J htlosoj)/iical Mayazine 
G EN TLKM E N,- 

I N the August number last year of the Philosophical 
Magazine, p. 341, Professor J. *Joly has based argu¬ 
mentations on the geyser theory of Bunsen. I desire, 
therefore, to cull attention to the fact that I and other 
students ot the geyser phenomena have come to the con¬ 
clusion that this theory is inadequate to explain the geyser 
phenomena. Some of my arguments against Bunsen’s 
theory are brought forward in mv paper, “The Hot 
Springs of Iceland/’ pp. 54-56 (./>. 'Kyi. J)anske Yidensk. 
/S elsk. Skrifter , 7. Itaikke. JSat a rvidensk. oy Mat hem . Afd. 
via. Kiibenhavn, 1910, pp. 232-244). 

I he Bunsen theory is partly based upon incorrect 
measurements of the temperature in the geyser channel, 
and does not explain the intensity and periodicity of the 
eruptions. The well-known fact that soap is an efficient, 
agent in producing eruptions cannot be brought into 
accordance with the theory. The heat from the surrounding- 
strata does not enter the geyser channel, where the source 
of the periodicity is located. The heat conveyed by hot 
gases and steam from the origin of heat deeper down in 
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the earth is, on the contrary, liable to dissipate from the 
geyser channel to its surroundings. 

The explanation of the geyser phenomena is to be sought 
in the interaction of the hot-spring gases, steam, and water 
in suitable channels anil concavities belonging to the gexser^ 
( loc . cit. and my piper, “ Undersogelse a£ nogle varme 
Kilder paa Nordisland/’ pp. 10-19, J)et Kyi. Danske Vidensk . 
Selsk. Mathematisk-fyskwke Meddelehter , iii. 1, Kobenhavn, 
1920). The evolution of gases is a common feature of the 
hot springs, and is of utmost importance for the geyser 
eruptions. Although there is a great variety in the 
manifestations of the geyser phenomena, I have in every 
case been able to explain them on these lines. 

■1 take the opportunity of communicating my last 
experience regarding the Icelandic geysers. Two months 
ago I visited Reykjanes, the extreme south-western point 
of Iceland. There is a geyser there situated in a fissure 
of the rock. In the interval between the eruptions no water 
is to be seen in the fissure. The first sign of the «ppr« aching 
eruption is the low rumbling produced hv the spring wafer 
as it advances up through the channel. Apparently the 
water is strongly agitated by penetrating gas-bubbles. As 
soon as the spring water reaches the surface the eruption 
commences. Great hubbies filled with gases and water- 
vapour forcing their way out of the channel throw the 
water columns 3-4 metres into the air. When the eruption 
has lasted for a time the eruptive force is apparently 
exhausted, and the spring water disappears, receding down 
into the channel. 

The eruptions of this geyser occurred with great regularity, 
as evidenced by the following observations on August 24, 
1927:— 


No. 

Eruption commenced. 

Eruption ended. 

Period. 


1 ). 

in. 

8 «!C\ 

li. 

in. 

»ec. 

m. 

8 ec. 

1 . 

. 10 

16 

10 

10 

18 

40 

_ 

— 

2 . 

. 10 

31 

10 

10 

33 

15 

15 

00 

3. 

. 10 

4f> 

50 

10 

48 

06 

14 

40 

4. 


00 

45 

11 

03 

10 

14 

55 

5. 

. 11 

15 

30 

11 

18 

05 

14 

45 

(12) ... 

. 13 

00 

30 

13 

03 

U6 

7 x(15 

00 ) 

(25) ... 

. Ui 

15 

00 

16 

17 

45 

13x(14 

54) 






Mean .... 


57 


The temperature of the spouting spring was 99° 0., 
the atmospheric pressure being 750 mm. The colour of 
the spring water during the eruption was whitish, owing 
to diminutive gas-bubbles dispersed throughout the fluid! 
Thf spring water turned out to be real sea-water. In 
connexion with this interesting fact, it is worth mentioning 
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Unit the shortest distance to the sea-shore is 1350 metres 
and the elevation ot* the geyser orifice above sea-level is 
20 metres. There are hot springs in abundance in the 
neighbourhood. I te>tcd the water of several springs in 
different places, bin failed to detect sea-water anywhere. 

In my opinion it is impossible to bring the above- 
described geyser phenomena in accordance with the theory 
of Bunsen. In conformity with the views set forth in 
my papers quoted above, I hate therefore assumed a 
principal channel connecting the orifice of the geyser with 
the interior, where the »team and the hot-spring gases 
are produced. Through a narrow side channel the sea¬ 
water oozes into the principal channel and for a moment 
bars the flux of gases through the main channel. Owing 
both to the accumulation of the gaseous exhalations locked 
up in the channel and its eventual adjacent concavities, 
and probably also to the increasing temperature, the 
pressure increases, and die ga>es will soon be aide to 
force their way up through the channel and expel the 
sea-w ater . the eruption takes place. When the accumulated 
energy in the principal channel and its concavities has spent 
itself, the study flux of gaseous exhalations from the interior 
is unable to prohibit the channel being blocked up, either by 
the water in the orifice or by the sea-water from the side- 
channel. In both cases the result will be the same. The 
current of steam and hot gases through the channel is 
checked, and consequently the water at the orifice recedes 
into the channel. Evidently the well is intermittent. 

Among the hot springs in the neighbourhood of the 
geyser I observed in Reykjanes, there are two vents with 
powerful outflow of steam and gaseous exhalations, which 
fact reuders still more probable my assumption of a main 
channel with oriuimtlly steady current of gases and steam. 

Yours faithfully, 

Thorkell Thorkelskok, 

Veouratofan, Reykjavik, Director of the Icelandic 

Iceland. Meteorological Office. 

Editorial JS r ote .—It appears to he generally admitted that 
Bunsen’s theory, which was based upon a study of the Great 
Geyser of Iceland, may not be applicable to all cases 
of geyser activity, Tyndall, Arrhenius, and many other 
authorities accept Bunsen’s views as regards the Great 
Geyser. Bunsen’s thermometric observations were con¬ 
firmed by Coles in 1881. In Supan’s ‘Grundzuge der 
Physichen Erdkunde ’ extensive references to geyser lite¬ 
rature will be found. 
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There is nothing in M. Thorkelsson’s interesting letter 
which affects the matters discussed by Dr* Jeffreys and 
myself in this Journal. Our opposing deductions might, 
bo based upon the model geyser constructed by Tyndall. 
The teaching would he the same.—J. July. 


XLIV. Note on the Formation of Fleochroic Halos in Biotite. 
Jhj J. H. J. Poole, ScJ).* 

I X my paper on the Action of Heat on Pleochroic Halos, 
appearing in the January issue of this Journal, 1 
refer to an alternative view of the mode of formation of the 
halo; i.e the direct oxidation of the ferrous iron in the 
biotite by the oxygen liberated by the a-ray from the water 
present. On the strength of an experiment shov\ing that 
the darkening of the mica by heating took place even in a 
reducing atmosphere, 1 left the genesis of the halo as refer¬ 
able simply to the loss of water by the mica brought about 
by the radioactive decomposition of the former. 

On reconsideration, however, the view that the actual 
oxidation of the ferrous iron is responsible for the halo 
would appear to be deserving of direct acceptance. It is 
plain that the presence of a reducing atmosphere would 
have little if any effect on changes proceeding within the 
mica. Now, biotite is distinguished from muscovite (which 
neither darkens on heating nor contains halos) by its much 
greater content of ferrous iron. The water present is 
probably loosely combined with the silica, and when oxygen 
is radioactively liberated by the decomposition of the water, 
it would be at once taken up by the ferrous iron and the 
highly-coloured ferric salt formed. 

Coming now to the experiment showing that when biotite 
is heated water is given up and the mica darkens, we have 
to remember that here the water is liberated at a high tem¬ 
perature and is present in the form of a gas since it is well 
above its critical temperature. It seems certain that under 
these conditions it would oxidize some of the ferrous iron to 
the ferric state, thus producing the observed darkening of 
the mica. 

Thus we seem to have a simple and consistent explanation 
of the mode of formation of the halo in biotite based on 
quite definite and well-known chemical changes attending 
the ionizing activity of the *-ray. 

Iveagh Geological Laboratory, 

January 9th, 1928. 

♦ Communicated by Professor Joly, F.B.S. 



[ 4-»r> }. 


XLY. A Reply to the Paper “ Ionization by Collision 
7b the Editors of the Philosophical Magazine. 
Gkntlemen,— 

I N the Nov. issue of the Phil. Mao-., Mr. Huxley discusses 
the points raised in my reply to his previous criticism 
of the Photoelectric Theory of Sparking Potentials which I 
put forward for discharges in rare gases. In the first 
criticism he raised objections gathered from results on active 
gases, and applied them to the consideration of rare gas 
discharges. Notwithstanding this 1 accepted the application, 
and showed that the objections raised did not invalidate the 
theory. Mr. Huxley apparently agrees with this. 

At the same time, it was pointed out that the writer 
looked to a definite experimental testing of the theory to 
give a conclusive answer. This has been carried out for 
the case of helium (see ‘'Nature/ Oct. I, p. 477, and Zts.f. 
Pftt/s. xlv. 11*27, “ Ueber eitie neue photoelektrisehe Theorie 
der Kunkeiispannung,” Proc. ltoy. Soe. A, exvii. p. 508, 
11)28), and the agreement between theory and experiments 
was quantitatively correct. It is probable that the other rare 
gases—if the investigations could be carried out—would 
yield similar results. 

With u impure ” rare gases or mixtures of gases, collisions 
of the second order and other complications may occur to 
alter the conditions so that no a priori judgement in the 
matter may be pronounced, and there is, up to the present 
time, no quantitative experimental evidence on the matter. 
Nevertheless, for such cases the photoelelectrie hypothesis 
appears to bw as probable as any other. 

Mv general ideas are given in my Utrecht Dissertation 
(1927), ehapts. 5 and t>. Quoting from page 00:—“The 
initiation of the self-sustained electrical discharge will he 
brought about bv that particular action of the positive 
ions that is most easily accomplished under the conditions 
of experiment.” 

Mr. Huxley is wrong in imagining that I bring up 
the objections against Townsend’s theory of ionization by 
collision by electrons, to disprove the Classical Theory of 
Sparking Potentials—this will be evident from a con¬ 
sideration of the previous papers and the references given 
above. That the Townsend theory is not universally 
adopted is proved by the existence of other theories (op. 
liandhuch der Phys. xiv. 1927, pp. 39-42, 380) and the 
recent controversies. 

* Phil. Mag* Nov. 1927, 
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With regard to ionization by collision by positive ions, in 
addition to the objections of Sir J. J. Thomson and Horton 
and Davies, there are the difficulties described in Franck 
and Jordan’s book, 6 Anregung von Quantenspruengen durcli 
Stoesse/ p. 188. The points brought forward in support 
of ionization by collision of positive ions in gases are all 
controversial ones, and it is wrong to assume that the 
conditions under which a positive ion can give rise to 
ionization by collision will be the same as those for a 
neutral atom or molecule (cp. Franck and Jordan, loc. cit. 
p. 190, also Bloch, 4 Ionisation et Resonance des Gas et des 
Vapeurs/ p. 183), 

That Prof. Townsend had considered alternative theories 
I was well aware (Taylor, Phil. Mag, iii. p. 765, 1927), 
but the question of cathode falls of potential does not come 
into considerations for sparking potential theories (though 
there may be a parallel variation). 

So far as I can see, Mr. Huxley brings no new evidence 
to bear upon the problem, nor any experimental results for 
rare gases or discharge-tubes with electrodes of variable, 
surface. The subject of the collisions between ions and 
atoms etc. is in great need of interpretation, but is one that 
requires experimental investigation. 

Believe me, 

The Cavendish Laboratory, 'Yours truly, 

Cambridge, November 9th, 1927. Jamks TAYLOR. 

XLVI. Cathode Rays in the Electrodcdess Ring-Discharge . 

To the Editors of the Philosophical Magazine . 

Gentlemen,— 

I N a recent publication in the Philosophical Magazine 
(ser. 7, ii. p. 674, 1926) which 1 have just received, 
Sir J. J. Thomson notes that the electrodeless discharge 
is a copious source of that radiation of very short wave¬ 
length which he has detected in discharge tubes. At very low 
pressure, when an ordinary discharge was no longer visible, 
lie found a green phosphorescence of the glass walls which 
he believed to b» caused by that radiation because it was 
not affected by a magnet brought near. 

While investigating the electrodeless ring-disoharge in 
hydrogen in a cylindrical quartz tube*, I also round, without 
being aware ot Sir J* J. Thomson's experiments, a very 

♦ A full report of these experiments will be published later on in 
another place. Note added in proofs Meanwhile published Ann. d . 
PhySf lxxxiv. p. 553 (1927). * 
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brilliant phosphorescence, in this case a blue one, which here 
was present under various conditions of the discharge, also 
at relatively high pressure. Usually the walls continued 
phosphorescing for some time (about 15 minutes) after 
the discharge was stopped, a fact which seems to have 
not yet been recorded. With decreasing pressure the 
duration of this after-luminosity became remarkably less. 
Still, at the lowest obtainable pressures (OOOOl mm.), when 
a visible luminosity of the gas had already completely 
disappeared, the phosphorescence remained observable while 
the after-luminosity iiad nearly vanished. The same results 
were obtained in oxygen and air ; merely the colour of the 
phosphorescence seemed to he a little different. 

When in hydrogen the pressure was above about 0*001 mm. 
Hg, hut below that point at which the visible discharge 
disappears, the phosphorescence was very much strengthened 
in the middle of the plates which covered the quartz 
cylinder. A magnet brought near deflected these luminous 
spots to the border of the plates in a sense which proved 
them to be caused by cathode rays coming from the middle 
of the tube, where under ordinary conditions the discharge 
took place. At the same time they became more diffuse, 
indicating that the velocity of these cathode rays is not 
homogeneous. They seem to lie caused in the following 
way :—The potential difference at the ends of the coil 
overlapping the high-frequency electromagnetic field, which 
causes the ordinary discharge, accelerates the electrons pro¬ 
duced in the invisible ring-discharge parallel to the axis of 
the tube. By the magnetic field in the coil this electron 
current is concentrated into the axis of the tube. The 
spectrum of the phosphorescence caused by the cathode 
rays was a continuous band between X4800 and X 4300. 
In air and oxygen the cathode rays could not be detected 
because the pressure \%hich was necessary to cause the 
ordinary discharge to vanish was b-ss than the pressure at 
which the cathode rays would appear in hydrogen. But 
1 do not doubt that they have been present, the increased 
phosphorescence in the middle of the plates being hidden 
by the brilliant luminosity of the discharge. 

Sir J. J. Thomson’s failure to detect the presence of 
cathode rays may be caused by the special design of his 
apparatus. The most essential point seems to he that I 
used very high potentials, the spark-gap consisting of 
spheres of 5 cm. in diameter which were 2 cm, apart. 

On account of my experiments, it is cleur that at least 
part of the observed phosphorescence is caused by cathode 
rays. Whether the phosphorescence observed when a 
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definite cathode ray is absent is produced by diffuse 
electrons or by the short wave-length radiation as suggested 
by Sir J. J. Thomson will further be investigated; likewise 
the cause of the long-lasting after-luminosity. At, any rate, 
the production of a well-defined cathode ray in the axis <T 
an eleetrodeless ring-discharge tube is proved by my experi¬ 
ments—a fact which presumably has not yet been recorded. 

PhysikaliBehes Institut dor \ours faithfully, 

Technisohen Iloehseluile, (tERHARD IIeRZRERG. 

Darin studt, Uermanv. 

April 8th, 1927. 

Sate added in proof (January 23rd, 192S). —In a more recent 
publication Sir J. J. Thomson ( Phil. Mag. iv. p. 1128, 1927) has 
given an extensive theory of the eleetrodeless ring-discharge and a, 
description of further experiments on this subject. Among others 
he observed, in the “sensitive state of the ring-discharge ” in 
cyanogen, a bright line which was bent by a magnet in a sense 
opposite to that of the deflexion of the above-mentioned spots. 
Already at the time when I wrote the above I had observed such 
a bright, line in hydrogen and nitrogen, as well as in oxygen, in a 
relatively wide range of pressure. I believed (7. c.) it to be caused 
by the cathode rays described above, hut did not succeed in de¬ 
flecting it by a magnet, because it was only as long (0 cm.) as the 
coil (12 turns of 1 mm. copper wire) which produced the discharge. 
An enumeration of the different phosphorescences in the electrode- 
less ring-discharge is to he found in the Appendix of a paper by 
the author in the Zeitschr. f. Phys. in print. 


XLVII. Notices respecting New Books . 

Abstracts of Theses , Science Series , Vol. Ilf. (University of 
Chicago Press, Chicago, Illinois, U.S.A., and Cambridge Uni¬ 
versity Press. Price 15s.) 

UY recent regulations of the University of Chicago, candidates 
*** for the degree of Doctor of Philosophy are required to publish 
abstracts of their theses, between 3,0U(hand 1,200 words in length. 
This volume includes nearly sixty abstracts in the departments of 
the Ogden School of Science. Practically all the branches of 
Natural Science are represented—mathematics, physics, geology, 
geography, botany, and zoology, with six abstracts in the depart¬ 
ments of anatomy, physiology, and hygiene. A number of the 
theses are of special interest to students in the States of America, 
but a considerable proportion, especially mathematical, physical, 
and chemical, have a wider appeal. 


[ The Editors do not hold themselves responsible for the 
views expressed by their correspondents .] 
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XLVIII. Vortices behind Aerofoil Sections and Rotating 
Cylinders. By E. Tyler, M.Sc., A.Inst.P* {Lecturer 
in Physics , College of Technology 9 Leicester )*. 

Introduction f. 

r |THIS paper is supplementary to that of Richardson X on 

* • 44 The Critical Velocity of Flow past Objects of Aerofoil 

Section.” In his paper he confined his attention to : (1) 
the measurement of critical velocities of flow at which 
eddying motion was first produced in the wake of an aerofoil 
for varying angles of incidence 6 with the air-stream, and 
his results shewed a gradual drop in the Reynolds number 
YD 

—jj— from 60 to 45 as the angle 0 increased from 0 to 20°, 

followed by a sharper drop for increasing angles up to 30° ; 
and (2) the relation between the non-dimensional quantities 
V VD 

jqj and -jj- for different values of 6 ranging from 0 to 
30°, where 

V = velocity of the air-stream. 

N=£requency of formation of the eddies. 

D = maximum thickness of aerofoil, 
psskinematical viscosity of the Fluid. 

* Communicated by the Author. 

t This work was carried out in the Carey Foster Laboratory, University 
College, London, in 1926. 

X Proc. Phya. Soc. Load. vol. xxxvii. April 1925. 

Phil. Mag. 8, 7. Vol 5. No. 29. March 192& 2 G 
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The results cited by the author indicated that was 

unaltered for increasing values of 0 , and no definite empirical 

V VD 

relation existed between the quantities and and 


it was from this point of view that I investigated further 
into the behaviour of such eddying flow behind aerofoils. 

Many theoretical and experimental * results have been 
given with respect to fluid motion past objects of finite 
dimensions, and recently much attention has been given to 
the study of air-flow past aerofoil sections; and in all such 
work, provided the velocity of flow exceeds a critical value 
(c/. Reynolds’s value), a turbulent region of vorticity is 
indicated in the wake ; but at the time of investigation I was 
not aware of any method having been given for the deter¬ 
mination of the actual paths of the centres of the vorte* 
system therein, neither any results obtained except those 


V 

given by Richardson for values of for varying values of 
^and*. 


V 

The work contained in the present paper divides itself 
into two sections :— 


(1) The application of Relf and Simmons’s + Hot-wire 
method for the determination of the frequency of formation 
of the Benard-Karrn&n J system of vortices behind obstacles 
of different sections, primarily aerofoil sections inclined at 
different angles of incidence to the wind-stream ; and (2) 
the tracing-out of the paths of the centres of the vortices 
formed behind stationary and rotating obstacles (e. g rotating 
cylinder and stationary aerofoils). 


Frequency Determination of Vortices behind Aerofoils 

in Air • 

In order to determine the frequency N of the vortices 
formed behind the aerofoil, the method employed was 

♦ Piercy, Aeronautical Soc. Journ. Oct. 1923. Levy, ibid, June 
1919 and Phil. Mag. vol. x. Oct. 192(5. Howland, Aeronautical Soc, 
Journ. April 1925. Bairstow and Lanchester, 4 Aerodynamics and 
Aeronautics.’ Judge, 'Theory of Aerofoils.’ Glauert, ' Aerofoil and 
Airscrew Theory.’ 

t Phil* Mag. vol. xlii. (1925) $ vol. xiix. (1925). Half, Aeronautical 
Soc, Journ. April 1925. 

f Comptes Bendus, cxlvii. p. 839 (1908). Phys, Zeit . xiii. p. 433 

< 1018 ). 
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essentially that first used by Relf and Simmons, and described 
by me in the * Journal of Scientific Instruments > *. 

An electrically-heated platinum wire (1 inch long and 
*001 inch diameter) was mounted horizontally behind the 
obstacle in a wind-channel l£xl£xl2 feet, and was 
connected up in series with the primary of a step-up trans¬ 
former (ratio 1: 2), the secondary of which formed part of 
a shunted vibration galvanometer circuit. The wind-speed 
measured by a Chattock gauge was adjusted until resonance 
occurred between the frequency of formation of the vortices 
and the galvanometer set at known frequency, the latter 
being previously calibrated by means of a previously-cali¬ 
brated vibrating reed. 

The galvanometer frequency was also checked by strobo- 
scoping a reflected spot of light from a mirror attached to 
the instrument. An Einthoven string galvanometer was 
substituted later for the vibration galvanometer, but this 
arrangement proved too insensitive. Precautions were 
however taken to ensure that the velocity of the air-stream 
V, and the frequency N of the vortices, were not too high, 
in order to give an appreciable drop in the resistance of the 
hot wire between successive periodic heatings and cooling, 
thereby increasing the sensitivity of the method employed, 
for results obtained by Richards + on the resistance of a 
hot wire in an alternating air-current clearly emphasized 
the importance of this condition being satisfied. 

These conditions were met with partly in the design of 
the aerofoils, but care was taken that the ratio of maximum 
width to chord was of the same order as met with in actual 
practice. Different lengths of aerofoil consisting of brass 
and wood were used, and in most cases their length extended 
completely across the wind-channel and at right angles to 
the direction of the stream. Dimensions of sections of 

Table I. 


Section No. 

Type. 

Length. 

D. 

! 

o. 

1... 

Wooden. 

37’5 cm. 

*775 cm. 

5*00 cm. 



88 0 „ 

•887 „ 

2 60 „ 


Brass. 

160 „ 

•830 „ 

2-60 „ 

csss 

•• 

20 -8 „ 

•182 „ 

180 „ 


* Journal of Scientific Instruments, vol. iii. Sept. 1926. 
t VUL-iUgi vet* acHr. May 1928. 

2G2 
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models are shown in Table I. and fig. 1, and resalts ,£©r 
aerofoils in air are included in Tables II. and III. 

Fig. 1. 

Mo. 4 



Table II. 


No ; 2 and 3 


Scale » 2. 


Type of 
Aerofoil. 

; Angle of 
Incidence. 

e°. 

I). 

cm. 

N. 

per «ec. 

V 

cm ./sec. 

y 

NJ>* 

1 

VD 

i , 

V 


' —5*0 

•791 

150 

800 

6-74 

i !4*28 X 10“ 



ts 

150 

92-0 

7*74 

4-92 


Wooden. 

—30 


22*5 

125*0 

700 

! 6*66 



0 


22-5 

137*0 

768 

7-30 


No. 1. 

50 


22*5 

1330 

7-46 

7*12 


(Blunt 

6*5 


22*5 

1380 

7*74 

7*37 


Trailin g 

8*0 


22*5 

173-0 

9-74 

9*26 


Edge.) 

8-0 


26*5 

2050 

9-76 

10*85 



100 

?•? 

150 

120*0 

10-20 

6*42 



*100 

** 

22*5 

175*0 

9*68 

9*32 



0 

*775 

22*5 

108*0 

6*22 

6-67x10“ 

Wooden. 

2*5 


22-5 

125*0 

7*20 

6-55 


No. 1. 

25 


30*0 

170*0 

7*30 

8-92 


(Sharp 

50 


22 f> 

142-5 

8*16 

7*45 

** 

7*5 


300 

2150 

9*48 

11*21 


Trailing 

i 7*5 


22-5 

1800 

10*38 

9*45 

„ 

Edge.) 

*100 


30-0 

226 0 

9-94 

..... j 

11*84 



0 

*337 

22’5 

70*0 

9*20 1 

1 *00x10* 


0 

n 

30*0 

87*0 

8*60 i 

1*98 



0 


37*5 

113*0 

8*96 

2-57 



5*0 

»» 

22*5 

83*0 

10*92 

1*92 



5*0 

»» 

30-0 

105-0 

10*38 

2-39 


Wooden. 

5*0 


37*5 

125-0 

10-00 

2-87 



10*0 

f> 

22*5 

87*3 

11*50 

1*99 

m 

No. 2. ’ 

10*0 

ft 

300 

114'0 

11-30 

2*60 



10*0 

»» 

37*5 

147*0 

11*70 

3*34 


i 

15*0 

H 

22*5 

106*0 

13*94 

2*41 



15*0 


30*0 

140*0 

13-88 

3*19 


i 

20*0 


300 

185*0 

18*20 

4-22 


t 

1 

25*0 

>» 

22*5 

150-0 . 

19*96 

3*42 

ft 


* Limit of observation*. 


Table IV. also shows a few resalts for cylinders and square 
seotion obstacles which are in good agreement with results 
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of previous experimenters using different methods, and a 
summary of the results contained in Tables II., III., and IV. 
is represented graphically in figs. 2 and 3. 

Table III. 


Type of 
Aerofoil. 

Angle of 
Incidence. 

e. 

D. 

cm. 

N. 

per sec. 

V. 

cm./sec. 

V 

Nl> ’ 

VD 

V 


25 

*182 

300 

75*0 

13*74 

•92 X 10 s 


2*5 


300 

850 

16*60 

1*04 „ 


7*5 


300 

87*0 

16*00 

107 „ 

Brass. 

50 


30*0 

750 

13-74 

*92 „ 


7*5 


300 

78*0 

1430 

*96 „ 

No. 1 . 

7*5 


37*5 

98*0 

14-38 

1-20 „ 


95 


300 

900 

16-50 

Ml „ 


12*0 


300 

loo-o 

18*30 

1*23 „ 

j 

15*5 

»» i 

30*0 

! 106*0 

19 50 

1*30 „ 

i 


*330 

31*7 

i 1020 

970 

2-28x10* 

i 

0*0 

)» 

27*5 

i 050 

10*40 

211 „ 

j ; 

GO 

»» 

29*5 

1050 

10*78 ; 

234 „ 

Brass. ! 

7*0. 

St 

25*0 


12*84 

2-36 „ 

100 

St 

29*5 

125*0 

12*88 

278 „ 

No. 2. | 

i t 

10*0 

S» 

365 

211*0 

14*26 

471 „ 

11*0 

»» 

27*5 

143 0 

15*70 

319 „ 


15*0 

ts 

25*0 • j 


18*92 

3-48 


15*0 


150 1 

1350 

18*20 

301 „ 


30*0 

»s 

295 

150*0 

(15*40) 

335 „ 


Table IV. 


1 

Obstacle. 

D. 

cm. 

N. 

! per sec. 

V. 

cm./soc. 

V 

Ni3* 

VD 

V 

Cylinder. 

20 

340 

360*0 

5*29 

487 x10 s 

— 

30*0 

322*0 

536 

437 ,, 


—, 

28*5 

3020 

5*26 

410 „ 


_ 

14*25 

146*0 

5*12 

1*98 „ 



1*0 


520 

1-42 X10 1 

Square Cords. 







150 

213*0 


1*87 x 10* 


1*30 

14*75 

246*6 

13*30 

2*17 „ 


•65 

1476 

100*0 

11*46 

4-40 xlO* 

Wooden. 

•615 



11*20 

4*28 „ 


*616 

22*5 

165*0 

11*20 

6*49 „ 


•615 



10*94 

835 „ 





33fl 

1*52x10* 

Rubber. 

*250 

300 , 

85*0 


1*43 „ 

•250 

375 

115*0 


1-94 „ 


*•340 

146*0 

5800 

11*70 

1-33x10* 


* Richardson's results. 
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Determination of the Paths oj Vortices. 

The wind-speed having been adjusted until resonance 
occurred between the frequency of formation of the vortices 
and the galvanometer set at a known frequency, the deflexion 
<}> of the galvanometer was assumed proportional to the 
amount of periodic cooling of the hot wire. 

The wire was then traversed in a vertical plane and at 
distances d behind the obstacle and corresponding deflexions 
<f> observed. Typical results for a stationary cylinder are 
shown in fig. 4, the curves each showing two maxima, and 


Fig. 4. 



the distance between such was taken as a measure of the 
separation distance h between the two rows of alternate 
vortices, since the maximum amount of periodic cooling 
occurs along the paths of the centres of the vortices. 

The variations of h with d f both for a cylinder and inclined 
aerofoil (wooden) at 0°, 5°, and 8° to the stream, are shown 
in fig. 5, and the results are shown in Table V. 

A limit to the observations for this aerofoil was reached 
at ah angle between 8°~ 10°, for on increasing the angle of 
incidence beyond this value the motion of the air in the wake 
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o f the aerofoil exhibited a general turbulent motion; and 
no definite resonance frequency was found. 

Fig. 5. 


Cylinder 



Aerofoil »ectfo» 


O- 775cm 




Inclination. * 0* 


Inclination - 5° 


Stationary Cylinder 
Rotating Cylinder 
Clockwise 


i r - 137cm /»ec. 


-> Vm |37 cm >UtC 



Aerofoils. 

Wind-speed = 137 cm./sec. 


Stationary. 

Cylinder I)=2*0 cm. 
Wind-speed=298 cm./sec. 

d. 

II 

© 

o 

0=5°. 

0=8°. 


it 

1 

h. 

cm. 

h (cm.). 

h (cm.). 

h (cm.). 


cm. 

cm. 

•10 

•60 

•67 

*70 


•50 

2-30 

•50 

•50 

•56 

•86 


100 

210 

10 

•45 

•52 

•90 


20 

1*80 

1*50 

•70 

•80 

1-0 


50 

216 

300 

100 

110 

1*15 


70 

2*41 

5*00 

1*20 

1*30 

1-55 


10-0 

2*60 ! 

1 


This condition was no doubt due to the sudden change in 
the ratio of lift to drag at this inclination, which is charac¬ 
teristic of aerofoils in general. With other aerofoils used, it 
was found, however, possible to extend the results to higher 
values of 0 {vide Tables II., III., and IV.). 
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The maximum response of the vibration galvanometer 
(previously tuned to resonance frequency with the vortices) 
is shown clearly in fig. 6, for different positions of hot wire 
behind the aerofoil. The curve shows the growth and 
decay of a vortex as if leaves the aerofoil, and the merit of 
such a result is entirely dependent on keeping the heating 
current constant. Notice that it takes some time before the 
vortex reaches its maximum strength, and then it seems to 


Fig. 0. 



► Wind(Vi37crn/sPc) Jsoj 

sfMlimmkL 


pyg 4 O 
Distances b«h«nd7C£ro 
Paths of Vortices. 

Decay Curve of Vortex Strength. 


6 Ocm 


decay exponentially. It must be remembered that in working 
with such small-scale models there is a limit to such investi¬ 
gations, for the vortex strengths are small and, owing to the 
widening-out effect, soon decay after travelling a few cms. 
along their paths, and the hot-wire detector becomes insensi¬ 
tive to these small fluctuations of velocity, which is masked 
by general turbulence. 


Results for a Rotating Cylinder in Air. 

The above method was used to investigate the Magnus 
Effect* for a cylinder (D = 2’0 cm.) rotating in air, which, 
according to Prandtl f, results in vortices of unequal strengths 
beings detached from the opposite sides of the cylinder when 
rotating. The effect is clearly shown in figs. 7, 8, and 9, 
which give results for different speeds of rotation of the 
cylinder, the curves clearly showing a lateral displacement 
and unequal maxima. The time at my disposal did not 
enable me to investigate this effect to any considerable 
extent, but the graphs do show the position of the vortex 
centres for different distances behind the rotating cylinder, 

♦ Poggen, Ann. d. Phys . 1858. 

t Die Naturwis&nschafteti , Feb. 0, 1925. Low, Aero. Soc. Joum. 
Feb. and March 1925. 
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Fig. 7. 



Fig. 8. 






1*0 


13 0 


iro i?o 

Hot Wire Readings 

Table VI.* 


! 

i D. 

cm. 

0°. 

V 

m y 

v ! 

’ „--0323#_ a ] 

KJ> ’ * ~ A - ' 

! 182 

0 

12*0 

120 


4 

13*7 

12*3 


8 

167 

12-3 


12 

17-8 

12*2 


16 

20-2 

12-2 

i 

20 

23*0 

12*2 

! -337 

0 

8*8 

8*8 


4 

100 

8*9 

l 

8 

11*7 1 

9*1 * 

{ 

12 

13*2 

9*0 

| 

16 

161 

91 

i 

20 

17*2 

9*3 


24 

196 

(10*0) 


28 

220 

8*9 

*776 

0 

7*50 

7*6 i 


4 

8*0 

7*1 ! 


8 

9*00 

7*0 1 


12 

10 30 

7*0 


16 

12*00 

7*2 


V 

Values pf 6 and were interpolated from graph (fig. 2) 
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Theory and Discussion of Results . 

Y VD 

(1) Relation between — > tind —The variation of 

these non-dimensional quantities with variation of $ 


shows that increased with 6 . 


There does not seem to be 


any dynamical similarity existing between the quantities 
V VD 

ND an< ^ v Rayleigh’s treatment, but the follow" 

ing empirical formula was found to fit the results approxi- 
V 

mately for j^j^and 0, viz. :— 

V 

_ -—A *0323* 

ND 


where A is a constant for any given aerofoil and is nurae- 

V 

rically equal to the value of when 0 = 0. It should* 

however, be observed that A varies for different, aerofoils 
(vide Table VL). 

The results of Richardson indicated no definite empirical 
relation existing, but his results were of the same order as 
mine, although obtained by a different method. 

Results for square-section chords and rods ( vide Table IV.) 
do compare favourably. 

Benard *, working with square plates, has obtained the 
following relation for his results :— 


n _-430(V-160i/) 
D + -307 


in C.Gr.S. units, 


where N = frequency of the vortices, 

Yssvelocity of plate relative to the liquid, 

D = thickness of plate normal to stream direction, 
v=kinematic viscosity of the liquid. 

His results again show no strict dynamical similarity, even 
with square-section obstacles, and it may be doubted whether 
in actual experience any simple relation is applicable to 
the results. The method employed is not, however, delicate 
enough to investigate the point at which the vortex layer 
leaves the surface, where such a layer on leaving the surface 
of the body provides the mechanism which gives rise to the 
Benard-Kdrman system of vortices. The position of this 


♦ Gomptes ltendusy vol, clxxxii. June 28,1926. 
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point no doubt determines in the main the drag upon the 
body which controls the value of J? rv 


VD 

For large values of —- the position of this point {vide 
Lock *) is unaffected, while for small values this point may 
vary appreciably, and hence corresponding changes in 
The upper limit of where the sudden shifting back of 
this point causes a change in was not reached in the 
experiments with the aerofoils. 


(2) Path of Vortices behind Obstacles . 


The paths traced out by the vortex centres behind a 
stationary cylinder show that in actual practice KarnvAn’s 
theoretical results for the condition of maximum stability"of 
vortices in two parallel rows behind an obstacle is not strictly 
applicable, but must be modified to meet the case of the 
widening-out of the rows as indicated in the results. 

He has shown that if h= distance between the rows and 
Z = distance between successive vortices in the same row, 
the condition for maximum stability is given by 


cosh 



and K . ,7 rh 

u ~2l tanh ~P 

where u = the translational velocity of the vortices relative 
to the stream and K the vortex strength, these relations 

giving ^ =*283. 

Levy t has subsequently shown that no such system is 
completely stable. 

This widening-out effect may be due to interference by 
the walls of the chamber, or may be due in the main to 
viscosity. Similar results have been obtained photographi¬ 
cally by Foppl t, whose results were confirmed mathematically 
by Levy. Moreover, Karman and Rubach § have also 
obtained, photographically, results of vortices in liquids, and 

* Phil. Mag, Nov. 1926. 
f Proc. Roy. Soc, Edin. xxxv. p. 95 (1914). 

X Munchene Sitztmgsberichte, 1923, 

§ Loc . cit, ref. p. 450, and i Aerodynamics/ by Fuch and Iiopf, p. 170. 
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they also show this slight divergence of the rows. An 
analogous behaviour was observed by Richardson and myself 
in a recent paper * on eddy flow from annular nozzles, and 
Benton t has also shown that in tracing oufc the boundaries 
of the eddy tracks in the case of a straight slit and wedge 
over a considerable range, we get a widening of the eddy 
paths. Fage and Johansen J have also shown that there is a 
widening-out of the paths for vortices behind an inclined 
plate as the vortices recede from the plate. 

Referring to fig. 5, it will be seen that the paths behind 
the given aerofoil also indicate a gradual widening as the 
vortices recede from the aerofoil ; but as the inclination is 
increased, the vortices tend to widen out more rapidly, and 
there is a limit to the observations that can be made, owing 
to the insensitiveness of the method used. 

Piercy §, using a Pitot-tube method, has obtained a few 
similar results, but the work of Bryant and Williams, Fage, 
Simmons and Taylor ||, who show regions of vorticity in 
the wake of an aerofoil, is well supported by my results. 
Bjerknes’slf idea of only one vortex being detached from th& 
tip of the aerofoil, which leaves it with the stream while 
the next alternate one circulates round the aerofoil, thereby 
contributing to the circulation, is evidently not supported 
by my results, for they point to two vortices being detached, 
say, alternately one from the tip of the aerofoil and one 
from the upper surface, both practically of equal strength 
(in so far as the apparatus is able to detect), for the maxima 
of the resonance curves on either side of the section were 
equal, though relatively closer than for a cylinder. 

According to Prandtl’s theory, he supports Bjerknes’s idea, 
but this condition I have failed to detect if it exist. The results 
suggest the vortices are in the main due to ordinary “ seolian 
tone 99 phenomena, the effective thickness P of an aerofoil 
being modified as its angle of inclination to wind-stream is 
varied ; and since the stagnation points are symmetrically 
placed with respect to the trailing edge, yet at different 
distances along the boundary from the leading edge, these 
conditions tend to maintain equal vorticity on both sides. 

In the case of the rotating cylinder, whereas there is no 

* Phil Mag. vol. ii. Aug. 1926. 

■f Proc. Phys. Soc. vol. xxxviii. p. 114 (1926). 
j Proc. Roy. Soc. vol. A, p. 110 (1927), 

§ Lac. cit. ref. p. 460. 

jj Phil. Trans. A, p. 030, Nov. 1926; p. 082, Bee. 1628. 

Journal de Physique , 1924. 
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change in the frequency of the vortex formation for a 
rotating as compared with a stationary cylinder, there are 
vortices of unequal strengths formed, each displaced laterally 
from its original path. 

Eelf and Lavender * * * § , photographing the flow round 
a rotating cylinder, conclude from their results that the total 
vorticity is less for a rotating cylinder than for a stationary 
cylinder, thus accounting for a reduction in the drag. I 

V 

have failed to detect any change in the value of which 

may occur owing to this reduction, but it may be noted that 
the peaks of the curves (figs. 8 and 9) for a rotating cylinder— 
cases in which the vortex has bad time to reach its maximum 
strength—do indicate smaller values than when the cylinder 
is stationary. 

A similar phenomena has been observed by Befortf, using 
spinning disks in an air-stream, and also by MM. Turpain 
and Bouy de Lavergne |. Photographs by Bairstow § 
also confirm this, but recently Tietjens |) claims to have 
detected the formation of vortices on one side only of a 
rotating cylinder, and he supports his results by photographs, 
a result which would favour Bjerknes’s theory for the aerofoil; 
but it is to be doubted whether such evidence will lead to any 
simple theory. 

It is hoped, however, that the results given herewith, 
although entirely experimental, will provide data for further 
suggestions in aeronautical research. 

In conclusion, I wish to express my best thanks to my 
colleague, Dr. E. G. Richardson, who suggested to me this 
line of research as an extension of his earlier investigations, 
and also to Professor A. W. Porter, F.R.S., for his kindly 
interest taken and also for putting the facilities at my 
disposal during the course of this research. 


* Adv. Committee of Aeronautics, No. 1010 (1926). 

t Zeits.f. Phys. vol. xxxvi. 6, p. 874 (1926). 

i Omptea Rendus, vol. clxxxii. April 1926. 

§ ‘ Nature,’ March 28,1925. 

\ J.de Wist. Geo./. Luflfahrt, vol. xviii. p. 66 (1926). 
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XLIX. Contribution to the Theory of Photographic Exposure ♦ 
By L. Silbekstein, PhJ ). (Communication No. 336.)* 

Difficulties of the Quantum Theory . 

T HE quantum or light-dart theory of photographic ex¬ 
posure, as formulated and developed in my previous 
papers f, recommended itself by its essential simplicity and 
some other encouraging features, while the underlying 
concept of the propagation and incidence of light in discrete 
energy parcels, Einstein’s light-quanta, was not a hypothesis 
introduced ad hoc , but one that had already scored notable 
successes in other fields. That theory represented, roughly 
at least, the observed facts, and the discrepancies between 
the theoretical results and the experimental findings, viz., the 
number of grains of a given size made developable by a given 
exposure, have at that time seemed rather irregular and 
not seriously exceeding the limits of experimental error. 
But after a more detailed scrutiny, the deviations of the 
theory from experiment turned out to be distinctly systematic, 
and Dr. Toy’s criticism J of 1923 was more recently found by 
Sheppard, Trivelli, and Loveland § to be materially correct. 
No great weight, perhaps, can be given to Toy’s results 
and criticism concerning the dependence of the number of 
affected grains on wave-length. But the dependence of that 
number on exposure and grain size (area), as shown by Toy’s 
own data, and especially by a set of results obtained in this 
laboratory with the Slow Process emulsion, is certainly not 
well represented by the formulae of the quantum theory. 
Some minor discrepancies may perhaps be disregarded. 
But what in the writer’s own opinion seems particularly 
unsatisfactory about the formula? yielded by that theory is 
the following feature. 

Both the original formula ||, 

k=N(l- e -»“), . (a ) 

as well as the modified one, 


£=N(1 — e~ n,a ), with e=const.,. (b) 

* Communicated by the Author. From the Kodak .Research 
Laboratories. 

f Phil. Mag. vol. xliv. pp. 257 & 956 (1922) ; vol. xlv. p. 1062 
(1928). 

% Phil. Mag. vol. xlv. p. 715. 

§ Journal Franklin Inst. July 1925, p. 51. 

|| There N is the total number of silver halide grains, k that made 
developable, a the size (area) of a grain, and n the number of iight- 
quantft incident per unit area. 




Contribution to the Theory of Photographic Exposure . 465 

make k grow at first proportionally to n, i.e., to the exposure 
itself, and then still slower, while experimentally k was found 
to increase (after the very first short stage of slow lineal 
growth) as rapidly as and even more rapidly than the square 
of the exposure. This state of tilings is not much changed 
when formula (b) is replaced by the somewhat more refined 
equation 

* -I>,.(c) 

obtained (III. paper, loc.cit. p. 1066) by splitting the sensitive 
fraction ea of the area of each grain into a number of separate 
sensitive “spots/’ each of area distributed haphazardly 
among the grains, a: being the average number of such spots 
per grain. In fact, this modification not only does not 
increase the rate of growth of k , but rather reduces it 
somewhat. Similarly as for (b), the gradient dk/dn corre¬ 
sponding to formula (c) decreases always with increasing n 
from its initial value No>* down to zero for n = oc. In fact,, 
the second derivative is, by (c), 

S =s_ ^‘“ B[i+ft,(N “* )] ’• • • ( c "> 


*tnd thus throughout negative. ' In fine, the corresponding 
n curve lias no inflexion point, while there is a distinct 
indication of such a point in the experimental curves. 

To meet this difficulty, two more modifications of the 
light-dart theory were tried. 

The first of these consisted in assuming that a silver halide 
grain is made developable when it is hit (within its sensitive 
part ea) not by a single light-dart, but by at least two , or at 
least three , generally by at least r darts. The formula 
corresponding to this assumption is easily found to be *, for 

w = l-e-'“"(l + ean).(d s ) 


and generally, for any r, 

‘ [i + 3 


(ean )* 

If 


(ean)*'- 1 ’] 

-w 


(»—i) 


(dr) 


Now, each of these k, n curves has an inflexion point, 
namely at eansar— 1. Thus, for example, the curve (d s ) 

# It is enough to remember that, if 5 be the average number of darts 
per grain (within the sensitive part of its area), the probability that the 

sensitive area of a grain shall be hit by s darts is e *i /$!, and that in the 
present case 

Phil , Mag. S. 7. Vol. 5- No. 29. March 1928. 2 H 
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has its inflexion point at 

= * =0264 

(i. e where 26 per cent, of the grains are made developable), 
and it actually approaches the experimental curves belonging 
to the Slow Process emulsion* within a certain interval 
somewhat more closely than did the original curve (r=l), 
yet without representing any of these curves accurately 
enough. The ordinate of the inflexion point of (d 2 ) being 
already somewhat too great, the curves (d r ) corresponding 
to rss3, 4, etc., have their inflexion points placed still higher, 
k 

at =0*32, 0*35, etc., and thus much above the more or 

less distinct indications of the experimental inflexion points. 
Accordingly, none of these theoretical curves can be expected 
to give a satisfactory representation of the experimental 
results, and they may be left on one side. 

In the second modification it was assumed that, even for 
equal grains, the sensitive fraction e of their area differs from 
grain to grain, the form of the frequency distribution law of 
the €-values among the grains being left entirely free. Thus, 
let the number of grains, whose sensitivity factor lies between 
£ and €-f be given by 

N /(«)*, 

where/ is an arbitrary (but of course positive) function of e 
and N the total number of grains. Then, bv the original, 
single-hit assumption of the quantum theory of exposure, and 
noticing that the whole range of e extends from 0 to 1, the 
number of grains affected by an exposure n will be 

* = n( /(e) [1]<fc, 

. 0 

and remembering that 

*/o 

xt e)^ me d.€* • • • • (e) 

o 

Now, developing the exponential function into a power 
aeries, this formula can be written 



JT ( o \ a % - ^ «»/(«)*- ... 


(•') 


# These data will be quoted below. 
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This series is convergent for every value of na. For so is 
the series 


na ~ Vf + 3 T 


and, since 


all the coefficients 


f(e)de— l, 
/•i 

1 e‘‘f{€)de 

- In 


are smaller than unity. For small values of na (which is a 
pure number) the number k of grains affected will be pro¬ 
portional to n or to the exposure, regardless of the form of 
the function j\ If this initial proportionality of k to n is to 
pass into a more rapid increase of to be necessarily followed 
again by a slower one (since ultimately the rate of increase 
tends to zero), the corre sponding curve must have an inflexion 
point, or tPfc/dn 2 must be zero for a certain value of u. 
Now, by (e), 

dn* = “ Nlt '''( 0 <f(e)e~ ean de, 

and since the integrand is always positive, < Pk/dn* cannot 
vanish for any finite value of n . In other words, the gradient 
dkjdn of the curve always decreases, from n = 0 to n=x>. 
There is thus no possible form of the distribution function 
/(e) which would give a faithful representation of the 
experimental findings. 


Nuclear Theories . 

The possibilities of the quantum theory of photographic 
exposure being thu* completely exhausted, it has seemed 
worth while to investigate the implications of theories which 
are based upon essentially different assumptions and coucepts, 
and which may summarily be referred to as nuclear theories 
of exposure. In these theories the chance factor which wo 
have thrown upon the impinging light, making the develop- 
ability of a grain of silver halide depend upon the chance of 
its being hit by one or more light-darts, is transferred upon 
the grams themselves, which are assumed to contain, before 
the exposure, certain heterogeneities, specks of a foreign 
substance * accompanied by some free silver atoms, or 
incipient nuclei haphazardly distributed among them with 
* Notably silver sulphide (Sheppard\ 
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respect to number as well as to size, ihe part played by 
the incident light (whose possibly discrete structure becomes 
irrelevant) consists, then, in maturing or completing these 
nuclei by depositing upon and around them further free 
silver atoms, and thus increasing them until they become . 
“ active” ( i.e . developable), while every grain containing at 
least one active nucleus is assumed to be developable as a 
whole'. The latter property can actually be considered ns an 
experimentally established lact. 

The concept of nuclei, which could be traced back a long 
way, has been utilized in a theory proposed in 1922 by 
F. C. Toy* and more recently (1925), and in a modified 
form in a theory outlined by Sheppard, Triveili, and Loveland 
(loc. cit.), who i-efer to it as the “ concentration speck ” theory. 
The former is of a semi-quantitative nature, Dr. Toy’s 
assumptions not being given by him a definite mathematical 
form, while the latter is mainly qualitative, and leaves there¬ 
fore its quantitatixe development free within wide limits. 

In what follows, our purpose is, first, to put Toy’s theory 
into a definite mathematical form, and, second, to substantiate 
some of the possible interpretations of the concentration 
speck theory or, rather, to develop the consequencos of 
assumptions which were suggested by this theory. 

Mathematical Formulation of Toy’s Theory. 

According to Toy’s assumption, there are, previous to 
exposure, a certain number of nuclei distributed haphazardly 
among the grains. These nuclei are supposed to differ iii 
"sensitivity,” i.e. to require different light-intensities I (at 
constant exposure time), or ultimately t different (energy-) 
exposures E in order to become active nuclei or development 
centres. Of the curve which is to represent the distribution 
of the nuclei over the E-range (or, in his own case, the 
I-range), Toy assumes only in a qualitative way that it will 
be “ similar in general form to that obtained by Maxwell for 
the distribution of the velocities between the molecules of a 
gas,” without committing himself to any definite mathe¬ 
matical formula. The curve drawn in Toy’s fig. 1 {loc. cit.) 
resembles Maxwell’s frequency-distribution curve for resultant 
velocities (regardless of direction), which would be expressed 
by 

f{v)dv= const. e~ ktt v 9 dv, 

and thus passes through the origin, r=0. But there is 

* Phil. Mag. vol. xliv. p. 852. 
t Apart from the failure of the reciprocity law. 
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manifestly no reason for supposing the (reciprocal) “sensi¬ 
tivities/* i.e. the E-values, to be thus distributed among 
the nuclei. The case in hand can rather be expected to be 
ruled by Maxwell’s distribution law for each of the three 
rectangular components of velocity, which is simply the 
normal frequency-distribution law. A factor E 2 corre¬ 
sponding to r 2 , which in the case of the molecules is due to re¬ 
placing the volume-element of the velocity-space dv x dv^ dv z 
by r 2 sin 0d0d<f>dv and which remains in the formula after an 
integration over all directions (#, <f>) in that space, has no 
justification whatever in the case of the nuclei, whereas it is 
reasonable to assume for these the normal distribution law. 

Let us therefore definitely assume that the number of 
nuclei requiring an exposure E to E-4-^E in order to become 
active nuclei is 

/(EVE-Ar^-^VE, . . . . (1) 

where A, h 9 and E 0 are constants. Then the number of 
active nuclei , N*r rt say, produced by an exposure E will be 

N* a = A i 

* 0 

or, in terms of the error-function 

9 i * * 

= 1 e~ ui du , 

V 7T . ’ 0 


N* tt --0{<fr[/i(E— E 0 )] +4>(/*E 0 )}, . . . (2) 

where C is a constant proportional to A jh. Let N k be the 
total number of nuclei. This will be given by (2) for 

E —GO. 

Thus, and since 4>(oo) = l, 

N**0{l + *(AEo)}, .... (2') 

which determines the constant C. Since N is the number 
of grains, k is the average number of all nuclei, and K a the 
average number of active nuclei per grain. 

Thus, by (2) and (2'), the average number of active nuclei 
per grain produced by an exposure E will be 


B — E 0 ) ] 4- ^(/tEo) 

TT5(AE 0 ) 


Let us now assume, after Toy, that every grain which 
happens to have one or more active nuclei will be developable. 
This, at any rate, is a safe assumption ; for, as already 
mentioned, it is only a re-statement of the well-established 
fact that a grain which once starts developing will be 
developable entirely. 



470 


Dr. L. Silberstcin : Contribution to the 


Now, since the N tc a active nuclei can be supposed to be 
haphazardly distributed among the grains, the probability of 
a grain having none of these nuclei is e~ K a . The number of 
grains, out of the large total N, having no active nucleus 
will be and the number of grains having at least one* 

active nucleus, and therefore, by the last assumption, the 
number of grains made developable, 

A = .(4) 

If we put for brevity 

_i N 

this result can be written 


Thus, ultimately, by (3), 

<S>[h(E-K 0 )]+®(hE n ) , 5> 

V ~ K ]+<i>(/*E 0 ) • * ' ' 1 ' 

Sucli, then, would be the relation between v and tLe 
exposure £ as a consequence of assuming (1) as the distri¬ 
bution law of sensitivity. The equation (4 a) itself, is, of 
course, independent of any such law, its validity being based 
only on the assumption that the active nuclei are distributed 
haphazardly among the grains. 

Now, while the equality v~tc a seems to hold accurately 
enough, in Toy’s two sets of data *, at least, the curve (5) 
does not resemble very much that sketched in his fig. 2, and. 
certainly does not represent well enough either his own 
observed ^-values or those found by Trivelli for the Slow 
Process emulsion. The curve (5) has an inflexion point, 
namely at E=.E 0 , but it differs considerably in shape from 
the experimental curves. To see this, it is enough to take a 
few numerical examples of equation (5), which, with y=^v/K 
and # = /iE, can be written 

_^(a*— •t'o) + 4>(#o) /K t x 

J - TT^o) ’ •***<' 

* These two sets are contained in Toy’s Table II. (loc. cit. p. 301). 
Assuming that the grains which show no nuclei would not develop at 
all, we find from the first set 

N—&=91, v as log 1?? =050, as against ^*0*48 (Toy’s N<0, 
and from the second set 

v~ log ~ =1*25, while c a cal*10. 
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tlio abscissa of the inflexion point, being its only para¬ 
meter. 

rims for a? 0 = 0’2o we have 

* 005 0 J0 020 '80 *40 *00 *80 1*20 1*00 2-50 

V ... 0 045 0 080 0182 *274 *004 *533 *670 *872 *061 ‘090. 

This curve is up to about y = 0*50 scarcely distinguishable 
from a straight line through the origin, y being almost 
proportional to x. The behaviour of the curve (5) is very 
much the same for other values of x 0 . Since the experi¬ 
mental inflexion point lies, at any rate, in the lower part of 
the c-scale (and the extreme, asymptotic value of y is 1), it 
is enough to consider such values of x 0 for which 2y 0 does 
not approach unity. Tlius, on the one hand, for = 

1/ becomes equal to <&(x) itself, which from zero up to about 
y — 0*40 is very nearly proportional to ,r, as may be seen 
from a table of the error-function. On the other hand, for 
4 r 0 = (>7/), which places y 0 already too high, pairs of corre¬ 
sponding values are 

* . f r o 1*0 ‘fo -*o 4 ‘ r o 

y . 0*038 *080 179 *416 *831 * 999 3 

Even here y increases, but slightly more rapidly than x. 

Now, the relation between v and exposure asiound experi¬ 
mentally is of a distinctly different type, especially for the 
smaller grains. Thus, in Toy’s experiments (ioc.eit. Table IV.), 
when for the smallest grains, class (a), the exposure is nearly 
doubled ((51 2 128), the value of v increases from *05 to *62, 
more than tenfold, and in the next size class, on doubling the 
exposure, the value of v is more than trebled, and so on. 
The disagreement with (5) is still more pronounced in the 
case of Trivelli’s results for the Slow Process emulsion. In 
fact, for the smallest grains (a = 0*115/a 3 ) the observed 
^-values, for exposures E increasing in the ratio 1 : ^2] are 

0*026 0*11 0*36 0*74 1*29, etc., 

i. e . increasing much more rapidly than E, and for the next 
size class (03/**) 

0*14 0*21 0*37 0*72 1*44 2*13, etc., 

still increasing more rapidly than E. 

Notice that while by (5) v should tend with indefinitely 
increasing exposure to a finite limit v = average number 
of all nuclei per grain, it is difficult to tell whether the 
experimental results, either Toy’s or Trivelli’s, give an indi¬ 
cation of the existence of such a limit at all. It is, at any 
rate, impossible to derive from these data anything but n very 
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rough value of this limit. (In Trivelli’s case, in which 
r-values as high as 6 are quoted, one would as well be justified 
in taking u=ao, since experimentally &/N=:0*99 to which 
corresponds r = 4*6 is just distinguishable, and A/Ns=0*999 
is scarcely discernible at all from unity to which corresponds 
v = ao). We may only, in the case of Toy’s size class (a), 
take provisionally for a value just above 2*45, the 

highest v observed, and for the inflexion point, from Toy’s 
smoothed curve (a) in his fig. 10, the value t? 0 = f s 0’50, corre¬ 
sponding to I or E=0 # 12, and in this way determine # 0 ==:ZiEo 
and compare the r-values given by (5) with the observed 
ones. Thus, assuming 

v M aa* = 2’55, r o = 0*50, E 0 2=0*12, 

we have, from 

__ f'o 

1 + <p(v 0 ')~~x 9 

<P(.r 0 ) = —“ 0*244, whence .r 0 = 0*220, A *1*83 ; . 
k— Vq 

so that formula (5) becomes 

v = 2*05{<J>(l*83E - 0*22) +0*24}, 

and this gives, with E written for Toy’s I in his arbitrary 
units, 

E . 1 0:689 *490 *270 *128 *001 -033 *016 *008 

t’eafc.. 2*50 2*26 1*86 1*12 0*58 *25 *14 *06 ‘03 

against 

v ohB . 2*45 2*30 2 04 1*39 0*62 *05 *00 *00 *00 

There is a marked disagreement between the calculated 

and the observed r-values ; the deviations increase with 
decreasing exposure down to the fourth and reappear in the 
sixth step, to become henceforth systematic. This result 
cannot be improved by changing the value of k , which would 
only change all v-values in the same ratio. Nor can t? 0 * E 0 
he changed appreciably without clashing with the position 
of the inflexion point in Toy’s smoothed curve (a). Thus, 
Toy’s set (a) of data cannot be satisfactorily represented by 
formula (5). The deviations in the case of Trivelli's data 
for the Slow Process emulsion (quoted below), especially for 
the first two size-classes of grains, have turned out to be even 
more pronounced, while Toy’s remaining sets, (b), (c), (d), 
and the corresponding smoothed curves, for which the values 
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of v 09 E 0 , and especially k cannot be estimated at all, would 
lead to no relevant results. 

In fine, the available experimental data cannot be ade¬ 
quately represented by the formula (5), which was arrived at 
by giving a definite mathematical form to Toy’s assumptions. 
A weak point of this type of formula is, moreover, the 
presence of the factor #c, whose numerical determination, 
through r, is essentially elusive. 

Such being the case, some alternative forms of nuclear 
theory of exposure were next considered in which the growth 
of the nuclei was explicitly taken into account. These 
forms were suggested by the “ concentration speck ” theory 
{Sheppard, Trivelli, and Loveland, loc . cit . p. 72) inasmuch 
as, in this theory, the process of growth of the nuclei is 
explicitly mentioned. 

Two such modifications were considered and worked out 
in some detail ; one, based upon the assumption that the 
rate of growth of the size (area) of the nuclei by accretion 
of silver atoms under the action of light is proportional to 
their instantaneous perimeter ; and another in which this 
rate of growth was assumed to be proportional to their 
instantaneous size itself. 

The former has led to a type of characteristic curves 
(A, E curves) clashing markedly with the experimental ones, 
and need not therefore he described here, and the latter, 
which thus far seems promising, is treated in the following 
part of the paper. 

Rate of Growth of Nucleus Proportional to its Size . 

Let s be the size, that is to say, the area * of a nucleus 
of silver before exposure, and a 1 its size at any stage of its 
growth during the exposure by accretion of further silver 
atoms. 

Without entering into the mechanism of this process, let 
us assume that, in the presence ot light of sufficiently high 
frequency and intensity, each nucleus grows in size at a rate 
proportional to its instantaneous size and to the incident 
light-intensity I, 

—jr xscLft=crfE, .(6) 

<r 

where c is a coefficient which, for grains of a given size in a 
given emulsion, will be considered as a constant, but which 
may vary with the grain size and the kind of emulsion. 

* If, indeed, it be the area of the nucleus which is relevant for its 
4evelopahility. 
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Notice that by the very assumption of proportionality of 
growth to I, the cases in which the reciprocity failure is 
pronounced are excluded. These may be taken into account 
bv substituting for I itself some more complicated function 
of the intensity; also by requiring that it' I falls below a 
certain value, there shall be no increase of the nuclei. For ' 
the present, however, we will assume that I lies within the 
limits of (approximate) validity of the reciprocity law. 
Since o' = s for E = 0, we have from (6) 

, cr f = se eF \ 

In particular, let a be the size of the nucleus at which it 
just becomes an u active ” nucleus and thus makes the grain 
containing it developable *, and let E be the corresponding 
exposure. Then 

sfi cH = o- ; E= .(7) 

0 o 

a relation between the original size of a nucleus and the 
exposure required for maturing it. 

The law (6), of course, is not supposed to hold indefinitely, 
but only up to a certain nucleus size exceeding beyond 
which the growth must be imagined to be slowed down and 
eventually come to an end. A correspondingly modified 
differential equation, to replace (6), could easily be written 
down. Such a modification, however, which would introduce 
purely formal complications into our results, would be super¬ 
fluous. For our only object is to find the number k of grains 
made developable by a given exposure E ; and since every • 
grain whose nucleus has once attained the size a becomes 
developable, the number k as a function of E will be entirely 
independent of the form of the law of growth beyond a, 

A grain of the emulsion will, in general, contain several 
nuclei of different sizes. Of these the largest, if all grow 
according to (6), will be the first to become an active nucleus 
and, therefore, to make the grain developable. 

Now, let the number of grains whose largest nuclei are,, 
before exposure, of size $ to s + ds be given by 

Ae-W-o>*ds, .(8> 

where A, h, and s 0 are constants. (Notice that this assump¬ 
tion differs essentially from that made in connexion with 
Toy*JS theory, where the u sensitivity ” was taken to be 
normally distributed over the nuclei.) In the distribution 

* The value of tr, which plays here the part of n constant, will, of 
course, vary with the development conditions. 
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law (8) the variable will be expressed in terms of exposure 
according to (7), i. e by 

sz=s€re~ cE .( 9 ) 

In accordance with this let us still introduce a constant E 0 
defined by 

— .(9o) 


The formula for the proportionate number of grains made 
developable by a given exposure can now be deduced without 
difficulty. 

In fact, the number of grains with their largest nuclei 
ranging in original size from the limit value a down to 


and therefore made developable by an exposure E = 
will be 



C* 

k = A I 2 )ds. 

The upper limit of the integral corresponds to E = 0 and the 
lower to the given exposure E. If 3? be again the error- 
function and 0 a constant proportional to A//i, the last 
formula can bo written 


Lot N be the total number of grains witli nuclei ranging 
originally in size from 5 = 0 up to 5 = or, that is to say, not 
counting the fog grains for which s'&a. Then we shall have 
for ^ = 0, and by the last equation, 

N = C{4>[/i(<r~5 0 )]+4>(A5 0 )}. 

Thus, eliminating the constant C, 

i. _ N ® E /l O ^ ^ * i t h ( s ~ 

<t»[/i(«r- 4 o )]-<J>(/wo) ‘ 

Ultimately, substituting 5, 5 0 from (9), (9 0 ), and putting 
for brevity 

= a = /<5 0 =^*“ <?E ' t , . (10) 

we have for the number k of grains made developable by an 
exposure E 

& «)~—«) nn 

N ~ ~ <t>\g-*)+ $>(*) . 1 ; 

This is the required formula. We may notice that if the 
law of growth (6) wereVetained, but the sizes 5 were assumed 
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to have a normal frequency distribution over the nuclei 
themselves (instead of the grains), as in the section on Toy's 
theory, then the same formula (11) would hold with kj N 
replaced by vjtc, where k is the average number of nuclei per 
grain and v = logN/(N — £). But formula (11), as it stands, 
turned out to cover the observed facts much better. It has, 4 
moreover, the advantage of being free from the elusive 
factor k or 

The original parameters ft, cr , appear only through the 
two products g and a. These may be expected to retain 
the same values even for grains of different sizes within a 
given emulsion, while the coefficient c, appearing originally 
in the law of growth (6), is likely to vary with the size of 
the grain, and may even vary from grain to grain in the 
-case of equal grains. For the growth of the relevant 
(i. e., largest) nucleus will he influenced by the presence of 
other nuclei upon the same grain. Under these circum¬ 
stances the constant coefficient e in (11) has to be considered 
as the result of averaging over a number of grains oI' equal 
size. In all, formula (11) contains three independent 
constants— g , a, and c . The parameter E 0 is defined by 

cEosslog-, and here is the mode of the frequency 
s o 

distribution (8). 

The 1% E curve (11) has, in general, an inflexion point, 
which makes it adaptable to the experimental characteristic 
curves. Its position, «r t = rE,, is given by the vanishing of 
the second derivative of the variable pan of k/ N, say of 

/(#)= ^<?—*■<>)], where # = 

Write u=sg(e~ x -- e" x °). Then /'(#) = — ge-~ u2 ~ x y and the 

equation /"(#) =0 becomes 

o du , - 
2u *f 1 = 0 
ci.v 

or 

2= A 

a quadratic for e x \ which gives 



Since m or dB is positive, an inflexion point will exist only 
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if the right-hand member of (12) is greater than 1, or 


/, 2e JX ° t e x ° 

\ / 1 + s > 1 4- y 

V </' g 1 



which ctm also he written 



In the numerical cases to be considered in the sequel, in 
which g amounts to some units while a does not much 
exceed unity, this inequality will be amply satisfied. 

If, on the other hand, g is a small fraction (when there is 
no inflexion point), the functions <J> in (11) can all be 
identified with the first powers of their arguments, and 
formula (11) degenerates into 




cE 


which is of the same type as that following from the quantum 
theory of exposure. As has already been mentioned, the 
observed curves deviate considerably from this simple form, 
and call accordingly for large values of the coefficient g, 
amounting to some units. 

One more theoretical point, relating to fog grains, may 
be mentioned here. Suppose that the assumed frequency 
distribution (8) of nuclear sizes holds also for $><r, the 
largest nucleus size occurring at all. Then the number N/ 
of log-grains will be given bv 

N/sAl %^“^ 2 t/5==C{«>[/i(r^^ 0 )]~4)[/i(<r-^)]}, 

»o 

where 0 is the same constant as above, ?. e given by 


G{4>[A(«--«o)] +4>(/^o)}«N. 


Here 7i(t— * 0 )> a pure number, can be assumed to be large 
enough (say of the order of two or three units) * to make 
4>[7i(t—s 0 )] 4 s 1. Thus 


N ** <§(*; 4-4>(y-- a)* 


(13) 


Notice that N comprises the non-fogged grains only, so that 
the total number of grains is N + N/. From (13) we see 

* ♦ (2)*0*995, $ (2 5)«0*9996, <J> (8)»0'99998. 
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that if an emulsion contains but a small fraction of fog- 
grains, only large values of g, amounting to two or three 
units, will be admissible in representing the data obtained 
with such an emulsion : the more so if a is not negligible. 

Turning now to the experimental verification of the 
formula (11), let us first consider the complete set of data" 
obtained in this laboratory on four size-classes of grains of 
the Slow Process emulsion, mentioned above. 

In the following table (I.) the observed values of 100 kj.N, 
the percentage of grains made developable, are those given 
in Sheppard, Trivelli, and Loveland's paper (/. c. p. t!6), 
E being the “exposure” in arbitrary units, in this case 
proportional to the exposure time at constant light-intensity. 


Table I. 

Values of 100 k! N for Slow Process Emulsion. 


E .. 

4 

4 Vi 

8 

8 V2 

16 

16 v: 

Oalc. .. 

. — 

— 

3*7 

10*1 

25*3 

49*5 

Obs. .. 

. - 

- 

2*6 

10*5 

30-4 

52*0 

Calc. ... 

. 5*4 

14-7 

33*7 

59*5 

81*4 

93*3 

ObB. ... 

131 

19*0 

30*9 

51 3 

76*3 

88*1 

Calc. ... 

. 20 2 

42-7 

68-4 

86*7 

95*5 

98*8 

Obs. .. 

25*3 

45*9 

69*1 

85*1 

93*4 

96*7 

Oalc.... 

, 493 

74*3 

89*9 

96*8 

99*2 

99*9 

Obs. ... 

. 52 0 

73*8 

85*0 

94*7 

98*0 

98*8 


32 

32 V 2 

64 

04 V2 

’ 128 

A 

c 

74*2 

89*8 

96'8 

99*2 

99*9 

0*115 

0*050 

72*4 

82*8 

89*3 

93*0 

96*1 



98*1 

99*6 

100 

100 

100 



93*3 

95*7 

98*0 

994 

99*8 

0*3 

0*115 

99*8 

100 

100 

100 

_ 



98*9 

99*5 

99*9 

100 


0*5 

0*184 

100 

_ 






100 

_ 

_ 

. 

. 

0*7 ' 

0*286 


The average grain sizes for the four classes were, in square 
microns, 

a=»0*ll5, 0*3, 0*5, 0*7, 

with a common class breadth of 0*2. There was no per. 
ceptible fog. The theoretical values of k/N were calculated 
by means of formula (11) with constants determined after 
a good many trials. The values of the constants g and a 
finally chosen for the first class turned out to suit also the 
remaining three classes of grains, which called only for 
different values of the coefficient, c or a contraction of the 
original curve along the exposure axis. Ultimately, the 
constants chosen for the whole set are 


,9 = 3*50, «= 1*05, 
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so that, for all classes, 

N = 1.862 [ 1 - 4>(3 " 50 "' CB “ 1 ' 05)] • • (lla) 

(where 1 has been written for 4>(2*4f>) = 0*9995), and 

c=r 0050, 0115, 0184, 0*285 

for the classes 1 to 4 respectively. The condition of absence 
of perceptible fog is amply satisfied by these values of < 7 , a, 

M- 

In fact, substituting them into (13) one finds 100 -^ = 0*01(>. 



A graphic representation of these results is given in fig. 1 
for the first and the fourth, and in fig. 2 for the second and 
the third classes of grains. The theoretical curves, 
especially those for class 3 and class 4, seem to follow the 
observed points closely enough, the deviations being on the 
whole irregular and scarcely exceeding the limits of the 
experimental error in determining the numbers L Only 
the upper part of the first and, to a lesser extent, that of the 
secona»class curve are systematically a few per cent, above 
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the points representing the observations. This, however, 
does not much disturb the characteristic similarity of the 
theoretical and the experimental curves. 

The following is an interesting property of this set. The 
ratios of the values of the coefficient c for the four classes are 

Ci : c *a: (‘z : c 4 = 10 : 28 : 87 : 57, 
while aj: a 3 : a 3 : a 4 = 10 : 26 : 43 : 61. 



being 

0-43, 0*38, 0-37, 0-41, 

c may, within the limits of experimental error, be taken to be 
proportional to the size a. If the mean of these four values 
is adopted, c=0 40a. Approximately, therefore, k depends 
in this case on the product E a only (incident light flux per 
grain), the data for all four classes being represented by the 
single formula (11a) with the exponent cE replaced by 
0*40 Ea. The dependence of the photographic effect upon E a 
alone, which on the quantum theory appeared as an essential 
property, may of course be only a peculiarity of this 




Theory of Photographic Exposure . 481 

emulsion without, for the present, deserving to he considered 
as a general rule. 

At any rate the totality of the data is fairly well 
represented by the formula (11a). The corresponding 
curve is redrawn in fig. 3 with ,r=ecE as abscissa, the 
observed values of kj N for all four classes of grains being 
now plotted against x , with the original c-values. (The 
observed “points ” are marked by crosses, squares, triangles, 
and circlets for the 1st to 4th classes respectively.) 

Thus far the Slow Process emulsion. 



FIG.3. 

In the next place we will consider the ex peri mental results 
obtained by Toy with the IIlord Process emulsion. Dr. Toy * 
gives two sets of Ids “smooth-curve” values of the 
percentage of grains (100 ki N) made developable bv light 
of different intensities at constant exposure time, one set for 
grains of diameter 0*75 p and another for grains of diameter 
0*60^. The former, a rather short set (starting from the 
high percentage 35*5), cannot be adequately represented by 
our formula (11). but the latter set agrees with this formula 
well enough. This set of observed values is arrayed in the 
third row of Table II. The numbers of the second row are 
♦ Phil Ma$. vol xlv. p. 720 (1923). 

Phil Mag . 8. 7. Vol. 5. No. 29. March 1928. 2 I 
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calculated according to formula (11), with the constants 

g — 2*50, ct = 0*25, and c=7‘37. 

The relative exposures E are identified with Toy ’s relative 
intensities (at constant exposure time). 

Table II. 

E ... 0 050 -075 100 150 200 -250 '300 -350 -400 -450 -500 

100 A/N 

cole.... 2-8 72 14-1 32-4 50'8 655 763 83'7 88 8 923 946 

obs. ... 2-0 7 0 16 0 35-5 520 63‘5 73 0 79 0 84'5 89'8 935 

A graphic representation of these results is given in fig. 4. 



The agreement between the calculated and the observed 
values is fairly close, the largest difference being 4’7. The 
small residues could still be reduced somewhat by slightly 
modifying the constants, but this is hardly worth the trouble, 
especially as, the original observations not being quoted, the 
amounts carried away by Toy’s smoothing process are 
unknown. The percentage of fog-grains corresponding to 
the adopted values of g, a would, by (13), be as low as 
O I2 per cent., and thus again imperceptible. As Toy’s 
computation method is independent of the number of fogged 
grains present, no such number is quoted in his paper, so 
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that in this respect no definite objection can be raised 
against these values of the constants. 

Further, we may apply the formula (11) to some 
unpublished experimental results obtained in this laboratory 
by Trivelli and Loveland (July 1926) on the Eastman 40 
emulsion. These data consist of three sets, relating to grains 
of size 0*4, 0*8, 1*2 p?. The first class of grains, for which 
the results are 

E . 1 V2 2 2 V2 4 4 V2 8 8 V2 18 16 V2 32 32 V2 

100 £/N ... H 3-2 7*4 10*6 15*5 22*2 27*6 38*9 46*3 54*6 58*2 62*3, 

shows the peculiar behaviour that its i/N-values tend with 
increasing exposure * apparently to 0*62 or 0*65 instead of 
unity«, as if about 35 per cent, of these, the smallest grains, 
were completely insensitive to the applied intensity of light 
(i. e., and not growing at that light-intensity). This 
state of things cannot be represented by the theory under 
discussion without modifying essentially our assumption 
about the law of growth or the size-distribution law of the 
nuclei, unless one decided to consider as N only the fraction 
0*65 of all grains originally present. The data for the 
second-, and especially the third-size class of grains (a=1*2), 
do not show this peculiar tendency, and can be covered by 
our formula (11) rather closely, as will be seen from 

Table III. and the corresponding graph (fig. 5). As a 
number of trials have shown, about the best agreement is 
obtained when the constants in formula (11) are given the 
values 

<7=1*00, a=0*50, c=0-311; 

with these the numbers of the second row of the tables were 
calculated. 

Table III. 

E . 1 V*r 2 2V2 4 4 V2 8 8 V2 16 16 V2 32 32 V2 

100 A/N 

calc. ... 25*2 34*6 46 0 62*4 73 0 84*2 92*7 97*4 99*3 99*9 100 100 

obi. 21*5 35*2 43 0 62*7 72*7 & r r8 93*5 95*3 (95*3) 99*4 99*4 99*4 


The values o£ $r, «, however, would imply, by (13), the 
presence of a very high percentage of fog-grains, namely 
little less than 32 pet cent., which of course is out of the 
question. (The constants # = 1*40, «=0*25, and c=0*43, 
giving a somewhat less close but still tolerable agreement 


* Increasing exposure time, that is, at constant intensity. 
212 
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with the observed kj N, would reduce the theoretical fog to 
8 per cent., but even this may be too high ; the actual fog, 
if any, scarcely exceeded 2 or 3 per cent.) Thus, if, in 
view of the close agreement exhibited by the last table, we 
wished to retain these values of g, «, we would have to 
assume that, in this emulsion at least, pre-exposure nuclei 
larger than <r are comparatively rare ; i. e. t that for s>a 
the number of grains having such nuclei diminishes more 
rapidly than would correspond to the normal frequency 
distribution (8). This would evidently make the number of 



0 0.3 07 t _ ^ 1.1 1.5 Id 

LOG E 


FIG.5. 

fog-grains smaller than that required by (13). Yet it must 
be admitted that, although not unlikely, such a hypothesis, 
introduced ad hoc , is not very satisfactory. 

For the present but one more set of experimental data is 
available, and will be considered here. These, not yet 

P ublished, were recently obtained in this laboratory by 
rivelli and Loveland with a pure bromide emulsion. The 
grains were divided into four size-classes, ranging from 0 # 02 
to 1 * 5 , 1*5 to 3 * 0 , etc., up to 6^*, and a “ remainder ” 
extending from 6 y? upwards. The results, kfS as fuuetion 
of exposure time at constant intensity, were for the first 
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four classes utterly irregular, and only the last class could at 
all be utilized for the purpose in hand. The observed (not 
smoothed) values of 100 kj N are given in the last row of 
Table IV., the numbers of the second row being calculated 
by formula (11), with the constants 

<7 = 1*25, a = 0*40, and cs=0*133. 

Table IV. 

B . 1 V2 2 2VJ 4 4V2 8 8V2 16 16 V2 

100 Jfe/N 

calc. 8*1 11*6 16*8 24 0 34*0 46*7 61*4 75*8 87*4 96*0 


obs. 7*6 — 20*6 (32*2) 33*3 *15*6 57*9 746 88*6 98*3 



FIG.G. 

The agreement, ns shown also in fig. 6, seems in itself 
quite satisfactory. But these values of g> a would again 
imply through (13) the presence of too many fog-grains, 
though not so many as in the preceding case, viz., 16 per 
cent. The above-said limitation of the distribution law (8) 
would then again have to be applied. 

To sum up, the formula (11) for the number of grains 
made developable by a given exposure, based upon the size- 
frequency distribution (8) and the law of growth (6) of the 
nuclei, can be said to represent the greater part of the 
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available experimental data with fair accuracy, the devia¬ 
tions being mostly within the limits of experimental error. 
The number of fog-grains (a- ><r), however, implied by the 
best values of a is, according to the subsidiary formula (13), 
in two cases much too large ; and since the latter formula is * 
a direct consequence of the distribution law (8), this would 
have to be replaced by a frequency which beyond <r falls off 
more rapidly. Whenever g—a is large enough (say only 
1\5), as in most cases considered above, this difficulty does 
not arise, and it remains to be seen whether such will 
not be also the case of the majority of future experimental 
findings. 

A Refinement of the Main Formula . Effect of Finite Size 
of and Competition beticeen the Nuclei . 

Formula (11) for the number of grains affected by a given 
exposure is capable of a certain refinement which, though 
verifiable only on much more accurate data than those 
hitherto available, has even at this stage seemed to offer 
some interest. 

In deriving that formula, account was taken only of a 
single nucleus for each grain, namely the largest of those 
present upon the grain ; and its logarithmic rate of growth 
was assumed to be proportional to the incident light-intensity, 
the coefficient c being supposed constant. This assumption, 
expressed by (6), gave the simple relation s/a~e~ oE . 

Now, since the nuclei grow, simultaneously, by accretion 
of silver atoms derived more or less directly from the whole 
grain, it is reasonable to assume that the (logarithmic) rate 
of growth of each nucleus is, ceteris paribus, some function 
of that part of the area of the grain which is not occupied 
by nuclei formed up to the given instant. The nuclei being 
very small compared with the grain, such a modification of 
our original assumption will affect the final result only to 
a small degree. Yet the effect may turn out to be per¬ 
ceptible, and it has therefore seemed worth while to derive 
the consequence of the proposed modification. 

Let us then consider a grain having # + l nuclei of 
initial sizes s , s l9 s 9y ... s K9 of which $ is the largest. Let 
a\ <ri\ • a K he their sizes at any stage t of growth, 
and a the size of the grain. Then the modified assumption 
may be written 

—-=/(a—«r'—<r/—o-j'- ... —<rJ)IAt, j 

da , [ (U). 

</—O'/—«r,'— ... —ajyidt, etc., j 
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where the form of the function f, which will be left un¬ 
specified, may vary from emulsion to emulsion. Thus, for 
instance, in the case of the four classes of the Slow Process 
emulsion f would be nearly proportional to its argument. 
%<r H being small compared with a, and also (as we will 
assume) compared with /(<*)//'(«), we can write 

i 

/(« — <?' — — ... — <r K r )~c [1 — + af + ... +o , «], 

where c~f(a), @~f(a)/f(a). 

The right-hand members of the *+l equations (14) being 
all equal, we have, for i = 1, 2,... 

doi _ da' 

a i a' 

whence log™ = const., ai fa ' = const., *.<?., 

a' fa —Sijs .(15) 

In fine, all the nuclei upon the same grain grow pro¬ 
portionally to each other. It is thus enough to consider 
only one of the equations (14). We will take that for the 
largest nucleus, since this decides the final developability of 
the grain. Thus, introducing (15) into the first of (14), and 
writing Idt~dE, 


or, putting 

c=i + *+ + *?+... + 

s s s 


which for a given strain is a constant, 

do- 1 _ pi 1 ~~\ j t 

*'(1-/9<r'“ ~~1_ \ da : 

L 

^!l'> 


cdE. 


Thus 


/ ( a -'— = Ae cE , A=const., 


and since o'*** for E = 0, 

_ e , E 

In particular, if a 1 —a be the size at which the nucleus 
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becomes developable, and E the exposure which makes it 
grow from s to a, 

_?_ _ _ e oE 

1-0&=1-0Z* ’ 

Since 0<r y and even £$<r, will be a small fraction ot unity, 
and the more so 5/8$, vve have, up to second-order terms, 


)]««*, 


and here we may put, in the small correction term, 
<s=ae~ cE . 

Thus, ultimately, 

s/tr = e-*\ m l + 0fr(l-e-‘*)V 

y 1^1, , \ • • ( 16 ) 

?— 1 + " (*i + H + • • • ■»«)> 

c being some function of a, and 0~c'(a)/c(a). This value of 
s/a, replacing the original expression £- cE , is now to be 
substituted into the previous equation : # 


k _ *--*) 

N —aj-h <E>(a) 


. . (17) 


giving the number of grains k made developable by an 
exposure E. The departure from the original formula (11) 
will depend on J3£<r. (Notice that 0 is a reciprocal area. 
If c is proportional to a, then f3=*l /a.) 

The value of the coefficient f of the correction term may 
vary from grain to grain, the number of nuclei (#-fl) as 

well as their relative sizes, S ~, —, etc., being different for 

different grains, even if the latter be all of the same size a. 
But in applying formula (16), we may as well take for f a 
unique number, to be considered as an average value of this 
grain-coefficient. Thus /c + 1 can be replaced by the average 
number of nuclei per grain, and for every ratio S{/s the mean 
of these ratios can be taken, for which some reasonable 
value, such as may be provisionally adopted. This would 
give 

where, of course, *-f 1, the average number of all nuclei per 
grain, would still remain unknown and to be determined 
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experimentally. Thus far, data of this kind, apart from a 
few probably incomplete results (disclosing perhaps only 
some of the nuclei), due to Svedberg and Toy, do not seem 
to be available. Still less known is a, the minimum size of 
an “active ” or developable nucleus. This, moreover, will 
depend on the development. Under such circumstances the 
whole coefficient /3£<r of the correction term in formula (16) 
would have, for the present, to be considered as one more 
empirical parameter, in addition to the main parameters 
g , «, r, to be adapted to the observed k , E curves. 

Rochester, N.Y. 

October 3, 1927. 


L. On the Coefficient of Sound-absorption Measured by the 
Reverberation Method. By E. T. Paris, D.Sc.* 

T HERE are several methods of measuring the coefficients 
of sound-absorption for different materials t* In the 
reverberation method of W. C- Sabine a specimen of the 
material to be tested is mounted inside a reverberation- 
chamber, and the coefficient of absorption (defined as the 
ratio of the difference between the incident and reflected 
energy-fluxes to the incident energy-flux) is deduced from 
the observed effect of the presence of the specimen on the 
rate of decay of sound in the chamber. According to 
the theory of reverberation, the specimen receives sound 
at all angles of incidence from 0° to 90°. 

There are, however, other methods of measuring sound- 
absorption in which plane-waves of sound are made to 
impinge on a specimen at some definite angle of incidence. 
For example, in Watson's experiments a beam of sound 
(produced by means of a source at the focus of a para¬ 
boloidal reflector) was directed on to the specimen to be 
tested. In this method the angle of incidence is determined 
at will by suitably arranging the relative positions of the 
specimen and the reflector. Again, in the stationary-wave 
method sound-waves fail normally on the specimen, the 
coefficient of absorption being deduced from observations on 
the interference pattern in front of the specimen. 

In general the coefficient, of absorption of a given sub¬ 
stance is a function of the wave-length of the sound and of 

* Communicated by the Author. 

t A description of the methods at present in use is given by Davis and 
Kaye, * Acoustics of Buildings/ chap. v. (Bell, 1927). 
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the angle of incidence, so that the value of the coefficient 
obtained by the reverberation method cannot be expected 
to agree with that obtained by one of the other methods 
mentioned above. 

In the present paper an attempt is made to correlate th*e 
coefficient of absorption of a substance, measured at some 
particular wave-length and expressed as a function of the 
angle of incidence, with the coefficient of absorption deter¬ 
mined by Sabine’s reverberation method for the same 
wave-length. 

The coefficient measured by Sabine’s method will be 
called the “ reverberation coefficient of absorption” and 
denoted by « r . The coefficient of absorption for waves 
incident at an angle 0 will be denoted by a(0 ), 

The theory of reverberation as developed by Sabine, 
•Jager, and others is a departure from classical methods in 
theoretical acoustics, and involves certain assumptions 
regarding the distribution and behaviour of sound-energy 
in an enclosed space in which reverberation is occurring. 
Accounts of the theory and of the assumptions made have 
been given in recent years by E. A. Eckhardt * and E. 
Buckingham +. The question of the validity of the assump¬ 
tions involved will not be discussed here, but attention will 
be confined to examining the result of introducing the co¬ 
efficient a(0) into the theory of reverberation with the object 
of finding a relation between et(0) and a r . 

The rate at which sound-energy strikes the walls of a 
room in which reverberation is occurring is found as 
follows X* Let <£S be an element of area of the wall of a 
room in which the acoustical energy-density p is uniform, 
and let dV be an element of volume at a distance r from 8 
in a direction making an angle 0 with the normal n to 
dS (fig. 1). Of the cnergv pdV contained within dV at 
any instant, that portion will ultimately strike rfS which is 
moving within directions included within the solid angle 

do) = (fS cos 0/r 2 

subtended by dS at dV. This fraction is dt»/47r, so that the 
amount of energy inside dV which will ultimately strike 
dS is 

(p dV dS cos 0) / (47rr*). 

The total amount of sound-energy that falls on dS in one* 

* Journ. Franklin Inst. cixv. p. 799 (1928). 

+ Sci. Paper of the Bureau of Standards, No. 506 (1925h 

J Cf. Buckingham, loc. tit. p. 201. 
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second is obtained by integrating this expression throughout 
a 'hemisphere of radius a described about dS as centre r 
a being the distance traversed by sound in one second. 
Thus, using polar coordinates r, 6 , <j> (fig. 1) so that 

dV = r 2 sin 6 dr dO d<f >, 

we have for the rate at which sound-energy falls on rfS : 



The rate at which sound is absorbed at d 8 is 



where is the reverberation absorption-coefficient appro¬ 
priate to the surface of which d S forms a part. 

Another expression for the rate at which sound is absorbed 
at can be formed by making use of the coefficient 
a(0). Thus the rate at which energy coming from dV is 
absorbed at tfS is 


*(6) . 0 d V dS cos 0) / (4*rr*), 
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and hence the total rate of sound-absorption at is , 

C a C 2 " r»/a 

— | dr l dd> I a{6) sin 0cos0d0 
47r 'o .0 

= ( ”* «(6) sill e cos e dd. . (3") 

% 0 

By equating the expressions (2) and (3) for the rate at which 
sound is absorbed at d S, we find 

ol t = 2 i a(0) sin 6 cos 6d9* . . . (4) 

"o 

This equation provides a means for finding « r when *(0) 
is known. It is clear, however, that in general the deter¬ 
mination of a r in this wav would he very laborious, for it 
would be necessary to find a.(0) for all values of 0 between 
0 and 7r/2 (probably with apparatus of the type used by 
Watson) before the integration in (4) could be effected. 
Incidentally, equation (4) shows that a simple determination 
of the coefficient of absorption at normal incidence, that is 
*(0), by stationary-wave or other small-scale testing appa¬ 
ratus, supplies insufficient data for calculating the reverbera¬ 
tion coefficient a r . 

There is, however, a class of substances for which the 
difficulty of finding u(0 ), and thence a r by means of equa¬ 
tion (4), is not great. The substances referred to are the 
porous acoustic tiles and plasters used in architectural 
acoustics. For such materials it is possible to determine a 
quantity called the “ acoustical admittance per unit area of 
reflecting surface” from which the coefficient of absorption 
at any angle of incidence, a(0), can readily be calculated *. 

Substances of this type absorb sound by virtue of the fact 
that during reflexion there is a movement of air into and 
out of the pores of the material. If the pores are small this 
in-and-out movement of air is accompanied (owing to 
viscosity) by the degradation of sound-energy into heat* 
If <I> is the velocity-potential due to incident and reflected 
sound-waves at the surface of a porous medium of the kind 
indicated, and q is the volume of air per unit area of surface 
moving periodically in and out of the pores, then £«ft<]>, 
where ft is the “acoustical admittance per unit area of 
reflecting surface.” 

An ideal substance of the type contemplated would consist 
of a flat solid wall perforated by a great number of pores* 

# JProc. Hoy. Soc. A, cxv. p. 407 (1927). 
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bounded by surfaces everywhere perpendicular to the flat 
face of the wall. The characteristic feature of such a 
reflecting surface is that sound-waves are produced only in 
the pores and not in the solid material itself. Also the 
wave-motion in the pores is not transmitted internally from 
one part of the reflecting surface to another, so that ft is 
independent of the angle of incidence. Acoustic tiles and 
plasters, while not conforming precisely to this specification, 
appear to do so to an extent which justifies the employment 
of an “acoustical admittance” (assumed independent of the 
angle of incidence) in connexion with the investigation of 
their acoustical properties. 

It can be shown * that the coefficient of absorption of a 
porous substance of the kind under consideration can b© 
expressed in terms of acoustical admittance per unit area as 
follows :— 


«(*) - i -j 


cos # — afl ;* 
cos 0 + aft ’ 


. (5) 


where a is the velocity of sound, and 0 , as before, is the 
angle of incidence. If ft is separated into its real and 
imaginary parts, say ft = ftH-tft 2 > then 




4aft t cos 0 

~~ cos 2 04-2aft, cos 0 4* a a (ftj 2 


iV) • 


( 6 ) 


By substituting this value for *(&) in (4), we obtain 

— S I t 8 _ eos 1 ’ ft sin 0 did 

«r — a 1 ^ cos 2 ftiafti »:os tt+ «*(!!!* ^ 1 ' 

Let 

;r sss cos ft, A = a*(fl,* + «,•), and B = 


Then, since 4A —B* > 0, 


ad da- 


* r = 4B | ,,-. 

r ’ 0 x s + B# •+• A 

= 4B jjr—£B log,, (x 3 + B.r + A) 

, B 1 —2A . 2z + B yi 1 

+ %/(4A—B*) tan (,V(4A—B s ))j 0 ’ (b) + 


• Proc. Roy. Soc. A, exv. p. 418 (1927), 
f Peirce, * Short Table of Integrals,’ p. 9 (Ginn & Co.). 
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Or, patting in the values of A and B, 

_ Ti n 1 (l+afii ) 2 + (an 2 )* 

« r - 8afl, |^1 aQj loj>. f ^ 


+ 


a-X n^-Qj. 8 ) i . /l + «Qi 


ail.2 


i . /I 4* alJi\ 

t 1 *" ‘(ssr) 


— tan 


/all 


;)}]• < 9 > 


By menus of (2) the reverberation coefficient can be 
calculated for any porous reflecting surface for which the 
acoustical admittance per unit area is known. 

For example, a determination was made, by means of 
stationary-wave apparatus, of the acoustical admittance 
of “ Akoustolith ” tile (supplied through the Building 
Research Board of the Department of Scientific and 
Industrial Research) at 512 vibrations per second. Details 
of the apparatus employed and the method of finding 
**acoustical admittancehave been given elsewhere*. The 
value obtained for 12 was 0*0641 — i x 0*0643, and inserting 
this value in (5) and (9), we find that a(0)=0‘23 ana 
<* r =0*35. Thus, according to this calculation, the rever¬ 
beration coefficient is considerably greater than the 
coefficient at normal incidence f- 

The calculated value of ^agrees well with that quoted by 
Watson $ for Akoustolith tile at 512 vibrations per second, 
viz. 0*36. Davis and Kaye §, however, quoting results 
obtained at the Building Research Station of the Department* 
of Scientific and Industrial Research by a reverberation 
method, give the surprisingly low value of 0*19 for the 
coefficient at the same frequency, this being less than 
the coefficient at normal incidence. There appears, there¬ 
fore, to be some uncertainty as to the true value of the 
reverberation absorption-coefficient of this substance, and no 
conclusion can safely be drawn as to whether the calculated 
value of * r is or is not confirmed by experiment. 

The absorption of sound by an ideal porous substance, 

♦ The apparatus is described in Proc. Phys. Soc. xxxix. p. 274 (1927) { 
the method of finding Q is given in Proc. Roy. Soc. A, cxv. p. 418 (1927). 

f The value of 0*23 for «(0) is less than that given in an earlier paper, 
viz. 0*26 (Proc. Phys. Soc. apexix. p. 281,1927); this may be due to the 
fact that the specimen used in the present test was an old one and had 
suffered some damage which had been repaired with plaster of Paris. 

% Acoustics of Buildings/ p. 25. 

5 ‘ Acoustics of Buildings/ p. 116. 
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presenting a flat surface to the incident sound, and perforated 
by a large number of similar channels bounded by surfaces 
perpendicular to the face, was the subject of a theoretical 
investigation by Rayleigh *. It has been pointed out in a 
previous paper f that, in the special case when the pores are 
so long that the vibrations within them are sensibly extin¬ 
guished before the stopped ends are reached, the acoustical 
admittance per unit area (derived from equations given by 
Rayleigh) has a specially simple form, being proportional to 
the fraction of the urea of the reflecting face which is 
occupied by the pore-openings. If <r is the perforated and 
<r f the corresponding imperforated area, 

afl = cr/(<r + cr f ) .(10) 


The coefficient of absorption at an angle 0 is, by (5), 


a(0) = 


4aft cos 0 


(ii) 


(aI2-f cos#) 3 ’ 

which becomes unity when cos# = afl, so that there is 
always some angle of incidence, given by cos # = cr/(<7-+-a'), 
at which total absorption occurs. With B = 2aA we have, 
instead of (8), 

4B r **<'* 


a r 




u n fl^- 2 a£l , 1 + aft i , 

}• < 12 >* 

Some niimerial results obtained by means of (11) and (12) 
are given in the following table and serve (in the absence of 


t 

^ } 
• i 

I 

K- 

0(0). 

« r . 

0*05 

87 08 

0*18 

0-30 

•i I 

84 15 

*33 

•49 

•2 

78 28 

•56 

*72 

*3 

72 32 

*71 

*84 

•5 

60 00 

*89 

•94 

*7 

45 34 

•97 

•95 

’9 

25 50 

•997 

*93 

1*0 

00 00 

1000 

•91 


* Phil. Mag. xxxix. p. 225 (1920); Sci. Papers, vi. p. 662. 
t Proc. Roy. Soc. A, cxv, p. 418 (1927). 

1 Peirce, * short Table of Integrals/ p. 6 (Ginn & Co.). 
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data concerning substances actually employed for absorbing 
sound) to indicate how a reverberation coefficient may differ 
from the coefficient at normal incidence. The first column 
gives the value of oil, or a/(a -her') ; the second column gives 
the value ( 0 m ) of the angle of incidence at which total 
absorption occurs ; the third and fourth columns give thrf 
values of *(0) and ot r calculated from (11) and (12) 
respectively. 

If the figures in the last two columns are plotted against 


Fig. 2. 



&/(<r+:&') as in ng. 2, it is seen that 0) when 

<r/(<r + a f ) =0*65 approximately, a,, being greater than a(0) 
when <rf(<r + cr') is smaller than this value and less than 
*(0) when it is greater. The rise in ot r ag a/(& + &*) is 
increased from 0 to 0 3 is very rapid, but little can be 
gained by making the proportion of perforated area greater 
than 0*3* 

The reverberation coefficient passes through a maximum 
value of about 0 95 when <?/(& + <r') is between 0*6 and O'7, 
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that is when 6 m is between 45°*5 and 53°*1. This result is 
in accordance with the fact that the amount of energy 
incident at an angle 6 on an element of surface is propor¬ 
tional to sin 2d } and is a maximum when 0 = 45°. It is 
therefore reasonable that <x r should be a maximum when 
0 m > the angle at which total absorption occurs, is in the 
neighbourhood of 45°. 

In conclusion, it should perhaps be emphasized that the 
results obtained in this paper are dependent on the assump¬ 
tion made in the theory of reverberation as to the behaviour 
of acoustical energy in an enclosed space. Interference is 
entirely ignored. The justification for this assumption is 
that it provides a theoretical basis for the reverberation 
formula* which have been used with such striking success 
in auditorium acoustics. It remains to be seen whether its 
employment for establishing a relation between reverbera¬ 
tion coefficients of absorption and those obtained by other 
methods will be justified by experimental results. 

The investigation described in this paper was undertaken 
in connexion with experiments on sound-absorption carried 
out in the Acoustical Section of the Air Defence Experi¬ 
mental Establishment with the aid of funds provided by the 
Department of Scientific and Industrial Research on the 
recommendation of their Physics Research Board. 


Summary . 


A formula is deduced from reverberation theory by means 
of which the reverberation coefficient of absorption of a 
material can be calculated if the coefficient for plane waves 
is known for all angles of incidence between 0 and tt/2. In 
the case of certain porous substances the reverberation co¬ 
efficient can be found if the acoustical admittance per unit 
area is known. It is shown that in general the reverberation 
coefficient differs from the coefficient at normal incidence. 
Some numerical values for an ideal porous substance are 
given by way of illustrating the results obtained. 


Biggin Hill, Kent, 

November 1927, 
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LI. A Theory of Light-Scattering in Liquids . 

By Prof. 0. V. Raman, F.B.S., and K. S. Krishnan*. 

1. Introduction . 

T HE theory of light-scattering in gases with optically 
anisotropic molecules was discussed by the late Lord 
Rayleigh f and by Born J, whose investigations showed that 
the anisotropy results in the transversely scattered light 
becoming imperfectly polarized and also in making its 
intensity greater than for a gas of equal refractivity with 
isotropic molecules. In a monograph § by one of us, pub¬ 
lished in February 1922, and in further papers communi¬ 
cated shortly afterwards to the Philosophical Magazine ||, 
the case of dense fluids was dealt with, and it was shown 
that by considering tlie scattering due to the thermal fluctu¬ 
ations of density in the fluid and also the additional 
scattering due to the anisotropy and varying orientations of 
the molecules, the observed phenomena could be satisfactorily 
explained. A general theory of light-scattering t in fluids 
from the molecular standpoint was worked out shortly 
afterwards in two papers by Dr. K. R. Ramanatlian H. His 
treatment is very wide in its scope and is applicable equally 
to the case of polar and non-polar molecules. Dr. Itama- 
nathan has returned again to the subject, and in a recent 
paper ** has examined critically the relation of his general 
theory to the special treatment worked out by R. Gansft 
for the restricted class of liquids with non-polar molecules.' 

An examination of the data for depolarization of the light 
scattered by fluids With the aid of Raraanalhan’s formulae 
indicates an apparent change (usually a large diminution) 
in the optical anisotropy of the molecules of a given sub¬ 
stance as it passes from the condition of vapour to that of 
liquid tt. A similar discrepancy becomes apparent when the 
optical anisotropy of the molecule is determined from the 

♦ Communicated by the Authors. 

t Lord Rayleigh, Phil. Mag. vol. xxxv. p. 873 (1918). 

t M. Born, Deutsch. Pkys. GeseU, Ver. vol. xix. p. 248 (1917). 

§ 0. V. Hainan, ‘ Molecular Diffraction of Light/ Calcutta Univ. 
IPress (1922). 

S C. V. Raman and K. R. Ramanathan, Phil. Mag. vol. xlv. p. 113 
23); C. V. Raman and K. S. Rao, vol. xlv. p. 625 (1922). 

K. R. Ramaaathan, Proc. Ind. Assoc. Cult. Sc. vol, viiL pp, 1 & 

181 (19m 

** K. R. Ramanathan. Indian Journal of Physics, i. p. 413 (1927). 

, *+f R. Gans, Z$iU,fur Physik , xvii. p. 868 (1923). 

/ XX K. S. Krishnan, Proc. Ind. Assoc. Cult Sc. ix. p. 261 (1926), 
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electric double refraction in the liquid using the well- 
known formula due to Langevin, and is compared with the 
value derived from observations on light-scattering in the 
vapour. As an explanation of this phenomenon it may of 
course be suggested that some kind of temporary grouping 
or association of neighbouring molecules occurs in the 
liquid in such a manner as to diminish their effective optical 
anisotropy. Such an assumption however, besides being 
artificial and qualitative, would appear difficult to sustain, 
particularly when it is noticed that the apparent diminution 
of optical anisotropy is quite as marked in liquids usually 
considered as “ non-assoeiated/’ e. g. the paraffins, as in 
others which are typically “ associated ” like the alcohols. 
The facts stated above necessitate a revision of the theory 
of light-scattering in liquids. It is proposed in this paper 
to put forward a theory which does not involve any artificial 
hypotheses and which offers a natural explanation of the 
observed facts. 


2. The Fundamental Postulates, 

Any satisfactory theory of our subject must consider the 
optical properties of the molecules composing the fluid, their 
distribution and orientations in space, and the field actually 
acting on them. We assume that the molecules are polar¬ 
izable differently along three mutually perpendicular direc¬ 
tions fixed to them, which might be called the principal 
optic axes of the molecules. As to their distribution and 
orientations in space, we have not at present full knowledge. 
The molecular aggregation in liquids is presumably inter¬ 
mediate in character between the two extreme cases of an 
ideal crystalline solid and a perfect gas. Tf we follow an 
individual molecule in a liquid over a sufficiently long time, 
it can take up all possible positions and orientations, and 
thus the conditions approximate to those of a gas. If, how¬ 
ever, we consider a molecule in relation to its immediate 
neighbours, the analogy between the solid and liquid states 
is closer. We are not justified in treating the space-distri¬ 
bution us random, because the molecules have a finite 
size, and in the dense assemblage forming a liquid they 
would naturally restrain each other’s freedom of movement 
to a considerable extent. On the other hand, we shall not 
be seriously in error if we assume the freedom of orientation 
of the molecules to be comparatively unrestricted in most 
liquids. It is true that in many actual cases the molecules 
* C. V. Raman and K. S. Krishnan, Phil. Msg. iih p. 727 (1927). 

2E2 
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are highly unsymmetrical in shape, and hence in finding the 
probability of any particular configuration of neighbouring 
molecules, both spacing and orientation have to be considered 
together. Nevertheless, we may regard the effect of mole¬ 
cular collisions as equivalent approximately to a restriction 
of the possible arrangements of the molecules in space* 
while their freedom of orientation is retained. 

To make our ideas more precise, we may fix our attention 
on a volume element in the liquid whose linear dimensions 
are large in comparison with the size of a molecule, and 
consider the spontaneous fluctuations in the number and 
orientations of the molecules contained in it. We shall 
make the following assumptions :— 


(1) That ihe fluctuations in density of the fluid present 
in an element of volume Sv are given by the usual Smolu- 
chowski-Einstein expression 


Sn 2 — 


RTjSwo 2 
mv 9 



where 8n* is the mean square of the deviation of the number 
of molecules per unit volume from its mean value n 0 , It and 
N are the gas constant and Avogadro number respectively 
per gram molecule, ft is the isothermal compressibility, and 
T is the absolute temperature. 

(2) That the number of molecules in the volume element 
having at any instant any given orientation, will be the 
same as though all the molecules in the volume element 
were oriented entirely at random, and that fluctuations in 
orientations are entirely uncorrelated with the fluctuations 
in density. 


3. The Polarization Field in Liquids . 

We have next to consider the question of the field actually 
acting on any molecule in the liquid. In a gas this will 
evidently be the same as the field of the incident light-wave. 
In a liquid, however, we have also to take into account the 
field due to the doublets induced in the surrounding mole¬ 
cules. This “polarization field 99 is usually taken to be 

where % is the susceptibility of the medium per unit 

volume and E is the incident field, it being thus tacitly 
assumed that the polarization field acting on any given 
molecule is independent of its orientation in the field. This 
assumption would be valid, only if the molecules surrounding 
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it were distributed in such a manner as to be equivalent to a 
spherically symmetrical arrangement of polarizable matter. 
While this assumption may be justified for molecules at a 
sufficient distance from the one under consideration, it is 
not necessarily true in respect of its immediate neighbours. 
If the shape of a molecule departs greatly from spherical 
symmetry, it would be incorrect to regard the distribution 
of polarizable matter immediately surrounding it as com¬ 
pletely symmetrical. The polarization field acting on a 
molecule must thus, in general, vary with its orientation in 
the external field. To express this “ anisotropy ” of the 
polarization field in mathematical language, we choose 
three mutually perpendicular axes fixed in the molecule 
such that when the incident field lies along any one of them, 
the polarization field is also in the same direction, and is 
given by jt^E, or PzX®*' w here p u p i9 /> 3 are constants 

characteristic of the molecule for the given density and 
temperature of the liquid. It is quite possible to discuss 
the general case where these axes of the molecule are dif¬ 
ferent from its optic axes. However, for simplicity we may 
assume that the two sets of axes are coincident in direction. 

An important question which arises here is whether the 
local field acting on a molecule is influenced appreciably by 
the fluctuations of density and molecular orientation in its 
immediate neighbourhood. This question has been discussed 
by Ratnunathan in his recent paper, and he has given reasons 
for assuming that the local field should be regarded as 
constant. His argument may be modified and expressed in 
the following way :—The local field arises in part from the 
external field, and in part from the polarization of the entire 
medium surrounding the molecule under consideration. If 
the distribution at any instant, of polarizable matter sur¬ 
rounding the molecule, can be regarded as spherically 
symmetrical, it can be shown by dividing up the medium 
into concentric spherical shells that the polarization field 
acting on the molecule at the centre is unaffected by either 
a diminution or an increase of density in its immediate 
neighbourhood. This conclusion remains valid even if there 
be fluctuations from spherical symmetry in the distribution 
of polarizable matter round the molecule, for it may be 
shown that this would give rise to a fluctuation of the polar¬ 
ization field which would be uncorrelated in sign with the 
local variation of density and may therefore be left out of 
account. The argument of Bamanathan appears to be 
correct, and, as we shall show later in the course of the paper, 
its validity remains substantially unaffected even when, as 
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in our present treatment, the polarization field acting on a 
molecule is assumed to vary with its orientation in the 
external field. We now proceed to modify the treatment of 
light-scattering given bv Ramanathan so as to take the 
/anisotropy of the polarization field into account. * 

4. Radiation from a given Molecule . 

Let a beam of plane-polarized light be incident in the 
medium along the .r-axis of a system of coordinates xyz 
fixed in space, the electric vector of the light-wave, equal to 
E, say, lying along the £-axis. Let us consider a molecule 
at 0 radiating under the influence of the light-wave. We 
choose the optic axes of the molecule as the axes of another 
coordinate system of course rigidly fixed to the mole¬ 
cule, their orientation in space being defined with reference 
to the xyz axes by the usual Eulerian angles 0, <f>, •yfr. Then 
the cosines of the angles between the different axes are 
given by the following table 

Table I. 



T. 

V- 



S* u = cos 0 COS iff COS ^ 

— sin 0 sin xf/. 

« ia = cos 9 sin 0 cos xf/ 

4- cos 0 sin 4>- 

sb, 3 = — sin 9 cos 4*- 

n ... 

* 21 = — cos 9 cos 0 sin i p 
— sin 0 cos 4/ 

— cos 9 sin 0 sin xp 
+ COS 0 cos \p. 

« a a= sin 9 sin 

«... 

* 31 5= sin 9 cob 0. 

* 33 = Bin 0 Bin <p. 

«33= COS 9. 


Now, if A, B, C be the moments induced in a molecule 
per unit field acting respectively along its three axes, then 
the actual moments induced in the molecule at O along its 
axes by the electric vector of the light-wave are 

AE(l+pix)*j»il 

BE(l+p 2 x)*ss , |’.(2) 

and CE(1+2>3X)“S3 J 

respectively. We may denote these expressions shortly by 
A'E<*i,, A'Easjs* and 0 'Ea 8 3 » where 

A'=A(l+p lX )A 

B' = B(l+y, X )A.. <3> 

: o'-ccn - PiX ).y 
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When these moments are resolved along the #-axis, their 
sum is equal to 

= E (Abigail + •B / ^23 a 21 + • . (4) 

At a large distance d from the molecule measured along 
the y-axis, i. e. transversely to both the direction of vibration 
and the direction of propagation of the incident light, the 
amplitude of the o^-component in the radiation from the 
given molecule is obviously equal to 

. (5) 


d M *’ 


where 



Similarly, tlieamplitude of the 2 -component of the radiation 
from the given molecule will be equal to 

.< 6 > 

where M z is the sum of the resolved components along the 
r-axis, of the moments induced in the molecule, and is given 

L> M,=E(AV + B'V + 0'a 3 ^), ... (7) 


5. Orientation Scattering . 

We now imagine the space occupied by the fluid to be 
divided into a large number of equal volume elements 
forming the cells of a regular cubic space-lattice. The 
linear dimensions of the volume element are assumed to be 
small in comparison with a wave-length, and at the same 
time large enough to include a great many molecules. The 
fluctuations in the number and orientations of the mole¬ 
cules in any one element may, in the circumstances, be 
considered to be independent of the fluctuations in the 
adjoining ones. At any given instant the radiations from 
the different molecules in a volume element may be taken 
to be in the same phase; and in order to get their instan¬ 
taneous aggregate effect at the point of observation, we 
have merely to add up the amplitudes due to the individual 
molecules. Thus, for instance, the amplitude, at any given 
instant, of the ^-component of the radiation from a volume 
element Bv will be given by 

.. ( 8 > 

a 

where 2 denotes summation over all the molecules in 

We hate next to compound the effects due to the different 
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volume elements. Since each o£ these contains a large 
number of molecules, which, as mentioned in section 2, are 
oriented at random, the average value of 2M X (given by (4)) 
taken over the different volume elements will be nothing. 
However, for any single element, 2 M* will, in general,* 
be finite, being as often positive as negative, its actual 
value being determined by the chance orientations at 
the given instant of the molecules present in it. The 
values of 2 M* for different volume elements will thus be 
entirely uncorrelated, and the resultant effect is accordingly 
obtained by addition of the intensities (represented by the 
squares of the amplitudes), and not by addition of the 
amplitudes. Thus the problem reduces to one of finding the 
average value of the intensity taken over all the volume 
elements, and will evidently be the same as finding what is 
called in the theory of probabilities the “ expectation of 
intensity from a single volume element; *. e., the mean value 
of the intensity to be expected after a very large number of 
trials in each of which the number and the orientations 
of the molecules present in it are rearranged arbitrarily 
according to the principles of statistical mechanics. 

Since, as is evident from (1), the fluctuation of density is 
very small in comparison with the mean density, we may 
reasonably assume in the calculation that in the different 
trials the total number of molecules in the element of 
volume does not vary, only their orientations varying 
arbitrarily. The expectation of X 2 from $v will then be 
given by 

X 2 = x expectation of (2 M*) 2 from 8v, 
which can easily be shown to be equal to 

■pngSvMp, .( 9 ) 


where M x 2 denotes the average value of M/ tuken over all 
the molecules in the element, u e. over all orientations, and 
is therefore given by 


r*0=Tr / , v//=2tt 

l j | E*(A / « 1# a| 1 -P B'etag**! «f C'^gaai)* 

j9moJ*** *=o sin dddd^d^ 

~ ~ 

111 sin 8dBdd>d^r 

Jt=0 d^-0 ,'<p=0 

.... ao) 


.(ii) 

where 

r*s\)i:{A'~B')*+(B'-C0 9 +(C'-A0 1 ]. . . (12) 
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Then from (9) we get for the intensity of the a>-component 
of the scattering per unit volume 

Ix=^E\F.( 13 ) 

Coming now to the ^-component, we may write expression 
(7) for M x shortly as 

M* = EL,.. . ( 14 ) 

where 

L=AV + BV+CV. . . . ( 15 ) 

As before, by summing up the amplitudes of the radia¬ 
tions from the individual molecules in Sr at any instant, we 
get for the resultant amplitude 

7,2 

Z = * E 5 L.( 16 ) 

2, as before, denoting summation over all the molecules 
in Bv. For convenience in discussion we can rewrite the 
expression in the form 


Z = E fs + v { L 

d L A \ 


A'+B' + O 1 


)] 


Fg A'^B' + O ' 


>tSt;+~E2(L- 


3 


A' + B' + C 
3 


• (17) 

)• ( 18 ) 


The two terms in (18) may be denoted by Z» x and Z 3 
respectively. We shall in the first place consider the second 
term Z 2l reserving a discussion of the other term to the next 
section. A' + B' + (y\ 

At any instant the average value of — -^- J 

for the different volume elements can easily be shown to be 
zero. But as in the previous case its actual value for any 
single element will be finite, in general, and will be deter¬ 
mined wholly by the chance orientations of the molecules in 
it. Hence, so far as the second term of (18), viz. Z 3 , is 
concerned, we have as before to add up the intensities due 
to the different volume elements in order to get the total 
intensity. 

Following the same reasoning as in the case of the 
^component, we get for the expectation of intensity on 
account of the second term of expression (18) from a volume 
element Bv 

-~E»n 0 Sr(L -. . (19) 
where the bar over the last factor denotes averaging over 
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all orientations, 

* ^E*» 0 Si> x & [(A'- B') s + (B' -C') s + (O' - A') J ]. (20) 

= ^EV«x!F. (2b) 

Thus we get for the intensity of this part of the £«com- 

ponent, scattered per unit volume 

.( 22 ) 

The expression 

Ix+I rt =|^E*noF.(23) 

gives the u orientation ” scattering per unit volume. In the 
special case when A'ssB'ssC', i. e. when the moments 
induced in a molecule are isotropic, F = 0 and the orientation 
scattering naturally disappears. 


6. lJensity Scattering . 


We have still to consider the first term in (18), viz. 


A' + B' + C' 

3 


Zi« .E 

a 


*• A' + B' + O' 


,$v. 


(24) 


is the average moment induced in a molecule 


per unit external field, the average being taken over all 
directions of incidence of the field with respect to the 
molecule. The actual field on the molecule which produces 
this moment can be divided into three parts :— 


(a) The external field. 

( b ) The field arising from the doublets outside a spherical 

volume element containing the molecule at its 
centre. 

( c) The field arising from the molecules within the volume 

element. 


For the reasons given in section 3, the fields (a) and (6) 
will be unaffected by the fluctuations of density in the 
volume element, and hence the corresponding contribution 
from these fields to the mean moment of the molecule, via. 


A + B + C 

3 

cap be regarded as constant. 






Theory of Light •Scattering in Liquids . 507 

The rest o£ the contribution to the mean moment, viz. 

£(Acrx 4* B<7 2 + C'G’six* .... (25) 




47r > 

<7l 

=pi- 

3 ’ 



4tt 1 

<r 2 

= P2~ 

r ’ 



47T 

*3 

= Pi- 

"a"’J 


(26) 


comes from field (c) due to the immediate neighbours, and 
lienee will vary directly with the fluctuation of n in the 
volume element. However, in any actual case A <r x + Bo* + (V 8 
is negligible in comparison with A 4- B + O (generally 1 or 2 
per cent.), and hence we may reasonably assume that the 

A' -i-B'4* O' 

whole of the mean moment, i. e . ~---, is independent 

of the fluctuations of n. ^ 

Expression (24) can then be written in the form 

***+»+«M.. (27) 

The first term represents that part of the amplitude which 
will be constant for the different volume elements, and on 
compounding will cancel each other out by mutual inter¬ 
ference, owing to the regularity in the arrangement of the 
volume elements in the medium. The amplitude represented 
bv the second term, however, being determined by the 
chance fluctuation $/i, will be uncorrelated for the different 
volume elements, and we shall have to add their squares to 
get the resultant intensity. Thus 

<A'+B'-fC'\ s , 


Z?=> 


(A '+B' + C' y 


v*, 


(28) 


which, using (1) and the relation 

A' + B' + tV u ?-1 

„„ -g-= 

where fi is the refractive index of the medium, reduces to 

,RT fi 


(29) 


Zj*— —E*- 


n ait; 


Sv. 


(30) 


Thus we have for the “ density scattering ” per unit 
volume 

‘■■Wrl. (31> 
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The total intensity of the ^-component 

I*=I*i *f 1*2,.(32) 

where l z \ and are given by (31) and (22) respectively. 


7. Depolarization and Intensity of the Scattered Light . 

If the incident light travelling along Ox is unpolarized, 
we shall have to take into consideration also tfiey-component 
of the primary vibrations, which, being along the direction 
of observation, will contribute equally to the intensities of 
the x- and ^-components of the transversely scattered light, 
an amount given by (13). 

Thus in this case the intensity of the ^-component will 
be equal to 2I X and that of the ^-component to and the 

ratio of the components is given by 


_ 2w 0 F 

JSI V 4t r ) + 




’(33) 


Also the total intensity of the transversely scattered light 
expressed in terms of the incident intensity I 0 = 2E*, 
becomes 


T-T 7r2 RT fi 
NX. 1 




, (5 -f 6r 
fi — 7r ’ * 


• • (34) 


In the special case when the polarization field is isotropic^ 


Pl=i>2 = P3- 


4 w 


and 


r » io [(A- B) 2 + (B - Q* + (C - A)*] (l + x) 

= » , o[(A-B)* + (B^C)*+(C-A) j ] , (35) 

and the expressions r and I reduce naturally to those obtained 
reoently by Kamanathan. 


8. Comparison with Experiment: (a) Intensity. 

We now proceed to consider how far the above expressions 
are in conformity with actual experimental results. First 
we take np the intensity of the transversely-scattered light. 
From a: critical examination of the available data, it has 
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been shown by one of us * that relative measurements of 
intensity in a large number of organic liquids entirely sup. 
port expression (34). We reproduce here the calculations 
for some typical cases for which we have accurate values 
for the compressibility from the measurements of Tyrer f. 


Table II. 




I (relative to ether=l) 



at 30° O. 

Liquid. 

r 

(observe d). 

Calculated 




according to 

Observed. 



(■•W). 


Water . 

0 085 

0*14* 

! 

O 

r—1 

! 6 

Methyl alcohol. 

0060 

0*51 

0*66 

Ethyl alcohol . 

0053 

0-58 

0-57 

Ethyl acetate . 

0-230 

(l-9f> 

0-98 

Carbon tetrachloride . 

0l)f>3 

0*06 

102 

Chloroform . 

02*10 

1*31 

1*26 

Acetic acid . 

0*455 

1-39 

1*42 

Ethylene chloride. 

0*36 

1-40 

1-44 

Ethyl bromide. 

0*250 

1-55 

1*58 

Benzene. 

0*47 

3*13 

3-2 

Toluene..... 

0*51 

3-29 

3*4 

Aniline . 

0*60 

3-50 l 

3*42 

Meta xylene. 

0-57 

3-90 

3*87 

Chlorobenzene . 

0*58 | 

409 

410 

Nitrobenzene... 

0-74 

7*6 

10-5 

Carbon bisulphide . 

/ 0-64 ! 

10 685 

10-9 \ 

14-1 j 

12*9 

_ 


Thus over the whole range of intensities from 0‘2 to 13, 
relative to ether, the agreement between the observed and 
calculated values is very satisfactory. Nitrobenzene is the 
only exception, the discrepancy being to6 large to be 
attributable to error of measurement. However, since it 
shows a very high depolarization (the highest in the list), 
any impurity present in the liquid is likely to lower the 
observed value of r and consequently the calculated value 
of I considerablyj whereas the actual intensity will be- 

• K. S. Kriahnan, Proc. Ind. Assoc. Cult. Sc. ix. p. 251 (1926). 
t D. Tyrer, Joum. Cbem. Soc. cv. p. 2634 (1914). 
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increased. Further it is a coloured liquid. It would be of 
interest to repeat the measurement with a specially purified 
specimen. 

Recently in the authors' laboratory, Mr. Ramachandra 
Rao * has studied the scattering by six typical organic 
liquids over a wide range of temperature up to the critical 
point. The relative values of tne intensity at different 
temperatures again confirm the validity of the above ex¬ 
pression for I. 

Absolute measurements of intensity available also support 

expression (34), as will be evident from Table III. =- d 1 gives, 

* o 

according to our notation, the fraction of the incident un¬ 
polarized light scattered transversely per unit volume of the 
liquid, per unit solid angle. 


Table III. 






J-d=xW°. 






0 



Liquid. 

X 

Temper* 




Observer. 


ature 

r. 





° C. 


Calculated 

according 

Observed. 






to (34). 



Ethyl ether.. 

4358 

20 

0 080 

8-85 

0-2 

Martin & 
Lehrman t. 

Benzene. 

5440 

15 { 

0-41 

8-83 •. 
107 1 

10-7±0-6ft 

Oabannes 



l 

0-47 

& Daure J. 


9. Comparison with Experiment: (b) Depolarization . 

Expression (33) enables us to determine the depolarization 
of the light scattered by a fluid in terms of A, B, C, the 
optical constants of the molecule and p u p 2 , p z , the constants 
of anisotropy of the polarization field. In the case of a 
rarefied fluid, the polarization field is very small and may be 
neglected. For a dense fluid, if we disregard the “ aniso¬ 
tropy ” of the field and assume that 

4 7T . 

Pi=2>2==Pa= y. 


* 8. Ramachandra Rao, Indian Journal of Physics, ii. p. 7 (1927). 
t W. H. Martin and S. Lehrman, Journ. Phys. Chem. xxiv. p. 478 

aAAV r 


k; t /. Oabannes and P. Daure, Comptes Mendus, clxxxiv. p. 520 (1927). 
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then the depolarizations in the liquid and gaseous states are 
connected by the simple relation 


Il'ljS _ ? 'liq,__ 

N 7 0 * 6 — 7 rii q . 6 — 7?*gas * 


(36) 


The value of rij q . calculated from expression (36) usually, 
however, differs widely from the observed value. In the 
case of the carbon compounds, the differences are veiy 
marked in the case of the paraffins and the monohydric 
alcohols, the observed depolarization being much smaller 
than the calculated value; the differences are less con¬ 
spicuous in the aromatic series of compounds. 

A natural explanation of these facts is furnished by hiking 
into account the anisotropy of the polarization field. It is 
sufficient as an illustration to consider the cases of the 
paraffin series of hydrocarbons. As is well-known from 
chemical considerations and Irom X-ray data, the molecules 
of these compounds form elongated chains of carbon atoms, 
to which the hydrogens are linked. The length of the 
chain is much greater than its cross-section. X-ray study 
of the liquid shows, us might be expected a priori , that the 
molecules lie much more frequently touching one another 
side to side and much less frequently end to end. In these 
circumstances it would obviously be incorrect to assume the 
polarization field acting on a molecule to be independent of 
its orientation in the field. A much closer approximation 
to the truth is to consider the molecule as equivalent to a 
doublet placed at the centre of a prolate ellipsoidal cavity 
scooped outof a continuous isotropic medium, the dimensions 
of the cavity being determined hy those of the molecule. 
The values of p l9 /> 3 are readily calculated from the 
expressions 

. . (37) 

y,-y,-2ir(i—logiii), . . (38) 
•where e is given by 

b~c~ VI— 7 . a, . ( 39 ) 

a, b, c being the axes o£ the cavity. 

In Table IV. are given the values of the depolarization 
factor commuted in this way, and those observed are tabulated 
for comparison. A satisfactory agreement is indicated. 
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Table IV. 

All the quantities refer to 30° C. 



Dimensions 


1 

r liq. calculated from 1 

! 

Substance. 

of the mole¬ 
cule m A.U. 

! 

a. h—c. 

r gas. 

i 

(36). 

(Isotropic 
polarization 
lie Id). 

(33). 

(Anisotropic i 
polarization j 
Held). j 

n/q 1 

observed. 

Pentane ... 

8*7 

4*9 

i 1 

0-0)86 1 

0*21 

0074 

0075 

Hexane ... 

100 


0-015 

0*31 

0 087 1 

0*100 

Heptane... 

ira 


0-0158 | 

0*38 

0083 

| 0*127 

j 0100 

Octane .. 

120 


1 0-0186 

. I 

' 1 

0 46 

, 

0-105 

0*129 


10. Summary . 

An examination of the data for the depolarization of the 
light scattered by fluids, with the aid of the molecular theory 
due to Ramanathan, indicates an apparent change, usually 
a large diminution, in the optical anisotropy of the mole¬ 
cules of a given substance, as it passes from the condition of 
vapour to that of liquid. In the present paper a new theory 
is put forward which offers a natural explanation of the 
foregoing fact without any artificial hypotheses. In the 
treatment of the optical properties of liquids usually given, 
the polarization field acting on a molecule is assumed to be 
independent of its orientation in the field. This assumption 
is not justifiable when the shape of the molecule departs 
greatly from spherical symmetry, and consequently the 
distribution of polarizable matter surrounding it ceases to be 
symmetrical. The strength of the polarization field will in 
these circumstances be dependent on the orientation of the 
molecule in the field, and may be expressed in terms of 
three constants characteristic of the molecule for the given 
density and temperature of the fluid. The theory of light¬ 
scattering is developed on this basis, and gives an expression 
for the intensity of scattering which is in close accord with 
facts. It also enables the depolarization of the scattered 
light in the liquid to be successfully calculated from that of 
the corresponding vapour, at least in those cases where the 
constants of anisotropy of the polarization field can be 
determined from the shape of the molecule. 

210 Bowbazar Street, 

Calcutta, India. 

J I8tb August, 1927. 
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LIT, The Influence of Charged Metallic Points on the Spark 
Discharge . By John Thomson, M.A,, B.Sc., I/ouldsworth 
Research Student in the University of Glasgow *. 

fTTHE well-known action of a sharp metallic point in 
JL facilitating the passage of a spark across a gap near 
which it is placed has recently been the subject of two 
papers, the main object of which was the elucidation and 
explanation of the effect. In the first of these, by C. E. 
Wynn-Williams f, a number of experiments are described 
which led the author to the conclusion that the effect is 
mainly due to the ionization of the air in the gap by a 
radiation proceeding from the metallic point, and that the 
properties of the radiation are identical with those of the 
Eutladungstrahlen discovered by E. Wiedemann in 1895. 
The second paper is by J. D. Morgan t, whose experiments 
support the conclusions arrived at by Wynn-Williams, but 
are claimed to indicate also that the radiation emanating 
from the metallic point is effective only when the potential 
of the point is transitory, and that when the point is sub¬ 
jected to a steady potential (as by a Wimshurst machine) 
the effect on the spark is due, not to electromagnetic 
radiation, but to a streaming of ions from the point to 
the gap. 

The experiments to he described in the present communi¬ 
cation were initiated for the purpose of farther investigating 
the source and properties of the radiation referred to ; 
they have, however, also led the present writer to a rather 
different explanation of the action of the charged metallic 
point. 

Experimental Arrangements . 

It will be well here to refer briefly to the principal 
arrangements of the spark-gap and metallic point which 
were used in the experiments to which reference has jus* 
been made. Fig. 1 a shows the arrangement known as the 
“ three-point gap/* in which A, B are the main spark-gap 
electrodes, and Cf an insulated metal rod the point of which 
is planed very near one of the main electrodes. The effect 
is produced only when small sparks pass between G and the 
main electrode adjacent to it. In this arrangement the rod 
Q need not he very sharply pointed; a blunt point is almost 
equally affective 

* Communicated by Prof. E. Taylor Jones, D.Sc. 
t 0. E; Wynn-Williams, Phil. Mag. voi. i. p. 853 (1928). 
t J.Phii. Msg* vol. iv. p. 91 (1927). 

Phil Mag. S. 1 Vol. S. No. 29. March 1928. 2 L 
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In fig. 1 h is shown an arrangement in which the rod C 
is connected to one of the main electrodes. This is the 
arrangement used by Wynn-Williams in most of his 
experiments. The end of C need not be very near one 
of the main electrodes, but it must be very sharply pointed 
to produce the effect on the main gap. In this case the 
radiation is believed to originate in the silent discharge at 
the sharp point of C. 


Fig. 1 a. Fig. 1 b. 



Another arrangement used by Wynn-Williams is shown 
in fig. 1 c. The pointed third electrode is replaced by a 
email metal sphere connected to one of the main electrodes 
and held near another small sphere D attached to the end of 
an insulated wire. The small spark passing between C and 
D was found by Wynn-Williams to give rise to ionising 
radiations similar in their properties to those proceeding 
Irom the silent discharge from 0 in fig. 1 h . 
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The Spark-gaps employed in the Present Experiments . 

The present writer has found that, in addition to the 
arrangements of gap and auxiliary conductors described in 
the previous section, there are a number of other systems 
in which similar effects are produced. Some of these are 
shown in fig. 1. Fig. Id shows a symmetrical arrangement 
in which two sharp needles, 0, D, are connected to the main 
electrodes. If the distance between the points C and D is 
just great enough to prevent a spark from passing between 
them, the effect on the main gap is very marked if the 
distance between AB and CD is not more than 10 cm. 
(AB was 1 cm.). Another symmetrical arrangement is 
shown in fig. 1 e , in which a very small spark passing 
between C and D, the adjacent ends of insulated wires, 
takes the place of the silent discharge. This arrangement 
is also very effective up to the distance of 4 cm. between 
AB and CD. If the ends L, M are joined by a copper 
wire, the effect is still found if the small auxiliary gap CD 
is within 1 cm. of A or B. In fig. 1/ C and D are the 
points of two needles the outer ends of which are connected 
by a copper wire, but which are otherwise insulated. In this 
arrangement the effect on the main gap is very marked, 
even though no sparks pass between A and C or between 
B and D. 

The Source of the Radiations • 

With the arrangement of fig. Id a series of experiments 
was made with the object of determining the exact source 
of the radiations. The potential applied to the main gap 
(generated by an induction coil with motor mercury jet 
interrupter) being adjusted so that sparks just failed to 
appear, a thin plate of paraffin wax having a narrow 
aperture was placed between AB and CD, and moved about 
until the effect on the passage of the spark was greatest. 
In this way it was found that practically the whole of the 
effect originated in the immediate neighbourhood of one or 
other of the points 0, D. The effect was most marked when 
the aperture allowed a straight path in air from the positive 
point to the point A of the negative electrode (fig. 2). This 
result was confirmed by attaching a narrow tube of the same 
material to the wax plate, as shown in fig. 2, in order to limit 
the radiation to a still narrower pencil. The most favourable 
position of the shield is shown in the figure. With this 
arrangement the greatest distance, AC, at which the effect 
could be produced was 8 cm., the width of the main gap, 
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AB, being as usual 10 inm. If the shield was so placed 
that the pencil failed to strike either of the main electrodes, 
but passed directly between them, the effect on the main gap 
was much weaker, being only observable when the distance 
AC was not more than 4 cm. In another experiment one 
of the main electrodes. A, was covered with a thin layer of 
paraffin wax except at the point nearest the other electrode. 


Fig. 2. 




The auxiliary gap, CD, was then moved to one side as shown 
in fig. 3, so that no radiation could pass directly from C or D 
on to the uncovered part of A. With this system the effeot 
on the main gap was much more marked when B and D were 
negative than when they were positive. 

' Practically identical results were obtained when the 
aperture in the wax shield was oovered with a thin film 
of celluloid. This indicates that the effect on the main gap 
is caused by electromagnetic radiation, since it is highly 
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improbable that positive or negative ions can penetrate such 
a film in the conditions of the present experiments. Such 
penetration would be likely to occur only if the charged 
particles were projected with high velocity from the points, 
but in other experiments strong evidence was found (as will 
be seen later) against this supposition. 

On the whole this series of experiments strongly suggests 
that, while a small effect arises from a radiation which ionizes 
the air in the main gap, a much greater part of the effect is 
photo-electric in character, arising probably from ultra-violet 
radiation proceeding from the neighbourhood of the positive 
point. This conclusion seems to be borne out by the fact that 
the effect of the metallic point in facilitating the discharge 
at the main gap is very much less marked if the electrodes 
of the latter are dirty or oxidized. It may be remarked that 
results practically identical with those just described were 
found when either of the main spark electrodes was earthed. 

With the arrangement of fig. 2, in which a very narrow 
directing tube was attached to the wax shield, a series of 
observations was made with the object of determining more 
exactly the source or sources of the radiation. First the tube 
was placed so as to be in line with the point A and various 
points in the line CD, thus examining the relative intensities 
of the photo-electric radiation from different parts of the 
discharge. The radiation was found to be much more intense 
at the positive than at the negative point, while an important 
conclusion was that, in order to obtain the effect to a marked 
degree, it is not necessary that 0 or 1) should be in line with 
the point A. The air near 0 or D is almost equally effective, 
and an appreciable effect is produced by points in the air at 
2 mm. from C or D. Similar experiments in which 
the main electrodes were shielded allowed the source of the 
ionizing radiation to be investigated. The effect due to 
ionization appears to be of almost equal intensity whether 
it proceeds from the neighboiirhood of the positive or the 
negative point. Again, the air near the point seems to be 
the source of the radiation. 

For comparison with these results a series of measurements 
was made of the potential at various points in the auxiliary 
gap CD. For this purpose a water-dropping collector, 
consisting of a fine glass capillary tube, was placed just 
above the line CD, so that water fed into it broke into drops 
in this line. The Water was connected to one terminal of a 
Kelvin vertical voltmeter, the other terminal of the instru¬ 
ment being connected to D. The reading on the voltmeter 
indicated the R.M.S. voltage between D and the collector. 
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The results of these experiments are shown in fig. 4, the 
ordinate representing the R.M.8. potential difference between 
D and various points of the gap CD. The derivative curve. 

Fig. 4. 



Fiig. 5. 



representing the potential gradient along CD, is shown in 
fig. 5. A comparison of these curves with the results 
obtained for the intensity of the radiations across the source 
CD shows that the most effective part of the source is not 
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that part where the electric force is greatest, but the part 
where the positive potential is greatest. 

The electric force is greatest near the negative point D 
(cathode fall), and, on the assumption that the radiations are 
generated by the impact of ions on air molecules, it is to be 
expected, according to the quantum theory, that the radiation 
of greatest frequency will be generated near D. If V is the 
fall of potential in a very short distance (comparable with 
the mean free path of the electron in air at atmospheric 
pressure), the frequency is given by the quantum relation 
hv = Ve. It seems probable therefore that the radiation 
which produces the effect on the main gap is not the 
radiation of greatest frequency. The most effective portion 
is that which originates in the region of highest positive 
potential near 0. 

j Experiments with an Ionization Chamber. 

In order to obtain further information as to the properties 
of the radiations, the main gap AB was removed and replaced 


Fig. 6. 



by an ionization chamber containing two parallel metal 
plates, A, B, one of which, A, was insulated and connected 
to an ordinary gold-leaf electroscope. The other plate, B, 
was at first connected to the wall of the chamber. The 
arrangement is shown in fig. 6. The point gap, CD, con¬ 
nected to the induction coil, was placed horizontally in front 
of the chamber and 2 cm. from it, and by means of the 
•lotted shield the radiation from 0 or D could be allowed 
to enter the chamber through the aperture F. C was 
the positive and D the negative point. The upper plate 
A, and consequently the electroscope, was charged to 
about 4*600 or —600 volts, and the rate of discharge was 
observed with C or D opposite the slot. The numbers given 
in the table below indicate the angular movement of the 
gold-leaf in a fixed time (about 10 seconds), and are assumed 
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to be proportional to the currents flowing to or from A. 
The normal leakage o£ the electroscope in 10 seconds was 
quite negligible. The rate of discharge of the electroscope 
was comparable with the normal leak when points between 
<J and D were opposite the slot. 


Potential of A. 

Point Source. 

Current to A. 

+600 

O 

7 

-600 

c 

120 

+600 

D 

550 

-600 

D 



These results clearly indicate that the current to the 
plate A is not due to ionization of the air between A and B 
alone, since in that case the first two results in the table 
would be equal a7id also the last two. To investigate this 
further, a Wilson tilted electroscope was substituted for the 
ordinary electroscope and the following series of experiments 
was carried out:—The earthed plate B of the ionization 
chamber was replaced by a similar insulated plate which 
could be charged to any desired potential, while the plate A 
was connected to the leaf of the tilted electroscope. The 
aperture F was covered with gauze connected to the 
earthed walls of the chamber in order to eliminate inductive 
effects on A due to the charges at the point gap. The 
electroscope was found to be sufficiently sensitive with the 
attracting plate charged to a potential (with respect to 
the earth) of ±210 volts, the leaf system and plate A 
to ±25 volts, and the instrument tilted to about 30°. 
The case of the electroscope was of course earthed, and 
the point gap with shield was arranged as in the former 
experiment. 

(a) The plate A was charged to ± 25 volts, the electrode 
D (negative) being placed opposite the aperture. Plate B 
was charged to various potentials, V B . The rate of discharge 
of the electroscope was found to vary as V B was varied ; the 
graph of the results is shown in" fig. 7, curve a. The 
ordinate represents the rate of discharge of A, the abscissa 
the potential V B . 

(h) In the next experiment the plate A was charged to 
—25 volts, and electrode C (positive) was placed opposite 
the aperture. The relation between the rate of discharge of 
A ana V* is shown in fig. 7, curve b. 

y In^order to interpret these results it may be supposed that 
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there are three conceivable ways in which the point (J or D 
might cause discharge of the electrode A, viz. :— 

(i.) By the emission of an electromagnetic radiation 
which ionizes the air between A and B. 

(ii.) By the emission of ions of the same sign as the 
point, projected with a comparatively large velocity 
through the air between A and B. 

'iii.) By the production of ions in the vicinity of the 
aperture F, but not in the space between the 
plates A and B. 


T. 



-40 -30 ~ Z 0 *10 0 10 ZO 30 


(i.) According to the first hypothesis* the current from 
A to B should clearly be zero when A and B are at the same 
potential, and as the difference between V 4 and V B increases, 
the current should steadily increase, i.e. the current varies 
with ±(V A -V B ). 

(ii.) In this case also the current would be due to the 
electric field between A and B. If the projected ions did 
not ionize the air through which they passed, then the 
current would increase as the negative potential of B 
increased. If the projected ions ionized the air, then this 
case would reduce to (i.), and the current would vary as in 
that case. 

(iii.) On the third hypothesis the current to A would 
depend entirely on the electric field between the edge of 
the electrode A and the earthed gauze over the aperture. 
A consideration of the distribution of electric charge in the 
system within the ionization chamber leads to the conclusion 
that the gauze will have a very small charge when the 

S >tentials of the plates A and fi are equal but opposite. 

n the other hand, when A and B are charged to the same 
potential* the induced charge on the gauze is very much 
.greater* Since tubes of electric force originate in charges 
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on conductors, and since the electric force in the vicinity of 
a conductor is measured by the number of tubes of force 
per unit area originating on it, it is concluded that the 
force between the plate A and the gauze F is very much 
greater when A and B are at the same potential than when 
they are at equal but opposite potentials. Consequently it 
is to be expected that a much greater current o£ ions will 
move from the gauze to either plate when they are at the 
same potential than when they are at opposite potentials. 

Another way of looking at the same problem is to consider 
extreme cases of the potential V B . If V B is very large and 
of the opposite sign to V A , then the potential near the gauze 
F will be of the same sign as potential V B . Consequently 
ions of this sign will be repelled to the gauze, and none witl 
reach the plate A. Now the current measured was the 
current to A, and this was due to ions of the opposite sign 
to V A . Therefore, if V„ is large and of tne opposite 
sign from V A , no current will be obtained. As the potential 
of the plate B approaches that of the plate A, there will 
come a time when a fairly large current of ions will move 
towards A. Then if V B is very large and of the same sign 
as V A , although ions will be attracted in large numbers from 
the gauze into the chamber, they will almost all find their 
way to the plate B, since the field of force between A and B 
will tend to drive them towards B. Thus, again, when V B is 
very large, a very small current will be obtained. This 
indicates that a maximum current will occur when V B is 
somewhere near to V A . 

The carves of fig. 7 obtained experimentally agree ver\ r 
well with this hypothesis, and accordingly it is concluded 
that the ions produced by the discharge do not reach the air 
between A and B, unless they are assisted by the action of 
an electric field. It is thus possible to put a limit to the 
distance from the discharge at which ions are produced . 
This limit as shown by these experiments is about 3 cm. 

Similar experiments with A negatively electrified and D 
opposite the aperture, or with A positively electrified and 
C opposite, led again to the curves of fig. 7. Now, since in 
this case the ions causing the current were of opposite sign 
to the point source, this experiment shows that both kinds of 
ions are produced by the influence of each point. 

In order to test, the matter further, the following ex¬ 
periment was tried. The earthed wire gauze across the 
aperture F was replaced by an insulated piece of gauze 
which could be charged to various potentials. Willi A at 



523 


Metallic Points on the Spark Discharge . 

-f 25 volts, and B at -f* 20 volts, it was found that the 
current to A varied almost directly as the field from the 
gauze to A, the current increasing as the negative potential 
of the gauze increased. Similarly, with A charged to 
— 25 volts and B to —16 volts, the current from A 
increased as the positive potential of the gauze increased. 
No current could be observed in either case if the gauze and 
A were at the same potential, or if the distance of (3 or D 
from the gauze was more than 3 cm. These experiments also 
support the hypothesis that the ions are produced near the 
gauze, but not in the space well between the plates A and B. 

Another experiment was arranged to determine roughly 
the relative number of ions present at various distances 
from the source of the radiation. For this purpose a strong 
electric field was required, and therefore the tilted electro¬ 
scope was replaced by the upright type, which could be 
used at potentials of about 600 volts relative to the case, 
which was earthed. The gauze was removed from the 
aperture F (fig. 6), and the point gap was arranged so that 
it could be moved in a direction perpendicular to itself and 
the face of the ionization chamber. This allowed the 
distance x from F to CD to be varied and to be accurately 
measured. The experiment consisted in observing the rate 
of discharge of the electroscope for different values of x, 
which was varied from 4 cm. to 6 cm. In all cases the 
relation between the rate of discharge and x was found to 
be represented by an exponential expression of the form 
i=zi 0 e~ kr y where i is the rate of discharge of the electroscope 
and t 0 is some constant. 

The exponential decrease in the current must now be 
explained on the assumption that no ions are produced at 
distances greater than 3 cm. from the discharge. Since 
ions did reach the chamber, there must be a field of 
force between the place where the ions are formed and the 
aperture F. This is not surprising when the high potential 
of the plate A is considered. This plate (posiiive) will 
attract negative and repel positive ions, so that the current 
flowing from the vicinity of the discharge to the aperture 
will consist entirely of negative ions. Let. this current at 
any point be i across unit cross-section, and let the current 
at "the point beyond which no ions are formed (3 cm. from 
the discharge) be t 0 . The decrease in the current must be 
due to some form of diffusion of the ions. No recombination 
occurs, since there are assumed to be no positive ions present. 
This diffusion is principally due to the mutual repulsion of 
the. ions, causing them to move away from one another. 
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Consequently the decrease in the current, i, will be propor¬ 
tional to the number of ions present, or, if the flow of ions 
is being considered, will he proportional to the current 
itself. Thus, if £ is the fraction of the current lost along 
1 cm. of the distance .r, the increase in the current across 
an element clar will be represented by the quantify — kidx. 
That is, 

di— —kidx, 

giving i~i Q e" kx . 

It is to be noted that this diffusion is not the same as that 
occurring when ions of one sign are present in a closed 
chamber. There the diffusion current is due to the ab¬ 
sorption of ions near the surface of the chamber; the 
expression representing such diffusion is entirely different. 

There now remains to be investigated the question of how 
these ions are produced by the action of the point discharge. 
The experiments made with the spark gap indicate that 
ionizing radiations emanate from the vicinity of the point. 
None of the experiments described above have given any ♦ 
evidence to contradict this view. On the other hand, they 
have established that the production of the ions is brought 
about either by fast-moving ions, projected from the points 
and capable by reason of their velocity of ionizing air, or by 
an electromagnetic radiation. They have also shown that 
in either case the ionization ceases at a distance of about 
3 cm. from the gap. 

Again the tilted electroscope was employed, and the 
aperture F was screened by an earthed wire gauze. In 
this experiment, however, the aperture was also covered 
by a thin film of celluloid similar to that used in the spark- 
discharge investigations. The electrode B was earthed, and 
the point gap was about 1 cm. from the aperture F. 
Observations were taken of the rate of discharge of A. 
In this case the normal leakage of the electroscope had to 
be measured and deducted. The readings varied consider¬ 
ably with the intensity of the field across the gap CD, 
a typical result being given in the following table 


Potential of A 
in volts. 

Source. 

Bate of discharge 
of A. 

+25 

Positive point.. 

e 

+25 

Negative point. 

4 

-25 

Positive point. 

6 

-25 

Negative point. 

4 


In each experiment the ratio of the rates of discharge of 
pliite ^ due to 0 and D did not vary when the potential 
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of A was changed from —25 to 4-25 volts. This means 
that whatever emanates from the point and penetrates the 
celluloid produces equal numbers of positive and negative 
ions. That is, in this case true ionization of the air in the 
chamber is taking place, either by the action of a radiation 
or by the impact of high-velocity ions on air molecules. 
It is highly improbable that anything of the nature of 
cathode or positive rays is given off by a point discharge 
in air at atmospheric pressure, and ions of smaller velocities 
than these would be stopped (or at least lose their ionizing 
speed) by the impact with the celluloid film. Moreover, the 
previous experiments have shown that ionization does not 
take place at distances greater than 3 cm. from the dis¬ 
charge ; material particles brought to rest by 3 cm. of air 
would certainly be unable to penetrate the film. The con¬ 
clusion is therefore that the ionization is caused by an 
electromagnetic radiation. 

Another point to be noted is that the experiment did not 
allow any photo-electric radiation which might be present 
to be detected, since the electrodes A and B were not in a 
direct line from 0 or D. The numbers ^iven are therefore 
measures of the relative intensities of the ionizing radiations 
from the two points, as detected at 3 cm. distance from their 
sources. It cannot be stated," however, that the relative 
intensities at the sources are in the same ratio, as that 
assumes that the radiations from the two points are of the 
same average wave-length or ‘‘hardness.” 

The next experiment was intended to detect, and measure 
the photo-electric radiations which were suspected to be 
present. The plate B was removed and A was replaced by 
a clean zinc plate Z, facing the aperture F and about 1 mm. 
from the wire gauze. Thus radiations from the point acting 
as source actually fell on the zinc plate, whereas in the 
previous experiments they did not fall on any metal surface 
inside the chamber. The aperture was again covered by a 
celluloid film. The usual measurements of the rate of 
discharge of the plate Z were taken with the positive point 
C and then with the negative point D as source. The results 
are shown below. 


Potential of Z 
in volte. 

Source. 

Bate of discharge 
of Z. 

425 

Positive point. 

6 

4*25 

Negative point. 

4 

—25 

Positive point. 

24 

-25 

Negative point. 

4 


The results with Z positive are a repetition of the results 
in the previous experiment. Since there is no photo-electric 
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effect with Z charged to + 25 volts, the numbers represent the 
relative intensities of the ionizing radiations at 3 cm. from 
their sources, thus confirming the results already obtained* 
With Z negative, however, the results are different. The 
rate of discharge with the negative point as source is as 
before, showing that little or no photo-electric radiation 
emanates from it; but the rate of discharge with the positive 
point as source is about four times as great as before. This 
indicates a strong photo-electric effect due to radiations from 
the neighbourhood of the positive point. It also shows that 
the ionizing effect of the radiations is much less powerful 
than the photo-electric effect, confirming the results obtained 
with the spark discharge. It is possible and in fact probable 
that some photo-electric radiation emanates from the vicinity 
of the negative point. Our experiment merely indicates that 
its intensity must be less than one-twentieth of the intensity 
of the similar radiation from the positive point. So far, 
direct experiment has given no indication as to whether the 
photo-electric effect is produced by the radiation responsible 
for the ionization effect or by one of different wave-length. 
Tiie spark-discharge experiments, however, showed that a 
photo-electric effect could be produced at the gap when the 
source of the radiation was (under favourable circumstances) 
15 cm distant. The ionizing radiation under no circum¬ 
stances will penetrate more than 3 cm, of air. Consequently 
it may be said that whether the ionizing radiation can or 
cannot produce the photo-electric effect, other radiations are 
present whose absorption by air is smaller and which are 
photo-electric. 

It is well known that the photo-electric emissivity of a 
metal is a function of the wave-length of the incident 
radfution. The maximum emission is due to radiation of 
a certain fixed wave-length. It is also known that the 
wave-length corresponding to the maximum emissivity 
varies from metal to metal; in general the more electro* 
positive metals respond to longer wave-lengths, and the 
more electro-negative to shorter wave-lengths. Consequently 
the experiment just described cannot be said to give any 
general information with regard to tbe intensity of the 
radiations. The results must be taken to refer only to ttm 
or allied metals. 

The experiments just described show that both ionising 
and photo-electric radiations are emitted by a point charged' 
to a nigh positive potential. Photo-electncity is in general 
associated with radiations of longer wave-lengths than those 
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which ionize air, and therefore it is reasonable to suppose 
that the radiations from the point are very heterogeneous in 
character. A rough spectral analysis might be performed by 
a series of experiments on the velocities of photo-electrons. 
With the positive point at a fixed distance from the zinc 
plate a determination might lie made of the minimum wave¬ 
length of the incident radiations, by the usual method of 
measuring the positive potential to which the plate rises. 
By making similar determinations with different distances 
between the source and the plate, a curve might be obtained 
giving the minimum wave-length as a function of this 
distance. Such a curve would indicate the ty|>e of spectrum 
emanating from the point. It would of course be necessary 
to see that the ionizing radiations were not allowed to inter¬ 
fere, by using suitable distances (greater than 3 cm.) between 
the source and the plate, and by using the celluloid screen. 
The difficulty in the way of such experiments is the small 
intensity of the radiations. 

Theory of the Action of Charged Points. 

The results enumerated above can now be applied to the 
explanation of the action of a third point or system of 
points on the spark discharge; but before proceeding to 
the explanation, it may be well to clear away a preliminary 
difficulty. Throughout the present paper the action of the 
third point has been described as a “ lowering of the sparking 
potential.” In practice, when an induction coil is the source 
of energy, this is undoubtedly what occurs. But the term 
“ sparking potential ” has a technical meaning which is not 
implied here. The “ sparking potential" across a gap is the 
potential difference at which a spark will pass, when this 
potential difference is applied gradually, and is continued 
for an indefinite time. The effect of “ time lag ” is thus 
eliminated, and it is questionable if any external mechanism 
can cause any lowering of this potential. In the case of an 
induction coil the peak potential difference ts applied for a 
very short time only, and consequently the “ lag ” causes an 
apparent rise in the “ sparking potential.” The true action 
of rim third point mast be described as eliminating this 
" lag. 9 * The preliminary ionisation of rite gas in the gap 
takes place more rapidly, and the current rises more quickly 
to that necessary to produce a spark. “ Lowering of the 
eparking potential ” is therefore a vague description of the 
action of the point. It is merely a convenient expression, 



528 Mr. J. Thomson on the Influence of Charged 

and wherever it occurs in the present paper the above 
reservations must be kept in mind. 

The results described above have led the writer to put 
forward the following hypothesis :— 

1 . The lowering of the sparking potential is caused in 
different ways by different arrangements of points, and the 
effects of different causes may vary considerably in relative 
importance as the type of discharge is varied. 

2 . The two main causes are :— 

(a) Photo-electric effects due to ultra-violet radiations 

from small sparks or the air near positive points. 

(b) Ions produced by the ionization of the gas by 

radiations which emanate from the air near 
positively or negatively charged points. 

(а) The photo-electric radiations are more powerful than 
the ionizing radiations in any arrangement where there is a 
positive point at a distance greater than three centimetres 
from the main gap. At distances greater than three centi¬ 
metres the ionizing radiations are completely absorbed by 
the air before they get to the gap, while the photo-electric 
radiation can, if the main electrodes are of clean zinc, affect 
the sparking potential when its source is as much as fifteen 
centimetres away. If the electrodes are dirty or oxidized, 
however, it is difficult with the same length of gap to obtain 
an effect at more than three centimetres distance. Similarly 
the substitution of copper for zinc reduces the range of the 
effect considerably. These results, along with those described 
earlier in the paper, show that the photo-electric radiation is 
of prime importance. 

(б) The ionizing radiation also affects the sparking poten¬ 
tial, but the range of its effect is smaller. Also its action 
appears to be somewhat complicated. When the distance of 
a charged point from the spark gap is less than three centi¬ 
metres, the air in the gap is directly ionized. That this must 
be the case is shown by the ionization chamber experiments, 
and it is well known that a spark appears more readily in 
any gap after previous ionization of the. gas in it. But 
experiments have shown that the radiation can affect the air 
in the gap when its source is at greater distances. Using, 
the auxiliary gap of fig. I d and shielding both electrodes 
from photo-electric radiations, under certain conditions a 
Ipweripg of the sparking potential is found with the distance 
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AB to CO equal to four centimetres. The following two 
experimental facts must therefore be reconciled : 

(а) The radiation can affect the spark when its source 

is 4 cm. distant. 

(б) The range of the radiation is 3 cm. as determined 

by the tilted electroscope. 

The writer has come to the conclusion that the ions pro- 
duced by the radiation can affect the sparking potential 
even when they are not in the line of the spark, and suggests 
the following explanation :— 

The ions are produced within the sphere whose central 
section is indicated by the dotted circle (fig. 8). Ions in 
the shaded portion of the sphere move under the field of 
electric force to one or other of the electrodes, the diffusion 


Fig. 8. 



being negligible, owing to the strength of the field. The 
energy aoquired under the field of force is liberated when 
the ions strike an electrode and this energy takes the 
form of pulses of electromagnetic radiation which are pro¬ 
bably photo-electrics in character. This secondary radiation 
ultimately penetrates to the line AB and increases the con¬ 
ductivity or the gas there, thus facilitating the passage of 
the spark. The explanation was suggested by the recent 
work of Sir J. J. Tnomson * on the action of low-velocity 
ions. 

If this hypothesis is correct, it should be possible to effect 
a lowering of the sparking potential even when the radiating 
point is 14 invisible M from the path of the spark, so long as 
some part of a sphere of radius 3 cm. about the point as 
centre is “ visible ** and within about 1 cm. from the spark 

• Phil, Mag. vol. ii. p. 075 (1920). 

Phil. Mag. S. 7. Vol. 5. No. 29. March 1928. 


2 M 
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line. To investigate this the following experiment was 
tried :— 

The point C (fig. 9) was sheathed in an open cylinder of 
clean paraffin-wax and brought up to the gap in the position 
shown in the diagram. C was “ invisible 91 from any part 
of the spark, AB, yet a distinct effect was observed. It 
follows, therefore, that the ionized air in the shaded portion 
of the diagram was able to cause a lowering of the sparking 
potential. It is to be noted, however, that a straight line is 
necessary from C to within less than 1 cm. from AB. Other 
forms of the experiment just described cun be arranged, 
where, without the use of a shield, C is placed very close to 
the electrode B. Here, again, an effect can be obtained when 
no straight line in air exists from G to AB. A striking 
example of this type of action is observed when the point 
gap of fig. 1 f is used. Here the effect will only occur if 
0 and D are so close to A and B that no straight line can 


Fig. 9. 



be drawn to the path of the spark, the radiation emanating 
from the silent discharges between C and A and between 
I) and B. 

Experiments with the Metallic Point connected to a Source 
of constant potential. 

When the metallic point C (fig. 1 b) was connected to one 
pole of a Wimshurst machine instead of to one electrode of 
the main gap, the point was found to have only a slight 
effect in facilitating the passage of the spark across the 
main gap AB. The effect was rnnch smaller than the usual 
three-point effect. It was also noticed that no violet glow 
could be detected round the point in the dark, and if two 
such points were connected to the opposite poles of the 
Wimshurst, no spark could be produced between them. 
No evidence was found of radiation proceeding from the 
point under these conditions, althougn careful tests were 
made with the ionization chamber. The reason probably 
is that the point never reached a sufficiently high potential, 
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the charge leaking from the point very rapidly in the form 
of an electric wind. 

Somewhat similar results were found by Morgan * in the 
paper already mentioned. That writer also concluded that 
no radiation was given oft by a metallic point connected to 
the pole of a Wimshurst machine, and that any effect in the 
main gap in these conditions is due to an ionized stream, 
proceeding from the point. The experimental results of 
Morgan are therefore confirmed by the present experiments, 
but a somewhat different explanation of them is now offered. 
It was suggested by Morgan that in order that a point should 
emit an ionizing radiation, its potential should be of an im¬ 
pulsive or transient character. The present writer agrees 
with this view, but is of the opinion that the transient 
nature of the potential is only necessary in order that the 
point should be raised to a sufficiently high potential. With 
a continuous source the potential of the point never reaches 
a value high enough for the emission of radiation. It does 
not seem probable that the emission of radiation can depend, 
as Morgan suggests, on the time rate of change of potential 
of the point, but. it does depend, as the present experiments 
have shown, on the space rate of variation of potential near 
the point. 

The Influence of the State of the i'athode Surface on the 
faffed of the Ionizing Radiation . 

A series of experiments was carried out with the object of 
determining v\ hettyer the action of the ionizing radiation in 
lowering the sparking potential of the main gap was affected 
in any way by the state of the cathode surface. In these 
experiments the two main electrodes were, of course, entirely 
shielded from any direct (photo-electric) radiation from the 
metallic points, the air gap be!ween these being alone in a 
direct line with the discharge. Otherwise the arrangement 
of fig. 1 d was used. In these circumstances it was found 
that the state of the surface of the cathode was an important 
factor in the action. If the cathode surface was dirty or 
oxidized, the point produced no effect if further than 2*6 cm. 
from the main gap (AB = 1 cm.). When the cathode surface 
was cleaned by rubbing with emery paper, the limiting 
distance of the point was slightly over 3 cm. When the 
cathode surface was brightly polished, the limiting distance 
was over 4 cm. Experiments in which different metals were 
used as main electrodes also led to the same conclusion. 

* J. D* Morgan, loc . cit , 

2 M 2 
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With a brass cathode the effect was slightly less than with 
zinc, while with a cathode of copper (whether polished or 
not) the limiting distance of the point never exceeded 2 cm. 
These experiments show that, even when no radiation from 
the metallic point reaches the surface of the cathode directly, 
the effect of the radiations in lowering the sparking potential 
depends on the nature of the cathode surface. It was 
difficult to determine whether the anode surface had any 
such effect, but, if so, it was certainly very much smaller 
than the effect of the cathode surface* 

Mechanism of the Spark Discharge . 

One of the chief facts which emerge as a result of the 
experiments described in the present paper is that ions 
produced at some distance from the line in which the main 
spark passes can in some way facilitate the passage of this 
spark, and that the intensity of this effect depends upon the 
nature and state of the cathode surface. These results seem 
to be in entire agreement with the theory of the spark 4 
discharge recently proposed by J. Taylor * and based upon 

Fig. 10. 


Sir J. J. Thomson’s researches on the action of low-velocity 
positive ions +. An essential feature of this theory is 
that the positive ions in a low-pressure discharge, when 
neutralized at the cathode surface, give rise to ultra-violet 
(Schumann) radiations, and that these radiations, acting as 
an intermediate cause, produce the liberation of photo¬ 
electrons. 

In the present experiments a positive ion formed at P 
(fig. 10), at some distance from the line of spark, AB, 
is moved under the influence of the intense field to near 
the point Q of the cathode surface. There it excites ultra¬ 
violet radiation which liberates electrons from the metal in 
the neighbourhood. These electrons travel towards the 
anode surface, causing ionization by collision with neutral 
molecules in their paths. The process may repeat itself 
many times before the disruptive discharge takes place. 

* J. Tavlor, Phil. Mag. iii. p. 753 (1927); Proc. Roy. Soc. A, 114, 
p. 7£(192fr). 

f Phil Mag* vol. xlviii. p. 1 (1924), and he, cti. 
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Further evidence in favour of this theory is given by the 
point discharge itself. As the experiments have shown, 
electromagnetic radiations of fair intensity emanate from 
the parts of the discharge path near the points. These 
radiations are undoubtedly due to the liberation of the 
kinetic energy oft the ions. The differences between the 
discharge between points and the discharge between spheres 
are of degree rather than of kind. The field of force in the 
former case is much more irregular, and the surface density 
of the electricity is greater in the case of a point than in the 
case of a sphere, but the discharge mechanism is similar in 
nature. Consequently, if radiations emanate from the point 
discharge, it is to be expected that radiations of the same 
type but of less intensity will be present near the spherical 
electrodes. That the visible radiations from a point discharge 
can also be obtained from spheres just before sparking takes 
place was shown many years ago by Walter *. The latter 
took photographs of sparks on rapidly-moving plates, and 
found that each spark was preceded by a faintly luminous 
brush discharge. It is highly probable, therefore, that 
ultra-violet radiations are present near the spherical elec¬ 
trodes when the potential approximates to that required for 
a spark to pass. 

From these considerations, then, the conclusion may be 
drawn that the action of the metallic points on sparking 
potentials is similar to the action of the discharge itself. 
The behaviour of ions in the line along which the spark 
passes must be similar to the behaviour of ions outside of 
this line but within the field of electric force. If this is so, 
then the current through the gas must depend on the nature 
of the cathode surface, and some sort of photo-electric action 
must be assumed to take place. This is the conclusion to 
which the experiments of Taylor have led : it is not accounted 
for in Townsend’s theory of the spark discharge, in which 
the positive ions are assumed to produce ions by collision 
with neutral molecules, but not as a result of their impact 
on the negative electrode. 

That Taylor’s hypothesis leads to a formula which gives 
accurately the current through a gas, when recombination of 
the ions can be neglected, was shown by Townsend himself t\ 
while in 1923 Dubois t derived a formula which allowed 
both for ionization by the collision of positive ions and for 
photo-electric action of the latter at the negative electrode. 

* Wied, Ann . Ixvi. p. 036; Ixviii. p. 776. 

t * Electricity in Gases,’ pp* 330, 33L 

t Ann. de JPhgs. i xx. p. 222 (1923). 
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Dubois's formula reduces to those given by Townsend when 
ft or y is made zero. It is 

N _„ 

V (i+r) - (“7+ 

where D is the distance between the parallel plate elec¬ 
trodes. 

It appears to the writer that the problem of deciding 
between the “ionization by collision of positive ions" 
theory and a u photo-electric" theory of sparking potentials 
resolves itself theoretically into the question whether radia¬ 
tion, or ionization by collision occurs first in a discharge. 
It is known that a collision between an ion and a gas 
molecule can give rise to a pulse of electromagnetic 
radiation. It is also known that a collision between an ion 
and a molecule can cause ionization of the molecule—that is, 
can cause the molecule to lose an electron. Which of these 
two phenomena will occur first if the speed of a positive ion # 
is gradually increased? It would appear reasonable to 
suppose that less energy is required to move an electron 
from one orbit to another (as when radiation is emitted) than 
to remove an electron from the molecule entirely (as when 
ionization occurs) ; consequently it appears reasonable to 
conclude that radiation occurs before ionization. 

If this view is correct, there can be little doubt that the 
4t photo-electric ” theory is true, since sufficient ions can be 
generated by this means to satisfy the requirements of the 
sparking current. If, on the other hand, ionization occurs 
first, then the photo-electric effects will be very subsidiary 
and of little importance. 

It is again urged that the point discharge and the usual 
spark discharge between spheres or planes differ only in 
degree. What is found in the one may be expected to be 
found in the other with the appropriate modifications. But 
the point discharge gives evidence of radiations from the 
vicinity of the cathode long before a spark passes. We may 
therefore expect that the same occurs in a modified way in 
the spark discharge between spheres. 

It may be remarked in passing that one of Townsend's 
objections to a theory of the discharge in which the positive 
ions only form others at the cathode, is that the current from 
a positive point to a negative plane cannot be explained on 
this hypothesis. In view, however, of the fact that a positive 
point is the source of electromagnetic ionizing and photo- 
^feotric radiations, quite sufficient to account for the current 
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in these conditions, it would scarcely seem necessary to 
assume any ionizing action of the positive ions in the point 
and plane system. 

Summary . 

1. Experiments are described showing : 

i. That electromagnetic radiations emanate from the 
air in the immediate neighbourhood of charged metallic 
points from which electric discharges are taking place 
in air at atmospheric pressure. The intensity of the 
radiations increases with the intensity of the discharge. 

ii. That the radiations produce photo-electric effects 
and ionization. 

iii. That the radiations producing the photo-electric 
effects emanate only from the neighbourhood of posi¬ 
tively charged points. 

iv. That the ionizing radiations emanate from the 
neighbourhood of both positive and negative points. 

v. That the photo-electric radiations can penetrate 
15 cm. of air at atmospheric pressure, 

vi. That the ionizing radiations are absorbed by 
3 cm. of air at atmospheric pressure. 

2. These results differ from those of Wynn-Williams in 
regard to the precise locality of the source of the radiations, 
and in regard to their penetrating powers. 

3. A theory is suggested of the action of a charged 
metallic point in facilitating the passage of a spark between 
spherical electrodes. 

4. This theory differs from that offered by Wynn-Williams 
in ascribing the greater part of the action to the photo-electric 
effect* 

5. The action of the ionizing radiations in facilitating the 
passage of the spark is found to depend on the nature and 
state of the surface of the cathode. 

6. The ionizing radiations are found to be capable of 
facilitating the passage of the spark, even when no straight 
line can be drawn in air from the metallic point to the line 
of the spark discharge. 

7* It is suggested that the action of the ionizing radia¬ 
tions in such cases is an indirect effect due to the impact of 
positive ions on the metal of the cathode. 

8. The experimental results of Morgan are examined and 
confirmed, but a somewhat different explanation of them is 
given. 

9* The results of the present experiments are considered 
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in relation to the theory of the spark discharge recently put 
forward bv J. Taylor, and are found generally to support 
this hypothesis. 

10. Some of Townsend's conclusions with reference to his 
theory of the spark discharge are considered in the light of 
the results of the present experiments, and modifications 
of these conclusions are suggested. 

In conclusion, the writer wishes to express his thanks to 
Professor Taylor Jones for his continued advice and en¬ 
couragement and for many helpful suggestions. The 
experimental part of the work was performed in the 
Research Laboratories of the Natural Philosophy Depart¬ 
ment of the University of Glasgow. 

November 1927. 


LTII. An Extension of Langevin's Theory of Atomic Mag¬ 
netism to Molecules constituting Electronic Isomers . By 
Professor S S. Bhatnagak, JKSc. (London), University 
Professor of Physical Chemistry , Punjab University , 
Lahore , and Mr. Chaman Lal Dhawan, B.Sc. (Hons.) *. 

O N modern views regarding the structure of matter it is 
natural to expect that two molecules containing the 
same number of electrons and having those electrons 
grouped in the same way will show a certain similarity of 
physical properties. Tnis resemblance is closely brought 
out in the case of nitrogen and carbon monoxide. Oaven + 
has brought out the close likeness in the physical properties 
of nitrous oxide and carbon dioxide, and has shown that 
the value of the magnetic susceptibilities of the gases at 
40 atmos. at 16° is 0*12 x 10“ 6 in both cases. 

Both on the Valency Theory of Langmuir and the Atomic 
Theory of Bohr such should be the case, as these gases 
constitute identical electronic configuration. 

The verification of this view from the standpoint of 
magnetic date- presents special interest, A theory of atomic 
etructure which explains the magnetic properties of atoms 
and molecules has a lasting future. The periodic curve 
connecting atomic numbers of elements and their magnetic 
susceptibilities does not indicate any immediate and strikingly 

* Communicated by the Authors, 
j W f 4 Structure of Matter/p. 156 <1924 edition). 
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simple relations, although a few regularities show up when 
attention is confined to members ot‘ a single family. For 
example, there seems to be a tendency for the atomic dia¬ 
magnetic susceptibilities to increase with atomic number. 
This is clear from the table shown below :— 

Table I. 


., , Atomic magnetic 

Atonno number. auseeptibility. 


Cl . 17 19-5 xlO - * 

Br . 35 32 0x10-* 

I . 53 45-7 XlO - " 

S . 1« 16-OX KT - * 

Se . 34 25-4X10-* 

Te . 52 40-5x10“* 


Zn . 30 10-2x10-* 

Cd . 48 20-2x10-* 

Hg . 80 381x10— 6 


The question o£ the susceptibilities of the inert-gas con¬ 
figuration has been elegantly treated by Joos*. If we 
consider the argon atom with 18 electrons, it has the same 
electronic configuration as the K + aud Cl" ions. The mag¬ 
netic susceptibilities of these substances ought to be identical 
on the viewpoint of Langmuir. But in passing through 
the series Cl", A, K + , the iouic (or atomic) susceptibility 
should decrease as a resnlt of the decrease in size of the 
electronic orbits owing to the increasing nuclear charge. 
If Z represents the effective nuclear charge, then for orbits 
characterized by the same quantum numbers 

s 1 
r i* * z »- 


According to Langevii/s theory the diamagnetic suscepti¬ 
bility is given by 

■■■■■<■» 

the summation being extended over the « electrons in the 
* Zeit.f. 1 %». x«. p. 847 (1988) ; ibid, xxxii. p. 836 (1926). 
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atom, and r 2 being the mean square of tlie radius of the 
projected orbit in a plane perpendicular to the field. 

For K + and 01“ therefore as a sufficiently close approxi¬ 
mation from (1) one gets the relation 

1 1 

%R+ : %ci-= riy)S : ( l7)2 . 

Joos has thus got the values of K, Cl, and A as follows :— 

lv . 15\5 

A . 17*5 

Cl . 19*5 

The value of argon is in excellent agreement with the 
experimental values of Hector and Wills *. The values of 
K and Cl are also in good agreement with recognized 
experimental values. 

Following the lead of Joos, we have tried to explore the 
possibility of finding a simple relationship between the* 
values of molecular magnetic susceptibilities of electronic 
isomers and the isomorphous substances belonging to the 
same family and the radii of these molecules. 

The radii of these molecules may he calculated from the 
values of the diameters of the atoms constituting a molecule. 
The question, however, arises as to what is meant by the 
diameter of an atom. From the point of view of the Kinetic 
Theory the diameter, or rather the sum of the radii of the 
two atoms would be the minimum distance between the 
centres of two colliding atoms. The closeness with which 
two atoms subject to electrical repulsions would approach 
would obviously depend upon their relative speeds, so that 
the dimensions of atoms calculated from the mean velocity 
of the molecules of a gas would apparently give the mean of 
varying diameters. The second view of regarding the 
diameter of the atom is to identify it with the diameter of 
the orbit of the outermost electron. 

A third method of regarding the atomic diameter is used 
by W. L. Bragg f. In our calculations for the radii of the 
molecules use has been made of the values of the atomic 
diameters of elements as obtained by W. L. Bragg. For 
example, in the case of the isomorphous series BaCO*, SrCO** 
MgOOj, CaCOs the radii of the constituent atoms are as 
follows :— 

# Phye. Rev. xxiii. p. 209 (1924). 
t Phil. Mag. xl. p. 169 (192K)). 
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Table II. 


Names. 

Atomic radii of 
metallic particles. 

Atomic radius 
from 0. 

Atomic radii for 
3 atoms of oxygen 

Ba0O 3 . 

. 2-10 

0*77 

3X0*65 

SrC0 3 . 

. 1*95 

0*77 

3X0-66 

OaCO, , 

. 1*7 

0*77 

3x0-65 

MgC0 3 . 

. 1-425 

0*77 

3X0*65 


The radii of the molecules have not been obtained by 
adding up, as this would hardly represent the exact state of 
affairs in molecule-building. A more correct way will be 
to calculate the radius from the volume of the new sphere 
formed by the closest packing of the atoms constituting the 
molecules by employing the following equation : 

J7rr n 8 = {|7r?*i 3 -f |7r?' 3 3 -f . . 

from which 

rn={r l * + r 2 *+ . . .}*. 

The radii of the molecules discussed in this communication 
calculated on the above view are shown in the table below :— 

Table TIT. 


Substance. 

r n calculated. 

BaOO a . 

. 2*193 

SrOO, .. 

. 2056 

CaCO, . 

. 1*836 

MgCO,. 

. 1*620 

KNO s . 

. 2-1 SO 

NaNO s . 

. 1-884 

NaOlOg. 

. 2-41 

KHSO, . 

. 2*58 

SrSOj. 

. 2-086 

KCIO* . 

. 2-254 

*NaCi. 

. 2*825 

*CaO . 

2*35 

*AgCl. 

. 2-826 

*BaO . 

. 2750 

0aS0 4 . 

. 1*922 

K # COj . 

. 2-675 

*N*F . 


*MgO .. 

. 2075 


* In the case of com pound a containing only two atoms, the radii have been 
calculated by simple addition. This is as it should be. 
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Table III. ( continued ). 


Substance. 


m calculated. 

Isobutylaldehyde. 


1*305 

Methylethylketone .. 


1*305 

Phenyl acetate. 


1*620 

Methyl benzoate . 


1*620 

Etbylnnihne. 


1*601 

Dimethylaniline . 


1*601 

TeH 2 0,. 

. 

1*471 

Z 11 SO v . 

. 

1051 

Glycerine . 


1*323 

Aniline . 


1*461 


In Table IY. we have assembled the values o£ magnetic 
susceptibilities of some substances which are isomorphous 
and whose elements constituting the molecules have also , 
close family resemblances with each other. These values 
are shown against their radii, calculated on the equation of 
closest packing :— 


Table IV. 

Names. 

Experimental. 

Bad 11 of the molecules 
calculated ori the equation 
of closest packing. 

BaCO a . 

43*42 

2*193 

SrOO s . 

25*25 

2 056 

CaCO a .. 

1401 

1-836 

MgCO,. 

6*999 

1-620 


An examination of this table shows at once that there is a 
decrease in the magnetic susceptibility of the compound aa 
the radius of the molecule is decreased, a conclusion which 
is in line with the views of Joos regarding the variation of 
the value of magnetic susceptibility with the change in the 
value of r 2 in the case of atoms constituting electronic 
isomers (loc* cit.). 

Now, according to Langevin’s theory 
* At = “4 
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Multiplying this by the Avogadro number, we get 

^ At< = — 2*85 x 10 10 £r 2 .(2) 

and for a molecule constituting an electronic isomer or an 
isomorphous body equation (2) may be written as 

— 2*85 x 10 10 S(Kr 1 ) 2 > . . . . (3> 

where r t represents the value of the radius of the molecule 
calculated as described before and K is an arbitrary constant, 
but which in a series of isomers is found to exhibit variations 
depending upon the summation of the atomic numbers 
extending over all the atoms constituting the molecule. Its 
significance has been discussed later on in this paper. 

We shall try to verify the equation adopted, t. e . 
K«,= —2*85 x 10 10 S(Kr,)*, by calculating the value of 
K m for electronic isomers and isomorphous series (both 
organic and inorganic). 

the results obtained by calculation from equation (3) are 
tabulated against the experimental values (most, of which are 
taken from the Physico-Chemical Tables of Landolt and 
Bornstein). Some values which were not known have been 
determined experimentally in our laboratory by Mr. S. L. 
Bhatia, M. Sc M and are communicated for publication in a 
paper by him. 


Table V. 

Case of Isomorphous substances belonging to the 
same family. 


Names. 

Experimental. 

XmXlO-*. 

Calculated from 
equation (3). 

BaCO a . 

-48-42 

-52*46 

9rCO,. 

-25*25 

—29*18 

0*00,........ 

-1401 

-18-28 

MgCO,........ 

- 6-990 

- 717 

EKOj **•»»*♦< 

-53*66 

-38-66 

NaNO a . 

—26*35 

-20-91 
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Table VI. 

Case of Electronic Isomers (Inorganic). 


Atomic 

number. 

Names. 

XmXlO-*. 

Experimental. 

XmX 10-« 
Calculated on 
equation (3). 

28 

Nad. 

-23-98 

-22*94 

28 

CaO . 

— 15-J2 

-15-74 

64 

BaO. 

-18*40 

-21-55 

64 

AgCl. 

-40*13 

—31*99 

20 

NaF. 

-11*76 

-10-95 

20 

MgO. 

- 6*73 

- 7*83 

68 

K 2 0O 3 . 

-76-02 

-81-57 

68 

OaS0 4 . 

— 81*73 

-43-0 

78 

TeK 2 0 3 . 

-33*72 

-33-68 

78 

ZnS0 4 . 

-43*58 

-42*44 


Table VII. 


Case of Electronic Isomers (Organic). 


Atc r ie Names, 

number. 

X,„X10- B . 

Experimental. 

x /w xio-». 

Calculated on 
equation (3). 

40 

40 

f OH a . CH 2 . CII 2 OHO \ 

\ Isobutylaldeliyde J 

r>° } . 

-4745 

—47'74 

-47*56 

-47*56 


[ Ikfethylethylketone J 


72 i 

\ 

72 \ 

| CH a OOOC 6 H 5 \ 

-83-23 

-82*90 

[ Methyl benzoate J *' 
rO e II 5 COOCH 3 1 

-82*69 

-82*90 

1 Phenyl acetate J ' 

66 | 
66 | 

[0 8 W,| . 

—89*30 

-89-4 

—80-4 

[ Ethylaniline / 
o,H s N(crr a) |. 

—89*66 

; Dimethylamhne J 

50 | 

60 | 
- T -- 

OH. CH 2 . CHOH . CH # OH 
t Olyoorine 

] -66-12 
i 

—65*1 

-63-31 * 

—65-1 

.. 

Aniline J 
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It is to be noted that the agreement between the 
experimental and the calculated values of in the case o£ 
electronic isomers is excellent. In the case of isomorphous 
series (Table V.) the agreement is fair. 

Significance of K employed in Equation (3). 

K is an arbitrary constant characteristic of a particular 
group of electronic isomers. The values of % have been 
assembled in Table VIII. In this table the ratios of K for a 
set of substances have been compared with the ratios of the 
summation of atomic numbers constituting these molecules. 
A very characteristic relationship is at once noticeable. 


Table VIII. 


Summation of 
atomic numbers 
Substance. of element* 
constituting 
the compound. 


Value of 
K. 


Ratio of the 
summation 
of atomic 
numbers. 


Rat io of K. 


I. 

Ba0O 3 . 86 1*96 86/42=2*0 1*96 /0*9S =20 

Sr00 3 . 68 1 56 68/42=16 156 /0*98 =16 

0aCO 3 . 50 1*176 50/42=1*19 1 176/0 98 = 1T9 

MgCO s . 42 0 98 42/42=1*0 0 98 /0*98 =1*0 

II. 

KN0 3 . 50 1*7 50/42 = 1*19 1*7 /1*43=1*19 

NftN0 3 .. 42 1*43 42/42 = 1*0 1*43/1*43 =1*0 


III. 

Na01O 3 .. 52 1*55 52/52=1*0 1*55 /I 55 =1*0 

KH8Q 3 . 60 1*788 60/52=1*15 1*788/1*55 =1*15 


IV. 

NaCl . 28 1*0 28/28=1*0 1 *0/L>0 =1*0 

CaO. 28 1*0 28/28=1*0 1 0/1*0 =1*0 


V. 

AgCl . 64 1*184 64/64=1*0 1*184/1*184 = 1*0 

BaO . 64 1*184 64/64=1*0 1*184/1184= 1*0 

VI. 

C®S0 4 . 68 2 0 66/68=10 2/2 =1-0 

K,0O,. 68 2-0 68/68=1-0 2/2 =10 
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Table VIII. {continued). 


Summation of 
atomic numbers 
Substance. of elements 
constituting 
the compound. 

Value of 
K. 

Ratio of the 
summation 
of atomic 
numbers. 

Ratio of K. 

VII. 

ffaF. 

.. 20 

08 

20/20=1-0 

0-8/0-8 =10 

MgO . 

... 20 

0*8 

20/20=1*0 

0-8/0-8 =1*0 

VIII. 





Isobutaldehyde . 

.. 40 

3131 

40/40=1-0 

3131/3-131=10 

Methylethylketone 40 

3-131 

40/40=1-0 

3-131/8131=10 

IX. 





Plienyl acetate . 

72 

3*311 

72/72=1-0 

3 311/3 311 = 10 

Met hyl benzoate. 

.. 72 

3*311 

72/72=1-0 

3-311/3-311 = 10 

X. 





Ethylanihne ... 

60 

3*497 

60/66=1-0 

3-497/3 497=10 

Dimet hylanihne 

. 66 

3 497 

66/66=10 

3-497/3-497 = 1-0 

XI. 





TeH a O, . 

78 

2*337 

78/78=1*0 

2'337/2-33"= 10 



ZnS0 4 . 

78 

2-337 

78/78=1-0 

2-337/2-337 = 10 

XII. 





Aniline . 

.. 50 

3*271 

50/50=1*0 

3-271/3-271=1-0 

Glycerine . 

.. 50 

3-271 

50/50=1*0 

3-271/3-271 = 10 


It is seen that the values of the constant K in a series 
are proportional to the atomic numbers. In the case of 
isomorphous series (^Nos. I. and II in the table) the value 
of K decreases as the summation of atomic number 
decreases. In the case of electronic isomers the values of K 
are identical. A very characteristic feature of K is that it 
is roughly proportional to the number of atoms contained in 
the molecules. For example, in the case of molecules 
containing two atoms K has an approximate value of 
1 (0*8 to 1*184). For molecules containing four to five the 
mean value of K is about 1*5 to 1*6 (ranging between 1*43 
to 1*96). For molecules containing six atoms it is approxi¬ 
mately 2, and rises continuously as the atoms in the 
molecules are increased. Thus, in the case of iso~butaldehyde 
and methylethylketone, where the number of atoms is 13, 
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the value oE K is 3*131. In the case of phenyl acetate and 
methyl benzoate, with 18 atoms, the value of K is 3*311, and 
for ethylaniline and diinethylaniline, with 20 atoms, the 
value of K is 3*497. These regularities about the constant 
suggest that equation (3) may be of fundamental physical 
significance. 

Further work on the magnetic susceptibilities of electronic 
isomers is in progress. 

The authors take this opportunity of thanking Messrs* 
K. N. Mathur and S. L. Bhatia. 

University Chemical Laboratories, 

University of the Punjab, 

Lahore (India). 


L1V. Supplementary Note on the Parallel-plate Condenser 
in I wo JJimensions. By Doris Mona Hirst, M.A ., and 
W. B. Morton, M.A., Queen s University , Belfast *. 

J N a note which appeared in this Magazine for October 
1926 f there was given, along with other results, a 
graph connecting the “ capacity-factor ” and the “ shape- 
constant ” of a condenser formed by long parallel strips 
( loc . cit . fig. 8). By capacity-factor is meant the ratio of 
the capacity, per unit length, to the value which would be 
derived from the elementary formula, on the supposition 
that the lines of force between the plates are everywhere 
straight. The shape-constant is the ratio of the distance 
between the plates to the breadth of either plate. These 
magnitudes are functions of the modulus of the elliptic 
functions used to express the solution, and the plates come 
close together as the modulus approaches unity. Unfortu¬ 
nately, the logarithmic manner in which K becomes infinite 
at the limit has the consequence that the shape-factor is 
comparatively large even when the modular angle is quite 
near to 90° ; its value is *459 for 89°, so that the capacity, 
when the planes are closer than this, cannot he calculated by 
use of Legendre’s tables without interpolation. Thus the 
most interesting part of the graph, corresponding to planes 
which are close together, was only obtained on a small scale 
as a prolongation of the curve towards the origin* 

+ Communicated by the Authors. 

f W. B. Morton, u On the Parallel-plate Condenser and other Two- 
dimensional Fields Specified .by Elliptic Functions/’ Phil. Maa. ii. 
p. 827 (1926). 

Phil Mag. 8. 7. Voh 5. No, 29. March 1928. 2 N 
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The object of the present note is to extend the calculated 
range in this direction. The numerical values were computed 
by expanding the functions in powers of 1/K. The results 
are shown on the accompanying diagram. In order to give 
adequate representation of the entire range of values the 
graph has been broken into a number of pieces on different 


Fig. 1. 



scales. The magnitude marked on each curve is the value 
to be assigned to the unit of the scales marked along the 
axes. It will be noticed that even at the smallest values the 
curve still makes a considerable angle with the vertical axis, 
although it ultimately touches this axis at the origin. 

The following values of the capacity-factor, for selected 
shapes of condenser, were calculated by interpolation, and 
are quoted to give an idea of the magnitude of the correction. 
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Shape-constant 1, Capacity-factor 2*118 

„ -1, „ M68 

„ -01, „ 1*024 

The smallest values calculated were *000315 and 1*00109, 
shape-constant and capacity-factor corresponding to K — 
5000. 

This work was done without knowledge of any previous 
investigation, except that of Sir Joseph Thomson, mentioned 
in 4 Recent Researches' and quoted in the former note. 
We owe to Dr. Bromwich a reference to two papers on the 
same subject—one by J. H. Michel! *, published in 1893, the 
year in which 4 Recent Researches ’ appeared, and the other 
by l)r. Bromwich himself f hi 1902. In the former paper 
expansions are given equivalent to those which we have 
used, but in terms of log 4 //c and k 1 instead of 1/K. In 
Dr. Bromwich's work the problem is solved directly by 
Schwarz’s method, and Weiorstrass’s functions are used. 


LV. On the Acoustics of Strings struck by a Hard Hammer. 
By K. C. Kau, /K8c. 9 1C (Janguli, M.Sc. y and S. C. 
La ha, AJ.Sc.% 

Introduction. 


f I MI E theoretical treatment of the problem of struck strings 
JL has proceeded on two different lines. To the first class 
of theories belong those put forward by Helmholtz §, Dele- 
mcr ||, and Lamb% each of which is based on some assumed 
law of pressure between the hammer and the string during 
the time of contact. The second method of attacking the 
problem is due to Kaufmann **, who gives a rigorous func¬ 
tional solution—provided the duration of contact ( t ) is less 
than hut comparable with the free period {6) of the string 


o- 


e 



l —a 
l 


^—of 


the case of a massive particle striking 


(1) a string of infinite length, (2) a string of finite length 
at its centre or very near the end. In the case when the 


* J, H. Michell, Quarterly Journal of Mathematics, xxiii. p. 72 (1893). 
t T. J. I’a. Bromwich, Messenger of Mathematics, xxxi. p. 184 (1902). 
% Communicated by the Authors. 

§ Helmholtz, 4 Sensations of Tone/ 

|| Delemer, Ann. Soc. sci . de Bruxelles , xxx. pts. 3-4, pp. 299 310 
(1905-6), 

f Lamb, 4 Dynamical Theory of Sound/ p. 74. 

** Kaufmann, Wied . Ann . liv. pp. 675-712 (1895). 

2 N 2 
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hammer strikes the string near its end, Kaufmann has, how¬ 
ever, assumed that the portion of the string between the 
hammer and the nearer end vibrates as a rigid rod. This 
assumption of Kaufmann has been done away with by 
P. Pas *, who, however, makes the further assumption that 
the hammer gives discontinuous impulses to the string 
during the time of contact, the time between two successive 
impulses being the time taken by a wave to start from the 
hammer and to come back to it after reflexion from 
the nearer end. With the above assumption Das lias ex¬ 
tended Kaufmann’s theory by proceeding on a line similar t o 
that of Love t for the longitudinal vibration of a string 
struck at the end. 

The experimental work in this direction has been done by 
Kaufmann f himself and also by Hipkins §, who find no 
agreement with the TIelmholtz-Delemer-Lamb theories. 
The recent experiments of George || and 11. N. Ghosell 
generally support Kuufmsmn's theory. Recently Datta** 
has also got results which go to support Pas's theory. 
Systematic data on struck strings appear to he still wanting 
In conclusion, we may make a note of Havashi’stt experi¬ 
ment, where vain attempts have been made to reach the 
conditions demanded by Uelmholt/As theory. 

The above is a summary, made up to date, of George’s 
introduction to his paper appearing in Phil. Mag. xlvii. 
p. 591 (1924). 

In the present paper, attempts have been made (1) to study 
the amplitudes of the different harmonics for different 

striking-points when or < t being the duration 

of contact, 6 the free period of vibration ; (2) to subject 
Pas’s theory to an experimental test ; (3) to determine the 
impulses given by the hammer to the string at different 

* P. Das, Proc. Ind. Assoc, vii. pts. 1 & 2, pp. 13-20 (1921). 

t Love, ‘Theory of Elasticity,’ pp. 411, art. 281 (2nd ed.). 

I Kaufmann, l. c. 

§ Hipkins, Proc. Roy. Soc. xxxvii. pp. 37-39, and xxxviii. pp. 83 
(1884). 

j| George, Phil. Mag. xlviii. pp. 34 & 48 (1924), 1. pp. 91-99 (1924); 
Proc. Roy. Soc. cviii. pp. 284-295 (1925). George & Beckett, Proc. Roy. 
Soc. A, cxiv. (1927). 

5| R. N. Ghose, Phil. Mag. xlvii. p. 1125 (1924) ; Proc. Ind. Assoc, ix. 
pp, 111, 194 (1925); Phys. Rev. xxiv. p. 450 (1924), xxviii. p. 1315 
(1926). F 

** S. K. Datta, Proc. Ind. Assoc, viii. pt. ii. (1923). 

tf Hayashi, Kyoto Coll. Sci. Mem. vi. pp. 165-169 (1923), 
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points ; and (4) to study tho effects of the material and the 
area of contact of the hammer on the changes of amplitudes 
of different harmonics. 


Experiment. 

The experimental wire was horizontally stretched over two 
bridges fixed on the table. The wire was fixed at one end, 
and the other end, passing over a rigidly-fixed pulley, carried 
a heavy weight. The striking-ha miner consisted of a metal 
ball suspended freely by means of a tine thread, thus consti¬ 
tuting a simple pendulum. When at rest the bob just 
touched the wire, and the centre of the bob and the wire lay 
in the same horizontal plane. Thus struck by the bob- 


Fitf. 1. 



hammer the stretched wire began to vibrate in a horizontal 
plane. A reading microscope of Becker &Oo. of magnifying 
power 40 was focussed on the wire from above {vide fig. 1). 
We may note, in conclusion, that by the above arrangement 
we can vary the velocity of impact at will. 

In order to measure the amplitude of the fundamental, 
the microscope was focussed on the middle of the wire, 
which was illuminated by sunlight from below. The bob 
being taken aside was released and allowed to strike the wire 
only once, and the amplitude of vibration was determined by 
the micrometer scale with the eyepiece, one smallest micro 
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division being equal to *027 mm. Again, to get the ampli«? 
tude of the octave, observations were taken with the micro¬ 
scope at //4, while the wire was damped at the middle 
immediately after the impact so as to stop the fundamental. 
Similarly, for the other harmonics, readings were taken with 
the microscope at an antinode, the corresponding node 
being damped immediately after impact. The different 
amplitudes as observed by the microscope were then cor¬ 
rected for the amplitudes of other harmonics for which the 
point of observation is an antinode. For instance, from 
the observed amplitude of the fundamental was subtracted 
the amplitudes of the 3rd, 5th, and so on, and similarly for 
others. 

The results of our investigations are given in three 
sections. 

In section A, Tables 1. and TIT. give the corrected ampli¬ 
tudes of the first six harmonics for different striking-points 
along wires of steel and eureka. In Tables II. and IV. are 
given the amplitudes of the fundamental, and the displace¬ 
ments of the centre of the string at the instant of impact 
when the hammer strikes the wire at different points with 
different velocities. In section B, Das’s equation has been 
put to an experimental test. The theoretical and the experi¬ 
mental values of different harmonics are compared in Table V. 
In section 0, Table VI. gives the impulses imparted to the 
string by the hammer striking with different velocities at 
different, points on the string. And in Table VII. are given 
the changes of amplitudes of the first three harmonics with 
changes of the area of contact and the material of the 
hammer. 

The values given in different tables are generally means of 
about ten observations. 


Section A . 


Results. 


Steel wire :— 

Mean diameter of the wire. 

Mass per unit length . . 

Length of the vibrating wire ... 
Tension in the wire .. 


Striking-bob of iron :— 

Mean diameter. 

Mass of the bob .. 


*38 mm. 
•00892 gin. 
290 cm. 

3*5 kg. 


3*2 cm. 
140*7 gm. 
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Table I. 

Initial velocity of impact—60*11 cm./sec., ~ > ^ 
a —distance of striking-point from nearer end. 


Amplitude of Harmonics (in nun.)*. 


a j 

(cm.) i 



j 1st. 

2nd. 

3rd. 

4th. 

j 

5th. 

6th. 

20. 

. 2-8047 

•3370 

*0940 

•0405 

•0573 

0270 

29. 

. 21602 

•2835 

1458 

•0810 

•0240 

•0405 

32. 

. 20935 

•4320 

■1620 

•1215 

0945 

•0112 

40. 

1*1131 

*4590 

1215 

*1080 

•0054 

0270 

SO .... 

2-4191 

•1080 

•1485 

0810 

*0324 

•0540 

60. 

20312 

•3100 

•1134 

*0675 

•0054 

0124 

70. 

1-4050 

*5910 

•14*5 

•0405 

•0459 

•0270 

80. 

. 2-8447 

•8050 

0810 

•1134 

0243 

0405 

90. 

. 1-2299 

•5030 

•0945 

•0540 

•0756 

*0200 

100. 

. 2-0218 

*2160 

•1215 

■0510 

0567 

0540 

110. 

. 1-7992 

•4750 

■0945 

•0048 

•0513 

*0540 

120. 

1-0448 

•4620 

1512 

•0810 

0540 

0130 

130. 

. 1*7380 

•5070 

•1215 

•0567 

*0405 

•0540 

140. 

1-6353 

-4050 

1512 

•1080 

0134 

— 


* Amplitudes of harmonics beyond the 6th were too small to be measured 
by the microscope at our disposal. 


Now, for a string struck at mid-point the maximum value 
of the displacement, according to Kaufmann’s theory f, is 
given by the equation: 



where y=the max. displ., t> 0 =vel. of the hammer before 
impact, 0 = tho free period of the string, m = the mass of the 
hammer, and M = the mass of the string. Substituting 
the experimental values of v 0 , 6> m, and M for the eureka 
wire and brass hammer, we find y = l*ll cm., whereas from 
Table IV. y = l*01 cm. Such a close agreement between 


t Kaufmann, /. c. See also George, Phil. Mag. xlvii. p. 591 (1924). 
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Table II. 


v —velocity of the hammer before impact. 
y —displacement at mid-point. 

F—amplitude of the fundamental. 


a 

V 

!/ 

F 

yh 

F/v 

(cm.). 

cm./see. 

(cm.). 

(cm.). 

XJO-s. 

xio- s . 

10 . 

44*80 

•65 


14*4 



89-72 

1*24 


13-8 



11210 

1*51 

... 

13*4 


20 . 

UM 

*88 

*280 

19*0 

6*24 


89*72 

1-59 

*600 

17*7 

C-G8 


1]2-10 

1-91 

*784 

J 7*0 

700 

40 . 

4-1'86 

1*12 

■111 

24*9 

2*48 


89*72 

2*10 

*184 

234 

2*06 


112*10 

2*53 

■304 

22*6 

2*71 

70 . 

44*86 

1*49 


33*2 



89*72 

2*82 


31-4 



112*10 

3*48 


31*0 


90 . 

44*86 

1*68 


37*4 



89*72 

3*15 


35*1 



112*10 

4*00 


35*5 


110 . 

44-86 

1-95 


43-4 



89-72 

3-50 


39*0 



112*10 

4*40 


39*2 


130 . 

44*86 

2*10 


46-8 



89*72 

4*10 


45-7 



112*10 

5*10 


45-5 



the experimental and the theoretical values is a good con¬ 
firmation of Kaufmann’s theory. For the steel wire the 
experimental value of y ( = 2 5 cm. from Table II. for 
® — 44*86 cm./sec.) is much less than the theoretical value 
22*3 cm., as it should be due to the fact that in this case* 

0^1- If appears trom Table II. that the displacement of 

the centre of the wire at the instant of impact, as also the 
amplitude of the fundamental, are approximately propor¬ 
tional to the velocity of impact of the hammer, the constant 
of proportionality depending on the striking-point. 

* t is roughly found to be of the order -1 sec. 
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Eureka 

wire:— 






i 

dass per u 

mit length of the wire ... 

a 

o 

o 

o 

o 


i 

jengt-h of the wire 



290 cm. 


i 

"elision in 

the wire 



11 kg. 


Striking 

j-bob of b 

rass:— 





Mass of the bob 



26*o gm. 


i 

iIomii diameter of the bob 


2*38 cm. 


\ 

1 elocity of the bob 

before impact . 

89*72 cm./sec. 



Table III. 






Amplitude of Harmonic*? (nun.). 





■j 





1 st. 

2nd. 

3rd. 

4th. 

5th. 

Otll. 

10. 

3*2036 

■4060 

•6210 

•0972 

1755 

•0540 

20. 

4*9030 

*2700 

■2100 

•2700 

*0810 

0810 

29. 

6-4260 

*3610 

•4860 

•0810 

•1890 

•0540 

40. 

6-9438 

*0675 

*4320 

•2160 

1242 

•0101 

50. 

6-8380 

•0540 

•1620 

•0756 

0110 

•0270 

60. 

4*4600 

•2025 

•4320 

•1485 

•1080 

•0945 

70 . 

34060 

•2700 

*5130 

•2025 

*0810 

1620 

80. 

2 3992 

•2800 

•4050* 

•3780 

1458 

•0972 

90. 

1-8620 

•2970 

•4050 

1080 

•2430 

•0810 

100. 

3-5645 

•4860 

•3240 

•2700 

•1215 

•0810 

110. 

3-3115 

•3240 

•4860 

•0945 

•2025 

•0270 

120. 

39680 

•3240 

•2700 

•3510 

1620 

•0120 

130. 

2-8925 

•2970 

■54(H) 

•0945 

•0675 

•(1540 

140. 

24600 

•2430 

•4050 

*2700 

•1360 

0810 



Table IV. 





Uiicorrectcd Amplitude 
of the Fundamental 


10 . 400 400 

20. 5-20 6-20 

29. 0-10 610 

40 . 6-60 6-50 

60 . 7 00 6 01 

60 . 7-60 6-00 

70 . 810 4-00 

80 . 8-52 2-94 

90 . 9-00 2*60 

100-140. 1010 — 
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On comparing the displacements and the uncorrected 
amplitudes of the fundamental*, i. e. the amplitude of vibra¬ 
tion of the string as given in Table IV., we find that the two 
are equal up to about L/7, when the amplitude of the funda¬ 
mental is maximum for the first time. After L/7 the 
displacement goes on increasing while the fundamental 
decreases. Again, with steel wire and iron hammer we 
find from Table I. that the amplitude of vibration of the 
wire never exceeds 3 mm. By extrapolation we find that 
the displacement of mid-point is 3 mm. when the hammer 
strikes at about L/77. Thus the fundamental should be 
maximum when the striking-point is at about L/77. 

Again, according to George f, for ??i/M = 1 the fundamental 
is maximum at L/7, while for m/M = 9*625 the maximum is 
at L/30. In our case, for m/M = 1*606 the maximum is at 
L/7’2. Thus on extrapolating we find that for mj M = 54*39 
the maximum is at about L/80. And this agrees fairly well 
with the value found otherwise. Thus one is led to think 
that the displacement of the centre and the amplitude of 
vibration of the wire first begin to differ from the point' 
where the fundamental is maximum for the first time. It 
may also be noted, in conclusion, that the maxima and the 
minima of the fundamental and other harmonics become 
fewer and less pronounced as the relative mass of the 
hammer (m/M) is reduced. 

Section B. 

We have already pointed out in our introduction that 
P. Das t h as started with the assumption that the hammer 

gives discontinuous impulses at J = 0, —, ; i. the 

times at which the waves starting from the hammer come 
back to it after successive reflexions from the nearer end. 
Now, according to Das, the pressures in the successive 
epochs are givon by the equations : 

2pv 0 ce~ kct , .. (2 a) 

2pv 0 c [e- kot + e-K ct -™ {l-k(ct-2a )}], ... (2 h) 

2pvoo {l — k{ct — 2a )} 

+ {1— 2k(ct—ia) + ~ (c<-4a)*}] , (2 c) 

and so on, 

* Obtained bv adding ampls. of 1st, 3rd, 5th harmonics, 
t Georcre, Phil. Mag. 1. p. 495 (1924). 

% P. Das, l c, 
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where p =mass per unit length of the string, m = mass of 
the hammer, /£ = , 6*= velocity of propagation of trans¬ 


verse waves on the string, r u =initial velocity of the hammer, 
a = distance of the striking-point from the nearer end, and 
/ = the variable time. 

Thus at time t ~0 the pressure suddenly increases to 2pr 0 c*, 
and then continuously decreases till the reflected pulse arrives 


at the hammer at time t = - . During this time, which is 

the first epoch, the pressure is given by eq. (2 a). At 
2a 

t = — the pressure suddenly increases by 2/n , 0 c, and again 


goes on falling according to equation (2Z>). Thus at the 
beginning of every epoch the pressure increases by an equal 
jump, 2pr 0 c, and then falls off continuously till after a 
number of epochs the impact ceases. Having got the 
pressure-time curve between f = 0 and t = T, where T is 
the duration of contact, we proceed to calculate the values 
of the amplitudes of different harmonics with the help of the 
well-known equation (notations being same as in «»q. 2) : 


. 1 . SITU 1 1 . , , 7 , 

<p, =-sin —1 r sin / — t ) at , 

S7TCp ( 


(3) 


where T = the duration of contact, /=the length of the string, 


and The above equation can also be written as 

. 2 . sira r . 4 T ,, , 

<f >* = - —sin sm nd I r cos n„t at 

s-nrp l L .’o 

—cos vjt | Fsin . (4) 


Thus for the numerical computation of eq. (4) we 
multiply each ordinate of the pressure-time curve by 
cos n,r and sinn,£' respectively, and obtain two new curves 
for each harmonic. The areas of these curves between £ = 0 
and = T give the values of the two integrals in eq. (4). 
The areas were measured with a planimeter, and the ampli¬ 
tudes of different harmonics were obtained by putting 
s«sl, 2, 3, etc. The calculated and the experimental values 
of the amplitudes of the first six harmonics for the eureka 
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wire and brass hammer under the experimental conditions 
prevailing are given as follows :— 

Table V. 


Harmon ics. 

Striking-point L/10. 

Striking.point L/7‘^. 

Observed. 

- , 

Calculated. 

Observed. 

| Calculated. 


mm. 

mm. 

nun. 

mm. 

First. 

5-4250 

6-8130 

5-9438 

5M710 

Second . 

•0510 

1*5750 

•0675 

•6304 

Third. 

•4800 

2-6140 

•4320 

•1808 

Fourth . 

•0810 

2-3000 

•2160 

•1700 

Fifth . 

•1890 

•4461 

•1240 

*5500 

Sixth. 

•0540 

•0009 

•0101 

*5676 , 


Thus there is no agreement between the theoretical and 
the observed values, even if some allowance be made for the 
dissipation of energy in the system and for the fact that 
some time must elapse, however small, between the striking 
of the hammer and the measurement by the microscope. It 
may also be noted that from Das’s theory the total impulses 
given by a brass hammer to the eureka wire (used in our. 
exp.) at L/10 and L/7*2 are equal to 5026 and 5841 gm. wt., 
whereas the corresponding observed values are 4425 and 
4576 gm. wt. Thus J)as's theory goes against experimental 
evidence. 

Before concluding this section we should like to make a 
few remarks on Mr. Datta’s work under Prof. Raman’s 
guidance, already referred to in the introduction. Mr. Datta 

seems to have made a serious error in taking | 

66 between the limits £ = 0 and the time where the curve cuts 
the axis of time.” It is quite obvious *, however, that the 
other limit will be T, t he time of contact between the hammer 
and the string. Further, he seems to have ignored the fact 
that n 8 within the above integral is different for different 
harmonics. These have, we think, vitiated his calculations 

♦ Rayleigh , i Theory of Sound,’ vol. i. /. c . 
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throughout. Moreover, he has refrained from giving suffi¬ 
cient data (e.g. tension or frequency of the wire), thus 
making it impossible to repeat his experiment or to check 
his calculations. At any rate, we fail to see how he could 
get such a close agreement (sometimes up to 4th place of 
decimal) between his experimental and theoretical values. 

Section C. 

Tarle VI. 

With steel wire and iron ball described in Sec. A. 


a 

(cm.). 

Velocity of Velocity of 
hammer hammer 

before impact, after impact, 
f 7* 'V 


Velocity of 
hammer 
before impact. 

'V- 

Velocity of 
hummer 
after impact. 

*\t - 

Mr- -v a '). 


cm./sec. cm./sec. 


cm. /sec. 

cm. /sec. 

~ .— 

20 

4 4*86 42*83 

1:2340 

60*11 

55*04 

16200 

29 

44* IS 

12530 

«> 

5719 

16500 

40 

„ 43*86 

124*0 

»• 

56*25 

16370 

50 

43*77 

12470 

•i 

55*84 

16310 

00 

„ 43*41 

12420 


5511 

16350 

70 

43*37 

12410 

„ 

55*66 

16290 

80 

44-22 

12540 


56*20 

16360 

90 

„ 43-95 

12510 


56*87 

16150 

100 

„ 44-40 

12500 


56*79 

16440 

110 

„ 43*60 

12450 

M 

55*89 

16300 

120 

„ 4297 

12360 

>» 

56-34 

16390 

130 

„ 43*46 

12430 

»> 

54-95 

16190 


Table VI. shows that the impulses imparted to the string 
pass through a number of maxima and minima as the 
striking-point is shifted towards the centre from one end 
It is of interest to note that in the case of steel wirt and iron 
hammer under consideration the impulse is maximum at 
about L/10 and L/4. It appears from Table VII. that the 
nature of the metal of the hammer plays an important part 
in determining the amplitudes of the harmonics. Further, 
as the area of contact is increased by increasing the size 
of the brass hammer, the fundamental is considerably 
weakened. 
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Table VII. 

Steel wire under experimental conditions given in Sec. A. 
a = L/10. 



; Velocity of 1 
hammer 

| 

j Amplitude of Harmonics 

Hammer. 

Initial 

Impulse 

/UV. 


(mm.). 

* 

before impact 



3rd. 


J v mu./sec. | 

1 

1st. 

2nd. 

Hollow lead balh 

1 4345 


1*157 

*3770 

•1690 

diametercm. 

j 4345 

1 43'45 


1*066 

*3445 

•1560 

” ’ | wt.=48'i) gm. 




„ copper,, J 


*988 

’3055 

•1560 

Brass ball ( di ^>^r=2-38cm. 

[ wt. =26‘5 gm. 

| 88-40 

2342*6 

3*5570 

0702 

*0243 

Bras, ball j di f rae '“r 5 ' 2Cm - 

wt.=629 gm. 

1 4-00 

1 88-40 

25160 

55623*6 

*0189 

*883 

•0027 

•0918 

•0297 


Conclusion*. 

(1) Observations taken support Kaufmann's theory. P. 
Das’s extension of Kaufmanias theory is found to have no 
agreement with experimental evidence. Calculations made 
by Mr. S. K. Datta to confirm Das’s theory are shown to bo 
wrong. 

(2) The striking-point for which the fundamental is maxi¬ 
mum has been shown to depend on the ratio of the mass of 
the hammer and the string. For this striking-point the 
amplitude of vibration of the string is found to be equal to 
the displacement at the centre, 

(3) The displacement at the centre and the amplitude of 
the fundamental are found to be proportional to the velocity 
of the hammer before impact. 

(4) The velocity of the hammer before impact remaining 
the same, the velocity after impact is found to change dis- 
continuottsly with the striking-point, in agreement with 
George and Beckett’s recent observations. 

(5) The area of contact and the nature of the metal of the 
hammer has a great influence on the strengths of the different 
harmonics. 

(6) When struck at L In the vtth harmonic is not absent, 
in agreement with the experiments of Hipkins and Kauf- 
mann. 
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Further investigations regarding the effect of elasticity of 
the hammer and the string and direct determination of the 
duration of contact are in progress and will appear in a later 
communication. 

In conclusion, we express our thanks to Mr. Bhupendra 
natli Bannerji, M.Se., for helping us in some of our 
calculations. 

Phy sics Laboratory, 

Serampore College, 

1 leu gal, India. 

July, 1927. 


LVI. On making very Sensitive Helical Springs from Quartz 
Fibre . Iky H. 1). H. Duane, M .Sc., l J h.J A, Jl esearch 

Laboratory , The Thermal Syndicate Limited , Walhend-an- 
Tyne *. 

D IRECT weighing by loading helical springs made of 
fused quartz is a simple and convenient method, which 
hasibeen of service notably in studying adsorption pheno¬ 
mena. Most, springs used in this way have been made up 
by bending rod 1 mm. or so in diameter approximately to 
the desired helical shape in an oxygen-fed blowpipe flame, 
and have had a maximum sensitivity of the order 10 2 cm. 
per gram, but very much more sensitive springs can be 
produced. The convenience of this method of weighing, or 
otherwise of applying a small but accurately measurable force, 
suggests the use of these springs in many types of physical 
investigation. The present note describes how springs of 
perfectly uniform curvature may be produced from quartz 
fibre with a sensitivity of the order 1() 6 cm. per grain. The 
sensitivity may easily be made greater than this, but for 
reasons of difficulty in manipulation probably 10° cm. per 
gram represents the practical limit of utility. 

The whole process of making a spring need not occupy 

more than five minutes and is simple to carry out. Four 

things are required : a supply of quartz fibre, an oxv-coal 

gas blowpipe, a piece ot fused quartz tube of uniform 

diameter, and a tubular wire-wound furnace in which the 
quartz tube may be heated to about 1000° C. A length of 
the quartz fibre is selected (diameters 0*005 cm. and below 
are suitable) and weighted at one end by a small pellet of 
wax. The silica tube, which may conveniently be 1-2 cm. in 

# Communicated by Lord Rayleigh, F.R.S. 
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diameter, is softened near one end over an area about 3 mm. 
square by heating in a small oxy-gas flame. Then, holding 
the fibre an inch or so from its free end so that this portion 
projects horizontally, the heated zone of the tube is lowered 
on to the fibre, keeping the fibre at a right angle to the axis 
of the tube. Lowering the tube on to the fibre avoids trouble 
from convection-currents of air which rise from the heated 
tube. In this manner the fibre becomes attached to the tube 
by fusion and may later be wound up in the form of a helix. 
The weighted fibre should not, however, be allowed to hang 
directly from its point of attachment to the tube where it 
may easily be broken. The first half turn of the helix 
should be made very loosely by looping the fibre over the 
tube with the weight of the wax pellet supported, and only 
then allowing the pull of the weighted fibre to make this 
half turn taut. The fibre is then wound up at will, and 
secured bv fusion to the tube near the weighted end in a 
similar manner to that already described. A small area of 
the tube 1 cm. or so from the last made turn of the helix is 
softened, and over this the remaining portion of the fibre, 
is wound. In this process the surplus piece of fibre is 
usually drawn off automatically by the weight of the wax 
pellet. 

The coiled fibre on its supporting tube is now placed 
axially into the uniformly heated zone of the tubular furnace 
and brought to 1000° ()., for a few (one or two) minutes. It 
saves time ami is otherwise advantageous to keep the furnace 
ready at about 1000°O. After healing, the tube and fibre 
are removed and allowed to cool immediately. The attach¬ 
ments at the end of the fibre are then broken by the finger¬ 
nail or otherwise, and the fibre, now in the form of a helix of 
slightly larger diameter than the tube, may be easily removed. 
If required, the ends of the spring may be bent about by 
heating in a very fine jet of coal-gas or hydrogen burning in 
air. 

As an example of the method, coiling fibre 4 # 0xl0~ 8 cm. 
diameter on to a tube 0*69 cm. diameter and heating for two 
minutes at 970° 0., gave a fibre spring 1*02 cm. diameter. 
The sensitivity of this spring was not determined, but a 
similar spring with twenty turns, 0*88 cm. diameter, extended 
at the rate of 0*33 x 10 5 cm. per gram, the diameter of the 
fibre being 165xl0~ 8 cm. By altering the conditions of 
heating, springs of varying diameters may be produced, and 
it is proposed later to communicate a study of the elastico- 
viscous behaviour of fused quartz based upon this method. 
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LVTI. Oscillatory Ionization Currents from Clouds of 
Cadmium-Oxide Particles . By H. P. Walmsley, A/.Sc* 

[Plate IX.] 

r pHE ionization currents which are obtained from clouds 
-L of cadmium-oxide particles dispersed in air by an arc 
discharge between cadmium electrodes have been described 
previously (1) . The currents obtained seem to be the sum of 
two effects (,) . The ionization present on formation of the 
cloud diminishes with time by recombination, and, as the 
cloud acres, new ions are produced whose number increases 
from zero to a maximum and then diminishes. The problem 
of the present paper is to determine whether the new ions 
are produced by a continuous process, such as one usually 
associates, say, with a chemical reaction, giving rise to a 
smooth ionization curve, or whether the ions are produced by 
several continuous processes each of which passes through 
a maximum at a time distinct from the others, thus pro¬ 
ducing the apparently oscillatory curves which have been 
described. 

The apparatus employed was similar to the one used 
before, but instead of measuring the ionization currents bv 
the rate of change of potential of the system, the insulated 
quadrant of the electrometer was connected to earth through 
a xylol-alcohol high resistance, and the steady deflexion 
method was employed. The high resistance increased the 
electrical capacity of the system and reduced the sensitivity 
of the apparatus, so that only the currents from the more 
strongly-ionized clouds could be measured easily. These 
always gave a curve showing a rise in current strength at 
some time after the initial sparking in the arc had ceased. 

A number of clouds were examined which had been 
dispersed in dry air free from dust and carbon dioxide. 
The currents from both positive and negative ions were 
found to behave similarly. Fig. 1 is an ionization current 
from the negative charges of a cloud which was dispersed 
by arcing for 15 seconds. The subsequent variation with 
time of tlie deflexions of the electrometer needle are shown in 
scale divisions. For steady currents 11 scale divisions 
represent a current of 10“ JS ampere approximately. In all 
cases it was found that the ionization curves apparently 
consisted of a series of kicks following each other rapidly. 
Their magnitudes varied considerably and the time-intervals 
between the kicks seetned irregular. Compared with the 
* Communicated by the Author. 
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fluctuations on the weaker clouds, which were measured by 
the time-rate o£ the deflexions, those from the denser 
clouds measured by the steady deflexion method are more 
numerous, though their mean excursion expressed as a 
fraction of the total current flowing is considerably less. 
The diminution in number with the weaker clouds is at least 


Fig. 1. 



partially accounted for by the method of measurement which 
averages the effects over the time occupied in obtaining each 
reading. This not only reduces the number of fluctuations 
observed, but smoothes them out and tends to eliminate 
them. Thus, had the currents from the same cloud been 
measured by the two methods, the record by the steady 
deflexion method should show more numerous and relatively 
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greater fluctuations in current strength. Provided the 
fluctuations are not fortuitous, but result from real physical 
processes such as have been postulated, the decrease in the 
relative magnitude found for the more strongly-ionized 
clouds suggests that the number of such processes increases 
with increasingly denser clouds, and that an ultimate state 
might be attained in which they were so numerous that the 
resulting currents would simulate those from a smooth 
continuous process. 

Experimentally, the view that the current is built up of 
component parts and that each fluctuation indicates the 
presence of one of them depends upon the extent to which 
the fluctuations are greater than the experimental errors. 
Those obtained by the ** rate of change ” method certainly 
appeared to he greater than the possible errors. However, 
as the fluctuations obtained by the more reliable “ steady 
deflexion” method were both more numerous and relatively 
smaller, the results of a detailed examination of the question 
are given in what follows. 

Photographic Registration of the Currents . 

To obtain a more accurate record of the currents, the 
motion of the electrometer needle was photographed by 
means of an Edelmann apparatus, where the lateral move¬ 
ments could be registered as an oscillatory line on sensitized 
paper. A second stationary image of the lamp filament was 
placed on the paper to provide a fiducial line and to check 
any movement of the apparatus during an experiment. 
This image was cut out during an exposure for the first five 
seconds of every minute. Hence on the record the fiducial 
line appears broken and forms a convenient time-scale. To 
avoid errors in numbering the minutes, the half hours were 
usually distinguished by a break of 15 seconds instead of 5. 

Since the width of the sensitive paper is only 6 cm., 
it is necessary to confine the deflexion of the image to that 
range ; i. e the potential of the electrometer must be 
maintained near zero—a favourable circumstance, for the 
readings thereby reap some of the advantages enjoyed by 
null methods of working with the electrometer. This was 
clone by applying a suitable potential from a potentiometer 
to the end of the high resistance whenever the spot of light 
tended to leave the camera lens. The arrangement of the 
electrometer circuit is shown in fig. 2. The central electrode 
of a cylindrical ionization chamber I is connected to the 
insulated quadrant of the electrometer and to one end of 

2 0 2 
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the xylol-alcohol resistance R. The other end of R is in 
contact with a potentiometer P to which a Weston cell 'B 
is connected in circuit with a reversing switch S. By means 
of S the potential of P can be made either positive or 
negative according to whether the currents from negative or 
positive charges are being measured, without changing 
connexions. It is also useful when testing the sensitivity of 
the electrometer. 

A Dolezalelt electrometer was used at a sensitivity of from 
400 to 2000 scale divs. per volt at the camera, according 
to the purpose of the particular experiment. The sensitivity 
could be measured on a scale fixed near the camera lens, but 
usually a record of the deflexion of the needle charged to a 
known potential was taken on the sensitive paper just before 


Fig. % 



dispersing the cloud. After running the paper a few centi¬ 
metres, the needle was earthed and the reel stopped when 
the deflexion again became steady. The speed of the paper 
was between 100 cm. and 120 cm. per hour. It was cut into 
metre lengths after exposure for ease in development. 

The carrying-out of an experiment with the apparatus is 
quite straightforward, hut, as most of the work has to be 
done in a darkened room, it is advantageous to make a list 
of the rather numerous initial operations to be performed, and 
follow the same routine with each experiment. 

Experimental Results . 

In fig. 3 (PI. IX.) are reproduced parts of a record 
obtained by this method. This cloud was produced by 
arcing between cadmium electrodes in dry air fr$e from dust 
and carbon dioxide for 15 seconds. The current rises 
sharply«almost immediately after the dispersal commences 
and the trace tends to leave the paper. The drop at 0' 45", 
and the subsequent falls which occur at 5' 15", 8' 15", and 
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at 13' 15", are caused by the alteration of the potential at 
the end of the high resistance, which was necessary to keep 
the deflexions on the record. To obtain the ionization curve 
showing the variation of current with the age of the cloud, 
it is necessary to cut the film at the time corresponding to 
the change of potential and raise the fiducial line bv an 
amount equivalent to the change in voltage. If this be the 
same at each alteration and equal to that employed in 
determining the sensitivity, the true deflexion, i. e. the 
ionization curve with an arbitrary ordinary scale, is obtained 
by taking the difference between the curve on the raised 
section and the trace representing the dead-beat swing of the 
electrometer needle. This gives a graph corresponding to 
that of fig. 1. 

The photographic records (FI. IX. figs. 3 & 4) bring out 
clearly the fluctuating nature of the ionization current. 
The deflexions in fig. 3 (FI. IX.) are sharp, and show 
considerable variations in magnitude over any short in¬ 
terval of time, as well as a general increase as the cloud 
ages. The latter, however, is not proportional to the 
deflexion. At 6^ minutes the deflexion is 18*7 cm., at 
11 minutes it is 12*3 cm., at 73 minutes it is 37*0 cm., and 
at 150 minutes it is 38*5 cm. Taking the magnitude of the 
fluctuations to he the average width between two smooth 
lines enclosing them, the ratios of the magnitude to the 
deflexion at these times are 2*30, 2*03, 1*08, ami 1*30 percent, 
respectively. The ratio thus falls to a minimum and subse¬ 
quently rises. 

Fluctuating currents have been obtained from every cloud 
examined. They are not wholly due to irregularities in the 
rate of flow of cloud through the ionization chamber, for 
they are perceptible when no flow of cloud is taking place 
and the current is derived from cloud left in the chamber 
when the flow ceased. The fluctuations are not destroyed 
when the cloud in the dispersal chamber is continually 
stirred by a fan, and they are not due to unsteadiness of the 
electrometer needle. Although this is not perfectly steady 
as a rule, before the cloud is dispersed, the resulting move¬ 
ments are quite distinct from the fluctuations, as may be 
seen in fig. 3 (PL IX.). The fluctuations, therefore, are due 
to some property of the cloud. 

The Source of the Oscillations . 

On the assumption that the ions enter the electric field 
with the gas stream, there are two possible sources of origin. 
If at ©very given instant the ionization throughout the cloud 
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is homogeneous, the oscillations recorded must represent 
changes in the density of ionization with time. If, however, 
there are fortuitous fluctuations in the density of the ions 
throughout the medium, the oscillations may he due to ions 
entering the field in clusters or groups. In the latter case 
the oscillations are occasioned by the flow of cloud past the 
collecting electrode, whilst in the former case they are not 
dependent upon the flow. 

Density fluctuations may arise in two ways. Even in a 
homogeneous cloud or a gas, the Brownian motion of the 
particles causes the number of particles v in a given volume 
to fluctuate about the average v 0 appropriate to the cloud or 
gas. Writing i//V 0 = l-f 8 the mean value of the deviation 8 
is obviously zero, but the mean of its absolute value I 8 j is 
equal to V2 /i/7t provided v is a large number <3) . The 
fluctuations in density increase relatively as the number of 
particles per unit volume decreases. Thus, if the number of 
ions discharging per unit time at the inner electrode of the 
ionization chamber is sufficiently small, we may expect 
fluctuations in current strength due to this cause. 

Density fluctuations may also arise in the cloud if, during 
the dispersal process, the matter removed from the neigh¬ 
bourhood of the arc by the air stream from the fan is not 
subsequently thoroughly mixed with the gas in the cloud 
chamber. The distribution of density in this case will be 
somewhat analogous to that which accounts for the appear¬ 
ance of the quivering air over a heated surface. Tt would 
cause ions to enter the electric field in clusters or groups. 

(a) To determine whether the magnitude of the observed 
fluctuations at any time is of the order to be expected from 
probability considerations, requires a knowledge of the 
average number of ions per unit volume of the cloud at 
that time. Assuming that the ions carry the electronic 
charge, this number can be calculated from the mean 
current which will now be proportional to the deflexion 
of the electrometer needle. Taking the case of the cloud of 
fig. 3 (PI. IX.) when 73 minutes old, the current correspond¬ 
ing to a steady deflexion of 37 cm. is 4*25 x 10~ 12 ampere. 
This current is given by negative charges in the cloud; 
so the number of electrons passing through the collecting 
electrode per second is 4*25 X 10~ 12 /1*6 X 10~ 19 =2*66 X 10 7 , 
which we assume to be the number of ions involved. 
Inserting this value in Smoluchowski’s formula, we find 
1 8 1 == 1*55 x 10~ 4 . The calculated fluctuation from second 
to second is therefore 2x1*55x10“% L e. 31 parts per 
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10,000 of the normal current strength. The observed 
fluctuation is about 1*08 per cent.*, so is approximately 
35 times greater than that to he expected with the above 
assumptions from density fluctuations due to the Brownian 
motion of the ions. If we take into consideration that the 
time-interval between the successive fluctuations on the 
trace is more nearly 4 seconds than 1 second, a more 
appropriate value for the theoretical fluctuation would 
be 1*55 x 10" 4 , making the ratio 70 instead of 35. In any 
case, the theoretical value 3*1 x 10~ 4 could hardly have been 
detected at all in the experiment, as it would be represented 
by an oscillation about one-tenth of the thickness of the 
photographic trace itself—much less than the motion due 
to unsteadiness of the electrometer needle. 

Brownian motion might account for the observed fluctua¬ 
tions if the ions carried multiple charges. Reversing the 
calculation and inserting the value x 1*08 x 10“ y for j S| we 
obtain i/ = 2*18 x 10 4 . The rate of flow of cloud through the 
ionization chamber was 4 c.c. per second. With a time- 
interval of 4 seconds the value of v corresponds to a cloud 
containing 1*36 x 10 : * ions per c.c. The average charge per 
ion = 4 x 2*66 x 10 7 /2*18 x 10 4 = 4*88 x 10 3 electrons. Brown¬ 
ian motion could therefore account for the observed fluctua¬ 
tions if the cloud contained 1360 ions per c.c., each carrying 

* If the deflexions recorded were proportional to the current. Since 
the current is fluctuating, the potential at the electrometer side ol' the 
high resistance will he less than that due to a steady current of equal 
strength. The fluctuations recorded are forced oscillations produced by 
changes in this potential, and as the free motion of the needle was 
aperiodic, these will in general be again much less than those due 
to steady changes in potential of equal magnitude. For example, if the 
ionization current were given by %»\npt 9 the fluctuating potential 
acting on the electrometer would be ultimately given by 

Ui 

v = Vi+ 

where C is the capacity of the system, R the high resistance, and 
tan c=a Clip. The motion of the electrometer needle is given by 

o(. Vj 

so if the instrument is calibrated as a voltometer, the readings in volts 
are given by 

ft _ Rt t 

v ~ v' [5* -p*)* +*v} x v r+c*»v Bin(pt ~* ~ 6 ) ’ 

where tane'*sAp/(t*—p*)> 

The steady deflexions (p= 0) are of course given by r as lit. Thus 
the actual fluctuations are in all probability considerably greater than 
the fluctuations recorded. Hence the calculations which follow are 
of necessity only accurate as regards the order of magnitude of the 
quantities involved. 
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an average charge of nearly 5000 electrons. The number of 
ions, 1360 per c.c., is much smaller than the number of 
ultra-microscopic particles in the cloud. The latter was 
probably of the order of 10 7 per c.c. at least. Hence, if the 
clouds are homogeneous in the sense that the ions in a given 
volume not taken too small, say 1 c.c., are similar in 
number, size, etc., to those in any other c.c. on the average, 
and the fluctuations in current strength are due to density 
variations in the cloud, some of the ions must be very 
heavilv charged. This seems to be a very improbable 
state of affairs if the ions enter the electric field with the 
gas stream. 

Some of the particles might, however, aquire large 
•charges if they acted as conductors and acquired a charge 
from the charged electrode by contact. To account for the 
effect the charge per ion is (4'88 x 10 3 ) x (4*8 X 10~ 10 ) 
E.S.U. = 2*34x 10“ C E S.U. The outer cylinder of the 
ionization chamber was charged to 400 volts = 1*33 E.S.U.; 
hence the average capacity of the carriers involved is 
1*75 X 10~ 6 cm. Assuming the carriers to be spherical, this 
is their radius. They are therefore almost amicrons. On 
this hypothesis it it difficult to see why so few particles and 
those amicrons should possess the property of transferring 
charge. It would be more difficult to explain why their 
numbers should increase with time to a maximum, and still 
more to explain why the property should be more marked in 
dens© clouds than in sparse ones, particularly as in the 
former their chances of disappearance by coalescence would 
appear to be more favourable. 

We can hardly escape these difficulties by postulating 
larger carriers. We have still to explain the increase in 
efficiency with time, and, in addition, some explanation would 
be required of why the fluctuations did not obey Smolu- 
chowski’s formula, for we can only increase the size of the 
carriers by diminishing their number. 

(5) The view that the oscillations are caused by the ions 
entering the electric field in clusters or groups owing to 
imperfect mixing of dispersoid and the medium seems 
equally untenable. The fluctuations persist whether the fan 
in the cloud chamber is rotating slowly or rapidly, or not 
rotating at all, during the whole life of the cloud after 
dispersal. Apparently they cannot be destroyed by mechan¬ 
ically mixing the cloud. Even if the mixing were imperfect 
initially and the cloud not disturbed by the fan, the 
Brownian motion of the particles would tend to produce a 
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uniform distribution as the cloud aged (4) . We should 
therefore expect the magnitude of the fluctuation to 
diminish with time. Actually the oscillations grow in 
magnitude as the cloud ages, and although the fluctuation 
diminishes for a time, it passes through a minimum and 
afterwards increases. 

The frequency of the oscillations lends no support to the 
theory of imperfect mixing. For simplicity, suppose we had 
employed a parallel plate type of ionization chamber and 
consider only the flow of ions. Ions of mobility k in a 
plane perpendicular to the direction of the flow are driven by 
the field to the collecting electrode, and are spread out over 
a distance y = Q/#V in the direction of flow, where Q is the 
rate of flow into the ionization chamber and V the potential 
gradient in the field. Hence, if all the ions have the same 
mobility, the groups crossing this plane will strike the 
collecting electrode as groups in which the distribution of 
ions is unaltered <5> and the resulting ionization current will 
be oscillatory. If, however, the groups contain ions of 
different mobilities, the field will sort each group containing 
n different mobilities into n group-, each of which takes a 
different time to cross the field. Thus, if g such groups 
enter the field in unit time and are distributed at random 
in the gas stream, we may expect ng groups of ions to 
strike the collecting electrode per unit time, provided we 
neglect the possibility of a slowly-moving group of ions 
from one cluster striking the electrode simultaneously with 
a more mobile group from a later cluster. Thus the 
g groups would give rise to ng fluctuations per unit time. 
I have seldom found more than 7 or 8 fluctuations per 
minute in any cloud, using a flow Q of 250 c.c. per minute. 
The maximum value of ng, therefore, is 32 per litre. As 
the work in a previous paper a) has shown that is probably 
large, it follows that the number of groups or clusters, if 
any* must be very small *. 

From their mobility, the ions have been shown to be 

* This Argument fails, of course, ii the mobilities of the particles are 
so close that the dispersive action of the field is insufficient to .separate 
the groups. In this case the effect of the field would be to increase the 
volume occupied by each cluster before it entered the ionization 
chamber. The fluctuations would now indicate a sparse distribution 
(82 j)er litre) of locations where the volume density of electrification was 
relatively great. It is difficult to see how such a state could develop in 
the cloud and then be maintained for long periods against the self¬ 
repulsion of the charees. A system of doublets might overcome the 
•question ol electrostatic stability, but would lead to consequences for 
which there is no experimental justification at present. 
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charged particles in the cloud (l> ; so an irregular distribution 
o£ ions such as would exist on the theory of imperfect 
mixing suggests an irregular distribution of particles. This 
distribution of density will become more marked as the 
volume of the cloud examined diminishes. Observations of 
the particles in clouds produce i from an arc have been made 
by Whytlaw Gray, using an ultra-microscope, upon a volume 
of l-27xl0~«c.c>> This should he eminently suitable for 
the purpose. The individual counts of the number of 
particles in successive volumes of cloud of this size give 
no indication whatever of clustering. As these counts 
presumably are typical of arc clouds, it is evident that 
successions of numbers much higher and much lower than 
the average were not found. The fluctuation of the indi- 
vidual counts about the mean seems no greater than is to 
be expected from the probability variations in a homo¬ 
geneous cloud. 

Collecting the evidence for imperfect mixing, the 
frequency of the oscillations shows that the resulting 
clusters are few in number. They have not been observed* 
in the ultra-microscope, and they are not destroyed by 
diffusion or mechanical agitation. The conclusion that 
imperfect mixing does not account for the oscillations seems 
inevitable. The clouds are homogeneous, therefore, in the 
sense that the contents of one e.e., say, are similar to the 
contents of any other c.c. within the limits imposed by 
statistical fluctuations. It is equally certain that the 
current is not wholly carried by ions possessing a large 
average charge. 

( c) It is possible that the oscillatory current is the re¬ 
sultant of two effects. The main current may be carried by 
ions with small charges whose density varies relatively 
slowly witli time, giving rise to a smooth curve, and 
the fluctuations fig. 3 (PL IX.) are superposed upon 
this by ultramicrons acting as carriers of large charges. 
There is an upper limit to the charge which can be acquired 
by an ultra-micron by contact with the charged boundary 
of the electric field. This is determined by the dimensions 
of the tube carrying the gas stream from the cloud chamber 
to the field. With a steady flow the particles in motion in 
the stream slowly settle under gravity. Assuming them 
spherical, Stokes’s law gives the relation between the velocity 
of fall and their radius a. The tube is horizontal. Hence, 
if the time taken by a particle to fall through a distance 
equal to the diameter of the tube is less than the time 
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required for it to pass through the tube, it will settle on the 
wall of the tube, and no particles of that size will enter 
the field—provided we neglect the growth by coalescence 
during the passage of the particles through the tube. Taking 
the axis of // vertically downwards and that of ;c horizontal, 
with sufficient accuracy 

y = r = 2/S . a 2 i/p/rj. (Stokes’s Law.) 
Assuming the particle moves with the stream, the velocity 

*t' = 2Q(ot 2 — r 2 )/7ra 4 , 

where (4 is the flux and a the radius of the tube. 
Substituting r = a — vt, 

&=2Qvt{2*-vt)fva\ 

and f r = 2Qrf 2 (a— ^rf)/7ra 4 , 

the particle hits the bottom of the tube when ,r = 0 ; i. e. y 
vt =s2a at a distance 

.r=r 8Q/fj7rar. 

If L be the length of the tube, ihe particle will not leave it 

unless — ,i.) r 

v< <sQ/,$7raL; 

i. e.j a < (127)0,/npf/ot L)$. 

Inserting the experimental values for tilt* case of the lighter 
trace of fig. 4 (PI. IX.), 

Q =sIV1 2 c.c./sec., L = 120 cm., and a = 0*25 cm., 
no particles will enter the field if a ^2*95 x 10~ 4 cm. To 

obtain an appreciable proportion of the number of particles 
entering the tube, a must he considerably less. With 
a value a = 2 x 10~ 4 , little more than one-third of the particles 
reach the field *. 

The upper limit to the charge carried across the field by 
a particle is 2-95 x 10~ 4 x 500/300== 4*9 X 10~ 4 E.8.U. For 
steady currents the charge (§idt) collected by the electrode 

* The order of magnitude of these quantities agrees with the 
experimental values found on the previo us paper. When the cloud 
of tig. 3. of that paper was 2 % hours old, the radius of the slowest- 
moving ions, estimated from their mobilities on the assumption that 
they carried the electronic charge, was 1*70x10“ 4 cm. The values 
of Q, a, and L were substantially the same as those above, and the 
ion9 must have been present in appreciable numbers to have been 
detected. 
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is proportional to the area enclosed by the trace. The 
sensitivity was 2040 mm./volt,the high resistance 1*05 x 10 ll o>, 
and the paper was run at a rate of 20 inm./min. Hence 1 
sq. min. on the paper ^which is G cm. wide) represents a 
charge of 3/2040 x 105 x 10 11 coulombs = 4*2 x 10~ 5 E.S.U. 
The charge carried by the particles is represente 1, therefore, 
by an area ot* 12 sq. mm. on the paper. It is evident from 
the record that, even on these assumptions which over¬ 
estimate the effect of a solitary particle, it would be necessary 
for numbers of them to act together to account for the 
oscillations. Thus, whether the current is wholly due to the 
ions carrying small charges, or to heavily-charged ions 
alone, or to a mixture of both, each fluctuation results from 
the joint contributions of many ions to the current. 

Since the current as a whole is due to ions which have 
appeared in the cloud as it ages, the magnitude of the 
fluctuations conforms with the theory that the disruptive 
process to which they are due is not continuous, hut 
consists of a series of component continuous processes, each 
of which gives rise to an ionization current which passed 
through a maximum occurring perhaps at a characteristic 
time in the life of the cloud. On this hypothesis the super¬ 
position of these components would produce the fluctuating 
current observed, and the number of components would equal 
the number of fluctuations observed. 

Evidence has been given previously that the current as a 
whole is due to charged particles which have arisen from 
the disruption of unstable aggregates produced in the cloud 
during the process of coalescence of primary particles 
formed by the arc (2) . From the present results it seems 
a legitimate deduction, that each component of the current 
is due to the disruption of a specific group of unstable 
aggregates, and that, as the cloud ages, the disruptions in 
individual groups become successively dominant. That the 
number of these groups is so birge, being equal, when the 
field does not separate the resulting ions into distinct groups, 
to the number of the fluctuations, need occasion no surprise. 
If the particles of a cloud in which the primary particles 
are coalescing to form aggregates are analysed into groups 
according to the number of primaries contained in each 
particle, we expect, a priori , to obtain a complex distribution, 
for both the number of gro ips and the number of particles 
in each group would be expected to change as the cloud 
aged. If, further, certain of the unions between primaries 
in the aggregates are unstable and possess something of the 
nature of an average life, we could hardly expect an analysis 
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into groups o£ the unstable particles to be less complex* 
The results of the experiments therefore lead to the con¬ 
clusion that, from a study of the fluctuating ionization 
currents, we may hope to obtain ultimately an analysis and 
a life-history of at least the unstable aggregates in clouds. 
As this would be of some importance in the study of disperse 
systems in gases, further experiments are being undertaken 
to check the accuracy of these deductions. 

Summary . 

The ionization currents from cadmium-oxide clouds dis¬ 
persed from an arc have been registered photographically, 
using the steady-deflexion method of measuring currents. 
They are found to fluctuate rapidly. On experimental 
grounds, and hv comparison of the magnitude of the effect 
with what would he expected from the theory of chance 
fluctuations it is concluded that the observed fluctuations 
represent time-changes in tlie density of ionization through¬ 
out. the cloud. As the currents investigated arise from the 
disruption of unstable complex particles which have been 
produced in the cloud during the process of coagulation, it 
is suggested that each fluctuation is due to a group of 
unstable complexes which apparently possess the same 
average life. The current due to a group is conceived to be 
zero initially, increase with time to a sharp maximum 
(corresponding to the fluctuation) at the mean time of 
disruption of the group, and afterwards to steadily diminish. 
The superposition of currents corresponding to successive 
groups of unstable particles gives the fluctuating current 
which is observed. 
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LVIIL Some Experiments on the Auto-Electronic Discharge. 
By N. A. dr Bruyne. (Communication by the Staff 
of the General Electric Company, Limited, Wembley.) 

[Plate X.] 

Summary. 

A clean tungsten cathode of small diameter was produced 
by burning out a tungsten filament. The auto-electronic 
currents from this cathode in a high vacuum were repro¬ 
ducible. The currents were decreased by hydrogen and 
still more by air ; they were increased by coating the cathode 
with barium. It is concluded that auto-electronic currents 
are not due to gas, but that they depend on the nature of 
the cathode in somewhat the same way as the thermionic 
emission. 

L ILIENFELD discovered that if a cold cathode is 
subjected to a sufficiently high electric field, currents 
of the order of microamperes ffow from it ; such currents 
lie terms auto-electronic. Recent workers on the subject 
include, besides Lilienfeld himself*, Millikan and liyring f, 
the staff* of these laboratories J, Bother §, and del Rosario ||. 
•Of these, Lilienfeld and ourselves connect the magnitude of 
the currents with the nature of the cathode, and produce 
evidence that the currents are the greater from the more 
electro-positive cathode. Del Rosario considers that the 
whole effect is due to residual gas. The experiments here 
described were directed to decide between these alternatives. 

Experimental Details . 

In order to investigate the effect of gases on the discharge, 
it is obvious that the cathode must he as clean and gas free 
as possible. For this reason the cathode was formed in a 
high vacuum by burning out a tungsten filament at a high 
current density. This produced two smooth fused ends, 


♦ J. E. Lilienfeld, Zeit.f. Phys. xv. p. 46 (1923); Phys . Zeit. xxiii. 
p. 607 (1922). 

f It. A. Millikan and C. F. Eyrin#, Phys. Rev. xxvii. p. 51 (1926). 
A preliminary note appears in Pliys. Rev. xxii. p. 525 (1923). 

X Research staff of the G.E. C., Ltd. (B. S. Gosslinir), Phil. Maff. 1. 
p. 609 (1926). ^ 

5 F. Bother, Ann . d. Phys . lxxxi. p. 317 (1926). This paper contains 
; a bibliography of previous work. 

|| C. del Rosario, J. Franklin Soc. cciii. p. 243 (1927). 
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one of which was used as a cathode. The form of discharge- 
tube used is shown in fig. 1. One end of a straight tungsten 
filament was spot welded to the bottom of the closed end of 
a concentric nickel cylinder. The other end of the filament 
was spot welded to a long nickel electrode encased in a glass 
tube to increase its rigidity. The electrodes were assembled 
on a framework consisting of two lamp pinches joined by 
a glass rod ; the completed assembly was then slid into a 
glass tube and sealed in. 

The tubes made in this way were baked at 400° C. for an 
hour; the nickel cylinder was heated to bright red heat by 
an eddy-current heater for twenty minutes. The filament, 
which before sealing-in had been thinned down locally by 
a tiny flame, was lit at bright white heat for half an hour. 
Tt was then burnt out bv suddenly raising the current ; a 

Fig. 1. 

NICKEL FILAMENT. NICKEL WIRE 



slow increase of current always resulted in a tangled filament. 
Fig. 2 (PI. X.) shows a silhouette of a cathode formed in 
this way, and fig. 3 (PI. X.) shows the brilliant lustre pro¬ 
duced. 

The high-tension supply (up to 20,000 volts) was supplied 
by a full-wave thermionic rectifier, with smoothing condenser 
and electrostatic voltmeter. The voltage control was carried 
out by a tapped auto-transformer, and was only variable in 
rather large steps. 

To guard against electrical leaks an earthed guard-ring 
was clamped round the discharge-tube. The fact that no 
current was ever observed to pass, even at 20,000 volts, when 
the nickel cylinder was made the cathode showed that there 
was no measurable leakage. 

The current was measured with a Tinsley portable 
reflecting galvanometer of sensitivity 35 imn./microsunp. 

The pumping equipment consisted of a three-stage glass 
•diffusion-pump connected through a reservoir to the central 
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backing system. Next <o the diffusion-pump was a mercury 
cut-off, then a MacLeod gauge, liquid-air trap, ionization- 
gauge, and the discharge-tube. 

Graph ]. 



Results obtained . 

It was found possible to obtain reproducible characteristics 
provided that the voltage was not carried too high, in which 
case a bright star could be seen momentarily on the cathode 
and a new characteristic was obtained. This star evidently 
signifies the tearing-off of a particle from the cathode surface. 
Curves 1 of graphs 1 and 2 show the characteristics of two 
different tubes when the pressure was less than 1()~ 6 mm. 
Each point is the mean of a number of observations with 
ascending and descending voltages. The curves 2 are those 
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obtained when air was admitted ; they were also reproducible; 
pumping the air out did not restore the original characteristic. 

A similar but less marked effect was found when 
hydrogen was admitted. The hydrogen was purified by 
passing electrolytic hydrogen over two KOH towers, red- 
hot copper, two KOH towers, six P 2 0 6 towers, and red-hot 
chromium, in that order. Graphs 3 and 4 show the results 
with hydrogen. 

Graph 2 . 



3/300 0,000 11.000 12,000 13,000 14,000 15,000 
Apphed Voltage. 

N.B.—The voltages for this characteristic were extrapolated from the 
primary voltage, which had been calibrated below 10,000 v. against 
the electrostatic voltmeter. 

The inside of the nickel cylinder of a discharge-tube was 
coated with barium azide and baked in vacuo at 400° C. r 
leaving a deposit of barium on the inside of tbe cylinder. 
The filament was then burnt out and the characteristic 1 in 

g raph 5 was obtained. The nickel cylinder was heated up 
y the eddy-current heater and a positive potential of 
100 volts was applied to the burnt-out filament; the barium 
Phil. Mag . 8* 7. Vol. 5. No* 29. March 1928. 2 P 
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was vaporized and a glow-dischargo set in, the positive 
barium ions being attracted to the filament. The character¬ 
istic 2 was obtained after this treatment ; it was not 
reproducible. The barium coating increases the emission, 
but is evidently torn off by the discharge. 

The gas-pressures marked in the graphs were taken 
immediately after the characteristic had been obtained. 
Actually the pressure decreased continuously, as graph G 
shows, due to the disappearance of the gas in the discharge. 

Discussion of Results. 

It appears, then, that the effect of the agencies studied 
upon the auto-electronic currents is of the same kind as 
their effects upon thermionic emission at a given temperature. 

Tin’s conclusion is consistent with the theory of Schottky *, 
which, however, seems not to explain why the auto-electronic, 
current should he almost independent of the temperature 
while the thermionic current varies so rapidly with it. It is 
not consistent, with del Rosario's theory that auto-electronie 
currents are due to traces of residual gas. 

The author wishes to thank the Director of the Research 
Laboratories of the General Electric Company for granting 
permission to carry out this work at the laboratories, and 
to Miss M. Crowe for her assistance. He aiso wishes to 
express his great indebtedness to Mr. 13. S. Gossling, whose 
interest and helpful advice made this work possible, and 
in particular for suggesting the process of burning out a 
filament to obtain a clean surface. 


LIX. On the Effect of Constrictions in Kundt’s Apparatus 
and the End Corrections of a Partially-stopped Tu l 
By Eric J. Irons, B.Sc. y East Eondon College t* 

[Plate XI.] 

1. Introduction . 

A T the suggestion of Professor C. H. Lees t experi¬ 
ments have been made to determine the effect on tho 
distribution of nodes and loops of introducing diaphragm 
constrictions in Kundt's sound apparatus. a 

* W. Schottky, Zeit f Vliys. xiv. p. G3 (1923). 
t Communicated by Prof. C. R. Lees, D.Sc,, F.R S, 
t To whom I am indebted both for facilities for carrying out this* 
work and for counsel during its progress. 
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Constrictions in Knndt's Apparatus . 

The method of investigation has been further applied to 
the problem of the end corrections of a tube fitted with caps 
containing holes of different radii, and the results are herein 
described. 


2. Apparatus and Preliminary Results. 

As a source of vibration a hollow cylindrical bar of brass 
110 cm. long and 1 cm. external diameter was used. 
It was so clamped at its centre between two triangular 
prisms of wood that a definite node was formed at that 
point. A firmly fitting circular cork disk was attached to 
that end of the bar which protruded into the sound-tube, 
and the other end of the bar was weighted so that it 
balanced about its centre. 


Fig. 1. 




Because of the facility with which it formed into figures 
without special precautions as to dryness, cork dust (obtained 
by sifting through a fine copper mesh) was chosen as a 
powder to indicate the positions of the antinodes. 

Preliminary experiments showed that it was possible to 
obtain dust figures in an open tube, in a tube fitted with 
a stop covered by a considerable thickness of felt, and also 
on a lath placed along the axis of the tube. The figures in 
the last instance did not admit of such easy measurement 
so that the device was not subsequently used. 
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The constrictions and caps were oE aluminium and of tho 
shapes shown in fig. 1. The former were designed to Carry 
a sound-tube on cither side, thus forming a fc4 single tube 
with a constriction/' The tube further from the vibrating 
rod was furnished with a solid movable stop, and will be 
referred to as the “ stop tube v in contradistinction to the 
u vibrator tube v into which the end of the rod protruded. 

With the constrictions two types of experiments were 
carried out. 

For the first type the modus operandi was to adjust the 
distance from the constriction to the end of the rod (by 
moving both the tubes with the constriction), and to the stop 
(by moving the stop itself) until good figures were obtained 
in both tubes. The tubes were then cleaned, relaid with 
dust, and placed in their former positions. If good figures 
were obtained by stroking the rod once, or at most twice, 
with a rosined duster, then the positions of the antinodes 
were recorded. 

The second type of experiment was designed to determine 
the positions of the loops for a given position of the stop*; 
in some instances a considerable amount of stroking was 
required to produce any semblance of figures in the tubes. 

With the caps the adjustment, followed the lines of the 
first type of constriction experiment, except that it was 
much simpler, there being but one length (viz. the distance 
between the cap and the end of the vibrating rod) to alter. 
This was effected by sliding the tube in or out relatively to 
the rod. Care was taken that the cap projected well 
over the end of the bench supporting the apparatus and 
was removed from any near object likely to give rise to a 
reflected wave. 


3. Results, 

The results (the means of a large number of observations) 
are best described by reference to the figures. 


I. Constrictions. 

First Type of Experiment. (See fig. 2.) 

In the figure the area of the opening is plotted as ordinate 
against the positions of the antinodes as abscissa—the con¬ 
striction being at 100,—and the results correspond to a half 
wave-length of 10'8 cm. 
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The results occur in two groups, viz.:— 

Group A (marked ©) in which there is no displacement 
of the antinodes, the constriction appearing to form a 
node whatever the area of the opening. 

For results of this type the distance of the stop from the 
constriction approximated to an integral number of half 

Fi<r. 2 .—Internal Area of Cross-section of Tubes = 17*3 eq. cm. 



wave-lengths, while the distance of the end of the vibrating 
rod from the constriction (i. a node) exceeded in general 
an integral number of half wave-lengths by about a centi¬ 
metre. 

Group B (marked x ). The antinodes are symmetrical 
about the constriction but are moved out from it in both 
tubes. 







584 Mr. E. J. Irons on the Effect of 

Here the difference between the distance of the stop from 
the constriction and a whole number of half wave-lengths 
was comparatively large, and tended to increase with the 
aperture as it (the stop) was always at a distance of A/4 (A is 
the wave-length of the disturbance in the tube) from the 
nearest antinode in the tube. No general rule could be 
found for the position of the end of the rod. 

Fig. 3 indicates the extent of the displacement for the 
various openings for Group B. If it be assumed that an 
antinode would occupy the position of the constriction were 
it removed, then the point P is fixed as a point of no 
displacement. As the area of the opening decreases the 


Fipr. 3.—Internal Area of Cross-section of Tubes«17*8 sq. cm. 



nodes on either side of the partition approach it, and when 
the partition is solid the nodes coincide with it. It follows 
that the point Q is also fixed, since the distance between the 
two antinodes which are adjacent to the constriction in 
the two tubes is half a wave-length. 

The points marked M represent the mean displacement 
for results of both groups (see note (i.) below) ; in con¬ 
sequence the variation is probably better represented by the 
dotted line for the steel rod (see below). With this rod 
results corresponding to Group B were not noted with an 
aperture of 7‘1 sq. cm. 
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The following afford further explanation of fig. 2 :— 

(i.) For the constriction having an opening 0*55 sq. cm. 
in area the accuracy of the experiments does not justify the 
division of the results into groups. 

(ii.) Figures for the opening of area 0*55 sq. cm. indicate 
that results of Group B are probably present, but indis¬ 
tinguishable from those of Group A. 

(iii.) In the places marked “ Y in experiments of 
Group B it was noted that the dust near the constriction 
was disturbed. 

(iv.) With a constriction of aperture 9*08 sq. cm. the 
results were not sufficiently consistent to justify their classi¬ 
fication at all—due, probably, to the fact that the apparatus 
acted as a single resonator. 

By substituting for the brass rod one of steel having the 
same dimensions, figures were obtained in the tube with an 
antinodal distance of c. 7*7 cm. In general the results were 
similar to those already described for the brass rod. The 
relation between the area of the opening and the displace¬ 
ment in results of Group B for this rod is also shown in 

fig. 3. 

An experiment with a diaphragm having an opening of 
diameter 0*3 cm. was tried with this rod. With prolonged 
stroking, faint figures, which were capable of fairly accurate 
measurement, were obtained in the stop tube. In the vibrator 
tube the antinodes were destroyed, and the dust was first 
curried along and deposited in heaps at the nodes in the 
manner described by Barton *, while finally a transverse 
ring of fine dust was formed there. This effect appears to 
be illustrated diagrammatically in Tyndall’s 4 Sound ? t, to 
which the reader is referred for an interesting account of 
Kundt’s experiments. 

Second Type of Experiment. (See fig. 4 .) 

The first type of experiment having demonstrated the 
positions of good and easily obtained figures, it was thought 
desirable to investigate the positions and modes of pro¬ 
duction of any other figures that could be obtained. To this 
end experiments with any one constriction were made in 
which the position of the stop was fixed and that of the 
•end of the vibrating rod varied, and vice versA . It became 

* 4 Text-book of Bound,’ p. 869. (Macmillan & Co.) 
t Fourth Edition, 1888, p. 218. (Longmans Green <fc Co.) 
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apparent that whether the stop was fixed at a distance of an 
integral number of half wave-lengths from the constriction 
or not, the position of the end of the vibrating rod played 
such a very minor part in the production and position of 
figures that its influence could well he neglected compared 
with that of the stop. 

The curves obtained with the brass rod for a constriction. 


Fig. 4. 

O Indicates position of Antinode. 

| Indicates point an integral number of 
half wave-lengths from stop. 
Symmetry corresponding to:- 



having an opening of 3*1 sq. cm. are shown in fig. 4, and 
illustrate the characteristics of similar results obtained with 
larger and smaller openings. In this instance the position- 
of the end of the vibrating rod was fixed at 110*2 cm. from 
the constriction, and that of the stop was altered progressively 
by steps of half a centimetre. 

It should be noted that where the dust figures were too 
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near the constriction for complete formation or convenient 
measurement, the positions of the antinodes they represent 
were determined by adding or subtracting half a wave¬ 
length from the neighbouring antinode in the same tube. 

The positions of the antinodes (marked ©) in the stop 
tube are seen to depend on the position of the stop, which 
was at an integral number of half wave-lengths from tlie 
points marked j. 

In the vibrator tube the results varied considerably with 
the area of the aperture in the constriction. For the 
example illustrated by fig. 4 it is seen that a movement of 
the stop through a centimetre was sufficient to cause the 
antinodes to move from A to B or B 7 . By moving the stop 
through half a centimetre from the position corresponding 
to A, indifferent figures wort* obtained indicating ant.inodes 
at ( ' and (V. 

With constrictions having small openings the curve was 
of the same form, hut the shift A to IV was much less and 
no intermediate positions such as O could he detected —the 
sequence of events being represented by PA1VQ (for a 
considerable portion of its length an almost straight line 
parallel to the constriction and at a distance approaching 
to a quarter of a wave-length from it), rather than PA Bit 
(see tig. 4). In these instances the dust figures in the 
vibrator tube were good, while those in the stop tube were 
unsatisfactory over the straight portion of PA1VQ. 

With constrictions having I a roc openings the line PABIi 
appeared to be continuous, and became straighter, each point 
in it; tending to be at a distance of a wave-length from the 
corresponding point in UV—a condition that would be 
completely realised in the absence of any constriction. 

The shapes of PAlVQ and UV are such that there are 
two positions for which the figures in the two sound-tubes 
are symmetrically placed with respect, to the constriction. 
During experiments of the second type it was noted that 
the figures in these cases were both easier to obtain and 
more clearly defined than usual, and, in fact, corresponded 
to those already measured in the first type of experiment. 

II. Caps. 

The fact, already noted, that it is possible to obtain dust 
figures using an open tube led to experiments being per¬ 
formed to determine the effect of placing on the end of the 
tube caps having openings of different apertures. 
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This method of investigation affords a convenient moans 
of estimating “ end corrections.” The value of the' half 
wave-length of the disturbance in the tube (\/2) being 
known from the antinodal distance, and the distance of 
the antinode nearest the end from that end (e) being 

measurable, it follows that the end correction is (\/2—c). 
In practice the positions of some six antinodes were 

measured, and a mean position of the end antinode was 
calculated. 

Experiments of a more general nature on end corrections 
and allied problems are in progress, and it is hoped that 
the results of these will be published in due course ; it is 
thought well, however, to introduce here the results obtained 
by the Kundt’s tube method. 

The caps were 2 mm. thick, and the first experiments 
have been carried out with those of the type shown in 

fig. 1 (/>). The question arose as to the position of the 

“ end of the tube/' /. c. whether measurements should be 
made from inside the cap at A or outside the cap at B 
(vSee fig. 1 (/>)). To obviate this difficulty caps of the type 
shown in fig. 1 (<•), having the edge of the aperture bevelled 
at 45°, are now employed and measurements are made 
from the inside edge. The effect of this alteration on the 
vibration at the end of the tube is described later. 

In addition, experiments have been performed using a 
flange * 120 cm. in diameter fitted over and flush with 
the caps. 

In order to increase the range of wave-lengths a two 
metre vibrating rod of brass was employed. This rod when • 
clamped at its centre was capable of emitting both its 
fundamental and first overtone giving rise to antinodal 
distances in the tube of approximately 10*6 and G*5 cm. 
respectively. In general the overtone was generated when 
the rod was stroked near its centre and the fundamental 

*. By the electrical analogy of Rayleigh a very rough measure of the 
deviation ol this flange from an 44 infinite M flange may be obtained. 

Remembering that the resistance between spherical equipotential 
surfaces of radii ?\ and j\ 2 is (l,/47r) . (l./Vi —l/r 2 ), it follows that, 
assuming the waves diverge in hemispherical form, the resistance 
between a hemisphere at the end of the tube of radius r x and the edge 
of the flange of radius r a is (2/4*, (1 /n-l/r.l. Further, between 
the edge of the flange and infinity the resistance may be written as 
(l/4ir) . Off*'-}/™ ), making a total of (2/4 n) (1/r t --l/2r a ) for a small 
flange ana w47t) . (l/r,) for an infinite flange (r k =:aol. In round 
numbers for the case in question, r t = 2o and r„ 60 cm., so that 
the actual resistance is measured by ’190/n* and the resistance of an 
infinite flange by *200 /n. 
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when it was stroked towards its end. In many cases the 
effect ot* the overtone in the tube was somewhat difficult to 
eliminate, because its strife joined those due to the funda¬ 
mental on one side or the other to form a composite figure. 
Satisfactory results with the fundamental were obtained 
using caps of the first type and are described below. 

Kiu r U.— Internal Area ol’Cross-section of*Tnbe= 18*9 sq. cm. 

! 



Fig. 5(a) (PL XI.) shows the effect obtained in a parti¬ 
cular instance in which antinodes due to the two notes are 
seen to alternate down the tube. 

The other photographs o£ fig. 5 (Pl. XI.) show the tube 
after an experiment with, and the removal of, a cap having 
an aperture of 0*55 sq. cm., and demonstrate the difference 
in the appearance of the dust—noted especially with small 
aperture caps—according as the cap is bevelled (/>) or 
plane ( c )♦ In the former instance the dust is violently 
agitated near the end while in the latter the antinode is 
well formed. 

There follow graphs setting forth the means of a number 
of results in good agreement obtained for various com¬ 
binations of cap and vibrating rod. Distances are^neasured 
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from the end of the glass sound-tube in each case (i,e. from 
A in fig. 1(6)), and by “ end correction J ' is denoted the 
distance from the end of the tube of an external point 
which is half a wave-length from the last antinode inside 
the tube. 

The curves for the brass rods and unflanged caps (figs. 6 
and 7) appear to consist of two parts according as the area 
-of the opening of the cap is relatively small or great. In 


Fig. 7.— Internal Area of Cross-section of Tube = 17*l sq. cm. 



what follows attention will be confined to the results shown 
in fig. 7 which correspond to the largest wave-length used. 

Considering the unflanged caps : when the holes are small 
ihe space between the cap and the nearest node in the tube 
may be considered as a resonator whose frequency N is 
proportional to «*/Q**, where to and Q are the area of the 
opening and the volume of the resonator respectively. 
In these experiments, N being constant and the resonator 

* See, e. <j.> Lamb, * Dynamical Theory of Sound/ pp. 267-08 
<(Arnold & Op., 1925.) 
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cylindrical, it follows that {r/d)l should bo constant, where r 
is the radius of the opening and d \ =\/4— (end correction)} 
is the distance of the nearest node from the cap. 

The following table shows the variation of ( r/d for the 
small-holed caps :— 


r (cm.). 0*42, 0*60, 0*85, 1-00, 1*20 

{r/d)h . -443, *447, *455, -455, *471 


From this it would appear that for holes in the caps up 
to a radius of 1 cm. the system may be regarded as a 
resonator of the type indicated, although theory supposes 
the wave-length to be large compared with the linear 
dimensions concerned. 

The flanged caps for small openings do not follow this 
rule so well but it may be noted that there is a variation 
of about 12 per cent, in the value of ( r/d )* over the whole 
range. With flanged caps and large openings, however, 
the product end correction times radius of hole in cap is 
a constant, as appears from the following table :— 

Radius (cm.) . 2*0, 1*7, T5, 1*35, 1*2, 1*0 

End correction x Radius... 5*56, 5*36, 5*46, 5*55, 5*57, 5*43 

It remains to discuss some results for tiie end correction 
of an open tube as ordinarily understood. For notes 
corresponding to half wave-lengths of 0*6, 7*7, 10*7 and 
19*7 cm., values of the end correction corresponding to 
057, MJ2, *58 and *f>4 times the internal radius of the glass 
tube were obtained. The mean value, *(>0, is higher than 
•583 which has been obtained by Stacker * from a series 
of experiments. It must be remembered, however, that 
the thickness of the walls of the glass tube used in the 
present work was of the order of 2 mm. 

Experiments to determine the end correction of an open 
tube fitted with a flange were made corresponding to a 
half wave-length of 19*7 cm. The cap with the largest 
aperture was opened-until its diameter was exactly equal to 
the internal diameter of the tube, the flange was fitted 
over it and measurements were taken to the outside of 
the cap. In this instance a value of *7 9 times the radius 
was obtained. Substituting the value of the internal radius 
of the tube in the formula for flanged caps (viz. end 


* N. Stucker, Akad, Wise. Wien , Ber . cxvi. pp. 1, 231 (1907). 
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correction x radius = 5 5), and correcting for the fact that 
the end corrections were measured from inside the cap, 
a higher value of *92 is obtained. Rayleigh's * estimate 
(assuming a long wave-length) was *82 for an infinite flange. 

A point of interest in connexion with the position of the 
end of the vibrating rod may be noted here. In different * 
experiments for the same cap the readings of the anti- 
nodes were constant although the position of the end of the 
vibrating rod varied considerably—its most frequent posi¬ 
tions being between points distant n . X/2 and (n-f 1/4) . X/2 
from a node (where n is an integer and X is the wave¬ 
length). 

The method described is limited by the accuracy with 
which the positions of the antinodcs can be read, but it 
has the advantage over the ordinary resonance method of 
Blaikley f in that the aperture is unobstructed by a tuning- 
fork. Moreover, having varied the position of the fork with 
respect to the open end of the tube, W. M. Boehm J (who 
used Blaikley’s method in conjunction with a vibration- 
galvanometer to measure intensityj has concluded Unit 
U A maximum of intensity outside the tube may not indicate 
that the resonator is nearest to unison with the pitch 
produced." This is noteworthy as revealing a source of 
error to which experiments made by this method are liable. 
Curves are given by Boehm showing the relation between 
end correction and width of flange, and from them he 
deduces a mean result equal to 'G5G times the internal radius 
for tubes having a thickness of wall of 3’1 mm.; for tubes 
having an “infinite " flange the results lie between '849 and* 
•909 times this quantity. 

Efforts are now being made to increase the accuracy and 
range of measurements by the use of a hot wire detector in 
conjunction with a valve oscillator. 


• Rayleigh, “ On the Theory of Resonance,” Scientific Papers, vol.*i. 
p. 33. 

t 1). J. Blaikley, Phil. Mag. ser. 3, vol, vii. p # 339 (1879). 

X Phys. Review, xxxi. p. 341 (1910). 
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LX. The Magnetic Rotary Dispersion of Methyl and Propyl 
Alcohols. Hy D. O. JoNRS, M.Sc., and Prof. E. J. 
Evans, />.Sc , Physics Department , University College of 
Stvansea *. 

Introduction. 


rpHE magnetic rotations of a large number of substances 
JL Cor sodium light have been examined by Perkin and 
others, and the magnetic rotary dispersion of several sub¬ 
stances has been investigated by several observers, notably 
by Corel, Siertsema, Landau, Meyer, Lowry, Richardson, 
and Roberts. Our knowledge of the magnetic rotary dis¬ 
persion of a large number of substances, especially in the 
ultra-violet region of the spectrum, is still veiy incomplete, 
and the present investigation, which is a continuation of the 
work carried out by Stephens and Evans 1\ was undertaken 
with the intention of measuring accurately the magnetic 
rotation of methyl and propyl alcohol in the region *4300 p 
to about *2500 p, The results could then be examined in 
relation to Larmor’s X theory of magneto-optical rotation 
and the position of the absorption bands determined. 
Richardson §, in two verj r interesting papers, discusses fully 
the magneto-optical properties of several substances in 
relation to theory, and the nomenclature used in this paper 
is the same as the one adopted by him. 

An expression for the magnetic rotation of a medium may 
be obtained from the equation expressing the natural dis¬ 
persion by making use of a formula deduced by Larmor I], 
namely, 




(1) 


where 8 is the maguotic rotation, C the velocity of light, 
n the refractive index, and e/m is the ratio of charge to mass 
for all the resonators. 

If the natural dispersion be given by an equation of the 
Ketteler-Helmholtz type, viz.. 



* Communicated bv the Authors. 

+ Phil. Mag., March 1927, p. 546. 
t 4 ^Ether and Matter/ Appendix F, p. 352. 

§ Phil. Mag. xxxi. pp. 232, 454. 

H Laruior, loc. cit . 

Phil . Mag, S. 7. Vol. 5. No. 29. March 1928. 2 Q 
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it can be shown * that 

^ = , ( 8X 5 = K I ( X ^-,) +K 2 ( x ^ x 2 ) +. . (3) 

whore k u X’ 2 , etc., are constants and Xj, X 2 , etc., are wave¬ 
lengths corresponding to the free periods of the vibrators. * 

For substances which are transparent in the visible and 
infra-red, and X 2 will represent wave-lengths corre¬ 
sponding to ultra-violet free periods, and when a substance 
possesses only one free period in the ultra-violet, the equation 
reduces to the form 

*= K >(x?-v)’.W 

From the two values of <f> corresponding to two values 
of X it is therefore possible to determine k x and Xj for that 
region of the spectrum. If it be found that the experimental 
results lead to different values of Xj, depending on the 
wave-lengths chosen, and if the values change progressively 
when the chosen wave-lengths are taken in regions 4 of 
shorter and shorter wave-lengths, it is presumed that the 
substance has more than one free period. If, however, 
the values of were constant within experimental error, 
the values of <f> are given by equation (4). 

Experimental Arrangement. 

A full account of the experimental arrangement has been 
previously given j\ and consequently it is not essential here 
to describe the apparatus in detail. The source of light, 
a nickel-steel spark or a tungsten arc, was placed at the 
focus of a quartz lens, which formed a part of the polarizing 
unit. The parallel beam of light thus obtained was passed 
through a Jellet prism, which formed the other part of the 
polarizing unit, and produced a beam the two semi-circular 
halves of which were polarized at a small angle with each 
other. The emergent beam traversed the liquid contained 
in a polarimeter tube, which is made of clear fused quartz, 
and is supported by two cork disks inside the core of a 
solenoid through which a current of 2 amperes was passed. 
A water-jacket separated the tube from the coil carrying 
the current, and the temperature of the liquid in the polari- 
jmeter tube was kept constant, during an experiment, by 

* Itichardson, loc . ciL 
f Stephens & Evans, loc . cit . 
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passing a stream of water through the jacket. On emerging 
from the polarimeter tube, the beam of light passed through 
the analyser, and was brought to a focus on the slit of a 
quartz spectrograph by means of a quartz-fluorite lens. 

The polarimeter used in these experiments was supplied 
by Bellingham and Stanley, and had been designed for work 
in the ultra-violet region of the spectrum. The two com¬ 
ponents of the polarizer were assembled without any 
intervening film, which may cause absorption in the ultra¬ 
violet. 

The quartz polarimeter tube was 30*5 cm. long and about 
1 cm. in diameter, and was closed by fusing on to the ends 
two disks of polished fused quartz. These disks were fused 
along the outside circumference of the tube, and in this way 
the distortion of the beam of light, especially by the central 
portions of the disks, was avoided. The liquid was intro¬ 
duced through a small neck which had been fused to the 
middle of the tube, and which was closed by a tight-fitting 
quartz cap. Owing to the rotation produced by the quartz 
ends, due to the magnetic field, a correction was necessary 
in determining the rotation produced by the liquid under 
investigation. The corrections at definite wave-lengths were 
determined by special experiments, and the order of the 
correction can be seen from the result that the measured 
rotation was 13*4 minutes of arc for the wave-length *2753 /z. 

The solenoid, which was wound on a brass tube 47*3 cm 
long and 4*27 cm. diameter, was connected in series with 
a battery of accumulators, a Weston ammeter, and two 
variable resistances. One of these resistances was fitted 
with a fine adjustment, and by means of the Weston ammeter 
the current of 2 amperes passing through the solenoid could 
be kept constant to within 1 part in GOO. By passing 
a stream of water through the jacket, and continuously 
adjusting its rate of flow, the variation in the temperature of 
the liquid during an exposure could be kept very small. 
During long exposures of over one hour, the temperature 
could be kept constant to within 0°*3 C., and in a large 
number of cases the temperature was constant to within 
0°*1 C. 

The value of the magnetic field at various points inside the 
solenoid had been previously determined by Stephens and 
Evans* by means of a delicate ballistic galvanometer and an 
accurately constructed search-coil. The value of 2HZ, wh**re 
H is the magnetic field at a given point of the polarimeter 

* Loc . cit . 

2 Q 2 
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tube and l the length of tube over which H is very 
approximately constant, was found to be 12445 gauss cm, for 
the quartz tube employed in the present experiments. The 
observed and calculated values of the, field agreed to within 
1 part in 300. An error in the determination of the 
magnetic field will not affect the relative values of Verdet'sk 
constant for ditfeient vvave-b ngths, and it is important to 
note that the position of tho absorption bands can be 
determined from these relative values. 

The spectrograph was constructed in the laboratory, and 
its optical parts consisted of two quartz lenses and a Cornu 
quartz prism. Photographs were taken with Imperial and 
Wellington rapid plates, and exposures with the nickel-steed 
spark varied from about 45 minutes to 2 hours. The 
exposures required with the tungsten arc were of smaller 
duration, but even with the arc, when investigating the 
region below *3000 /jl for propyl alcohol, exposures of about 
one hour's duration were necessary. In the case of methyl 
alcohol, rotations were measured for wave-lengths ranging 
from *4400 a to *2000 /x, and in the case of propyl alcohol 
for wave-lengths ranging from *4400 /z to *2850 fi. 


Mode of Experiment. 

The two semi-circular half-fields, consisting of two beams 
of plane polarized light vibrating in directions making 
a small angle with each other, after passing through the 
Cornu prism, gave rise to two spectra, one above the other. 
These spectra are, in general, of different intensity, but if 
there is no liquid in the tube, and the magnetic field is absent, 
it is possible, by rotating the analyser, to make the two 
contiguous spectra have the same intensity throughout their 
length. There are four positions of the*analyser separated 
by 90°, which will give equality of fields, and two of these 
positions, separated by 180°, give a minimum intensity. The 
position of minimum intensity gives the maximum sensitivity, 
and the reading on the scale corresponding to this position is 
called the zero reading of the instrument. When making 
observations the following procedure was adopted. The 
polarimeter tube was filled with the liquid and placed inside 
the solenoid through which a constant current of 2 amperes 
was passed. The analyser was then rotated through a known 
angle and the photographic plate exposed. On examining 
the plate it was seen that the intensities of corresponding 
lines in the upper and lower spectra were, in general, unequal, 
but it was possible to determine the wave-length of a definite 
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line which was of the same intensity in both spectra. It 
sometimes occurred that this point of equality fell into the 
small gap between two lines, and in such a case the reading of 
the analyser was slightly altered, so that the point of 
equality fell on one of the lines situated on either side of the 
g a P* 

Let \ he the wave-length of the line which gave equality 
of intensity in both spectra, and 8 X he the corresponding 
reading of the analyser when the liquid was in the polari- 
meter tube. 

Let 8 2 be the reading of the analyser, which gave equality 
at the same wave-length with no liquid in the tube, for the 
same value of the magnetic field. 

Then 8\ — 82 gives the rotation corresponding to the wave¬ 
length A produced by the liquid due to a value of 2HZ equal 
to 12,44o gauss cm. Verdet’s constant 8 for u given wave¬ 
length A is given by the relation 

11 , 

and can therefore be determined for the various wave-lengths. 
The same values of 8 X were obtained when the magnetic field 
was reversed and the anal> ser was rotated through the same 
angles in the opposite direction. 

The rotation corresponding to a particular wave-length 
was repeated several times, and it is considered that the 
absolute values of Vardet's constant are correct to about 
£ per cent, on the average. 

Experimental Results. 

Methyl Alcohol . 

The magnetic rotation of methyl alcohol for sodium light 
has been determined by Quincke , who obtained the value 
•00989 for Verdet’s constant. The molecular magnetic 
rotation relative to water was determined for the same 
wave-length by Perkin t, who obtained the value 1*640 at 
18°*7 C. The value of Yerdet/s constant for methyl alcohol 
calculated from Perkin’s result is *00956 at 18°*7 0. The 
rotation of methyl alcohol for *4359 p relative to the rotation 
for *5461 p was determined by Lowry J, who found the 
value 1*629. In the present experiments the magnetic 
rotations of pure methyl alcohol were determined for about 
fifteen wave-lengths ranging from *4380 p to about *2(500 

* Wied . Ann. xxiv. p. 614 (L88>); Liu hilt & Bocasfceiu, ih p. 1016. 

t Jaurn. Chem. So«. xlv. p. 466 (1884). 

% Joura. Chem. Soc. 1. p. 91 (1914). 
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and the values of Verdet’s constant were determined for 
those wave-lengths. Two series of experiments were carried 
out with the alcohol, and the results are given in Tables I. (a) 
and I. (A). The density of the methyl alcohol at 15° 0. and 
its boiling point were determined and found to be *797 and 
64 0, 7 (3. respectively. * 

Table I. (a). 


Temperature 
in degrees 
centigrade. 

Wave-length 
in microns 
(10~ 4 cm.). 

Verdet’s 
Constant in 
min. per cm. 
gauss. 

Refractive 

Index, 

n. 

7*8 

•4380 

•0181,, 

1*3365 

7*6 

*4360 

•0184, 

1-3366 

8*5 

•4260 

♦0193, 

1*3371 

8*5 

•4045 

•0217, 

1-3387 

8*4 

*3828 

•0246, 

1*3405 

8*3 

•3600 

•0286 

1-3435 

8*3 

*3404 

*0326, 

1*3462 

8*1 

*3175 

*038(53 

1*3504 

84) 

•3155 

•0395 

1 -3508 * 

8*2 

•2980 

•0455, 

1 3547 

8*3 

•2967 

•0464 

1*3550 

8-2 

•2925 

0473 

1-3562 

8*1 

*2850 

•0508, 

1-3583 

8*2 

*2756 

•0560, 

1*3617 


Table I. (A). 


Temperature 

Wave-length 

Verdet’s 
Constant- in 

Refractive 


in degrees 

in microns 

index, 


centigrade. 

(10~ 4 cm.). 

min. per cm. 
gauss. 

n. 


- 

- - - 

------— 

— --- .... 

. 

8-7 

•4378 

0181, 

1*3365 


9*2 

•4256 

*0193, 

1*3371 


8*7 

•4055 

*0217, 

l-338tt 


9*3 

•3958 

•0229 

1*3394 


8*5 

•3826 

•0246, 

1-3406 


9*7 

•3595 

•0286 fl 

1*3435 


9-3 

♦3413 

.0326 

1*3400 


90 

•3200 

•0381* 

1*3498 


8*7 

•2855 

•0508, 

1*3582 


8-9 

•2757 

*0560 4 

1*3618 



The methyl alcohol was then introduced into a flask fitted 
with fractionating column and distilled. The middle fraction 
was retained, and employed in the determination of Verdet 
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constant for several wave-lengths. The results obtained with 
the distilled liquid were practically the same as those 
previously obtained with the unfractionated liquid, and are 
given in Table II. There was evidence, however, that the 
original material contained a very small trace of a substance 
absorbing light between *2700 p and *2(300 /a. Experiments 
on the rotation have been carried out with the liquid 
subjected to further fractional distillation, but the results 
were exactly the same as before. 

Table II. 


Temperature* 
in degrees 
centigrade. 

Wave-length 
in micron a 
( 10~ 4 cm,). 

Verdet/s 
Constant in 
min. per cm. 

g»U'S. 

Refractive 

Index, 

71 . 

8 7 

•4380 

0181, 

1*3365 

0 2 

•4030 

*0217, 

1*3386 

0-0 

•3002 

•0286 

1*3435 

y:? 

*3100 

*0381 ^ 

1*3498 

8-5 

•3108 

0404, 

1-3517 

8*8 

•2080 

0435, 

1-3547 

8-8 

•2836 

0508, 

1*3583 

96 

•2754 

•0560, 

1*3618 

or* 

•2627 

*0637 a 

1*3672 


In the last column of Table III. are calculated the values 
of the function <f> (which is equal to «8\ 3 ) for different- wave¬ 
lengths. The values of the refractive indices of methyl 
alcohol have been obtained from a graph, which has been 
constructed from values given by Victor Henri *. 

Table III. 


Wave-lengths 
in microns. 

Refractive 

Index, 

». 

Yerdet’s 
Constant in 
min. per cm. 
gauss. 

Verdet’s 
Constant, in 
circular measure, 
X 10®, i. <*., 
*xio«. 

0X1O» 

(a) '4379 

1*3365 

•0181* 

5-291 

1*356 

(/>) -4050 

1-3387 

*0217 a 

6*321 

1-388 

(c) -3600 

1*3435 

•0286 

8*319 

1*449 

(rt) -3198 

1*3498 

*0381 4 

11094 

1-532 

(«) *3980 

1-3547 

0455, 

13*259 

1-595 

(/) -2754 

1-3618 

*0560 4 

16*301 

1*684 

( g) -2828 

1-3667 

■0637, 

18*535 

1*750 


* ‘ Etudes de Photochemie/ p. 61. 
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We have not been able to find a reference to the 
temperature at which the determinations of refractive indices 
have been carried out, but by comparison with values given 
in Landolt and Bernstein *, it is presumed that the tem¬ 
perature was in the neighbourhood of 17° C. Also the 
values given in Landolt and Bernstein + for the refractive 
indices of methyl alcohol at 15 0, 5 C. in the ultra-violet agree 
for wave-lengths above ’2900 /jl to about 1 in a 1000 with the 
values given in Tables I. and II., but the values for wave¬ 
lengths in the neighbourhood of '2700 /a differ by about 1 in 
400 from those given in the Tables. The experiments on 
magnetic rotation were carried out at temperatures in the 
neighbourhood of 8° C., and, owing to a small negative tem¬ 
perature coefficient, the refractive indices corresponding to 
S° C. will probably he slightly higher than the values given 
in Tables I. and II. The values of (the wave-length of 
the absorption hand) will not, however, be seriously affected 
by the small corrections to be applied to the refractive indices, 
as \i is calculated from the ratio of two values of 
corresponding to two wave-lengths. 

The values of the wave-length of the absorption band 
determined from the above observations on the assumption 
that 



are as follows :— 

From (a) and (b) = • 1108 jjl. From (a) and (d) = *1101/a. 

„ (6) and (c) =*1100 /z. ,, (a) and (y) = -1100 g, 

„ (c) and (<2) =="1099/x. „ (d) and (</) = •]099 /x. 

„ (d) and (<?) = *1094 /a. „ (b) and (V) = 1098 fi. 

„ (e) and (/)= -1096 /z. „ (e) and (ff)~ *1101 /z. 

„ (/) and (</) = • 1108 /z. „ ( c ) and (/’) = • 1095 /z. 

The mean value of X 1 is approximately *1100 /z, and the 
magnitude of K x in the above formula can be calculated 
from the value of <f> corresponding to a known value of 
The calculated value of K x is 1*190, and the variation of <f> 
with wave-length in the visible and ultra-violet regions of 
the spectrum is given by the equation 

<£=1 • 190 ) * 

* Vol. ii. p, 968. 

* Loc. cit. 
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A further test of the accuracy of the above equation is 
obtained by calculating the values of <f> and hence 8 corre¬ 
sponding to different wave-lengths in the visible and 
ultra-violet regions of the spectrum, and comparing the 
calculated values of VWdet’s constant with those obtained 
experimentally. The results of the calculations are given 
in Table IV. 

Tahle IV. 


Wave-length 
in microns. 

Verdct’s 
('onstant 
calculated. 

Verdet’s 

Constant, 

observed. 

5893 

00951 

*00950 * 

•4258 

•0193,, 

•0193 c 

•3958 

*0228, 

*0229 u 

3820 

0247,. 

*024G ( j 

•34 i 3 

*0320 

*0324- 

•3108 

0-108 

0405 

•2855 

0509., 

•0508 h 

* Culculut* 

*d from l'erkiu’ 

*o re?>ult. 


7 he Manned*' Rotary J dispersion of formal 
Propyl Alcohol. 

The magnetic rotation of propyl alcohol relative to water 
for sodium light was determined by Perkin *, who found the 
value *9131* at 15°*6 <3. The value of Verdet's Constant 
calculated from the above result is *01197. The value of 
the rotation at *4359 y relative to its value at *5461 y 
has been determined by Lowrv +, who found 1*635 for 

^4369 /x 
&5461 /x 

In the present experiments the rotation of propyl alcohol 
for several wave-lengths ranging from *4400 y to *2850 y 
has been measured, and the Jesuits have been collected in 
Tables V. to IX. Several samples of normal propyl alcohol 
were employed, but in all cases it was found that they 
contained a small quantity of an active impurity producing 
a natural rotation, which was superimposed on the rotation 
produced by the magnetic field. In the present experiments, 
for the direction of the magnetic field mainly employed, the 
natural rotation was in the opposite direction to that 
produced by the field, 

Normal propyl alcohol is generally prepared by the 

♦ Journ. Chem. Soc. xlv. p. 467 (1884). 
t Ibid . 1. p. 91 (1914). 
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fractional distillation of fusel oil, which contains normal amyl 
alcohol and other homologues of the alcohol series. It is 
therefore suggested that the optically active impurity is lam>- 
rotary amyl alcohol, which boils at 128° 0. In one of the 
earlier samples experimented upon, this natural rotation 
amounted to 49*3 minutes at *3420 /a. Under these circum¬ 
stances the total rotation produced by the propyl alcohol 
when placed in a magnetic field is equal to the magnetic 
rotation due to the normal propyl alcohol plus the sum of the 
natural and magnetic rotations due to the impurity. It has 
been assumed in constructing Tables V., VI. and VII. 
that the magnetic rotation of pure normal propyl alcohol for 
a given A. is equal to the sum of the measured rotation in 
the magnetic field and the natural rotation for that wave¬ 
length. It is considered that, as the quantity of impurity is 
comparatively small, and as it is probably active amyl alcohol 
whose strong absorbtion band is near that of propyl alcohol, 
the error introduced by the above mode of calculation is very 
small. The magnetic rotation of the propyl alcohol was also 
measured for two wave-lengths when the magnetic held wae 
reversed, and the magnetic rotation was in the same direction 
as the natural rotation due to the impurity. The values 
of the magnetic rotation were found to be the same as 
before. 

The results given in Tables V. to IX. refer to the purest 
normal propyl alcohol prepared by Dr. Schuchardtof Gbrlitz. 
The liquid was placed in a flask provided with a fraction¬ 
ating column, and practically all of it distilled over at a 
constant temperature of 97° 0. The alcohol was also 
satisfactory from the point of view of absorption in 
the ultra-violet. With the tungsten arc as the source 
of light, magnetic rotations could be measured for wave¬ 
lengths in the ultra-violet as far as *2800 ji. The alcohol, 
however, showed the presence of a small quantity of 
impurity which was optically active. The results of experi¬ 
ments on what is called the first sample of normal propyl 
alcohol are given in Table V. In this sample the natural 
rotation, which was measured for several wave-lengths, varied 
from 12 min. at *4500 fi to 33*1 min. at ‘2850 fi. The propyl 
alcohol was then purified by repeated fnictional distilla¬ 
tion, and the results for the second sample are given in 
Table VI. 

The natural rotations for this sample were also measured 
at differfent wave-lengths, and were found to vary from 
4*7 min. at *4500 fi to 13*9 min. at *2850 /a. 
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The alcohol was again purified by fractional distillation 
over a long period, and the results for the third sample are 
given in 'Table VII. The natural rotation for this sample 
varied from 2*7 min. at *4500 p to 7*7 min. at *2850 p. 

In this case the natural rotation for sodium light would be 
about 1 # 46 min. The rotation for sodium light found by 
Pedler * for the purest laevo-rotary amyl alcohol he could 
obtain was — 6°*8 for 200 mm., and consequently, if the tube 
used in the present experiments contained pure optically active 
amyl alcohol, the rotation could not be less than f>22 min. The 
percentage of optically active substance contained in the third 
sample, if it be assumed that the impurity is active amyl 
alcohol, is, therefore, not greater than *23 per cent., and the 
correction to be applied for the natural rotation is only about 
1 per cent, of the magnetic rotation. The results obtained, as 
explained above, for the samples containing various percen¬ 
tages of the active impurity are in good agreement.. In these 
experiments the presence of the active impurity is easily 
detected, especially in the ultra-violet, owing to the length of 
tube employed, but the results obtained seem to indicate that 


Table V. 

First Sample of Propyl Alcohol. 


Temperature 
in degrees 
centigrade. 

Ware-length 
in microns 
(10-< cm.), 

Verde t’» 
Constant in 
min. per cm. 
gauss. 

Refractive 

Index. 

n. 

17*0 

*4390 

*0227, 

1*3935 

10-5 

*4300 

•0240 

1 3942 

10*8 

*4055 

0273, 

1 3973 

17*0 

*3975 

*0287 

1*3983 

15f> 

*3894 

*0301, 

1*3993 

15*0 

•3670 

*0346, 

1*4025 

17*0 

•3600 

*0362, 

1*4034 

15*5 

*3406 

*0417 

1*4069 

16*5 

•3306 

•0445, 

1*4094 

16*0 

•3180 

*0492, 

1*4119 

16*7 

*3115 

*0520 

1*4140 

16*9 

•3055 

*0541, 

1*4152 

17*0 

•2960 

•0594 

1*4182 

16*9 

*2940 

0602 tt 

1*4188 

16 4 

•2856 

*0647 

1*4216 


* Perkin, loc. cit. 
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Table VI. 

Second Sample of Propyl Alcohol. 


Temperature 
in degrees 
centigrade. 

Wave-length 
in microns 
(JO- 4 cm.). 

Verdet’s 

Constant in 
min. per cm. 
gauss. 

Re fr active 
Index. 
n. 

167 

•4310 

•0239 

1*3941 

160 

•3975 

■0280,, 

1-39S3 

16-6 

•3895 

•0301 

1*3992 

16*5 

*3675 

•0346 

1*4023 

15*1 

•3400 

0415, 

1*4070 

15-6 

•3203 

0482, 

1 4114 

16 2 

•3065 

*0540, 

1-4150 

16 8 

•2945 

0603 

1*4187 

171 

*2850 

•0650 

1-4219 


Table VII. 



Third Sample of Propyl Alcohol. 

«r 

Temperature 
in degrees 
centigrade. 

Wave-length 
in microns 
(ll)“ 4 cm.). 

V erdet's 

Constant in 
min. per cm. 
gauss. 

Refract ive 

Index, 

n. 

172 

*4295 

•0240 

1*3943 

178 

*3985 

•0285 

1-3982 

17*7 

•3910 

•0299 

1*3991 

17*6 

•3670 

0346 

1*4025 

17*5 

•3399 

■0416 

1*4070 

17*6 

*3205 

0482 

1*4114 

17*2 

•3060 

•0542 

1*4150 

17*5 

•2936 

0604 

1-4189 


Taber 

VIII. 



Wave-length 
in microns 
(10- 4 cun). 

Refractive 

index, 

n . 

Verdet’s 
Constant, in 
min. per cm. 
gauss. 

Verdet’s 
Constant in 
circular measure, 
X10°, ». 
b X 10*. 

<p X low 
(0=»JtA 3 ). 

(a) *4295 

1-3943 

*0240 

6*981 

1*796 

(b) *3985 

1*3982 

*0285 

8*290 

1*841 

<c) *3670 

1*4025 

*0346 

10*065 

1901 

(d) *3205 

1*4114 

*0482 

14021 

2*033 

(e) *2936 

1*4189 

•0604 

17*570 

2149 
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practically no improvement would be obtained by further 
fractional distillation. The values of the refractive indices 
given in Tables V., VI , VIJ., and VIII. have been obtained 
from a graph, which has been constructed from values given 
by Victor Henri *. In this case again we have been unable 
to find a reference ro the temperature at which the immure¬ 
ments were made, but values of the refractive indices of 
normal propyl alcohol at 18° O. in the ultra-violet f differ 
by about 1 in 400 From the values given in the Tables VI. 
to VIII. for wave-lengths between *2800 and *3080 /*, and 
bv about 1 in 1000 for wave-lengths lie tween *3080 and 
•3040 p. 

The values of the function from which the wave-length X x 
of the absorption band is calculated are given in Table VIII. 

The values of the wave-length of the absorption hand 
determined from the above observations on the assumption 
that 

are as follows :— 

From (a) and (/>) = *1143 p. 

,, (/>) and (c) =’1.142 p. 

„ (c) and (</) = ■ 1134 p . 

„ {d) and (e)==*JI34 p . 

The mean value of X T is *1138 p y and the value of Ivj 
calculated from the value of <f> corresponding to a known 
value of X was found to he 1*553. The variation of <p with 
wave-length in the visible and ultra-violet regions of the 
spectrum is therefore given by the equation 

<t> =1-553 ( x r^. t • 

A further test of the accuracy of the above formula is 
obtained by making use of it to calculate the values of 
Verdet’s constant for different wave-lengths in the visible 
and ultra-violet regions of the spectrum, and comparing 
the results obtained with those determined experimentally. 
Table IX. gives the results of such calculations. 

* Y. Henri, loc , eit . 
t Landolt & Bdrastein, ii. p. 969. 


From (a) and (c) = *1143 p . 
„ (tO and (c) = *ll34 p. 
,, (a) and (<?) = ’1137 p . 
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Table IX. 


1506 


Wave-length 
in microns 
(!0- 4 cm.). 

Verdet’s 

Constant 

observed. 


Verdet’s 

Constant 

calculated 

*4390 

•0227 7 


0228 

•4055 

0273, 


*0273 7 

•3910 

•0299 


*0298 

•3895 

0301 


•0800 7 

*3000 

*0362, 


•0302* 

*3399 

0416 


*0416 3 

•3300 

*0445, 


•0446 

*3180 

0492 a 


•0492 

•3115 

*0520 


•0518 

•3000 

*0542 


•05-I2,, 

*2960 

0594 


0592 

•2850 

0647 


•0650 


If the equation be employed to determine the value of 
Verdet’s constant for sodium light, the result obtained is 
*0119 6 . This calculated value is in good agreement with 
that determined experimentally by Perkin viz., *01197. 


Discussion of Results. 

The experimental results obtained for methyl alcohol over 
the range *4379 /z to about *2600 /z can be represented by 
.the equation 

where 8— Verdet’s constant, n the refractive index of the 
liquid lor wave-length and *1100 ft is the wave-length 
corresponding to the free period of the resonators. 

The corresponding expressions for ethyl alcohol over 
the range 4390 to 2600 (i, and for propyl alcohol over 
the range '4390 /a to -2856 n, are 

nt$\*= 4> = 1-444 X * _V 
V \X a —(-1114)*/ 


* Loc . cit. 

f Stephens & Evans, loc . cit. 
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and 

respectively. 

The magnetic rotations over the ranges of spectrum 
investigated can therefore in each case be represented by a 
formula involving only one free period, and also the values 
of Verdet’s constant for sodium light deduced from the 
three equations agree, within the limits of experimental 
error, with those determined by Perkin * for the three 
alcohols. It is also evident from the three equations that 
the absorption band shifts towards the region of longer 
wave-length as the molecular weight of the alcohol increases 
but the change in the frequency of the absorption band in 
passing from one alcohol to the next in the series does not 
appear to be constant. 

The dispersion and absorption of the alcohols in the 
ultra-violet and infra-red regions of the spectrum have been 
measured hy Victor Henri f. From these data he concluded 
that the alcohols have absorption hands of frequencies related 
to one another, as follows: — 

4 °, V ;\ v o, 2v 0 , . 15,0, 30** 

V . W -. _ _ / 

infra-red; ultra-violet ; extreme 

ultra-violet. 

From his experimental results on the absorption of light 
by methyl, ethyl, and propyl alcohols he obtained for the 
wave-lengths of the absorption bands in the central region 
of the ultra-violet (corresponding to 15v 0 ) the values *2207 /*, 
•2231 and *2273 fx respectively. 

It is interesting to point out that the wave-lengths of the 
absorption bands deduced in the present investigation from 
measurements of the magnetic rotation of methyl, ethyl, and 
propyl alcohols are *1100 /a, *1114 /a, and *1138 fx respectively. 

The frequencies of these bands are very approximately 
double the frequencies determined by Victor Henri J in the 
central region of the ultra-violet, and correspond to 30i/ 0 in 
the above scheme. The bands at *2207 /a, *2231 /a, and 
•2273 /a do not contribute materially to the magnetic rotation 
of methyl, ethyl, and propyl alcohols respectively* 

* Loc. cit. 

f 4 Etudes de Photockemie/ pp. 41-64. 

t Loc t cit . 
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From the equations for^> in the case of methyl and propyl 

alcohols the values of were calculated, and found to 

to be 1*640 and 1*64 r > G respectively. 

These values arc about *6 per cent, higher than those 
determined experimentally by Lowry *. 


Summary of Results. 

1. The magnetic rotation of methyl alcohol has been 
examined for wave-lengths ranging from *4379 /a to *2600^, 
and the values of B (Verdet/s constant) can be represented 
by the equation 

4>=„S\ 2 = 1 -189 (- J. 1100/) ’ 

where n is the refractive index of methyl alcohol for wave¬ 
length X and '1100 jjl is the wave-length of absorption band 
in the extreme ultra-violet. 

The weak absorption band in the central region of the 
ultra-violet at *2207 /a does not contribute materially to the 
magnetic rotation, but the wave-length of the strong 
absorption band (1100 /a) deduced from the magnetic rotation 
experiments is very nearly one half that of the weak 
absorption band. 

2. The magnetic rotation of propyl alcohol has been 
examined over the range *4390 g to *28;>(5 /a, and the value 
of S can be represented by the equation 

+=" SX ’“ 1 '“Hv-lliw)'- 

The wave-length of the absorption band (*11.38 p) is almost 
exactly one half that of the weak absorption band at *2273 /a, 
but the latter does not contribute materially to the magnetic 
rotation. 

The authors wish to thank Mr. U. C. Evans, B.Sc., for 
his help during the later stages of the investigation, and 
also Mr. Frank Iiomeyard, who was responsible for making 
most of the apparatus employed in the research. 


* Loc. cit. 
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LXI. On the Properties of Dry Liquids . 
By Prof* S. B. Mali, D.Sc., A.E.S. * 


P ROF. BAKER has recently shown that the boiling-points 
o£ many liquids which are ordinarily supposed to be 
pure are markedly changed when these liquids are subjected 
to intensive desiccation for a long time (J. O. S. vol. ci. 
p. 2329, 1912). He proved experimentally that the change 
in the boiling-points of the liquids had really been brought 
about by the removal of water, for the introduction of the 
slightest amount of moisture restored the boiling-points to 
their former values. He also satisfied himself that the effect 
was not due to the superheating of the liquids. 

As an explanation of this phenomenon. Baker suggested 
that in the liquid state there is ordinarily a balance between 
associated and dissociated molecules, and that the absence 
of wator-vapour tends to prevent the dissociation, so that 
the boiling-points of dried liquids consisting mostly of 
associated molecules is much higher than for normal liquids. 

In 1922, Dr. A. Smits explained Baker's results by 
supposing that “ by intensive drying the inner transform¬ 
ations in a unary phase are stopped, tlie inner equilibrium is 
fixed, and a mixture is obtained which on distillation 
generally gives a distillate with a lower;, boiling-point and a 
residue with a higher boiling-point than the original liquid** 
( Zeits . Phys . Chem . c. p. 477, 1922). 

In 1923, Prof. G. N. Lewis contradicted, on thermo¬ 
dynamic grounds, the explanations put forward by Smits 
(J. A. C. S. xlv. p. 2836,1923). According to him, the mere 
removal of the last traces of water from a liquid cannot 
appreciably change the existing equilibrium between several 
molecular species which may be supposed to exist ; but if 
water acts as a catalyst for the process of interchange between 
one molecular species and another, its removal can only 
serve to freeze the already existing state of equilibrium by 
inhibiting further interchange among the various forms. 

In response to these objections, Smits modified his views 
later. He assumed that in ordinary liquids there are at 
least two modifications with different properties between 

which reversible reactions of the type ot^t/3 are always taking 

place. By the process of drying, the velocity of one or 
both of these reactions is attenuated or even reduced to zero. 


+ Communicated by the Author. 

Phil. Mag. S. 7. Vol. 5. No. 29. March 1928. 2 R ’ 
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If the velocity of only one of these reactions (say *-+/3) is 
attenuated, we shall have in the dried liquid a mixture of 
a and /3, the quantity of a predominating over that of fi. 
The effect of drying in this case will be a shift of the inner 
equilibrium followed by freezing or fixation of the inner equi¬ 
librium. If, on the other hand, the velocities of both these* 
reactions («->/? and are attenuated, we shall have in 

the dried liquid a mixture of the two compounds a and /9, 
in the same proportions in which they exist in moist liquids 
•and between which there may be further mutual transform¬ 
ations. The effect of drying in this case will be simply the 
fixation of the inner equilibrium, if water acts as a catalyst 
for one reaction, the vapour-pressure (and hence the boiling- 
point) of the dried liquid will change, independent of 
whether or not the distillate is allowed to escape. On the 
other hand, if water acts as a catalyst for the direct as well 
as the reverse reactions between the components a and 
the boiling-point of the dried liquid will change only when 
the distillate is allowed to escape, and not otherwise. Hence, 
‘-triits suggests that, if the vapour-pressure (and hence the 
1 1 *iling-point) of the dried liquid changes without any 
portion of the liquid boiling off, it must be due to shift of 
ill^ inner equilibrium followed by fixation ; if not, the effect 
must be simply due to a fixation of the inner equilibrium. 

The present writer tested the suggestions of Smits experi¬ 
mentally, and he found that in the case of dried liquids the 
inner equilibrium is first shifted and then fixed ( Ze'itschr . 
f. Anory. u , Ally. Chemie , cxlix. p. 150, 1925). 

It appears that the physical properties of ordinary liquids* 
(e.y. density, refractive index, viscosity, surface-tension, and 
conductivity) are but the properties of mixtures. The 
properties of the components of ordinary liquids which are 
supposed to be binary mixtures may be studied by drying 
the liquids intensively so that in the dried product only one 
component prevails. Since by intensive drying the nature 
and the relative amount of the molecules in a liquid are 
changed, it is expected that the absorption spectra of dried 
liquids and their vapours will differ from the absorption 
spectra of moist liquids and their vapours; and on account 
of the predominance in the dried liquids of one kind of 
molecule over the other, the absorption bands and lines 
will differ in intensity in the case of moist and dry liquids 
and their vapours. 

No attempts seem to have as yet been made to calculate 
the relative amounts of the two components in moist and 
dried liquids which are supposed to be binary mixtures. 
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The following is an attempt in this direction in the case of 
those liquids whose rise of boiling-point by drying was 
measured by Baker. A binary moist liquid will contain the 
two components « and yS in a certain fixed proportion. By 
drying, this proportion will change, the relative amount of 
the less volatile component increasing. We may suppose 
that the dried liquid is for all practical purposes a solution 
of a portion of the less volatile component in a mixture of 
the two components existing in the same proportion in 
which they exist in a moist liquid. Of course in the dried 
liquid we have actually a solution of the less volatile com¬ 
ponent in the more volatile component, but, for want of 
data, we make the above simplifying assumptions in order 
to render the calculation possible. Suppose in the moist 
liquid we have the two components a and /3 in the percentage 
proportion x : 100— x y and suppose that in the dried liquid 
the percentage is changed to x : 100 — x\ If x' <.r, we may 
suppose that the dried liquid is a solution of /3 in a mixture 
of a and /3, and that an amount 

{(100—')- 

of the solute /3 is contained in an amount 

{.+ <%*»£•} 

of the solution. 

We know from ^thermodynamics that there is a relation 
between the rise of the boiling-point of the solution and the 
amount of solute present in the solution. For a dilute 
solution the relation is given by the formula 

M = 

* __ VLpAT 
or M “ RTo* ’ 

where M = molecular weight of the solute, 

# = grams of solute disolved in V c.c. of the 
solution, 

T 0 =xabsolute boiling-point of the solvent, 

L=latent heat of evaporation of one gram of the 
solvent, 

density of the solvent in grams per c.c. 

AT —rise of boiling-point of the solution, and 
Rz=gas constant for a gram mol* 

2R2 


RT*x 

VLpAT 
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If we consider the molar amount of the solute dissolved 
in 1 c.c. of the splution, the formula may be simplified to the 
form 

x _ Lp AT 

m ~ iriy * 

In the case of a concentrated solution a correction to this 
formula has to be applied on account of the volume of the 
solute molecules. If the volume correction for a gram mol. 
of the solute be “ />,” the molar concentration of the solute 
will be given by the formula 


x 

M 


l-l 


x 

M 


LpAT 

R iy • 


The value of 


being unknown, the calculated values 


x 

M 


1 - 



corresponding to the liquids intensively dried bv Prof. Baker 
are given in the following table (p. 613). The values of 
AT are taken from Baker’s paper (Trans. Ohem. Soc. exxi. 
p. 568, 1922). The values of the other quantities are taken 
from Kaye and Baby’s • Tables of Physical Constants/ Tt 
may be remarked here that Baker found that the densities 
of dry liquids do not appreciably differ from the densities of 
moist liquids. 

The values in the last column are calculated on the 
assumption that the molecules are normal and not associated. 
If association be supposed to exist, these values will be 
lowered. The true concentrations of the solutes will be 

lower than those given in column 6 in the ratio (l — b? V 1 

■ V M/' * 

A glance at columns 6 and 7 will show that in the case of 
benzene, CS s , CCI 4 , and' bromine the amount of the less 
.volatile component in the dried liquid is very large compared 
with the amount of the more volatile component. In the case 
of ethyl alcohol, methyl alcohol, propyl alcohol, and ethyl 
ether the total number of mols of solute in 1 c.c. of the 
solution (dried liquid) is much greater than the total number 
of mols of the solvent in 1 c.c. ©£ the moist liquid, unless 
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the values o£ “4” be supposed to be excessively large. If 
we suppose that the value of “4” is ot the same order in 
the case of all the solutions, wo cannot explain the anomalies 
in the case of tha alcohols and ether without supposing that 
in the dried liquid the molecules are dissociated—a fact 
which will be in direct contradiction to the explanation put 
forward by Prof. Baker himself. It thus appears that in the 
case of alcohols and ether the molecular volumes of the less 
volatile components are excessively large compared with 
the molecular volumes of the more volatile components. 





j 


.r 





1 


M 

Gram mol. of 

Name 

of 

liquid. 

1 tensity 
in grains 
per tu\ 

Boiling- 
point 
in °C. 

Latent heat of j 
evaporation j 
for 1 gram. 

AT. 

LoAT 
_ B 'l’o ' 

moist liquid in 
l c.c. (molecules 
supposed to be 
normal.) 

Benzene. 

0-870 

2(PC. 

80*2 

95*49 

26 

0-009 

o-oii 

CS 3 . 

1-292 

0^0. 

•46*2 

8c 

30 

0010 ' 

0*017 

ecu. 

1-582 
21° V. 

76*7 

•<« 

34 

0010 

ooio 

Ethyl 

alcohol. 

0*7987 
16° t\ 

78*3 

207 

GO 

004 

0*017 

Methyl 

alcohol. 

0*796 
15° c; 

647 

267 

i 

54 

0-050 ! 

0*025 

Bromine. 

a* 102 

25° C. 

63 

46 

55 

0-0348 

0 0388 

Mercury. 

1 f>C» 
16°0. 

356*7 

68 

62 

0 072 

i 

1 0*067 

! 

Ethyl 

ether. 

0*718 
17° 0. 

346 

84 

48 

0-0152 

! 0*097 

Propyl 

alcohol. 

0*804 

20° o: 

97*2 

163 

39 

j 0019 

00133 


The catalytic behaviour of water in the transformations of 
the components of binary mixtures of moist liquids may be 
explained on Baly’s theory of residual affinity (Baly’s 
i Spectroscopy/ 1918 ed., p. 487). Under residual affinity 
Baly includes every type of unsaturation whether as regards 
the primary or the secondary valencies. Since the possession 
of residual affinity tends to endow a compound with the 
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power o£ forming additional compounds with other sub¬ 
stances, the existence of residual affinity is accompanied by 
the existence of force lines in the surrounding sether. Every 
group of atoms must have round it a field of force whose 
magnitude must depend on the amount of residual affinity 
present. As a consequence, there must be a certain amount 
of condensation of the lines of force of the various atom 
groups, and the system will be more or less closed. If these 
closed systems receive suitable energies they may open again. 
The presence of a third substance may serve to open these 
compounds so that they will be capable of free existence and 
also will be free to take part in \chemical reactions. This 
third substance can open the compounds by itself absorbing 
radiations selectively (probably in an excited state) and 
emitting them again in the space occupied by the compounds. 
It thus plays the role of a catalytic agent. 

Coming now to the problem in hand, we may suppose that 
the simple unassoeiated molecules of a dry liquid do ordinarily 
form compounds among themselves on account of their 
residual affinities. But in the presence of moisture these 
molecules are energized by radiations selectively absorbed 
and radiated by water molecule*, and are capable of inde- 
pedent existence as individual molecules. The amount of 
radiation from the water molecules which energizes the 
closed molecular systems of the moist liquid must be a 
function of temperature, and it is expected to increase with 
temperature. On this theory we expect that at very low 
temperatures most of tho molecules of a moist liquid will 
behave as closed systems. In other words, there will be 
little or no difference between a moist and a dry liquid at 
very low temperatures according to the present theory. 

Cotton College, 

Gauhati, India. 

Note added in proof .—In the case of nitrogen tetroxide 
Smits (J. C. S., Oct. 1926) proved that the vapour-pressure 
rises with drying, and this result has recently been 
corroborated by Smith. It therefore appears that moisture 
not only retards association in liquids, but sometimes also 

J )romotes it. The catalytic behaviour of water in moist 
iquids therefore appears to be a complex thing. Besides, 
there is reason to believe that most of the water molecules 
in moist liquids are in an ionized state, and it is the ions that 
are responsible for the catalytic behaviour of water. 
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LXIL A Modification of the Rayleigh JJisk Method for 
measuring Sound-Intensities. By L. J. SlViAN *. 

f |^HE usual procedure is to measure the steady deflexion 
L of the disk under the influence of a steady sound-field. 
Following is an outline of a procedure which has been found 
useful when the sound amplitude can he made a suitable 
function of time. The scheme depends on the fact that the 
torque which the sound-wave exerts on the disk is a 
non-linear function of the sound amplitude. The amplitude 
of the sound-wave to be measured is modulated with a fre¬ 
quency equal to that of the free vibration of the suspended 
disk. The measurement consists in reading the amplitude 
of oscillations corresponding to the modulating frequency, 
rather than a steady deflexion of the disk. The disturbances 
caused by spurious air-currents are largely reduced. In 
addition, for many practical cases at least, there is a gain 
in absolute sensitivity. 

For a thin circular disk whose normal makes an angle 6 
with the direction of the undisturbed fluid stream, the 
torque M tending to diminish 0 is f : 

M = \pa z . U 2 . sin 2d, .(1) 

*j 

where p = fluid intensity, a = radius of disk, and Upstream- 
velocity. If, as in a sinusoidal sound-wave, U = U 0 . sin nt, 

M = ~p« 8 . sin 26 . — J cos Uy 2 

= B . JbV-B . i U 0 3 • cos 'hit. 

The torque contains a rectified and a double-frequency 
component. The former accounts for the deflexion observed 
in the static method. The alternating component usually is 
unobservably small, owing to the high motional impedance 
of the disk at the sound-frequencies. 

Suppose, now, that a completely modulated wave 

U = U 0 . (1 + sinrnf) . sin nt .... (2) 

is incident upon the disk. The torque acting is 

M(£) *» B . ^ Uo 2 + 2 sin u>t —\>cos 2a >t J (1 — cos 2n/). 

# Communicated bv Hollo Apple yard, M.Iust.C.E. 
t W. Kouig, Wied* Ann . xliii. p, 43 (1891). 



€16 Mr. L. J. Sivian on a Modification of the Rayleigh 
It the motion of the disk is given by 

I<£ + ll<£ + S</> = M(<), 
the modulating frequency is chosen so that 

I® 2 -S = 0. 


If n»co f as is the case in practice, the steady* state 
deflexions produc ed by the modulated torque, which need he 
considered, are: 


D, = BU„*. ,1., 

d 2 = l my. -./—-Us* , 

- R “ V 1 + 4UV 


r- 


. (») 


where D 0 is a steady deflexion, D x corresponds to the 

frequency —, and D 2 to ^. Dj is the amplitude 

observed in the dynamic method. In the static method, 

D, = *- BU 0 2 . 77 for an unmodulated wave of the same 
4 b 

r.m.s. amplitude as in the modulated wave assumed above. 

I) 4 S 

The ratio -g- 1 = ^ gives the relative sensitivity of the 

two methods. Suppose, further, that the spurious air-drifts 
produce essentially a steady torque. Then, as a rough 

4 S 

approximation, the “ sound-drift ratio ” is ^ 


greater for the dynamic than for the static method. A 
numerical example will indicate the orders of magnitudes 
involved. For a certain disk designed to measure 
T=period = 2*59 sec., 11=3*53 X 10~ 5 , and 1 = 8*04 x 10~°. 

The value of ^ . ~ is 7*3 
3 itw 

say I = 40*2 x 10“ 6 , and a correspondingly thicker or 
shorter suspension so that S is also five times greater than 
before, the dynamic “ sound-drift ratio ” is improved five¬ 
fold. The absolute value of the dynamic sensitivity is 

unchanged, since is the same as before. 


. By choosing a heavier disk. 
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From (1), (3), and (4) it is seen that for thin disks the 
dynamic sensitivity is independent of the disk radius, 
provided the disk period remains constant. The static 
sensitivity is proportional to the cube of the radius. The 
distinction is particularly important in high-frequency 
measurements, since the disk diameter must always be 
small in comparison with the sound wave-length. 

On the other hand, it might be supposed that for low 
frequencies the static sensitivity can be greatly increased 
by choosing a as large as possible, subject only to a«\. 
Actually, however, two circumstances tend to offset (and 
sometimes more than offset) the ad vantage to be expected. 
Firstly, the time required for the static deflexion to settle 
down within a prescribed fraction of its final value. This 

time is proportional to ^. Since I is proportional to a 4 , 

and R is approximately proportional to a 3 , the time required 
is proportional to a. Secondly, the sound-drift ratio may 
decrease quite rapidly as a increases. This would not be 
the case if the drift-torque were perfectly sustained, as 
in the sound-torque. Actually, the drift-torques observed 
in an enclosed box appear to be of two kinds :— 


1. Slowly-fluctuating drifts, in effect containing alternating 

components of the order of 5 to 10 seconds per cycle. 
Siush components are favoured, since their periods 
more nearly coincide with the free periods of the 
larger disks. 

2. Short, sudden puff’s of air, of the order of one second 

or less, which roughly may be regarded as torque 
impulses. The number of impulses received is pro¬ 
portional to the time required by the disk to settle 
down. And this time, as already pointed out, is 
approximately proportional to a. 


Disturbance due to Double-frequency Amplitude .—Superposed 
on Dj, there is the amplitude D* of an oscillation with double 
the modulating frequency. For the particular disk described, 

p" js 66 . The effect of the 2a> term on the measurement of 

is seen to be rather small If the disk and suspension 

D 

were altered as stated above, ^ would be increased nearly 

JL/j 

fivefold, and the effect of D 2 rendered quite negligible. 
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Modulation of the Sound-wave . When the sound-source 
is electro-acoustic, it is only necessary to modulate tbe 
alternating- current. Two methods have been used :— 

(A) A resistance potentiometer to carry the sound- 
frequency current is wound on the periphery of a disk. 
A brush driven from a geared-down adjustable speed motor 
makes contact with the resistance units. The latter are so 
wound that the amplitude of tbe a.c. voltage tapped off by 
the brush varies in accordance with (1). The modulated 
voltage is impressed on an amplifier which feeds the sound- 
source. 

(B) The sound-source is fed from two a.c. generators of 
equal amplitudes and nearly equal f requencies. The difference 
between the two frequencies is adjusted to equality with the 
natural frequency of the disk. 

An error in the adjustment of to will cause the observed 
Dj to differ from its value in (3). It is easy to show that* 
for a given small percentage error in o>, the error in D, will 
be much less if to is too low rather than too high. 


Motional Resistance of Disk .—The value of R in (3) must 
be determined independently. The rate of decay of the free 

E 

vibrations, e” , is observed. This gives R, provided I is 


known. The latter can be computed 

( a 2 P 

i "** 12 


from the mass and 


)• 


In the case of a 


small, fairly heavy disk (such as would normally be best 
fitted for the dynamic method) the moment of inertia which 
the air adds to the above value of I is quite negligible. But 
even in the case of a large light disk, the correct value of 
I is readily determined by observing the change in the free 
period caused by adding to the disk a known moment of 
inertia. 

The above experimental determination of R is a simple 
matter. However, in selecting disk and suspension for any 
particular type of measurement, it is helpful to know R as 
a function or the disk dimensions, approximately at least* 
This function can be arrived at by regarding the disk as 
the limiting case of an ellipsoid. Suppose the ellipsoid 
a 2 y 2 z 2 

-i = 1 to rotate about the axis of X in an infinite 

or D* c* 

viscous fluid. The motion is assumed to be so slow that the 
product of the velocities may be neglected. Then the couple- 
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K, acting on the ellipsoid, is* : 

^ 32 /jL 7 ra)(b 2 -r r 2 ) 

lv 

where 


and 



dyjr 

(4* + ^)V 


and 


( . _ | 


p = [(«» + ^r)(6* + yfr){c 3 + ^r)]*. 
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For a thin circular disk we take astand c = 0. Kvaluating 
the above integrals gives 

K = ^ parto and H = ~ pa?. 

The assumed smallness of &> is equivalent to the condition 

If the area of the disk-edge is not negligible, a first-order 
correction is obtained by regarding the surface of the edge 
as part of a sphere of radius a. The total resistance of 
a slowly-rotating sphere being. Sirpa?, the resistance corre¬ 
sponding to the edge surface (27m/) is Anpa 2 L The following 
table gives a comparison of disk resistance computed from 

It *= ^ pa* -f 47 rpaH 

with those obtained from measurements on the rate of decay. 
The moments of inertia used in deducing the 44 observed ” 
values of It were computed from the disk— and air-constants 



rather than directly measured. 


a. 

L 

R obs. 

It calc. 

0-15 cm. 

0*026 cm. 

9*64 X 10 “ y 

915X10-° 

0 254 „ 

0*11 

3*66 X 10-* 

3-96 X 10~* 

0-316 „ 

0 062 „ 

7*96 X 10-* 

8 50 X 10 "* 

0*476 „ 

003 

■+ 

i 

o 
<—* 

X 

71 

7* 

2-66 X 10- 4 

0479 „ 

00046 „ 

2 32 X 10- 4 

2 57 X 10- 4 

0-602 „ 

0017 „ 

3-84 x 10-* 

2-96 X 10- 4 


• D* Edwards, Quart. Joum. Pure and Appl. Math. xxvi. p. 70 (1893). 
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The added moment of inertia, is that for a disk 

rotating in an incompressible inviseid fluid *■ Clearly, even 

for the slow vibrations of disks used in sound-measurements, 
both the resistance and moment of inertia due to the air a^e 
greater for the case of rotatory oscillations than the “ steady 
rotation ” values used above. A quantitative discussion of 
the air corrections for slow rotatory oscillations will be given 
elsewhere. For tl e purpose stated—to guide in selecting 
suitable disk-constants—the above expression for R is seen 
to be sufficiently accurate. 

I am indebted to Mr. W. 11. Goobner, of this laboratory, 
for bis aid in conexion with the experimental part of this work. 

jJell Telephone Laboratories, Inc., New York. 

August 10^7. 


LXIII. The Differential Aquation# of a Hearting il Mixture* 
By R. 1). Kleeman, B.A ., D.Sc.t 

W HEN a number of substances are mixed and they react 
chemically, the final state of equilibrium we would 
expect should be governed by a number of differential equa¬ 
tions. These equations will be deduced in this paper. 

Let us first consider a mixture consisting of M a gram 
atoms of the substance a, and gram atoms of the sufe- 


Fig. L 



i c a 

i_ 

JS 


c ae ; 

: c e 

S9| 


stance e , which combine to form various molecules. This 
mixture we will suppose is passed through an isothermal 
cycle by means of an apparatus shown diagrammatically 
in fig. 1. It consists of three adjacent chambers whose 

* Lamb’s ‘ Hydrodynamics,* 4th ed. p. 141. 
t Communicated by the Author. 
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yolnines may be varied by means of pistons—the chamber 0 
is separated from the chamber C ae by a membrane perineabl e 
to the molecule!) composed of the constituent a, and the 
chamber 0* is separated from the chamber C ae by a mem¬ 
brane permeable to the molecules composed of the con¬ 
stituent e. The mixture is initially contained in the 
chamber Now let us at constant temperature :— 

(a) Transfer the mixture from the chamber C ae into the 
chambers C a and 0*, keeping the pressure p of the mixture 
and the pressures p a and p e of the substances a and e in the 
chambers (5* and C, constant during the process. The 
external work done is equal to 

M a v n p„ + M e vej) e — vp, 

where r denotes the initial volume of the mixture, and v a and 
i \. the volumes of gram atoms of the substances a and e in 
the chambers C„ and C e . 

(J>) Increase the volume of each of the chambers C« and 
0* by a small amount. The external work done is equal to 

P<Ma . d'' a +p;M,.d? v 

(c) Return the substances to the chamber (/ ae in the 
reverse way that they were separated, keeping the pressures 
in the chambers C«,, C u , and V e constant during the process. 
This gives rise to the external work 

— (M fl t? rt jp a + M e^ePe — Vf) — d ( M a ?^ a + M,V e p 0 — V p) . 

(d) Compress the mixture until it has assumed it$ori<nnal 
volume. The external work dono is 

—P • dr, 

which completes the cycle. 

On equating to zerp the external work done, the equation 

v 


is obtained. ' 

If the lifixture contains the additional constituent c, the 
apparatus will involve an additional chamber separated from 
t]be chamber C«, by a membrane permeable to the molecules 
composed of atoms c . The equation then contains the 
additional term 


(: 


on 

bv) 


r, m„. m« 


■M B rJ 


-M. 


T, M 0 , JI ( 


T,M 0 U t 


= 0 
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and so on. It will also be recognized that similar equations 
may be obtained corresponding to each membrane being 
permeable to any given kind of molecule. These various 
equations evidently hold independently of the state of the 
mixture. 

A set of equations similar to equation (1) may be obtained 
in each of which the mass ot‘ one of the constituents is the 
independent variable instead of the volume, by means of an 
isothermal cycle differing somewhat from the one just given. 
Thus let us:— 

(a) Permit the transfer of a mass BM« of the constituent a 
from the mixture into the chamber C a , keeping the volume v 
of the mixture constant during the process. The external 
work done is 

• c)M a . 

(b) Transfer the mixture from the chamber C ae into the 
chambers C a and keeping the pressures in the chambers 
constant during the process. The external work done is 

M a r a p 0 4- M e v e p e — vp 4- d(M a r a /> a + M e v e p e —vp). 

(c) Change the volumes of the chambers C« and C e till 
the pressures of the substances they contain correspond to 
equilibrium with the mixture when it was completely con¬ 
tained in the chamber C««. The external work 

C ^ dp a • 4" 

is obtained. The sign of this is negative because we are on 
the return path of the cycle. 

(</) Return the substances in the chambers C a and (J e to 
the chamber C«„ keeping the pressures constant during the 
process. The external work done is 

— (M a r a p fl 4- M„i fepe — vp) y 


which completes the cycle. On equating the external work 
•done to zero, we obtain * 



* It will be helpful if it is pointed out that we may first carry out the 
processes (a) and (A) of the cycle, then begin again with the mixture in 
the chamber C a <? and carry out the processes ( d ) and (e) in the reverse 
manner, beginning witn (d) and equating the external work done in the 
two cases. Similar remarks apply to the previous cycle. 
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A similar equation holds referring to the constituent e , which 
may be obtained from equation (2) on substituting M e for 
M a . If the mixture contains the additional constituent 
equation (2) contains the additional term 



T, Me, M c 


and an additional equation will hold in which the inde¬ 
pendent variable is M c , and so on. These various equations 
apply to a mixture in any state. 

One of the most important applications of the foregoing 
equations is in connexion with the equilibrium of a reacting 
gaseous mixture. Additional equations hold under these 
conditions. The pressure p of the mixture is given by 

p sb RTSO,.(3) 

where SC denotes the sum of the concentrations of the 
various molecules. Similarly, if p l9 ... denote the partial 

pressures of the various molecules which will be denoted 
by 1, 2, ..., and O l9 C 2 , ... denote their concentrations, we 
have 

Pi = RT C„ 'j 

Pa = RT Cj, l.(4) 


The musses in grain atoms of the constituents a. e, ... are 
given by 

vXnJJ a = M„, \ 

»2n.C* = M„ j..(5) 

• • • • .. 3 

where C a denotes the concentration in gram molecules of 
the moleoules which contain «„ gram atoms a, C„ the concen¬ 
tration of |he molecules containing n, gram atoms e etc. 
Lastly, we nave the mass-action equation, which mav be 
written in the generalized form 

XC,Cj ... ■« C4CJ .(6) 

where ;K denotes the constant of mass action. The fore¬ 
going equations are the complete differential equations 
determining the equilibrium of a reacting gaseous mixture. 
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Let us apply them, for example, to a mixture reacting 
according to the equation 

2ae ^ a 2 + e 2 .(7) 

Equation (3) then gives 

p = RT(C otf 4* Ca 2 + C« 2 ), . . . . (8) 

where C ae9 0 a . j9 and C<, 2 denote the concentrations of the 
molecules ae , a 2 , and e 2 respectively. Equations (4) and (ft) 


give 

Pae = KTCU \ 

P** = RT Co,, > . . . . 
]>e 7 = RT C, 2 , ) 

• • (9) 


r(C fle + 2C a ,) = M„, ) 
v(C ae + 2C e ) = M„ f 

• • (10) 

and equation (6) 

K(t = ova,. 

• • (11) 

Equation (1) may 

now be written 


‘dp 

v s/- - 

or 

-M » — M v — 0 

• • (12) 


where M a . 2 and M, a denote the number of gram molecules of 
molecules a 2 and e 2 , and v az and v C2 the volumes per gram 
molecule, respectively, into which the mixture can he 
separated. Since the molecules a 2 and e 2 do not dissociate 
when by themselves, we shall also have the gas equations 


VatPa, = RT, J 
Ve 2 p* u = RT. J 


(13) 


Now, from equations (8), (9), (10), (12), and (13) expres¬ 
sions can be obtained for the concentrations O atf , C a2 , aird 
in terms of T, v, M„, and M«, and an arbitrary function of 
T, and M„ where 2M a2 =Maand 2M* a =M tf . If these 
are substituted in equation (11), it expresses the functional 
nature of K with respect to v. 

It should be mentioned here that in a previous paper * the 
writer showed that K is in general a function of T, v , and 
the masses of the constituents instead of a function of T 

• Phil. Mag. v. 263 (1928}. 
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only, as has usually been accepted, but that in special cases,, 
as we shall see presently, this may be the case. The equa¬ 
tions obtained in this paper enable us to determine completely 
the functional nature of K *. 

If equation (2) is applied to the reaction (7), it becomes 


, _M v — M v 0 H4 ) 


Expressions for the molecular concentrations may now be 
obtained from equations (8), (9), (10), (13), and (14) in 
terms of T, r, M«, and M„, and an arbitrary function of T, r, 
and M„ remembering that 2M aa = M< r . and 2M e3 = M e . If 
these expressions are substituted in equation (11), it expresses 
the functional nature of K with respect to M tt . Similarly, 
the functional nature of K with respect to M* may be 
obtained. 

Let us solve equations (13), (12), (11), (.10), (9), and (8) 
for the special case corresponding to M a = M e , or M aa = M^, 
in which also and = Equation (8) may then 

be written /? = ltT M a /v by means of equations (10). From 
this equation and equations (13), (12), and (9) we then have 


1 

v dv 

The solution of this equation is 

ci _ <^(T, M„ M.) 

_ > • 


(15) 


where <f> is an arbitrary function of T, M„, and M r . From 
tin's equation and equations (11) and (10) we then have 


K = 


<t > 2 

(M a-*#)* 


(16) 


Thus in this particular case K is not a function of v, which 
agrees with the experiments that have been carried out on 
the dissociation of nydriodic acid. The case corresponding 
to M a not being equal to M, is more complicated. 


* Provided the perfect gas equation has the form />i>=MRT. Ther¬ 
modynamics has something to state iu this connexion, which will be 
pointed out in a subsequent paper. It need not concern us for the 
present. 

Phil Mag . 8. 7. Vol. 5. No. 29. March 1928. 2 S 
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From equations (8) and (10) we have 


p = RT 


i, (M„ + M,) 


2v 


p _ f < _ M„—M, 


ZV 


• • ( 17 ) 

• • 08 ) 


By means of equations (17), (13), and 19) we may write 
equation (12) 


M„ + M, ML, BC’« a M <a r.C,„ _ „ 

' 2v C„_, Be Bt- “ U 


(19) 


Let us write C„ } =y/v and C e2 —z/r iu this equation and 
equation (18), and they become 


2(.y + ~) = M„ —M,.(20) 


M a , B.v M,, Bf 

y B» ~ Bf 


( 21 ) 

# 


It is evident from these equations that y and z are 
functions of T, M rt , and M* only. It can now easily he 
shown that 

K(M 0 -2y)* = y:, , , (22) 

tmd thus K is not a function of v . This agrees with the 
experiments on the equilibrium of reacting mixtures of H 2 
and I 2 in various proportions. 

Let us next consider a gaseous reaction proceeding 
according to the equation 


ae ~*~ a+e .(23) 

According to equations (3), (4), (5), and (6) we then have 


P =RT(C oe + C 0 + (a 

. . . ( 24 ) 

jp««RTq^j 


Pa = RTC a , i . . . 

. . . ( 25 ) 

p. =RTC„ } 


f(C„+ 0 „) = M a , * 


KO.+C.) *m„ j ' * 

. . . ( 26 ) 

KC tt< = C.C,. 

. . . ( 27 ) 
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Since the molecules a and e when by themselves do not 
dissociate, we also have the gas equations 


I'apa — HT, | 
VePe = RT. j # 


(28) 


Let us consider the special case corresponding to 
in which case also p a —pe and C a = <J c . Equation (24) may 
then be written 

/»« BT^+a). 

From this equation and equations (1), (28), and (25) it can 
then be deduced that 


RT M a 

V 


or 


dr 


d('a 

2HT M„ 

3U, _ 

v dr " 

<’« 

C a \ 

B» 

c VC.» —2M«/ 

• • • 


(29) 


Instead of solving this equation we may proceed in a 
somewhat different way, which is shorter. Let us write 
equation (27) in the form 


K( 


M a 


\ v 


i ':-) - <’« 2 . 


(30) 


l»y means of equation (26), and differentiate it- with respect 
to v, supposing K not a function of v, which gives 


■K 


/M„ BOA 
\ «* + 3» ) 


2C„^. 

dv 


On eliminating ^ J and K from this equation by means of 

equations (29) and (30) the equation identically vanishes. 
Thus the supposition made is true, or K is not a function of v. 
This is borne out by experiments on the dissociation of 
nitrogen tetroxide (N 3 0 A ). 

Further cases may be found for whiedi K is not a 
function of v. Let us consider a reaction proceeding accord¬ 
ing to the equation 

2ae % ZiZH 2ae + e 2 .(31) 

2S2 
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The equations corresponding to equations (3) and (4) are 


P = RT(a<, + C«,+ (!*), . . . (32) 

= ..(33) 

F* - HT( Vj* J 

and the equations corresponding to equations (5), (6), and 
(1) are 

t Vie- "h ^ae = M a /t', 1 
2(\,, a + 0„+2U, a - M # /», j 

K i 12 ~ f p 

l ^ yj ac j .... 


(34) 

(35) 


-M,^5j^=0. . . (36) 
or or o*> 

Since the molecules ae and e 2 are supposed to remain 
unchanged when by themselves, we also have 


pacVae — HI, 1 

Pe.Xe, = RT. ) 


(37) 


Let us consider the special case corresponding to 
2Ma = M«,. From equations (34) we t hen have 


C« e « 2(U, 


. (38) 


and from this equation and equations (34), (32), (33), and 
(35) we have 

p = + (, 4 • • - 


(39) 

(40) 


Pae = HT2C <2 ,-) 

P» = ltTC ea , J • • 

KCL, = 4C» a ,.(41) 

taking into account that 

M ae = M a = M«/2, 

2M„ + Mae— M,. 


} .... 


(42) 
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Equation (36) may now be written 

• irr I » RT M, dC. a 

lu l“s + ’> rs c a„ =0 - 
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or 


§1! 


Me 20,., 

v 4tV.r-3M*’ 


(4 3) 


(44) 


by means of equations (39), (40), (41), and (42). 

From equations (34), (3tf), and (42) we have 

( > _ _o( ’ 

On differentiating equation (41) with respect to r, supposing 
K not a function of v, it may he written 

1 2c i+ br j “ dr 

by means of equation (44), It reduces to 

— Iv< ’ae 2 M, r 12(V e —3M ( , ( _ 24II, <V 


l 4C e ,e—3Mr i # 4a a r-3M, 


by means of equation (43). Eliminating (by means of 
equation (41), and then C a ,_, by means of equation (44), the 
equation reduces to zero. 

Hence the supposition made is true, or K is not a function 
of i'. This result will apply to the well-known reactions 

2C0 J Z^r2C() + 0,, .... (45) 

2N0 3 2NO + 0,.(46) 


The various results obtained fall into line with the general 
result obtained in a previous paper, that the constant of mass 
action is in general u function of T, v, aud the masses of the 
constituents, but that in special cases it may be a function of 
the temperature only. It is also evident that the functional 
nature of the constant of mass action is in all cases determined 
by equations of the type given. The subject admits of con¬ 
siderable further development, which will be carried out in 
subsequent papers. 
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LXIV* On Approximate Theories of Diffusion Phenomena. 

By S. Chapman, M.A., JJ.Sc., FJl.S* 

1* object of this note is to draw attention to the 

A erroneous character of an argument often used in 
approximate theories of diffusion phenomena. It is the basis 
of Meyer's theory of diffusion (1) , which is now about fifty 
years old, and is generally reproduced, with modifications not 
affecting the error here described, in modern text-books on 
the kinetic theory of gases. The argument has recently 
been used in an attempt to explain the JSoret phenomenon in 
liquids (2) . 

2. In some cases it leads to results which are qualitatively 
correct in certain respects, but other no less valid applications 
of it can be found in which it predicts phenomena that either 
do not occur (§ 7), or are inconsistent with the initial 
hypotheses (§ 8), or which, though of an observed kind, are 
deduced w ith the wrong sign (§ 9). It is therefore unsafe * 
to use it in searching for new phenomena, and scarcely 
satisfactory to make it the basis of a theory, even in cases 
where it gives approximately correct tesults—better no 
simple theory than one based on unsafe or erroneous argu¬ 
ments. 

3, Diffusion phenomena can be most simply considered 
with reference either fo steady diffusive flow, in which all 
the properties of the system at every point remain constant: 
or to the maintenance of a steady state in which no diffusion 
occurs because two separate causes each tending to produce 
it are balanced against one another. An instance of the 
latter is the equilibrium of a mixed fluid subject to gravity ; 
the heavier component, is in excess in the lower strata, but 
its preponderance is limited by the tendency of diffusion 
towards a uniform mixture. Likewise, if there is a gradient 
of temperature along a tube containing a mixed gas, one set 
of molecules (usually the lighter) will diffuse towards the 
hotter regions, until a steady state is attained in which there 
is a gradient of concentration sufficient to neutralize further 
thermal diffusion A similar process occurs in mixed 
liquids, and is known as the Soret effect. 

4* The argument will first be considered in relation to- 
steady states of the second kind. Let there he two sorts of 


* Communicated by the Author. 
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molecules (1, 2), of masses m u m 2 , numbers per unit volume 
n u 7i^ mean speeds (\, C 3 . We write 

n = n 1 + w 2) c 2 ~n 2 in, . . . (1) 

so that 

(^+02=1. (2) 

Pressure and absolute temperature will be denoted by p 
and T ; llien 

m 1 C 1 * — = aT,.(3) 

where a is a universal constant. 

5. Suppose there is a temperature gradient along the 

direction of z* the pressure being uniform. The argument 
states that the number of molecules (1) which cross any 
plane of constant z, per unit area per unit time, in the 
positive direction, is /c(«i(where k is a numerical 
constant, while the suffix implies that the value of is 

that at. the plane z —Xj, at a distance Xj on the negative side 
of the plane z; \ x is a multiple of the mean free path of the 
molecules (1), by a factor which, like k, is independent of the 
nature of the gas and of the variables of state. Similarly, 
the rate of flow in the opposite direction is k{n x Ci) z +\ v 
The gas being in a steady state of equilibrium, there being 
no resultant diffusion, these two quantities must be equal, 
and therefore WjC, is independent of c. Hence, by (3), 

is constant along the tube (2 \ 

This simple and general argument applies to either a 
liquid or a gas, and to each kind of molecule in a mixture. 
Hence it indicates that for the molecules (2) likewise, 
n 3 T* is constant. Consequently wjT* : n 3 T* or n x : n 2 is inde¬ 
pendent of z, so that there can be no gradient of concen¬ 
tration. This is contrary to the facts. 

6. The argument must therefore be wrong in regard to 
one or both of the constituents ; the experiments of C. C. 
Tanner (4) on the Soret effect have shown (2) thatr in the case 
of an aqueous solution of KOI (taken as substance 1) rijT^ is 
nearly constant over the temperature range of the obser¬ 
vations ; but the existence of a concentration gradient shows 
that n 3 T* cannot also be constant. The agreement in the 
case of KC1 can only be regarded as accidental, and indeed 
other substances fail to show it. 

Since this method of attempting to explain the Soret 
effect is unsound as well as unsuccessful, it is to no purpose 
to attribute the failure of constancy of n,T* in other cases 
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to ionization; particulaily since in gases a concentration 
gradient is set up by temperature differences in cases where 
there is certainly no appreciable ionization (cf. the experi¬ 
ments of T. L. Tbbs {b) on thermal diffusion in mixtures of 
argon and helium, and other gases). 

7. The argument of § 5 is equally applicable to a simple 
gas at rest, in which a temperature gradient is maintained. 
The result is the same, that wT* is constant, whereas in fact, 
since the pressure is uniform, wT is constant, i. <?. nTh*T“*. 

8 . Analogous discrepancies with fact occur when the 
argument is used in relation to stales of steady diffusion. 
The ordinary case (T.) is that in which p and T are uniform, 
while c l9 c 2 vary. Other important cases are those in which 
Ci and 6*2 are uniform, while (II.) T varies and p is uniform 
or (III.) p varies and T is uniform ; case IT. is that of 
thermal diffusion, case TIT. that of pressure diffusion. 

In all three cases we will suppose that there is no resultant 
flow of molecules across any stationary plane. Let v l9 iq' he 
the numbers of molecules (1) flowing per unit area per unit # 
time across such a plane, in the positive and negative 
directions respectively ; and let p 2 , v 2 have similar significance 
for the molecules (2). Then the stated condition implies 

V\ -h v 2 ~vi 4* v 2 or v 1 — v x , = —{y 2 --v 2 )-, . (4) 

<?., the net rates of flow for the two kinds are equal and 
opposite. The velocity of diffusion, W\ 29 and the coefficient 
•of diffusion I) 12 , are defined by 

( j r 

mv 12 ~v 1 — v 1 / — ~nD 12 , my 12 =-(v 2 -v 2 ') 

=“—»£>!... (5) 

which are consistent since, by (2), 


dc\ _ de> 2 

dz ~ “ dz 


( 6 ) 


It may be noted that, if the molecular masses are unequal, 
there is a resultant flow of' mass across the plane z. This is 
given by 

mi(v t — Vi) + m,(v 2 - v s ') = (m, —m„) (i»j - vj), 

by (4). 

The 11 mean inass-velocity ” w is defined by 
«) = (>n 1 — vj')/»*• 


(1) 
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9 . In Meyer’s theory of diffusion due to a concentration 
gradient (case I.) it is assumed in effect that for each 
constituent the molecular velocities are distributed about 
this mean velocity w approximately in the Maxwellian 
manner ; this is true, but the small deviation, which is 
neglected, is the essence of the phenomenon, and vital to 
any satisfactory theory of it. Further, Meyer assumed that 
the rate of flow of molecules (1) across a plane moving with 
the velocity w was 

— k( n i^'i);+\u or —• (®) 


much as in § 5. To get ^ — v x \ the rate of net flow of mole¬ 
cules (1) across a stationary plane, we must add ?ijw, so that 

. • • • 00 

since T and therefore (-|, C 2 (<;/'. 3) are constant in case 1. 
Likewise 


P 3 -V,' = n a w - 2X.-X, 2 C.. = H, to + U\S 

dz “ “ dz 


tin i 


( 10 ) 


if, as in a perfect gas at uniform pressure, n, + n 2 is constant. 

The usual procedure is to eliminate w from (9), (10) bv 
means of (4). This gives 

V\ V\ = — (i/ 2 — v%) ^ v n ) (a 2 \iCi + tt|X 2 (J 2 ) ? 

.... ; (H) 

or, comparing with (o), and remembering that n is constant, 
so that ndcxjdz — chiijdz, 


1^12 — (2k/n) (n 2 A.iCi + /?i\ 2 U 2 ). . . . (12) 

Different authors have given different estimates of the 
constant k and of the appropriate mean free paths X,, \ 2 , in 
some cases taking into account the persistence of velocities 
after collision (0) ; this step undoubtedly produces a better 
value of Dig, but it should be noted that the formula (12) is 
deduced from a set of equations that are inconsistent with 
one another, so that however refined the methods of calcu¬ 
lation of \ x and \ 2 may be, the result must be unsatisfactory. 
The inconsistency appears on deducing w from (4), (9), (10), 
giving 

■ • ■ < 13 > 

which is incompatible with (7). The disagreement is 
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particularly obvious when rn j = ?n 2 , for then ?0 =0 (cf. 7), 
and CissC* (cf. 3) ; (9) and (10) are compatible with (4) 
only if X^Xj, which is untrue, on any reasonable definitions 
of the Vs, if the molecular diameters are unequal. 

Gross (7) criticized Meyer’s deduction of (12) on different 
grounds, and proposed the alternative formula D ia = £(X 1 Ci4* 
X 2 C 2 ), but without any proper justification ; this formula, 
like (12), is known to be incorrect. 

10. Similar contradictions with the initial hypotheses, 
and with fact, arise when the same method of argument is 
applied, as one is tempted to do, to explain the steady 
diffusive flow incases IT. and III. (§ 8), which can be treated 
together. In (8) Ci is no longer independent of s ; writing 

msstqn, where c x but not n is independent of z , we get, 

analogous to (9), (10), 

Vi — vf ~n x w — 2/rXjCi —- — 1 , .... (14) 

as 

v 2 — v 2 r ~n 2 w — 2A\ 2 C s - -y-~ .(15) 

LIZ 

In a perfect gas n x p T, so that, also using (3), we have 

. . (16) 

v 2 ~tV 3 — . . (17) 

where h r is another numerical constant independent of 
the nature and state of the constituents. Case II. corre¬ 
sponds to p constant, T variable, and vice versd for case III. 

As in § 9, (16) and (17) are incompatible with (4) and 
(7). Their erroneous character is specially obvious when 
m 1 s=m 2 , with its corollary w = 0; for then iq — iq', r 2 — r 2 f 
are both of the same sign, and proportional to XjC 2 and X 2 c 2 
respectively, so that for both reasons they cannot satisfy (4). 
As applied to case II. they imply that both sets of molecules 
should diffuse in the same direction ; either (16) or (17) 
must be wrong in sign, and therefore in error by more than 
its whole amount. As regards case III., it is known that 
when mjasmj, h-r/ and z/ 2 —v 2 f vanish; this again is not 
in accordance with (16) and (17). Hence this method of 
argument cannot be applied to explain either thermal 
diffusion or the simpler process of diffusion due to a pressure 
gradient. 
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11. The correct theory of these various diffusion pheno¬ 
mena depends on the determination of the velocity distri¬ 
bution function, which in non-uniform states deviates 
slightly from the Maxwellian form. Incase II., for example, 
the function, for the velocity u u v u w u of a typical molecule 
(1), relative to the mean numerical velocity of all the 
molecules (without regard to mass) at any point, is easily 
shown to be 

/, {l + ( Ml |i+ V X ^ + M7 X <f>i (u, 2 + t'!* + »!*) | 

.(18) 

to a first approximation, where fj is the Maxwellian function 
for the constituent (1), while <f> i is a function depending on 
the nature and proportions of the two gases; (18) reduces 
to f i when T is uniform. The velocity of diffusion in the 
z direction is the mean value of u?j, i.e. } 


•Wn— ^ | | j «'i 2 /i0i d"i di'i dffj ; . . (19) 

there is a similar expression for the mean value of w 2j which 
must equal —w l2 . This is one of the conditions which <f>i 
and have to satisfy. These considerations establish the 
expectation that a thermal gradient in ail otherwise uniform 
gas will set up a diffusive How, though the actual determin¬ 
ation of <£,, and iv V2 is a very difficult matter. In spite 
of many attempts I have failed to find any simple arguments 
on which to base an easy approximate theory of thermal 
diffusion. 


12. In conclusion, it may be noted that steady diffusive 
flow in a cylindrical tube requires that %v n shall be constant 
along the tube, in cases I., II., III. respectively this 
implios the constancy of 


D 


dc x 

18 dz ' 




where Dt, D p are the coefficients of thermal diffusion and 
pressure diffusion. In general, in the given circumstances, 
the coefficients will vary along the tube in a definite manner, 
D 12 depending on c x and Dt on T, and on p. Hence 
the gradients of c l5 p } and T cannot be arbitrary. In case I. 
the concentration gradient will vary along the tube so as to 
render D^dci/dz constant; cases II, and III. are possible 
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only it p and T are imposed so as to satisfy the condition of 
continuity—otherwise this condition will be secured, in a 
state of steady flow, by an accompanying variation of and 
c s along the tube. 
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LXV. A aXote on the Problem oj the. ‘'Mass ’ of a Moving 
Electron . By T. J. I'a. Bkomwich *. 

A S far as J. am aware, the only direct evidence of the 
P V. Lorentz formula lor the fc ‘ mass ” of an electron 
(moving with velocity r), namely 

m = mj v / (l—/3 2 ) if /3 = v/c , 

where c is the velocity of radiation, is derived from 
Bucherer’s experiments (mid similar experiments conducted 
later). The mathematical treatment of Lorentz consists in 
replacing the moving particle by a fixed particle ; this led 
Lorentz to the familiar Larmor-Lorentz transformation, 
afterwards used by .Einstein as the basis of bis theory of 
lielativity. 

Now, in the actual experiment the particles of radium 
pass through a narrow slit between the two faces of a con¬ 
denser. . W e can make the problem a little more manageable 
by treating the condenser as composed of two large con¬ 
ducting blocks with plane faces, at different potentials—as 
in fig. 1. 


* Communicated by the Author. 
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If* we apply the Lorentz transformation to this diagram 
(ignoring the slit), we obtain a similar figure (fig. 2 ) in 
which the condenser moves and the particle is at rest. 

Fig. 1. 


# 

->. 

v 


Here the lines of force (although complicated in actual fact) 
cannot differ very greatly from those in llie corresponding 
electrostatic problem. On account of the potential difference of 


Fig. 2. 



the two plates of the condenser, it is evident that the lines 
cannot be symmetrical about the horizontal plane (although 
the principal deviation from symmetry is due to the fact 
that the condenser is on the left of the particle). 

Now, Lorentz assumes that the particle is so far from the 
condenser that all deviations from symmetry can be ignored : 
otherwise the formulas become hopelessly complicated. 

It would therefore seem that the Lorentz formula for m/m 0 
can be applied safely only when the distance of the electron 
from the condenser is large compared with the radius of the 
electron. A consideration of the approximate dimensions 
shows that the deviations in Bucherer’s experiments can be 
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calculated by Lorentz’s method with sufficient accuracy : 
but that does not justify the argument that /3 can never be 
equal to 1. 

In the case v=c (/8=1), two simple problems can be 
worked out by Heaviside’s methods ; these seem sufficiently 
near to the experimental results to be worth noticing here. 

First suppose that v = c (yS=l) and that the particle is 
moving parallel to a conducting plate at zero potential— 
this corresponds to the assumption that the electron is 
between the two plates, while the upper plate is far enough 
away to be ignored. 

The problem is then the same as the electrostatic problem 
of a circular cylinder above a plane at zerc potential ; thus 
the lines of electric force are arcs of coaxial circles, and 
these are cut orthogonally by the lines of magnetic force. 

Secondly, suppose that the particle is moving with speed 
v = c at right angles to a plane at zero potential. This corre¬ 
sponds to the assumption that ihe whole condenser can be 
replaced by one plane; this problem (for a point-charge) is 
actually worked out in vol. i. of Heaviside’s * Electromagnetic 
Theory’ (p. 62). It is then easy to verify that all the 
conditions of the problem are satisfied by assuming the lines 
of force to be circular—with a centre at the point repre¬ 
senting the slit in the condenser. 

The transverse electric force is found to be equal to * 

Q/(ar sin 0 ), 

using spherical polar coordinates (so that ?* = 0 gives the slit 
and 0 = ir /2 gives the plane conductor). The resultant force 
on the electron is equal to 

QP/avt 

(where t is the time since the centre of the electron left the 
.slit). 

Also the energy is equal to + 

?{><*)-}• 

[Since the above note was written out for the press, news 
of the death of H. A. Loreniz has reached me ; I had hoped 
to submit these ideas for his comments, but it is now too 
late to do more than record a personal feeling of regret.— 
T.J. Fa. B.] 

13th Feb#, 1928. 

* A slight modification is necessary at points inside the electron, 
t It may be worth while to note that (under ordinary experimental 
conditions) the value of the bracket varies between 1 and 80, roughly. 
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LXVI. The Relativistic Rule for Equipartition of Energy . 
(Further note.) By F. F. F. Bisacre, M.A., O.B.E* 

[N my previous note on this subject, I concluded that 

e $ RT as T —► c© , 

or 

e RT as T co , 


depending on whether we take r/3* or r/3 5 as the volume 
of the cell of “ equal a priori probability ” t- 

The problem can be presented in a way that seems to 
point decisively to the latter hypothesis as the correct one. 

Boltzmann’s probability-theory proceeds on the assumption 
that, if we use Hamiltonian coordinates and measure the 
element of volume in the generalized ( p , y) diagram by 

dY = dqi dq 2 dq z dp x dp 3 dp Z} 

the distribution of representative points in the (p, y) diagram, 
over equal elements, can bo determined bv Boltzmann’s 
lottery. The (/>, q ) diagram and not the (y, q) diagram 
must, in general, be used in order that the results shall be 
independent of the particular system of coordinates used. 

If, for instance, we can define the state of the particle by 
the coordinates q u y 2 , y 3 , a 2 , a 3 , and y/, q 2 > y 3 '\ 

as alternative coordinate systems at rest with respect to each 
other, then the element of volume dq x ... dcc 3 is equal to the 
element dqf ... da 3 if the Jacobian 


y 2 , 

> ( h f ’ » a /? a 2 » * 3 ) 


This Jacobian 
equations 


is unity if * u a 2y a z are defined by the 

ST 

“ 1_ B gr . a3_ B?3’ 


where T is a function of q u q 2 , q 3 , q u q 2 , q 3 , which is an 
invariant quantity of the alternative coordinate systems +. 

Such a function exists in particle dynamics of the special 
theory of relativity ; for, if we identify the «’s with the 
momenta, pi, p s , p 3 , the equations 


Pi- 


BT 

B?r 



* Communicated by the Author, 
f 

J For details of the proof, see Lorentz, i Lectures on Theoretical 
Physics,’ vol. ii. p. 150. (Macmillan, 1927.) 
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hold good where 

T = m 0 c 2 



which is obviously invariant, as it depends only on the 
velocity, v, and constants. It is not the kinetic energy, 
however. 

The conclusion of all this is that the calculation should be 
based, fundamentally, on a momentum diagram* (where 
all the coordinates can and do go to infinity). If we use a 
velocity diagram, we must apply a correcting factor to the 
element of volume of this diagram. 

If the momentum coordinates are p u j > 2 , and the 

velocity coordinates </*, <y 2 , 73 , we have 


dpi dp2 dp 2 = 


? K J’> ps) < 
l>(7f, 7o, 7; { / 


l<l\ dq 2 dq 


3» 


The correcting factor is therefore 

I ] ( pu P2* />*) 

IH'/i, 72, 73) ’ 

where 

( v 2 *) -i 

Pi—mfji j 1 — - 2 1 = «» o 0<yi, 

P'1 ~ 

Pz-m^h, 

and it turns out that the value of this Jacobian is m 0 3 j 8 8 : 


i. e., djp x dp 2 d[p 8 s= w 0 3 jS* dtp dq 2 dq z . 

It will be seen that the factor, f3 & , arises quite naturally—it 
is the price we pay for the use of the velocity diagram. 
The surfaces of equal energy in both diagrams are spheres, 
the radii being connected by the equation 

R 2 = m 0 2 /3y. 

The surface corresponding to an infinite energy in one 
diagram is the sphere at infinity ; in the other the sphere 
of radius c. 

Since the correcting factor is /3®, it appears that 
s-~►RT as T—* 00 , i. e., the mean energy tends to exactly 
double the classical value, as the temperature tends to 
infinity. The exact formula for e was given in my previous 
communication. 


* We can ignore the coordinates q iy q% y q 9i as the energy is assumed 
hot to depend on these coordinates. 
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LXVII. Theory of the Internal Action of Thermionic Systems 
at Moderately High Frequencies .—Part I. By W. E. 
Benuam, B.Sc * 


Abstract. 

Equations are given applying to a parallel plane thermionic 
system subject to potentials varying in time. These equations 
are similar to Child's equations for steady potentials, but contain 
extra terms. A solution of the alternating case is obtained, 
taking into account space-charge but neglecting emission velocities, 
in the special case of a small oscillatory potential superimposed 
on a large steady potential. The time of transit of the electrons 
appears in the solution. The theory is used to explain certain 
experimental results on the frequency variation of rectified 
current (W. E. Ben ham, Phil. Mag., Feb. 28.). 

The qualitative agreement between theory and experiment is 
satisfactory, but the observed effect is much the greater. The 
discrepancies between theory and experiment are discussed at some 
length. It is pointed out that electrons emitted with certain 
velocities are liable to execute a to-and-fro motion about the 
surface of minimum potential. This effect would increase with 
the frequency, with a corresponding modification of rectified 
current. 


Introduction . 

I N a recent paper f experiments were quoted indicating a 
discrepancy between the static and dynamic character¬ 
istic of a diode at moderately high frequencies. In particular* 
a small oscillatory potential of given amplitude was found 
to give rise to less and less rectified current as the frequency 
was increased from 4 to 17 megacycles. Part I. of the 
present paper constitutes an attempt to explain this pheno¬ 
menon by taking into account the laws governing the motion 
of the space-charge when subject to rapidly alternating 
potential differences. While the theory has only been 
worked out in the case of zero initial velocities and plane 
electrodes, it forms nevertheless a possible starting-point 
for more exact theoretical investigation. 

♦ Communicated by Dr. Norman Campbell, 
t W. E. Benham, Phil. Mag. v. p. 823. 

Phil . Mag. S. 7. Vol. 5. No. 29. March 1928. 2 T 



642 Mr. W. E. Benham on the Internal Action of 


Theory . 

The now familiar equations of Child*, e.ff. 


rf 2 V 

da? 


= — 47tP, 


I = PU, . 

dx m dx 5 


• • (i) 

• • ( 2 ) 
• • (3) 


are intended to apply only in the case of steady potentials. 
Any solution of these equations in the form I==/(V) is 
therefore valid only when I and V are invariant in time. 
The justification for the standard practice of using the static 
characteristic, I=/(V), to predict a periodic change in I 
consequent on a periodic change in Y lies in the fact that 
the response of the electrons can for most practical purposes 
he taken as instantaneous. When the periodicity of V is 
very great, however, this is no longer the case. Under 
these circumstances Child's equations must be extended 90 
that they apply to the case of potentials varying in time. 

We shall reserve the symbols V, P, I, and U for the 
“steady” values of potential, space-charge per unit volume, 
current density, and velocity. 

Let V, P, J, and U (in Clarendon type) be the values of 
potential, space-charge per unit volume, current density, and 
velocity at any point (<r, 0 , 0) and mutant t . For the present, 
V, P, J, and U may vary with time in any manner. 

For moving fields or fields varying with time at a given . 
place, we have 


V 2 V- 


B 2 V 
c* d * 3 


= — 4ttP. 


The term 


1 <£V 

c 2 -dt 2 


reminds us that the 


potential is propagated 


with a finite velocity c. Now, this term can be neglected, 
provided the (time ) 3 taken by o.m. waves to travel a given 
distance in the region considered is negligible compared 
not only with the (time ) 2 taken by electrons to travel that 
distance, but also with the (time period of oscillation ) 2 of V. 
The first condition is satisfied for fields not exceeding a few 
thousand volts per cm., while the second is satisfied in the 
case of periodicities not exceeding some 10 2 cycles per 
second (for plates 0*5 cm. apart). The conditions for the 


* Phys. Hev. xxxii. p. 499 (1911). Used equations for case of positive 
-thermions. For electrons see Langmuir, loc. cit. ii. p. 456 (1913). 
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neglection of the term 

1 

c* Be 2 

are therefore satisfied experimentally. Since the lines of 
force are parallel to the axis of #, as for the steady case, we 
have therefore 

. ('*> 

The current donsity is composed of two parts : 

J = (e.s. units). . . . (2b) 


The second term represents the displacement, or “ capacity 
current, while the current I actually carried by the thermions 
is given by 

I = PU. (2 a) 


Equating *the rate!of change of momentum of an electron 
to the instantaneous'value of the electric force acting on it, 


dU ' 
m dt = 



SU 4U SU - = - e - VL 

dt c)ic m d#" 


(3«) 


Since the current density must be the same at all values 
of x, 



which leads, with the help of (2 6) and (1 a), to 


d 


(PU)=- 


dp 

dt ' 


. . (3 6) 


Equations (3 a) and (3 6) correspond respectively to the 

g eneral hydrodynamics! equations of motion and continuity. 

!quation(3 6) could, of course, have been obtained inde¬ 
pendently on the basis of analogy with fluids. Writing 
1 =PU, we have ° 


di 


dP 
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For steady currents it is always true that 

s=°.<*> 

Equation (4 a) involves that, the ^-variation of the current 
carried by the thermions is not in general zero, but is equal 
and opposite to the variation of displacement current. 

The equations (1 a), (2 a), (3 a), and (A a) replace (1), (2), 
(3), and (4) in the case of potentials varying with time not 
more rapidly than would justify the omission of the term 

- ^ 2 " from equation (J a). Before proceeding to the 

solution of equations (In) to (4a) we note that equations 
(1) to (4) can be readily solved by the following method. 
Differentiating (3) with respect to x and using (1), 

-r(U^)=4ir *P. 

ax\ ax) m 

Multiplying throughout by U and using (2) 7 



Air* I. 

m 


• • ( 5 ) 


In view of (4), I is independent of x. 

The solution to (5), subject to U = 0 when # = 0 7 is 

(i.) U = ax 2i ' s 9 

where (ii.) a=(l8 —irl 

\ 7)1 

The well-known 3/2 power law connecting I and V is 
readily obtained from (G), using (3). 

No attempt will be made to include the effect of initial 
velocities in obtaining a solution to equations (la) to (4a) : 
the complexity of the solution of the steady case, allowing 
for initial velocities *, is such as to make an attempt at 
accurate solution of the alternating case almost out of the 
question. The undoubtedly important effect of initial 
velocities is, however, examined qualitatively after a solution 
for zero emitted velocities has been arrived at. Any solution 
we obtain will therefore reduce to the form (6), or to 
expressions obtainable from (G), in the case when the time 
variation is nil. 



* Cf. Fry, Phys. Rev. xvii. p. 441 (1921). 






(la) 
(2 a) 
(3 a) 

(4 a) 
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Rewriting the equations, for convenience, 

*rP. 

B« 

I=PU. 

e Bi V 

»n ^ 

Bi _ BP 
B*t Bt 

Differentiating (3a) with respect to x, and using (la), 

■■■ >^(£+ 0 =- 
Integrating equation (4 a) at constant t for the space 
between the cathode and any place x = 

I - I -=-s.C p ‘ to 

= 1 9 9 V * 

47r (J* |9«r o* 

.Now, from (6J and (3), 

<fV — U — _ 2 „!*!/»■ 
d,x dx 3 ’ 




I. 


(7) 


l. e.y 


dV 

dx 


= 0 . 


We shall assume that at all instants V differs so little 
from V that, as in the steady case, the field at the cathode 
is at all instants vanishingly small compared with its value 
at the plane #=#, up to which we have integrated. It 
should be noted that, even in the steady case, it is necessary 
dV 

to suppose that , while differing from zero by as small 

a quantity as we please, is always positive, otherwise no 
electrons starting from rest would be extracted from the 
cathode. In the present case, also, we must suppose that 

is never actually negative at any instant. The sequel 

085 o 

is thus confined to the case of a very small variable potential 
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superimposed on a large steady potential. Omitting the 
term 


BV 

B# 


1 V 3 V Ui-i 


or 


d 

hi 


( u sir + !r)- 4 '£«'- I >- •••(« 


Adding equations (7) and (8), thus eliminating I, 

(l< +u a®)(|T +D s?) =4, 's I '> - ' (5 “> 

Equation (5 a) is to be compared with equation (5) for 
the “steady” case. Now we can make I 0 what we please, 
as it is a boundary value of current. Let 

A A 

Io=Io + « 0 sini^4-«V ain*/rf+... (9) 

where I 0 , i 0 , i 0 ' are independent of t . We are not immedi- * 
ately concerned with the values of t 0 , t 0 ' beyond asserting 
that they are respectively of the first and second order of 
small quantities. Accordingly let 

U=U + M + tt'+... l . . . . (10) 

where U is defined as obeying the relation 

d £( u S)- 4 '5 i - ■ ' • ' O 1 ' 

while Uj v! ... must be chosen to satisfy the partial differ¬ 
ential equation (5 a) with the help of (9), (10), and (11). 
Since 1 0 is independent of t , so also must U be ; 

i.e., B ~=0.(12) 

With the help of (9), (10), (11), and (12), (5 a) gives rise 
to an equation which may be split into three equations, 
corresponding to the throe terms of equation (9). 

The first is equation (11) itself; the second is linear in 

u and i 0 and does not contain u f and ; w:hile the third is 

linear in v! and i 0 \ and of the second degree in u and t 0 . 
There will, of course, be as many equations as there are terms 

in equation (9), but since we are taking i 0 ' and u f to be of 
the second order of small quantities, it is sufficient to retain 
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three only. The second equation reads: 



( BU 

rV 



, B 2 « 

+ dt 2 ‘ 




+ | t ( 2U t; 

. dU\ , , 

+ w ^ — 1 =47 t—? 0 sin »£, 
0® / m u r 

(13) 

The third reads: 





v i~J 

' ,BU 

M 

t B* 

+u§ M ' 

0^- 

^ +t< 

, B / n BU 
da; v d# 

) 




. BV 
+ B< 2 * 


'2C^+« 
, da; 

,BU\ 

B*/ 




+u^- 

d# 

(“8i) + "S*(“ 

® u +u®“) 

da? da?/ 




+*!( 

0^’> 

. g A 

i = 47 t~i 0 ' gin 2 pt. • . 

(14) 


In order to obtain a solution to equation (13), we must use 
the solution of (^11), which is evidently 

U = Cf. (6). 

It is convenient to effect the transformations 


Then 


ft> ( 

u= j) 


and the substitutions 


7= 



, o 

>e* 

lit 

U 

_ 3£* 

yY’ 

B_ 

Wd 

da; 

3^ Br 

n £ 

B 

=p *r 

BU 

— 2 P 

da? 

V 


(15) 


(16) 


( 17 ) 
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Equation (13) then becomes 

B 2 g> 2 B , 1 

W P 2 


0 
P 2 


g sin />*, 


or, symbolically, 

* * * (18) 

Equation (18) can be solved in two stages, and the result 
is, putting o> = u£, 

W= — p (sin^« +• + * F,(£—/>«) + F*(f -pOt ( 19 ) 

where F x , F s are arbitrary functions. 

Since w = 0 when # = 0, i. e. when g = 0, for all values of £ 
the functions F x , F 2 must be chosen accordingly. The 
solution can then be written in any of the following forms :— 


Sr 2 2 1 

— p |j3in/?* + |C 0 S pt+ sin (p£ —?) — ^cosO?* — £)J, 

n = + — cos f + ^sin sinp£ 

+ ^sin f -f ^ cos f— ^ cos/^J, 

J=gT M sin(^~S w ). 

. . . ( 20 ) ■ 

8 p i U 

N.B.—It will be found on substitution that ~s = -° >T . 

6/> 2 31 


The last form serves to demonstrate the effect of frequency 
on the value of u at any point. We have 

_ 12 psin \g n 

Tu ~ e L ir~ cos ^r 

Whence, as £-»0, T„-*l and S„-*0. 

Before proceeding with the solution, we would draw 
attention to the physical meaning of £. 

In total differential notation 



U = 


dx 

di‘ 



dt~ 


ss — by equation (17). 
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dx 

U 

di 

V 

f=pT,.(.22) 

where T = time of transit of electrons from cathode to plane 
in question in the absence of alternating current. We note 
in passing one consequence of this result. 

For ^T = 27r, 

X u = ■> £5 tt s 7T • 


7T 


Hence, when the time period of oscillation is equal to the time 
of transit, the amplitude of motion at the plane in question 
is reduced some 70 per cent, as a direct result of the extreme 
rapidity of alternation, the reduction in amplitude being 
accompanied by a reversal of phase at this plane. 

The above result may be useful in connexion with the 
oscillations of extremely short wave-length discovered by 
Barkhauscn and Kurz *, whose experiments were repeated 
in this country by Gill and Morell j- This point will, how¬ 
ever, be deferred to Part II. of.this paper. 

Having obtained U and it, we are now in a position to 
solve equation (14) for */'. The mathematics are greatly 
simplified if we content ourselves with an approximate 

formula for u in which j" £ have been replaced by their 

appropriate expansions in powers of £; e . g ., 





3P 

20 


+ 



. . . (23) 

The above expression differs by much less than 1 per cent, 
from the exact formula, for 0< \< 2. The details of analysis 
need not be entered into. The solution is naturally of the 
general form 

u' = X + Y sin 2 yt + Z cos 2 pt. . . . ( 24) 

The values of Y and Z are not of immediate interest, and 
need not be written down. The mean value of u f during 
the cycle is as follows : 




* Phys.Zeit . xxl. p. 1 (1920). 
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We have now completely determined U in terms of Io» 

1 * 0 , and We can now substitute for tj in equation (3 a) 
to obtain V in terms J 0 , / 0 , and £</. For this purpose let 

V = V+t? + t/.(26) 


The values of V, v/V are found to be as follows: 



/ r \3/a 1 

V=(~°) 


in which 

■ ■ 

• • (27) 


v = (wr) TvSiu • 

• • (28) 


where, for 0< f < 2, 


T n Jl 1 

E 300 + 12,600’ 


( 29 ) 


IE v' denote the mean value v during tlie cycle, we find 
also 

■ <*» 


Now, at the anode , r must vanish, since the anode is 
maintained at a potential V with respect to the cathode by 
means of a battery. In actual practice the potential at the 
anode is to some extent modified by any resistance in the 
anode circuit, but when such resistance is negligible com¬ 
pared with that of the valve, the mean potential of the anode 
can be taken as the battery potential. These conditions 
were actually realized in the experiments, since the battery 
was of the accumulator type having low internal resistance, 
the only other resistance being that of the shunted galvano¬ 
meter arrangement, which was also negligible. 

Hence, at the anode , for all frequencies 

v' = 0, 

whence from (30): 


*0 2 (, 13gA 

2 121 0 \ 40 ’ 1 "8400,T * 


(31) 


The suffix “d” denotes that the value of f is that corre¬ 
sponding to the anode (#=<2). Equation (31) gives the 
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rectified current $ 0 ’/2 in terms of « 0 and f*. It must be 
emphasized that, while the rectified current varies with 
(*. £. with p), it by no means varies with f (i. £. with #), as 
does the alternating component of thermionic current (g.r.). 
For the cathode-anode space we have, from (30) and (31), 


V 



13 

8400 * 




(32) 


Since we draw the following conclusion for future 

reference; e.g .:— 

“ For given boundary values of the potential components , 
the mean potential at any point intermediate between cathode 
and anode is less at finite frequencies than at zero frequency 
We have yet to express the rectified current in terms of 
the boundary value of the alternating component of potential . 
Let r denote the amplitude of v . Then, from equation (28), 


v 

V 



Hence (31) becomes, substituting for ?’ 0 , 


H^Xv-XtVX 1 -- 




Substituting for Tf from (29) and putting £ = £*, v = 
V = we have, after rationalising. 


4 ' 





2 ~ 1 

V 13/ 

VVrfV 

V GUO 

10,000/ 


in which little accuracy is claimed for the last term, which 
is, fortunately, exceedingly small. 

Thus, for given values of v d and Y d the rectified current 
varies with the frequency according to the expression in 
round brackets. We shall refer to this expression for con¬ 
venience as T^i. 

In decimal form we have 


T A i«(l~0-0317&*-0’0007£, 4 ). . . (33) 


Application to Experimental Results . 

Tai has been plotted on fig. 1 for values of between 
0 and 3. We note a general agreement in form between 
theoretical and experimental curves. 

For plates 0*5 cm. apart subject to an anode potential of 
16 volts we find, after expressing £<* in terms o£jp, V, and d 
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(< q . v . equation 36), that the frequency in megacycles (1 mega¬ 
cycle =10® cycles/sec.) is given very nearly by 

N = 25f. 

Thus for a frequency of 12*5 megacycles (X24m), which 
corresponds to a typical frequency in the range of experi- 4 
ments, 

f=0*5. 

Fig. 1. 


I 


Taj 


1—^2 3 

£d(=pTd) 

Variation of Rectified Current with Frequency. 

(N=sfrequency in megacycles.) 

So that in this case 

T aI =1 —0*0072 = 0*992.(34) 

According to the experimental curves, however, we have, 
at N 12*5, 

T aI ==0-5. ...... (35) 

The frequency variation obtained in practice is therefore 
very much more pronounced than that predicted by equa¬ 
tion (33). In order to bring the experimental curves, into 
approximate agreement with the formula (33), it would be 
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necessary to assume that the time of transit of the electrons 
were about five times the time of transit calculated from the 
formula 



Moreover (36) refers to parallel planes ; for cylinders it 
can be shown that for the same clearance and potential 
difference the time of transit approaches T^/2 as the radius 
of the cathode approaches zero. The effective anode radius 
corresponding to the valves used would be intermediate 
between the radii of grid and anode (these electrodes, being 
connected external to the valve, are both at the same time 
potential). The effective anode radius, while somewhat 
indeterminate, cannot differ much from 0 # 5 cm. 

Thus to obtain any sort of quantitative agreement with 
equation (33) it would be necessary to assume that, due to 
some cause, the actual time of transit of the electrons were 
about ten times the time of transit calculated directly from 
the dimensions and potentials. 


Other Factors influencing the Time of Transit . 

Increase in the average time of transit would result: 

(a) If some of the electrons were to suffer collisions 

with molecules before completing transit. 

(b) If the result of such collisions were to produce 

ionization ; i. e ., to give rise to heavy thermions. 

(c) From consideration of finite emission velocities. 

In view of the high vacuum ( 7 r > 10~ 5 mm. Hg), it is 
safe to conclude that the effects (a) and (/>), while inevitably 
present if only in a minute degree in every thermionic 
device, are not responsible for more than a small fraction of 
the increase in time of transit. These remarks are not 
intended to apply to any of the results quoted for a helium- 
filled valve. The effect of ( 0 ) will be examined when we 
have inquired into other possible experimental factors 
tending to increase the frequency variation. 

One such possibility is that the e.m.f. measured by the 
electrometer was not composed exclusively of the funda¬ 
mental component v, but partly of harmonic components. 
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The Effect of Harmonics in the Oscillatory Voltage . 

It is convenient to divide voltage harmonics into two 
kinds:— i 

( 1 ) Those produced from the fundamental by the valve 

itself in virtue of its peculiar conducting properties. 

( 2 ) Those introduced along with the fundamental from 

the source of oscillations. 

Both types of harmonics are registered by the electro¬ 
meter in addition to the fundamental. Thus, if harmonics 
in the voltage, whether of type ( 1 ) or ( 2 ), are comparable 
in amplitude to the fundamental, the electrometer reading 
will be greater than that corresponding to the mean square 
ofv; i. greater than that corresponding to the rectified 
current. The harmonics in the current will increase as the 
harmonics in the potential increase, but the important point 
to notice is that current harmonics are not registered, while 
potential harmonics arc. The rectified current is clearly 
due only to the fundamental v over the range of v for which 
square haw rectification takes place. . 

We have therefore to inquire into the effect of potential 
harmonics of both types on the electrometer reading. 

In order to find the magnitude of type ( 1 ) harmonics, it 
is necessary to work out the values of Y and Z (equation 24) 
and then to use equation (3 a) to find the corresponding 
potential harmonics. The mathematics involved is exceed¬ 
ingly clumsy, and it will suffice to give the final approximate 
result, which is correct to 5 per cent, for 0<£<0*5; namely 

A 2 

=0*375(O'l 28 f sin 2/»<-0*136f cos2 pt). (37) ' 

That the value of v* at finite frequencies is not zero 
involves that it is impossible to avoid potential harmonics, 
even though the potential wave-form be pure in the absence 
of the thermionic device. It turns out, however, that v f is 
exceedingly small at practical frequencies (at any rate for a 
system obeying the 3/2 power law). The electrometer 
reading is proportional to 



which gives finally 

1(1 + 0 - 00015 ^^). 

Tlie effect of harmonics of type (1) is thus exceedingly small 
*nd can be neglected. 
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Harmonics o£ type (2) must next be considered. These 
are much easier to deal with. Thus instead of con¬ 
sidering the fundamental, which we will call v l9 as the 
input oscillatory voltage, one might equally well consider 
the harmonic v n to be the input oscillatory voltage. The 
rectified current due to v n will then be proportional to 

V [1-0-0317 (n£) f . . . (38) 

in which n is the order of the harmonic and f still corre¬ 
sponds to the fundamental frequency. 

The rectified current due to the fundamental and n —1 
harmonics of type (2) is thus proportional to the sum to 
n terms of the above expression. 

It is therefore necessary to know the relative amplitudes 
of any harmonics in the input, or preferably to cut them out 
altogether—if possible. One method of cutting out the 
harmonics which is fairly effective is to couple a tuned 
circuit loosely to the oscillator coil, and then couple the 
valve test circuit to this tuned circuit. This was done, but 
the frequency variation proved to be the same within 
experimental error. 

It appears, therefore, that both kinds of harmonics in the 
input voltage were of amplitude negligible compared with 
that of the fundamental : and we conclude that the observed 
frequency variation was that corresponding to the funda¬ 
mental frequency alone. 

The large discrepancy between theoretical and observed 
frequency variation is thus left unexplained by the foregoing 
considerations. The time is now ripe for noting a further 
important discrepancy between theory and experiment. It 
was found that change in the anode voltage had negligible 
effect on the frequency variation over a range of voltages 
corresponding to the infra-saturation region : change of 
anode voltage, of course, alters the absolute value of the 
rectified current, but the ratio of the rectified current at any 
two frequencies was found to be sensibly independent of the 
anode voltage. But in view of the dependence of the 
calculated time of transit T on anode voltage, any frequency 
variation due to the finite value of T must become less 
pronounced as the anode voltage is increased. Hence the 
frequency variation due to the finite time of transit T must 
be too small to affect the observations. 

In order to account for the observations, it is accordingly 
necessary to suppose that the actual effective time of transit 
in sensibly independent of V and considerably greater 
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than T. We therefore pufc forward the following tentative 
suggestions as working hypotheses :— 

(1) The electrons take a finite average time Ty to free 

themselves from the neighbourhood of the filament, 
T f being sensibly independent of V and consider¬ 
ably greater than T. 

(2) T f is determined by the condition of the filament, 

especially by the filament temperature. 


The second hypothesis seems a reasonable adjunct to the 
first, and is in qualitative agreement with the observed 
marked effect of filament voltage on the frequency variation. 

We will now examine the effect of initial velocities, with 
the above hypotheses in mind. 

The theory for zero initial velocities is at best only an 
approximation to the actual facts. The behaviour of the 
electrons in the neighbourhood of the filament is, in fact, 
totally different from the case of zero emitted velocities *. 

The theory for zero initial velocities applies, strictly 
speaking, only in cases in which the accelerating field due 
to the anode potential everywhere exceeds the retarding 
field due to the space-charge, the excess vanishing, however, 

at the filament when #->oV It is noteworthy 


that, in order to drag the (hypothetically at rest) electrons 

1 c iy 

away from the filament, it must be supposed that 


dx 


is 


slightly positive, but can be made, for the purposes of the 
theory for zero emitted velocities, to differ from zero by an 
infinitesimal amount. Thus, in the theory for zero emitted 
velocities, 


dV 

cix 


$ —>0. 

o 


Furthermore, if S is positive, all the emitted electrons will 
reach the anode : if negative, none f. 


* Cf. Fry (loc. cit .) and Langmuir, Phys. Ilev. xxi. p. 419 (1923;. 

+ That the 3/2 power law is a sufficiently accurate relation for many 
practical purposes is at first sight somewhat surprising. The widespread 
practical application of the 3/2 power law, especially in the design of 
large valves, is justified by the closeness of the cathode to the surface of 
minimum potential, which surface may be regarded as a u virtual 

cathode ” at which (d.r)o This does not alter the fact that the 
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Now, in the practical case of finite emission velocities 
8 is negative in the infra-saturation region, since all the 
electrons do not reach the anode. For 8 negative there will 

be a surface of minimum potential =0^ at some value 


x x of x. If U e be the critical value of initial velocity, such 
that electrons emitted with this velocity come to rest at 
,/• = c 6' l9 the time of transit of these electrons to the anode 
(assuming the electrons just to succeed in passing the plane 
a* = Xy) is greater than the time of transit for = 0, U 0 = 0. 
This point is illustrated *, for xy = 1 mm., = 5 mm., on fig. 2. 
The ordinates to these curves represent, in arbitrary units, 
the time of transit to any abscissa x. The value of T 
corresponding to U 0 =V e is taken to be proportional to 

[ (x — t vi ) 1/3 + a? 1 1 ^], since it follows from equation (5) that, 
tor those electrons which come to rest at a*= x x , 


U = «(ar~,q) 2/a ; 

i. e. t Uc = <*(— •*i) a ' #a = + **y 2/ *. 

(Curves corresponding to U 0 slightly less and slightly greater 
than U* are clearly indicated on fig. 2. 

A slight disturbance in potential at the instant when the 
electron reaches the potential minimum suffices to determine 
whether it will return to the filament or whether it will 
pass over to the anode. In the event of the disturbance 
being of oscillatory character, the electrons which are 
momentarily at rest, or nearly so, will be made to execute a 
to-and-fro motion of small amplitude f about the surface 
of minimum potential. Perhaps it would he more accurate 
to say that the surface of minimum potential executes a to- 
and-fro motion about the electrons, placing the latter first 
in an accelerating and then in a retarding field. It is 


field at the actual cathode is, in general, very different from zero, whether 
or no the 3/2 power law gives accurate result*. At the surface of mini¬ 
mum potential the mean velocity of the electrons is, of course, very much 
less than at the cathode. Thus at the “ virtual cathode ’ 1, the condition 
of zero “ emission ” velocity is approached, and the condition of zero 
field is realized. 

* For a plane cathode at 2400° K. the anode potential for x x *= 1 mm. 
<*ss6 mm. is only 2 v. and only 0*1 per cent, of the emitted electror 
reach the anode. The example is thus an extreme one. 

t Qf. Zilitinkewitsch, Archiv. f. Electrot. xv. p. 482 (1925), who 
assumed electrons to oscillate in a somewhat similar manner in the case 
of a valve generating oscillations of the type discovered by Barkhausen 
and Kurz (loc. cit.). 

Phil. May. S. 7. Vol. 5. No, 29. March 1928. 2 U 
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legitimate to regard the electrons as executing oscillations 
about the mean position of the potential minimum. . The 
electrons in question will presumably remain indefinitely in 
this oscillating condition (B, 0, fig. 2). For a given fre¬ 
quency, the number of electrons so oscillating is equal to 
the number of electrons reaching the potential minimum 


Fig. 2. 
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"The time taken by electrons emitted with velocities in the neighbour¬ 
hood of the critical velocity (see text) to reach any plane is 
illustrated above in the special case = l mm., dsz c5 mm. 

with velocities less than a certain small value U m , where U m 
will depend on the amplitude of the applied potential as well 
as on the cathode temperature. Since U w can be greater 
for larger values of v , the number of oscillating electrons 
would increase with the value of v. Clearly, also, U m can 
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be greater the greater the frequency (within certain limits), 
so that the number of oscillating electrons increases with 
the frequency. Periodical instability at high frequencies is 
likely, such as was noticed in the experiments ; the observed 
instabilities were then put down to the Scliottky effect. 

We can, if we like, regard the effective average time of 
transit as being lengthened due to certain electrons remaining 
an indefinite time in the cathode-anode space. But this 
conception, while exceedingly convenient from the mathe¬ 
matical standpoint, is unsatisfactory from the physical point 
of view. One physical consequence of electrons oscillating 
about the potential minimum is an increased space-charge 
density in that region. 

Now, the theory for zero initial velocities gives some 
indication of accumulated space-charge. The mean potential 
at any point in the cathode-anode space wais found to be less 
at finite frequencies than at zero frequency (equation 32). 
This result is closely related in the theory to the frequency 
variation of the rectified component of current (equation 31). 
The reason for the reduction in potential is bound up with 
the peculiar conducting properties of thermionic systems. 
The interpretation of the reduction follows from the fact 
that for a given mean anode potential a reduction in mean 
potential at any point in the cathode-anode space can only 
be brought about by an increase of space-charge density 
at that point. 

Now, in practice the increase of space-charge density, 
i. e. the reduction in mean potential, especially at points 
near the potential minimum, is likely to be on a much 
larger scale than in the theory for initial velocities, in view 
of accumulated space-charge due to oscillating electrons. 
If, then, the frequency variation of rectified current is, in 
fact, as closely related to the increase of space-charge density 
as it is in theory* the observed frequency variation would, 
like the reduction in mean potential, be on a much larger 
scale than that predicted by the theory for zero emitted 
velocities. 

If the true explanation of the observations lies in the 
direction indicated, the effects of filament and anode 
voltages on the value of the rectified current are alike 
somewhat obscure ; a purely physical oxp ! anation, if not 
altogether out of the question, would be very involved. 

Such questions could be settled by further experiments on 
a larger scale and with improved apparatus. The sensi¬ 
tivity of the instrument used to measure the oscillatory 
voltage should be as great as is consistent with rapidity of 

2 U 2 
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reading : no valve keeps absolutely constant characteristics 
over a period of an hour, especially under the somewhat 
severe conditions of experiment, and the smallest changes 
are of vital importance in measurements of this kind. The 
idiostatically-eonnocted Dolezalek electrometer is definitely 
not sufficiently sensitive and the needle takes too long to * 
come to rest. 

The electrometer might be disposed of when the frequency 
variation of one valve has been fully determined, as this 
valve could then be incorporated in a Moullin voltmeter 
circuit, whoso frequency error would be known. The 
voltmeter thus provided is very much more convenient to 
work with. Incidentally, the author's experiments on a 
lieliuin-filled valve were effected in this manner. The valve 
used as voltmeter was a Marconi 1XE.V. type valve which 
showed a negligible frequency error when used as triode. 
In chosing a valve for investigation a simple form of 
electrode design is desirable. Indirectly heated cathode 
valves are now available. These valves conform very nearly 
to the theoretical parallel plane system. 

This research was begun early in 1926 at University 
College, London, under the supervision of Professor A. W. 
Porter, F.R.S., and with much appreciated financial assist¬ 
ance from the Department of Scientific and Industrial 
Research. 

The author wishes to thank Professor Porter for his aide' 
advice and opportune criticism on many occasions, and all 
those who have taken an interest in the work for helpful 
suggestions. lie would also like to thank Dr. Campbell 
for his great kindness in communicating the paper. 


Summary . 

1. With the more immediate object of explaining certain 
experimental results on frequency variation of rectified 
current, but also as a starting-point for further theoretical 
investigation, Child's space-charge equations are modified 
so as to make them apply to the case of potentials varying in 
time, 

2. The equations of motion and oontinuitv represent the 
electrical counterpart of the corresponding fiydrodynamical 
aquations. 

3. The equation of continuity in the thermionic case 
mvolves that, while the sum of the instantaneous values of 
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thermionic and displacement (capacity) current is the same 
at all points, each type of current varies from point to 

point* 

4. The primary equation (5 a) obtained from the modified 
equations (1 a) to (4 a) lends itself to solution if we assign a 
permissible value to the current at the cathode. It is 
supposed that the alternating components of current and 
potential are of very small amplitude. The corresponding 
alternating components of velocity are thus obtained at any 
value of ns and t . 

5. These velocity components come out in functions of 


f ( 



The interpretation of £ follows from the 


fact that T represents the time of transit of electrons from 
the cathode (,.c =0) to any plane (,e = «r). 

6. A solution for the potential is obtained by inserting 
the solution for the velocity in equation (A a). 

7. By imposing on this last solution the experimentally- 
realised condition that the mean potential difference between 
cathode and anode is constant (being maintained so by the 
anode battery), a relation between the rectified current and 
the alternating component of current is obtained, involving 
functions of £^( = ^>’1^), where is the time of transit from 
cathode to anode. 

8. A further short analysis gives the rectified currents in 
terms of and the potential components. 

9. The solution obtained agrees qualitatively with the 
experimental results, but the magnitude of the frequency 
variation predicted by theory is much smaller than that 
found by observation. 

10. In order to bring theory and observation into line, 
it is necessary to suppose that the time oi transit is for some 
reason much greater than the value calculated from the 
dimensions ami potentials of the valve. It is not possible to 
explain the observed variation of (square-law) rectified current 
on the basis of harmonics in the potential. 

11. It is pointed out that collisions with residual molecules 
are too infrequent to produce the required lengthening of 
time of transit. 

12. A further discrepancy between theory and practice 
lies in the apparent non-depeudence of frequency variation 
on (steady) anode potential. 

13. To account for the discrepancies the working hypo¬ 
thesis is adopted : “ That the electrons take a certain time 
to escape from the proximity of the filament, this time being 
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determined by tlie temperature of the filament, but hardly at 
all by the anode potential.’’ 

14. Due to initial velocities a surface of minimum potential 
is present for voltages below saturation. Electrons emitted 
with a certain critical velocity execute oscillations about the 
surface of minimum potential. Mathematically this effect 
can be interpreted as giving rise to an increased effective 
average time of transit. 

15. The physical consequence of this effect is accumulated 
space-charge in the neighnourhood of the potential minimum. 
A certain result obtained in the theory (equation 32) is used 
to associate the frequency variation of rectified current with 
the degree of accumulation of space-charge. Further lines 
for experiment are suggested. 


LXVIII. The Thermal Instability of the Earth's Crust. 

By H. H. Poole Sr.lK, and J*. H. J. Poole, Se.D* 

* 

I N Dr. Jeffreys’* interesting, if rather heated, paper on 
“Dr. Joly and the Earth’s Thermal Historyin the 
J anuary number of the Philosophical Magazine, his main 
contention seems to be that, if the substratum contains more 
radioactive elements than are sufficient to supply the present 
loss of heat from the earth's surface, the future state of the 
earth will be one in which a layer of molten rock of fixed 
thickness and temperature-gradient will ho overlain by a 
solid crust, also of a fixed thickness. The thickness of* this 
crust will be such that fhe loss of heat by conduction through 
it will exactly counterbalance the generation of radio¬ 
active heat, both in itself and in fhe underlying layers, so 
that a steady state will be attained with no possibility 
of any orogenic movements due to thermal expansion or 
contraction. As, according to Dr. Jeffreys, the earth is 
about .1300 million years old already, it seems peculiar that 
it has not yet reached this state. Moreover, if, as he 
assumes, the earth has always been falling in temperature, 
we should not expect the present temperature gradient 
to be less than the finally-attained gradient, which must be 
sufficient to carry off the heat generated. 

The only logical conclusion that can be drawn from this 
assumption is that the substratum cannot contain more 
radioactive materials than are sufficient to account for the 
present rate of loss of heat. 

* Communicated by the Authors, 
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This view is opposed by all the actual measurements of 
the uranium and thorium contents of the materials which 
might he reasonably supposed to constitute the substratum ; 
but, oh* course, its incorrectness cannot be absolutely proved 
by experiment, as we are unable to obtain specimens of 
absolutely unimpeachable derivation from the layer in 
question. 

However, apart entirely from this consideration, his 
contention is based on the assumption that it would be 
possible for a layer of molten magma to persist indefinitely 
beneath a roof of solidified magma of the same composition. 
A very elementary consideration of the thermodynamical 
principles involved shows that this assumption cannot be 
true, unless the magnitude of the subterranean pressures 
introduces effects which, a priori, we would not expect. 

It is well known that, as I)r. Jeffreys points out, in a 
deep layer of liquid, if the vertical temperature gradient 
becomes steeper than the adiabatic, convection currents will 
be set up. These currents will transfer heat so readily 
from the bottom to the top of the layer that we are entitled 
to assume, with Dr. Jeffreys, that they will effectively 
prevent any appreciable increase in the temperature gradient 
above the adiabatic value. 

If this adiabatic temperature gradient were steeper than 
the rate of rise of melting-point with depth, then the liquid 
at the top of the layer might be at its melting-point, and 
so in equilibrium with the solid roof : but if the melting- 
point. gradient is the steeper of the two, then, since the 
deeper parts cannot be below their melting-point, the upper 
layers must be above their melting-point, and so the roof 
must melt. This was pointed out many years ago bv Lord 
Kelvin, who, however, had not the necessary data to decide 
whether the “ ice line ” for basalt is more or less steep than 
the adiabatic for liquid basalt. He showed that if, as lie 
expected, the “ ice line ** were the steeper, then a column of 
basalt cooled at the top would solidify at the bottom, but 
the reverse would hold if the adiabatic were the steeper. 
Our knowledge of the required data is a little more com¬ 
plete, and enables us to form some quantitative idea of the 
two gradients in question. 

The adiabatic gradient is given at once from the well- 
known formula, 



where t, <£, p, and v represent the absolute temperature, 
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entropy, pressure, and volume, respectively, of a given mass 
©f any substance, and the suffixes indicate the constancy of 
the quantity named. Substituting for the right-hand side, 
we get 

Bt\ _ TU 

d/v* ~ a P 

where a is the coefficient of cubical expansion and cr the 
specific heat (in work units), both at constant pressure, and 
p is the density. 

If a is the depth measured from any origin, we have, 
do 

a,,] “ 

(i/\ 

t may be taken as 1200° C., i. e . 1473° absolute. 

From Day, S os man, and Hostetter’s * work we find 
that, at atmospheric pressure, a for liquid basalt is about. 
6*5 X 10“ f> . Some allowance for the effect of pressure might be 

made from the relation —where (' is the 

\dp/ e \d0/ p 

compressibility, if we knew the value of 

liquid basalt. This is unknown, but is almost certain to be 
positive, so that a, and hence the adiabatic gradient, will 
decrease with increase of depth, g may betaken as 981 cm. 
(per sec. ) s . 

As regards o, the value that we should expect for solid 
basalt at sufficiently high temperature, as calculated from its 
composition, is about 0*28. This accords perfectly with 
some measurements made by one of us +, which gave values 
rising at a decreasing rate from 0*20 at 50° O. to 0*26 at 
600° C. The specific heat of a substance always being 
greatest in the liquid state, it would seem that the specific 
heat of liquid basalt must be at least 0*30, or when reduced 
to work units, 1*25 X 10 7 . 

Putting in these values, we find that the adiabatic tem¬ 
perature gradient comes out at 0*75° per kilometre, at the 
surface, decreasing with increase in depth. 

The melting-point gradient is, of course, found from the 
equation 

C^T ^ T^Wg*-—l?j) 

dp * L 

where T is the melting-point (absolute), L the latent heat 

* Amer. J. Sc., January 1914. 
t Phil. Mag., January 1914. 
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of fusion in work units, .and r 2 and the specific 
the liquid and solid magma respectively. 


Hence, as before, since p = 


volumes of 


<«_£/ 1 /, 

c/# L \ v*/ 

T may be taken as identical with t, i. e . 1473°, and L as 
90 x 4*2 x 3 O'= 3*8 X 10® work units. 


To find 1 we have Day, Bosnian, and Hostetter s result 
t? 2 

that solid basalt expands 10 per cent, on melting at air- 
pressure. On the other hand, allowance must be made lor 
the different compressibilities of the solid and the liquid. 
Adams and Williamson * have shown that, up to pressures 
of about .12,000 mega bars (corresponding to a depth of about 
40 kilometres), C for solid gabbro is about 1*2x10 0 per 
meguhar* and is very nearly independent of the pressure. 
These experiments were made at air temperature, but the 
good agreement between the velocities of earthquake waves 
calculated from them and those found for moderate depths 
indicates that the effect of temperature is small. 

Very few measurements are available on the effect of 
liquefaction on the compressibility of substances, Richards, 
Bartlett, and Hodge f found 30*5 X 10‘ c and 72 X 10~ 6 as the 
values of (' for solid and liquid benzene, respectively, show¬ 
ing that melting increased the compressibility about 2*4 
times. On the other hand, liquids always show a decrease 
of compressibility with increase of pressure. Thus Adams, 
Williamson, and Johnston J found that the mean compressi¬ 
bility of kerosineoil fell from 27 x 10“ 6 fora pressure range 
2000-3000 mega bars to 15xl0~ 6 for a range 2000-12,000 
mega bars, the value for the range 11,000 to 12,000 being 
only 8 x 10 ~ 6 . 

Thus it would seem to he very unlikely that, at the 
pressure involved, the compressibility of liquid basalt would 
be greater than twice that of the solid, i. e. 2*4 x 10~ 6 . 

This would have the effect of reducing v x by 1*44 percent., 
and v 2 by 2*88 per cent, at 12,000 rnegabars pressure, so 
that the expansion on melting w T ould be reduced to 8*50 

per cent. Thus, at a depth of 40 kilometres, 1— - w’ould he 

0*079. This would make ^ =3*0° per kilometre. 


* J. Franklin Inst., April 1923. 
t J. Amer. Oheni. Society, July 3921. 

} J. Amer. Chem. Society, January 1919. 
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Thus the melting-point gradient comes out as 4 times ns 
steep as the adiabatic at a depth of 40 kilometres. It will 
be noticed that the effect of the compressibilities, assumed 
above, is to reduce the melting-point gradient by 14*4 per 
cent., no allowance being made for the effect on the adiabatic.^ 
To make the gradients equal at this level, we should have 
to assume a compressibility for the liquid nearly 6*5 times 
as great as that of the solid, and disregard the effect of this 
compressibility on the coefficient of expansion. With the 
above assumptions as to compressibilities, the gradients 
would become equal at a depth of about 220 kilometres. 

It would therefore appear to he very improbable that, 
at depths less than 200 kilometres, the adiabatic could be 
steeper than the melting-point gradient. It is possible that 
at greater depths the adiabatic might be the steeper. Here, 
however, other materials would probably occur, and the 
pressures involved would be so far beyond those for which 
any data are available that speculation at present appears 
rather futile. 

Let us consider a layer of basaltic magma of such a depth 
that thermal conduction through the solid cannot carry off 
the heat, generated hy radioactivity in the magma, and that 
rising from below, readily enough to prevent- the deeper 
layers from rising above their melting-point. In course of 
time melting would occur, and as the lower parts of the 
melted layer could not be below their melting-point, the top 
ol the layer would necessarily bo above its melting-point. 
Thus it would constantly melt its way upwards through the, 
overlying roof. 

The liquid which had been cooled by contact with the 
rool, and that formed by the fusion ot the roof, would be 
above their melting-point but below the temperature proper 
to their level, and would sink through the magma. As this 
liquid sank, it would, in spite of the rise due to adiabatic; 
compression, always be at a lower temperature than its 
surroundings, until it might reach such a depth that partial 
solidification occurred. Thus, unless there were a source of 
heat below, and in, the magma layer sufficient to provide all 
the latent heat of the melted roof and that lost by conduction 
through the roof, this heat would be partly provided by the 
solidification of magma in the deeper layers. 

At first the resolidification in the deeper layers might be 
small or entirely absent, and the liquid layer would increase 
in thickness at the expense of the overlying crust. As this 
became thinner the heat-loss through it would increase, and 
resolidification would set in in the deeper layers of the 
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magma. This would in time become equal to, and finally 
greater than, the rate of melting of the roof, so that the 
liquid layer would attain a maximum thickness, alter which 
it would decrease again, while continuing all the time to 
eat its way upwards. It would finally disappear when it 
had risen to such a level that the loss of heat through the 
reduced crust caused complete solidification. The resolidi¬ 
fied magma, underlying the liquid layer, would, as Lord 
Kelvin pointed out, be everywhere near its melting-point : 
thus at a depth of 40 kilometres the temperature gradient 
would be about 3°(\ per kilometre, falling slow ly with 
increase of depth. This gradient would only suffice to carry 
off by solid conduction the radioactive heat, generated in a 
layer of basalt about 4 kilometres thick, or in one of eclogite 
or dunite 8 kilometres thick. Thus, remelting of the deeper 
layers would bo inevitable, followed by repetition of the 
entire cycle. 

Thus we seem to be driven to the conclusion that a deep 
layer of magma whose radioactivity is at all comparable 
with that of surface specimens of basic or ultra-basic rocks 
would undergo periodic changes of state, which would he 
accompanied by corresponding changes in tin* temperature 
gradient in the overlving*crust. * 

The result, would he quite independent of all assumptions 
as to the effects of tidal displacements, if the infusible con¬ 
tinental masses were absent. Where, however,such granitic 
materials form an infusible crust of sufficient thickness, re- 
solidification of the underlying* basaltic magma would be 
prevented, so that the present solidity of the magma under¬ 
lying the continents seems to be most readily explained by 
Dr. July's assumption that, during revolutionary periods, 
tidal effects in the liquid magma produce lateral displace¬ 
ments of the continental masses, and so allow the accumu¬ 
lated heat to escape. 

We seem, then, to he faced with two alternatives :— 

We may deny that the radioactivity of the deep-seated 
rocks is at all comparable to that of the specimens which 
are available to us. We must then either deny the occur¬ 
rence of the revolutions that geologists have found such 
strong evidence for, or accept them as unexplained facts. 

We may, on the other hand, assume that the radioactive 
measurements of available specimens are of some value. 
We then have an explanation of these revolutions forced 
upon us. 

Royal Dublin Society, 

January 5,1928. 
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LXIX. The Absolute Zero of the Externally Controllable 
Entropy and Internal Energy of a Substance and a Mixture . 

To the Editors of the Philosophical Magazine . 
Gentlemen,— 

I N a paper that appeared in the April number of the 
Phil. Mag. (1927) I showed that the controllable 
internal energy and entropy are zero of a substance under 
its vapour-pressure at the absolute zero of temperature, by 
means of the theorem, established in a certain way, that 
the specific heat at constant volume is a positive quantity. 
I would like to point out that this theorem can be shown to 
follow simply from our notions of heat as follows :—Suppose 
that a substance A is completely surrounded by a substance 
B at the same temperature, and that the former substance has 
a negative specific heat. Now suppose that the substance B 
is raised in temperature by <yi\ Ail initial flow of heat 
from B to A will take place ; otherwise there would be 
nothing to indicate to the substance A that the temperature 
of the substance B lias been raised by BT. An evolution of 
heat in the substance A will now take place, tending to 
produce a flow of heat in the opposite direction since its 
specific heat is negative. But suppose that this flow of 
heat is checked by keeping the substance B at the same 
temperature as that of the substance A till no further 
change in its temperature takes place. In this manner 
the temperature of the substance A may be raised to any 
value we please by repeating the process the necessary 
number of times. The substance A will evidently only 
receive heat under these conditions—in other words, a 
negative specific heat is impossible. The result will 
evidently hold whether the substance A is kept at constant 
volume or at constant pressure. 

Yours faithfully. 

It. I). Kleeman. 
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Ordinary Differential Equations . By E. L. Ince, Professor of 
Pure Mathematics in the Egyptian University. Pp. viii-f-558, 
with 18 figures. (London: Longmans, Green & Co. 1927. 
Price 36s. net.) 


r pHE subject of differential equations is one that has of recent 
years been seriously neglected in England. The reason for 
this, in the words of the author, is that “ England has but one 
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school of Pure Mathematics, which implies a high development in 
certain fields and a comparative neglect of others. To spread 
the energies of this school over the whole domain of Pure Mathe¬ 
matics would be to scatter and weaken its forces ; consequeutly 
its interests, which were at no time particularly devoted to the 
subject of Differential Equations, have now turned more definitely 
into other channels, and that subject is denied the cultivation 
which its importance deserves.” 

The standard English work on the subject, the c Theory of 
Diff erential Equations,' by Professor Forsyth, is too comprehensive 
for the ordinary student, and now requires to he brought up to 
date, as there has been much work done in thi> subject since its 
publication. There was thus need for a treatise such as the one 
under review. 

The treatise is not intended for the elementary student or for 
the student of physics or engineering, whose aim is merely to derive 
solutions of the equations which present themselves in the course 
of their work. It is written for the advanced student of pure 
mathematics, and demands of the reader a fairly comprehensive 
knowledge of modern analysis. 

The volume is divided into two parts which deal with differential 
equations in the real and complex domains respectively. The 
appendices include a historical note on formal methods of inte¬ 
gration and a note on the numerical integration of ordinary 
differential equations. Beferences to original papers are given 
throughout-. 

The treatment is throughout clear and logical, and no serious 
errors have been noted, though there area number of misprints— 
generally obvious—which are accounted for by the fact that, 
owing to his appointment at the Egyptian University, the author 
was tumble to correct the final proofs. 

Professor luce is to be congratulated on having written a 
treatise which will undoubtedly be found of very great value 
by the students of pure mathematics and w hich, it may be hoped, 
will do something towards stimulating the study of differential 
equations in England. 


An Outline of Stellar Astronomy . Bv Petek. Doig, F.K.A.S. 
Pp. viii + 183, with 24 figures. (London : Draughtsman Pub¬ 
lishing Co. 1927. Price 7s. 6tf., post free.) 

Mn. Doig writes in a very lucid manner of some of the modem 
developments of stellar astronomy, and the student who from 
lack of mathematical equipment is unable to appreciate many of 
the original papers will find this little volume a great help. Even 
the more advanced student will find it of interest, for the author 
brings an original mind to bear upon the subject. 
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The volume is not suitable for a first introduction to stellar 
astronomy. It is not sufficiently connected or comprehensive. 
It consists to all intents and purposes of a series of notes which 
illuminate different aspects of the subject. An extensive field is 
covered; the observational data are first dealt with—the dimen¬ 
sions, luminosities, and masses of the stars; their numbers, 
movements, and distribution ; binary and variable stars. Modern* 
views as to the nature of a star and the cause of stellar evolution 
are summarised. Finally, the structure of the galactic system and 
of external systems—the Magellanic Clouds, spiral nebulae, etc.—is 
discussed. 

There are numerous diagrams and reproductions of astronomical 
photographs, but the latter are in general of poor quality. 
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GEOLOGICAL SOCIETY. 

[Continued from p. 224. j ♦ 

November 30th, 1927.— Dr. F. A. Bather, M.A., F.B.S., 
President, in the Chair. 

Prof. D. I. Mushketov, Director of the .Russian Geological 
Survey, gave a brief account, illustrated by lantern-slides, of the 
results of recent work in the Alai and Trans-Alai chains 
in Southern Turkestari, north of the Pamirs. The first 
geological survey of this region was made in 1909. The results 
then obtained have been confirmed and amplified by the surveys of 
1925 and the two succeeding years made by the speaker and 
by A.. P. Markovski. In the western part of the Alai chain 
abundant confirmatory evidence was obtained of a Pamir (Alpine) 
system of folding, due to pressure from the south acting in 
Kainozoic times and causing overthrusting of Palaeozoic rocks over 
Cretaceous and Tertiary. Observations in the western part of the 
Trans-Alai chain lead to the conclusion that the northern slope of 
this part of the chain is a large isosyncline, overturned northwards 
iind lying nearly horizontal. Its core consists of much-folded 
Upper Cretaceous and Eocene marls and clays, raised by the 
folding to a height of some 18,000 feet. It seems likely that the 
whole of the Trans-Alai chain was overthrust on to the Alai chain 
to the north. 

East of the meridian of Mount Kaufmann the direction of the 
whole Alai chain swings from an east-to-west to a north-to-south 
direction—the ‘ Ferghana flexure.’ On the southern limb of this 
flexure there has occurred another great overthrust, a sheet of 
massive Devonian limestones having been thrust from south to 
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north over Kainozoic and Cretaceous beds. The surface of this 
over-riding sheet dips distinctly south-eastwards at 35°. The 
observations of the recent Pamir expedition under I). V. Nalivkin 
confirm the views arrived at in the Alai chains. 


The following communication was read :— 

‘The Granites of the Scilly Isles, and their Relation to the 
Dartmoor Granites. 1 By Charles William Osman, M.Inst.C.E., 
F.G.S. 

Assuming that the whole of the granites of Devon and Cornwall 
are due to the same cause, late adjustments of the post-Carboni- 
ferous revolution, it is shown, by comparing the two ends of the 
series, that the isostatie correction-sequence of intrusions is similar 
in both areas. 

The separate successive intrusions are tabulated for both areas 
in their corresponding stages. 

Previous to the intrusion of the granites the South-West of 
England had been subjected to three separate foldings, and the 
positions of the granite-laccolites are directly related to the inter¬ 
section of the ridges of these folds : (a) Post-Silurian, Caledonian 
folding; (h) Post-Middle Coal-Measures, Malvernian folding; 
and (<?) Post-Carboniferous, Armoriean folding. 

Although the order of the granitic intrusions is found to be the 
same throughout the whole district, it would not appear that all 
these took place simultaneously, and reasons arc given to show that 
the Scilly Isles and Bodmin-Moor Stage 2 A granites were intruded 
earlier, and had consolidated before the Dartmoor Stage 2 A was 
intruded. 

The Scilly Isles being a typical granite-laceolite that has been 
dissected b} r Nature, afford exceptional advantages for the study 
of the formation of such compound intrusions, having been planed 
down by the advance and retreat of the seas of the Upper Cre¬ 
taceous Period, the Eocene uplift, and the Pliocene sea—so that 
now no part rises higher than L<30 feet above mean sea-level. 
Also numerous cross-sections have been made by the formation of 
north-south sea-channels, probably due to slight further Malvernian 
movement. 

Stage 1 is a basic microgranite found only as inclusions in 
Stage 2 A coarse-grained, and Stage 2 B medium-grained granites. 

The directions of flow of the granite for Stages 2 A & 2 B are 
traced back to their inlet. Stage 3 is a fine-grained granite, 
intruded after the previous stages had consolidated, and it is 
shown that Stage 3 not only made a new inlet, hut, in doing this, 
formed thrust-planes of low hade in Stage 2 A and Stage 2 B 
intrusions. The later subsidence of the inlets produced" Crow 
Sound and St, Mary's Sound, and the age of these inlet subsi¬ 
dences are possibly as late as the Pneumatolytic Stage. Stage 4 
is a later fairly large marginal intrusion of a microgranite of 
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aplitic nature, intruded locally between Stage 2 B above and 
Stage 3 beneath. Ail these stages in Seilly entered the laccolite 
from the two inlets mentioned. 

The secondary smaller intrusions of aplites have dyke sources 
principally along Caledonian direction-faults, and form sill-intru¬ 
sions into shrinkage and other joints. 

The Pneumatoiytic Stage is represented by greisen lines and* 
schorl-quartz reefs, which generally infill small faults of Caledonian 
trend. 

The principles of the granite-magma crystallization shrinkage¬ 
jointing are described in regard to the production of pseudo¬ 
anticlines and svnclines, as being significant of direct roof-cooling 
influence, and the effect of roof-subsidence during the consolidation 
of such structures is dealt with and examples are given. It is also 
shown that the deeper into the laccolite the jointing is observed 
the flatter the bed-joints become, as the roof-cooling influence is 
exhausted, until in the centre of the islands the bedding-joints are 
horizontal. 

The later faulting and bands of slip-shearing in the granites are 
considered, and the effect on the present features of the Seilly 
Isles is described. 

Petrological details are given to show the distinct differences 
between the granites of Bodmin Moor and the Seilly Isles and the 
remainder of the South-Western granites, indicating a different 
source; and it is suggested that these two granite-laccolites were 
supplied from a great Caledonian direction-fault or series of faults 
parallel with, but some miles off, the north-western coast of Corn¬ 
wall ; also that only from such great faults could the allied Lundy- 
Island granite have been intruded, all the other granite-laccolites 
being intruded from the Start-Lizard series of faults. 

The pre-granitie xenolithic inclusions in the Seilly granites 
indicate a great difference in age between the floor and the roof of* 
this laccolite. The contorted schist inclusions are similar to the 
biotite-felspar-andalusite-garnet-schists of the south-west of the 
Lizard. These may be Archaean, or possibly of Lower Palaeozoic 
(Mylor) age, and the granites probably rest on a platform of similar 
rocks; while the uncontorted quartz-bio tite-cordierite-spinel-schists, 
though possibly of Devonian age, so closely resemble the Lower 
Carboniferous inclusions of Dartmoor, that those rocks probably 
formed the roof of this laccolite. 


[The Editors do not hold themselves responsible for the 
vieivs expressed by their correspondents .] 
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LXXII. The Stream-line Motion of Fluid in a Carved Pipe. 
(Second Paper.) By W. R. Dean, M.A., Imperial 
College of Science *. 

I N a previous paper f a first approximation lias been found 
to the steady motion of lincompressible fluid through a 
pipe of circular cross-section (radius a) coiled in a circle of 
radius R. The first approximation gives a motion in quali¬ 
tative agreement with that found experimentally, but is 
valid only in a limited field, and fails to show that the 
relation between pressure gradient and rate of flow through 
a curved pipe is dependent on the curvature ; the present 
paper is the outcome of an attempt to extend the analysis 
so as to find this dependence theoretically. 

This extension, so far as it has been carried, represents a 
fourth approximation to the problem ; it is given in § § 2-9. 
It leads to no important quantitative result; it shows that 
the rate of flow is slightly reduced by curvature, even in the 
limited range of velocities to which it applies, and make s 
possible an estimate of the velocity at which in a given case 
the reduction is first likely to be measurable. The difficulty 
of making the successive approximations increases so rapidly 
that no further extension on the same lines is worth while. 

It appears, however, in the course of the work that the 
redaction in the rate of flow due to curvature depends on a 
single variable K, equal to 2n*a/R when the motion is slow, 

* Communicated by Prof. S. Chapman, F.R.S, 
t Phil. Mag. iv. p. 208 (1927). 

Phil. Mag. 8. 7. Vol. 5. No 30. April 1928. 2 X 
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n being the Reynolds’ number, and always of this order of 
magnitude* The problem of determining the relation 
between flux and pressure gradient in any curved pipe (the 
motion being, of course, supposed stream-line) therefore 
reduces to that of finding a single function /(K). This 
result is not exact: in §3 the assumption that a/R is small 1 
is made, but it is shown in § 7 by consideration of an 
analogous assumption that the error, nominally of order 
a 2 /R 2 , is not likely to be serious. 

The function j^K) can be determined by experiment on a 
single curved pipe, and it is therefore possible to correlate 
experimental results for pipes of different curvatures. In 
§§ 12—18 the theory is applied to observations due to Prof. 
J. Eustice of the rate of flow of water through pipes of 
various radii of curvature, R. In these experiments a single 
flexible tube was used, and wound on cylinders of different 
radii in order to vary R; there was in consequence distortion, 
considerable in some cases, of the tube. The tube was found 
to be sinuous when free, and may have remained in this con¬ 
dition when coiled. It therefore appeared better to correlate 
several pairs of results than to attempt to determine/\K) 
absolutely. The agreement found when the motion is 
stream-line (by this is meant, when n < 2000) is good, 
except in one case, wherein the distortion of the tube due to 
coiling was exceptionally large. 

All calculations have been extended to velocities above 
the assumed critical velocity. Though the errors that result 
are not in certain conditions large, it is clear that the theory 
applies only to stream-line motion ; it can, however, 
probably be modified so as to apply to all velocities by 
substituting a coefficient of eddy viscosity for the ordinary 
coefficient /a. 

2. Fig. 1 shows the system of coordinates that has been 
used. The surface of a pipe of circular section, coiled in a 
circle, is an anchor ring ; the figure shows OZ, the axis of 
the anchor ring, and a section of it by an axial plane that 
makes an angle 6 with a fixed axial plane. The position of 
any point P is specified by the orthogonal coordinates r, 4s fi* 
The components of the velocity of the fluid corresponding to 
these coordinates are U, V, W; U is therefore in the 
direction CP, V perpendicular to U and in the plane of the 
cross-section, and W perpendicular to this phine. The radius 
of any cross-section is a while R is the radius of the circle 
in which the pipe is coiled. 

It is assumed that the\motion of the fluid is steady, and. 
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further, that U, V, and W (but not P, the pressure) are 
independent of 0. 



The equations of motion aro then 


W’sin* = _ B /P\ 
Br r fty/r r H 4* r sin \fr B r\p' 
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B* 4 B^ r K + r sin ^ r \p' 

+ JB... *in_f.Y3V , V_] BU\ 

\Br ^ li + r sin •^'/\ Br r r 3f/’ ‘ ^ 

and 

U BW + V BW UWam«f VW c os ^ 

Br f B^ R-t*r sin ^ K + rsin^> 

+v [7 + n/BW , Wain* x 

; , U.4* 7* sin ^fr B0 V p) LvBr r / \ R-hrsin^r/ 
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The fluid is assumed incompressible; then the equation of 
continuity is 


BU + H + Psin^ 1 BV Vcos^r ==0 
Br r R + rsini/r r’dyjr R + rsin^ 


( 4 ) 


3. It is now assumed that the curvature of the pipe is 
small: that is, that a/R is small. We can then, for example, 
replace (R + r sin \jr) by R, and 

B/B** + sin ^r/(R 4- r sin ^r) 

by B/Br; on the other hand, there is clearly no immediate 
reason for neglecting 

W*sini/r/(R4*rsin yfr) 


in comparison with Y */r. This assumption greatly simplifies 
the four fundamental equations, but there is little doubt 
that it leaves unaffected the terms which are most important 
in deciding the effect of curvature on the motion. (See § 7.) 

Equations (1) to (4) now become 


0 BU ^ VBIJ 
Br r B^ 




V* w* 


sm 


B / P 


UV 


R 

v b/dV + V 

rB*\Br r 
W 3 cos yfr 


Br\ 


P/ 

1BU\ 

r W’ 

1 B /P 


r d^ \p 


(!) 


u 


and 


aw t VBW 

dr r 


. |B/BV V ldU\ 

+ ^Br \ dr r rWf)* 

<SM 


i A 

ltd* 


BU 

dr 


U + 1BV 

r r d^ 


d 2 W 1BW 

dr* r dr 

1 d*W\ 

r* Biif*/* ' ‘ 

=0 . 


(5) 


( 6 ) 


( 7 ) 

( 8 ) 


As U, V, and W are assumed independent of 0, it follows 
from (7) that P/p must be of the form 0/i(r, +/,{r, ^), 

and then from (5) and (6) that /i(r, ^>) most be a constant. 
We can therefore write 


1 d /P\_G 

-nW\p}- f 



where G is a constant whioh may be termed the must! 
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pressure gradient; it is equal to the space-rate of decrease 
m pressure along the central line *. 

From (8) we can write 

rU== ~^P V= lr’ * ' ' * ( l °) 

where f is a function of r and yfr only. Inserting these 
expressions for U and V in the equations and eliminating P 
from (5) and (6), we have the two equations 


(M a . 

\BV r Sr 


a/ a 

v 1 


\„ 3 , x 2W/ f 
) V ' -' + ~K ( rc< ”+V 


bw 



and 

where 


= — vrViV, . . . . 




V i a = —it + - -T + 


i a 

r dr 


i a a 


r a d'P* 


( 11 ) 

( 12 ) 

(13) 


4. Equations (11) and (12) can be put in non-dimensional 
form by the substitutions 


/ —v«f>, WssWjto, r=ar', .* . . (14/ 

where W 0 is assumed to have the dimensions of a velocity ; 
they then become 


(a* a 

\d^r 3r' 


a* a 


dr' 0 ^) V ’ a * +Kw ( r ' CO »*! 


a* 



= -r'V, 4 <*>, (15) 




In these equations 


and 


Kss 2 W 0 *a*/»*tt, 

G=GaV/tWo; . 


. (16) 

• (17) 

• (18) 


Vi* now stands for the operator derivedrfrom expression 
(13) by replacing r by r': there is no Jneed to alter the 
notation. As to the constant K: if the notion is slow, Wo 
can be taken to be the “ $” componentjof the velocity^ of 
the fluid at any point of the central line, aid the distribution 
of this component approximates to thatiin a straight pipe, 
and is nearly parabolic. Consequently*aW p /v is roughly 

• The circle traced out by C Mk- 1- 
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equal to the Reynolds' number n, which is vdjv, where v is 
the mean velocity and d the diameter of (he pipe. Thus 
for slow motion, K = 2u 2 a/It. 

The problem is now to find solutions of equations (15) 
and (16) that will satisfy the boundary conditions ; these 
require that the velocity (U, V, W) should vanish at the 
surface of the pipe, r=a, so that we must have 

Be b _ 

B/ ~ 

when r' = l. 

5. Very little progress has at present been made analyti¬ 
cally. 2so method lias so far been found other than that of 
successive approximation, which is effectively equivalent to 
expanding <f> and w in ascending powers of K. The dif¬ 
ficulty is, that K is not small in most cases. Suppose that 
a/R = 0*01; this must be considered a small value of aj It, 
though pipes of smaller curvature have certainly been used 
in experiment. Suppose, further, that the critical velocity 
in this pipe is the same as if the pip* were straight ; it is 
then such that /i = 2000. Although K is not always equal 
to 2n 2 a/R, it is always of this order of magnitude, and con¬ 
sequently for a complete discussion of stream-line motion 
we must have a solution of the equations that holds for 
values of Iv up to perhaps 10*. It is certain that such 
solutions cannot l>e obtained by successive approximation ; 
four approximations have been found, and give a result 
probably not valid when K exceeds 400. Some account of 
the method is given in the following paragraphs. 

It follows immediately that there is no theoretical ground 
for supposing that if aj R is small the motion in a curved 
pipe must approximate to that in a straight pipe ; the far 
more stringent condition that K must be small lia 9 to be 
zjrti'iled. 


d<f> A 

a|=”-= 0 ' 


. 09 ) 


6. If the pi^e is straight, a/It, and therefore K, are zero, 
and equations (15) and (16) can be satisfied by 

\ io=l — r' 3 , <f>= 0, 

provided C=4. >No arbitrary constant is required in the 
expression for w ; |W 0 is the only constant needed. 

If K is not zero! let 

^=V K^, + K 9 ^j-f 

w ^ ,ere w o » w i« <f>i, a, ... are functions of r‘ and only. 
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Substituting these expressions in the equations und equating 
coefficients oE powers o£ K, we iiave a series of relations 
from which w 0 , w u <f> x ... can successively he found.' 

The first equation from (16) is 

Vi a w>o+U==0; . . . (21) 


this and the boundary condition iv^O, r = 1 are satisfied by 

ur oS ]-r'*, 0 = 4.(22) 

Tlie first equation from (15) is 

»•'Vi ‘4>j = — r' cos yfrw 0 , 

= 2r' 2 (l — r’ 2 ) cos yfr ; . . . (23) 

to satisfy litis and the boundary conditions ^^ = ^^=0, 
r =s ], we must take 

01= ' X 1 “ —r ,if /4). . . . (24) 


The second equation from (16) is 


whence 


^ j.. _*.d<h d«v 

r dyjr Qr 


u\ 


sin^^ih' , 3 


Mil y/ i 

576 \ 40 


3r 5 _ r* 7 r'® 

+ 4 4 + 40 


(25) 

(2d) 


7. At this stage it is convenient to consider the probable 
effect of the assumption made iu §3. In the first paper * 
the functions <f> x and tiq were calculated exactly, so that the 
errors in expressions (24) and (26) can be found. In (24) 
there is no error, while to get the correct expression for t#i 
there must be added to (26) 

— 3ar # (l — r' a ) sin ^r/41tlv. 

K can certainly exceed 10 4 , and only cases in which K is 
large are of interest; it can be concluded that, at least in 
the early stages, the impor tant parts of the terms are un¬ 
affected. The assumption can, however, be examined from 
a more general point of view. It is purely geometrical; 
by a sufficient decrease in a/R the error due to it can be 
reduced to within any given limit; but if at the same time 
the mean velocity is .sufficiently increased, K will not be 
small, and the motion will be quite different from that in a 
* Phil. Mug. iv. p. 214 (1927), equations (28) to (25), 



680 


Mr. W. It. Dean on the Stream-line 


straight pipe. What is of most interest is the effect of 
curvature on the relation between pressure gradient and 
rate of flow. The reason why the pressure required to 
maintain a given rate of flow is greater in a curved pipe than 
in a straight one is mainly that in a curved pipe part of the 
fluid is continually oscillating between the central part of 
the pipe, where the velocity is high, and the neighbourhood 
of the boundary, where the velocity is low. This movement 
is due to the centrifugal tendency of the fluid, and implies a 
loss of energy which has no counterpart in stream-line 
motion in a straight pipe. It is clear from equations (5) 
and (6), wherein two terms equivalent to an inward acceler¬ 
ation of W 2 /R appear, that the lateral motion of the fluid is 
not eliminated by the assumption made; we can say, then, that 
it ignores in the equations of motion the geometrical terms 
due to curvature, but leaves the dynamical terms unaffected. 

In the similar problem of flow in a curved channel 
(bounded by two coaxial circular cylinders) there is no 
lateral motion of the fluid. Hence the effect of curvature is, 
in the sense defined, purely geometrical, and as its magnitude 
is known, we can get an idea of the error likely to result 
from the assumption made in the other problem. 

The ratio of the flux due to given pressure gradient* in a 
channel whose boundaries are cylinders of radii R±a, to 
that due to the same gradient in a channel bounded by 
parallel plane walls a distance 2a apart, is 

1^4RV-(RW)’jlog®±“}’]. 

When tt/lt is small this expression is approximately 

l-2a 2 /15R 2 ;.(27) 

when aj R has its maximum value unity (the inner cylinder 
being then a line) the ratio has its minimum value 3/4. 
Hence in this case the geometrical effect of curvature cannot 
in any circumstances reduce the rate of flow by more 
than 1/4, and from expression (27) we can perhaps infer 
that the error due to the assumption made in the other 
problem, nominally <»f order a 2 /R 2 , is not likely to be really 
greater on account of large coefficients. 

8. The rate of flow is proportional to 

Ci C2« 

| dr' j r'wdyfr , 

Jo Jo 

* This is ft mean pressure gradient defined as in § 8. 
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and is therefore determined by the part of w that is inde¬ 
pendent of fa. Consequently w x makes no contribution, so 
that at the present stage of the approximation the relation 
between flux and pressure is the same as if the pipe were 
straight. The next approximation does modify this relation, 
and can be found without difficulty. 

From equation (15) 


-v.vHl 


( i . dwl 
u - fc 0 yr cos fa'^7 ~~ 

•4- w.r cos'dr—, 
r d r 



and <f > 2 is therefore proportional to sin 2fa. Again, 


r'V \W 2 


3<£i 3*?i 
3y 


3<£i 3 wA __ ~bfa 3w rt 

3^ 3**'/ 3y 3^’ 


and it follows that ic 3 is of the form f 2 (r ) 4- F*(r') cos 2fa. 
The second of these terms need not be calculated, as it does 
not affect the flux to order K 2 *. ’ Consequently fa need not 
be evaluated. We then have, to determine that part of ir 2 
which is a function of r ' only. 


r'fzXr’) + Xi/i')> 

where dashes denote differentiations with respect to r', 
fa as cos fa 9 and w x = /isin-i/r. On integrating this 
equation we have 

the arbitrary constant vanishing ; thence by using (24) and 
(26), and integrating again, 


/*(*•') = 32(li4V* [-•1839 + «95r' , -2 0687r'* + 2-4750r' 8 
—l*7781r' 8 + ’7850r' l0 ~ *2062r ,ta 


+ -0286r' 1, -*0016r' 18 ]. 


* It must be calculated for a closer approximation: W\ cannot be 
found until F a (r) is known. 
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The corresponding approximation to the flux is given by 

I 27rrW <ir=27r f r'wdr 1 

Jo Jo 

== 27 rW 0 a 2 J r f [1 — r ' 2 4- KVj(r')] dr f 

= ’ , w j ^[ 1 _^kj ( . 03058) ] 

If the pipe were straight the flux would be 7 rW 0 a 2 / 2 . 
The factor in square brackets, and similar factors below, 
will be denoted F c /F,. Then 

1VF,= 1-(A)*C03058) . . . (28) 

represents the decrease in flux due to the curvature; it is 
the ratio of the rates of flow due to a given pressure gradient 
in two pipes of the same cross-section which are respectively 
curved and straight. 

9. It is possible to find the limits within which equation 
(28) is reliable only by carrying the process of approxima¬ 
tion to a further stage. The difficulty of successively finding 
the functions <j> and w becomes rapidly greater, and only the 
third term has been found of the series whose first two terms 
are given by (28) ; even this calculation is rather long, and 
no numerical details will be given. The resulting expression 
for the ratio is 

F c /F,=l- ( 57 J (’03058)+ (^.) 4 (-01195). (29) 

A rough estimate of the range of validity of equation (29) 
can be made. It can certainly be assumed that if the 
curvature of a pipe of given cross-section is increased, the 
flux due to a given pressure gradient will diminish. Hence 
F„/F* must decrease as aj ft increases ; it must therefore 
decrease as K increases. Expression (29) for F„/F, has a 
minimum value when K is roughly 650, so that the result 
cannot in any case be used if K exceeds this value. The 
error of (29) when K = 576 is not likely to be serious*. 
For this value of K, F c /F, is 0*981, so that the flux is 
reduced in consequence of the curvature by about 1*9 per 
cent. The reduction will be greater if K is increased, by 
increasing either the curvature or the mean velocity. 

* This is clear from the expressions for <£ d , tc :i1 w v not given here. 
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This is the only ^ufilfcwJtPVesult that can he obtained 
from the preceding work at its present stage, and any 
extension of it on the same lines is not likely to lead to 
anything of much greater value. Suppose, for instance, that 
K is 1000, a value which, as we have seen, must be con¬ 
sidered relatively small. Equation (29) gives a value of 
F c /F s greater than unity, so that the fourth term of this 
series must be calculated, and even if the value of F c / F* is 
then less than unity, at least one more term must be found 
to see to what extent the result given by the first four terms 
is reliable. In the most favourable case eight more of the 
functions <f> and w must be evaluated,, and each of these 
evaluations will be lengthier than the one before. 

10 . Some information of a more general character can, 
however, be deduced from the preceding work. In the first 
place we can roughly estimate the velocity at which the 
relation between pressure gradient and flux in a given 
curved pipe begins to differ appreciably from that for a 
straight pipe of the same cross-section. To take a numerical 
example, suppose that pressure and flux can be measured to 
an accuracy of one per cent. We see that F r /F* = 0’99 
when K is roughly 350, using equation (29), which is valid 
for such a small value of iv. For this value of K, again, 
the velocity at points of the central line will not differ much 
from W 0 , and K will be approximately 2n*a/ K. Conse¬ 
quently K<./F <(f = 0*99 when 2n 2 aj It = 350, and the effect of 
curvature should be first measurable when the values of n 
and u/R are roughly such that the last equation is true. 

Some experimental work by «T. H. Grindley and A. H. 
Gibson * bears upon this. In these experiments air was 
forced under pressure through a circular pipe of radius 
0 10 cm. coiled in a circle of radius + 18 cm.; the value of 
a/It was accordingly 1/112. Values of /a, the coefficient of 
viscosity, were calculated from observed pressure and flux 
on the assumption that these quantities were related as if 
the pipe were straight. Coefficients of viscosity so calculated 
were found to increase with the flux, and it was determined 
that the increase first became sensible when the mean 
velocity was about 2 feet per second. The valufc of the 
corresponding Reynolds 1 number is given $ as 130. Accord¬ 
ingly 2n 2 ajR is about 300. 

* Proc. Roy, Soc. A, vol. lxxx. p. 114 (1908). 

t This value is taken from one of the articles by Prof. Gibson in 
* Mechanical Properties of Fluids,' p. ]63. 

t Op, tit, p. 164. 
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Now, the value of a /R iu 1 ^^ 011 ^'^ii merits is certainly 

small enough for the error due to the assumption of § 3 to 
be negligible, so that it can be stated with confidence that 
when aj R=l/112 and 2n 2 a/R = 350, the flux in the curved 

E is one per cent, less than that in a straight one, and 
>e that the value of /i calculated as explained above 
should exceed by one per cent, its proper value. If, then, 
the experimental determinations had been accurate to one 
per cent., the increase in measured values of /a would not 
have been appreciable till K was 350. The increase in /a 
was, in fact, found sensible when K had the smaller value 
300 ; this suggests that the measurements were more 
accurate than has been assumed in the numerical illustration. 
As it was estimated * that the results were accurate to £ per 
cent., some confirmation of the theory is provided by this 
comparison. 

The velocity corresponding to the Reynolds’ number 130 
has been called + the critical velocity. But there is, I 
think, no conclusive evidence that this velocity is v\hati$ 
usually called a critical velocity; there is no evidence, that 
is to say, that at this velocity any change in the type of 
motion takes place. There is no need to assume a change in 
the motion to account, for the increased values of (jl ; they 
can be attributed to the fact that the effect of curvature 
increcases with the mean velocity, and the rough numerical 
agreement just found suggests that this alternative explana¬ 
tion is the correct one. There is, however, more direct 
evidence. In experiments by Prof. EusticeJ it has been 
shown directly (by observation of colour bands) that the 
motion of water in curved pipes can be stream-line when 
the Reynolds’ number is greater than 1000, and a/R much 
greater than 1/100. 

11. Another general result which is of some importance 
can be deduced. The ratio of the rate of flow due to a given 
pressure gradient in a curved pipe to that caused by the 
same gradient in a straight pipe of equal area depends only 
on the value of K. This can be expressed 

F C /F,^/(K)..(30) 

The problem of determining the relutibn between flux and 
gradient in any curved pipe (the motion being, of course, 
supposed stream-line) therefore reduces to that o£ finding 

* Loc. tit . p. 118. 

t / Mechanical Properties of Fluids,’ p. 163; also p. 130 of the paper. 

; | Proc. Roy, Soc. A, vol. lxxxv. p. 119 (1911). 
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the single function K). Equation (30) is not exactly true 
because of the assumption of § 3, but the error will in most 
cases be of little consequence. 

Very little progress has been made with the analytical 
determination of /(K), but there remains the possibility of 
deducing it from experiment; it can obviously be found 
from experiments on a single curved pipe, provided only 
the range of values of K is large enough. It is therefore 
possible to correlate experimental results for pipes of different 
curvatures. 

It is convenient to write (30) in a different form. The 
analysis is most simply done in terms of K, but except when 
the motion is relatively slow, the quantity so denoted is not 
of much direct significance. 

From equation ( 22 ) the constant C of (16) is equal to 4 . 
Hence from equation (18) 

Ga>W 0 ==C==4, 

where G is the pressure gradient. From (17) 
K=2W 0 V/r 2 R 
= GV/8/iVIt. 


We can therefore replace (30) by 

[|S].(31) 

This result is used below in the following form. Suppose 
that fluid flows under gradient G through a pipe of radius a 
coiled in a circle of radius It, and that the ratio of the flux 
to 7 ra 4 G/ 8 /A* is known; then the ratio of the flux due to 
gradient G' in a pipe of radii a and R/ to Tra^Gt'jSfi' is the 
same, provided that 

GV _ QV 7 

^TVR ~ ;?V*R 7 . 


12 . In the rest oE this paper an attempt is made to use 
equation (32) of the preceding paragraph to correlate results 
obtained by Prof. Eustice t by observation of the flow of 
water through pipes of various radii of curvature. 

* The flux through a straight pipe of radius a due to gradient G. 
Lamb, ‘ Hydrodynamics , 9 $ 331. 

t Proc. Roy.* Soc. A. vol. lxxxiv. p. 107 (1010). In the numerical 
* work that follows observed values were in the first instance got by 
measurement of the curves in fig. 5 of this paper, and some errors 
necessarily resulted; the values given below are taken from copies of 
tables of results not given in full in the paper. I am much indebted to 
Prof. Eustice for these copies, and also for references to papers which 
he has written on this subject, among them that now quoted. 
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There are some difficulties in the way of the application 
of the theory to these experiments. A single flexible tube 
o£ rubber and canvas was used, and the radius of curvature, 
R, was varied by winding a given length of the tube on 
circular cylinders of various diameters. When the tube 
was free and the motion stream-line, it was found that the 
pressure gradient was roughly proportional to because 
the tube in this condition was sinuous ; in a straight tube 
the gradient is, of course, proportional to the first power of 
the mean velocity. It seems possible that some influence 
due to this unstrained configuration of the tube may have 
persisted when the tube was coiled, particularly when the 
number of coils was small. 

The second point is that the coiling was accompanied in 
every case by a decrease (in one instance of more than 
30 per cent.) in the area of the cross-section. From (32) it 
is evidently possible to allow for an alteration in the radius 
of the section, but it is not possible to allow for the effect of 
the alteration in the form of the section that the diminution 
in area implies. It must therefore be assumed that the 
cross-section of the tube when coiled is circular. (See § 17.) 

Consequently the function /(K) has not been calculated 
absolutely. It appeared better to use the result stated in 
equation (32). The method is then to start from the 
observed (F, Gr) relation for one value of R, deduce the 
relation for a different value of R, and compare this with 
experiment. The first source of error indicated above will 
then be of less consequence. 

13. Three such comparisons are given below. In the first 
we take the experimental (F, G) relation when the given 
length (81*5 cm.) of tube is wound into a single coil, and 
deduce from it the relation when the length is wound in 
5 coils. Table I. shows the method of calculation. In the 
first two columns, F x * and yf give the observed relation for 
the single coil: Fj is the flux at 14° C. in c.c. per second ; 
the formula 

F «(1 + 0*03368 T + 0*000221 T s ), 

where T is temperature centigrade f, was used to deduce 
the flux at temperature 14° C. from the observed value. 
In the second column ^ denotes the decrease m pressure ^ 

* The suffix denotes here and subsequently the number of coils, 
f It follows from (31.) that a different temperature correction is 
required for a curved pipe, but as the temperatures were all near 14° 0 
the difference is probably small; no allowance has been made for this. 
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measured in cm. of water, in the length 81*5 cm. of the 
coiled tube. The corresponding pressure gradient G : in 
C.G.s. units is very approximately given by 


Gi = 


981 

'81*5 ffu 


but as we are concerned only with ratios of pressure 
gradients it is more convenient to work with g u for instance, 
than with G^ 

The area of cro^s-section, which is assumed a circle of 
radius a u is given as 0*1065 cm.* Then 

TTGL\ = 0*1065, 


and for (F«)i» the rate of flow of water at 14° C. through a 
straight pipe of radius a x due to pressure gradient (x u we 
have 

(F < ,)i=-7ra, 4 G 1 /8 A i u 

(*1065) J (981) 

“ 8tt ( Oil74)(81 7 5) i/l ~ 0 4fa27 ^- 

(F,) 1 is given in the third column, and (F^j/F* in the 
fourth. 

The ratio (F # ) a /F 5 is the same as (F*)i/F 1 when the 
pressure di He mice g 6 is such that 


g^ a i /'Ri =iCf 6 2 a b 4 jR 6 . 

When the tube wns wound in 5 coils the area of the 
section diminished to 0*0996 cm. 2 , so that ira 2 =0*0996 and 
R^SIts. Hence corresponding values of gi and g 6 must 
be spch that 

^5 = 0 - 5028 ^. 

In the sixth column (F,) 5 , the flux in a straight pipe of 
radius a 6 due to pressure difference g $, is tabulated ; then 
dividing each value by the value (Fjj/Fi in the same row, 
we have finally values of the flux F 6 in the coiled tube due 
to pressure difference g b . Not all the values that have been 
calculated are given in Table I. ; a selection has been made 
such that consecutive values of F$ differ by about 0 5* 

In the same way the (F1/2, ^1/2) relation has been calcu¬ 
lated from the observed (Fj,^,) relation. The calculated 
and observed relations in both cases are compared in 
Tables II. and III., and shown graphically in fig. 2 . 
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Table I. 

Calculation of (F 6 , g 6 ) from observed (Fj,^). 


Observed vnlues. 


(FA/F, 


(FA- 


9r 

cm. 

*)• 

c.e./eec. 

ff-r 

F,. 

3-37 

1*02 

1 56 

1 53 

1-69 

•684 

*45 

8 64 

2*15 

4*00 

1*86 

4-34 

1*76 

95 

17*6 

3 65 

8*14 

2*23 

8 85 

. 

3*58 

1*61 

265 

4*87 

12 3 

2-53 

13*3 

5 38 

213 

3;>-4 

5*94 

164 

2*76 

17 8 

i 

S'\ 

2*61 

43-8 

6 93 

20-3 

2*93 

22*0 

8-90 

3*04 

526 

7*86 

1 

24 3 

3*09 

26 4 

_ 

10 7 

3 46 

639 | 

9 22 

1 

29 6 

3*21 

32*1 

13*0 

4*05 

768 1 

10*6 

35-] | 

332 

38*1 

15*4 

4*64 

839 

11*2 

38 -8 

3*46 

42 2 

171 

4*96 

125 

14*3 

57*8 

4*05 ' 

62*9 

25*5 

6*30 


Table IT. (F f „^ ft .) Table III. (F 1/a , 9m .) 


Calc. 

Obs. 


Calc. 

Obs. 

9t- 

F,- 

9v 

Fj- 

9 1/2* 

F i/sr 

9l/2- 


1-69 

*45 

3*99 

*94 

1 18 

*48 

1*70 

*63 

4*34 

*95 

6*89 

1*41 

2*46 

*86 

3*40 

1*11 

8*85 

1*61 

913 

1*76 


4*76 

1*44 

6*74 

1*94 

13-3 

2*13 

13-5 

2-30 

8-64 

2*30 

11*2 

2-68 

17*8 

2*61 

22*8 

3-32 

11*2 

2-79 

17*8 

390 

220 

3-04 

41*3 

5*02 

18-4 

4 * i 0 

21-9 

4*58 

26*4 

3*46 

63*2 

6*90 

24'8 

5*16 

26*1 

5*20 

32*1 

4*05 

i 



31-3 

6*22 

29*5 

6*02 

38*1 

4*64 

1 


42-2 

4*96 




62*9 

6*30 

I 
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14. It must be noticed that in calculating part of the 
(F 6 , g 6 ) relation from the observed (F^ gf) relation, the theory 
is used outside the limits within which it is necessarily valid, 
because the result stated in equation (32) is applicable only 
to the correlation of two steady motions. Let it be assumed 
that the critical velocity in a slightly curved pipe is the same 
as if the pipe were straight ; it is then such that vdjv — 2000. 


Fig. 2. 



(F 5 ,</ 3 ); calculated from (Fi,^i), (—), and observed (X). 
(Fi/ 2 ! 0 tya); calculated from (Fi,^i), (—), and observed (+). 


At temperature 14° C. the value of v for water is 0*01174, 
and if it is assumed that the tubes with which we are con¬ 
cerned have a circular section of area 0*1 cm.*, <2=0*357 cm. 
Consequently the critical velocity is such that 

0 3x65*8 cm./sec., 

the corresponding flux being 6*6 c.c./sec. When the flux is 
greater than this we may suppose that the motion is 
turbulent. 

Phil. Mag. 8. 7. Vol. 5. No. 30. April 1928. 2 Y 
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In finding part of the (F fi , g R ) relation given in Table I., 
the (F l9 ^) relation is used at velocities above the critical. 
Thus the pair of values, F 6 = 3*04, </5 = 22 * 0 , is calculated 
from the pressure observed when the flux in the tube in one 
coil was 6*93, and the motion presumably turbulent. All 
pairs of values in which F 6 is greater than 3*04 are calculated 
under the same condition. The reason is simply that the 
corresponding pressure differences in the two tubes are not 
equal, so that one pressure may cause stream-line motion in 
one pipe while the corresponding pressure causes turbulent 
motion in the other. The difficulty can be avoided by starting 
from the observed values in the pipe of greater curvature ; 
thus in the calculation of (F 1/2 , </i/s) from (F l9 g x ), corre¬ 
sponding pressures are such that 

==0'708, 

so that if ffi /2 is small enough to produce steady motion the 
corresponding value of g x will certainly do so. 

The agreement between the theoretical and calculated 
(Fa, # 5 ) relations is, however, little worse in a certain range 
above the flux 3*04 than it is below. This suggested that 
the theory might be of some value as a rough means of 
calculation, or might oven hold good without modification, 
above the critical velocity ; both the calculations above have 
therefore been extended so as to include values of the flux 
greater than 6 . The agreement gets steadily, but not 
rapidly, worse. (See § 18.) 

15. As a more severe test of the theory the (F*, < 71 ) relation 
has been calculated from the observed (F 10 , gio) for values 
of the flux up to about 30, and is compared with observation 
in Table IV. and fig. 3. When the flexible tube was wound 
into ten coils the area of its section diminished to 0*0735 cm. 2 ; 
it has been assumed, as in the other calculations, that the 
section is a circle of this area. 

This comparison differs from the previous two in that 
calculated values of the flux are consistently less than the 
observed at low pressures, but consistently greater at high 
pressures ; in the second case above, with only a few ex¬ 
ceptions, the calculated values are greater than the observed, 
while in the first case they are, without exception, less. 

. 16. If the fftoc does not exceed 6 * 6 , in which range the 
motion of the water may be supposed stream-line, only in 
$he calculation of (JFi, gi) from (F 10 , g xo ) is there a discrepancy 
pi any importance fyetween calculated and observed values. 
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In the calculation of (F M ^ 5 ) from (F| f g\) the differences 
between calculated and observed rates of flow are all of the 
same sign, and all except one are less than 0*2 ; in the 
exceptional case the difference is less than 06, and the 
observed rate of flow 6*90. In the calculation of (F 1 / 2 , gi/z) ^ 
from (F„^) the agreement is still better; the differences 
are not all of the same sign and do not exceed 0*2 until the 
observed flux is 6*94, in which case the difference is less 
than 0*3. In a part of the first of these calculations the 
theory has, as stated, been used when it is not necessarily 
valid, but it appears 'that the accuracy is not immediately 
affected. 

In the calculation of (F x , g x ) from (F 10 , ^ 10 ) the agreement 
in stream-line motion is poor. The maximum difference 
between calculated and observed rates of flow lies between 
0*7 and 0*8 ; for the small value 1*02 of the observed rate 
of flow the fractional error is about 1/4, but it decreases as 
the flux increases, and is about 1/10 at the critical velocity. 
But there are several sources of error which together may 
account for this discrepancy. 

17. It has been assumed that the cross-section of the tube 
when in ten coils was circular, while in fact it was oval. 
Allowance for this, if it could be made*, would improve the 
agreement; this is easily seen from the method of calculation 
shown in Table I. Assume that the section is circular when 
the tube is in one coil, but elliptical when it is in ten ; then 
the theory would give the (F l9 g x ) relation correctly if for 
the observed values of F J0 are substituted the larger values 
of the flux through a circular pipe of the same sectional 
area. For given ^ 10 , F 10 must be increased. (F,) l0 depends 
on g 10 and a X{h and will be unaltered ; so will g x and hence 
(F )i, but the ratio (F tf )i 0 /F 10 will be decreased, and thus 
finally Fi will be increased. As the calculated values are 
too small, this correction will improve the agreement. It 
must, however, be pointed out that a considerable distortion 
due to coiling would have to be assumed to account for the 
whole of the difference that has been found above. The 
ratio of the rates of flow through two straight pipes of the 
same area, one circular and the other elliptical, isf 

2 db/(a* + b*), 

if a, b are the semi-axes of the ellipse. This ratio is 0*9 

* The dimensions (apart from the area) of the section of the tube 
when coiled are not given, and would probably be difficult to find with 
/accuracy. 

t Lamb? op. cit. § 382. 
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when />/a = 0*63, and if the rate of flow is not more 
sensitive to form of section in a curved pipe than in a 
straight one, a distortion of at least this magnitude must be 
assumed. 

A correction for form of section is needed only in this 
case, as in the other two the alterations in area were much 
smaller. The area of the section, ()*106G cm. 2 when the tube 
was free, decreased by only 00070 cm. 2 when it was in five 
coils ; the correction for the small change of form that may 
have accompanied this decrease is certainly negligible. 

It may be noted that the theory applies, in certain con¬ 
ditions, to tubes of elliptical cross-section. Suppose that 
the sections are elliptical when the tube is in 1 and 1/2 coils. 
As the areas are almost the same (the difference is given as 
10~ 4 cm. a J, the ellipses can he assumed geometrically similar. 
In such a case as this no alteration in the calculation above 
is required. The only reference to the form of the section 
in the fundamental equations of § 4 is contained in the 
boundary condition in which the boundary is given as r'=l. 
If we are to compare two tubes whose sections are similar 
ellipses, the boundary is r'=./(^r), the function J being the 
same for both. The quantity a may now stand for the mean 
radius. The standard of comparison is not now a straight 
pipe of circular section, but a straight pipe whose section is 
a similar ellipse. Hence in what corresponds to Table I. 
for this calculation the numbers in the columns (bYh and 
(h%)i /2 have to be multiplied by the same constant, and the 
final result is unaffected. 

There are other corrections that should strictly be made, 
but none likely to be important. The error duo to the 
assumption of § 3 is, of course, greatest when the tube is in 
ten coils ; the external and internal diameters of the coil are 
then 3*2 cm. and 1*9 cm. respectively, and taking a to be 
0*153 cm., we have a/R = 0‘l2. The fractional error, 
nominally of order a 2 /R 2 , would be only 0002 if equation 
(27) were correct, and in any case can hardly result in a 
final error of much importance. If a correction were to be 
made its effect would be to improve agreement. 

Another point is that no allowance can be made for the 
effect of the sudden change in curvature at the ends of the 
coiled tube. It is likely that the flow will be more disturbed 
when the tube is in ten coils than when it is in one, so that, 
although the method of calculation eliminates some of the 
end effect, a correction may be required which again would 
improve agreement. 

Although the differences between calculated and observed 
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values are in this case large, they do not therefore neces¬ 
sarily imply that the theory is at fault, especially as any 
calculated value of Fi is more than three times the observed 
value of F 10 from which it is derived, so that errors of 
observation (likely to be greatest when the flux is small) are 
magnified. 

18. In all three cases the calculations have been extended 
to values of the flux greater than 6*6, the assumed limit of 
stream-line motion, in order to see what errors resulted 
from the tise of the theory outside its proper scope. Some 
of the results in the calculation of (Fi,Oi) from (F 10 , [ho) 
are shown in fig. 3. For all observed values of Fi between 
6*6 and 24*1, the difference between observed and calculated 
values of Fi does not exceed 10 per cent. ; in this range the 
Reynolds’ number varies from about 2000 to over 7000. 
However, in the last paragraph the need has been shown for 
corrections which will certainly decrease the range in which 
the theory is correct, to within 10 per cent. In the calcu¬ 
lation of (Fi/ 2 . from (Fj, </j), observed and calculated 
values of Fi a differ by less than 5 per cent, for all observed 
values of Fi/o up to 10*7, which corresponds to a Reynolds’ 
number of over 3000. 

The agreement in the calculation of (F 6 ,// ;5 ) from (F l9 gf) 
is much worse. The difference between the two values of 
F 6 is 10 per cent, when the observed value of F 5 is 8*6, 
increases steadily, and is 24 per cent, when the observed 
value is 17*5. 

It can be concluded that if an attempt is to be made to- 
correlate results in which the critical velocity is exceeded, 
it is better to start from the observed values for the pipe of 
greater curvature, and that then the errors will not he very 
serious if the Reynolds’ number does not exceed perhaps 
4000. The reason why it. is better to correlate in one way 
rather than in the other is partly that it is better to make a 
crude interpolation than an equally crude extrapolation ; but 
there is also the Fact that in finding, for instance, the calcu¬ 
lated value F 5 =16 *o, tbe observed value F 1 = 37*6, to which, 
corresponds a Reynolds’ number of more than 10 4 , is used. 

19. The theory can probably be extended so as to apply 
to all velocities by substituting a coefficient of eddy viscosity 
for the ordinary coefficient /*. For this, however, the 
absolute determination of the function /*(K), by experiment 
or otherwise, is almost a necessity ; the method of comparison 
used in this paper would be unsuitable, as it would be much 
more difficult to find the corresponding motions in the two 
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pipes compared. It is clear from some of the results above 
that at velocities just above the critical the coefficient of 
eddy viscosity must differ only slightly from the ordinary 
coefficient if there is to be agreement : this follows immedi¬ 
ately from the statement of Prof. Eustiee * that there is no 
marked critical velocity in the coiled tubes. The reason for 
this difference between straight and curved pipes appears 
clear. That the pressure gradient required to maintain a 
given rate of flow increases more or less suddenly when the 
critical velocity is exceeded is a consequence of the sudden 
change in the type of motion : turbulence is accompanied 
by a. lateral movement of the fluid, which implies a loss of 
energy that has no counterpart in steady motion. In a 
curved pipe, on the other hand, lateral movement is already 
taking place before the critical velocity is reached ; it is 
probably increased when turbulence sets in, but there is 
clearly less reason in this case to expect a rapid increase in 
the resistance to flow. 


LXX1TL Electrical Properties of Monatomic Gases . Bp 
J. 8. Townsend, Wykeham Professor of Physics, 

Oxford , and S. P. MacUallum, Fellow of Few College, 
Oxford t. 

1. TN the course of an investigation of the electrical 
JL properties of monatomic gases wo made several 
experiments to determine the best method of purifying the 
gases, and we observed that small traces of an impurity are 
removed in a few seconds by the action of a high-frequency 
discharge. This effect of the discharge, which may he 
obtained with external electrodes, was observed in the process 
of filling a quartz tube with neon. 

The tube was heated to a temperature of about 600° O., and 
washed out with pure neon in order to remove the gas given 
off from the surface. This operation was repeated until a 
stage was reached at which no effect of impurities was seen 
in the colour of the discharge, and there were no lines in 
the spectrum except those due to neon. 

A constriction in a narrow quartz side-tube through which 
the gas was admitted was then sealed in order to disconnect 
the electrodeless tube containing neon. Immediately after 

* Zoc. cit. p. 114; see also fig. 4. 
t Communicated bv the Authors. 
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sealing off the tube a high-frequency discharge was produced 
in the gas, and at first it appeared t6 be verv impure, but 
after a few seconds the impurity disappeared and the colour 
of the discharge and the lines in the spectrum became 
exactly^ns they were before the constriction was sealed. 
The impurity was probably hydrogen which got into the 
gas when the constriction was heated 10 the very high 
temperature required for sealing, and the high-frequency 
discharge, which ionized the gas, caused the hydrogen to be 
rapidly absorbed by tiio quartz. 

In other experiments we have observed that the effect of 
an impurity is more noticeable in a wide tube where the 
force required to maintain the discharge is comparatively 
small, than in a narrow tube where a larger force is required. 

From measurements of the currents in these discharges, 
and the potentials at the external electrodes, it has been found 
that the positive ions and the electrons do not recombine to 
any appreciable extent in the gas *. 

The disappearance of ions from the gas is due primarily 
to the electrons which diffuse rapidly to the sides of'the 
vessel, leaving a positive charge in the gas. The positive 
ions are repelled to the sides by this c harge, and in the stable 
distribution which is established almost instantaneously the 
positive ions reach the sides at the same rate as the electrons. 
These losses are balanced by the process of ionization by 
collisions of electrons with molecules, and a constant steady 
state is maintained. Thus molecules of diatomic gases which 
are easily ionized are driven by the force on their positive 
charges into contact with the sides of the quartz, where they’ 
remain for a considerable time. 

We have found this property of the electrodeless discharge 
to be very useful in cases where it is necessary to remove 
small traces of impurities. 

2, In order to obtain accurate measurements of sparking 
potentials and photo-electric currents, an apparatus com- 
prising parallel plates was made up with quartz insulation 
and fitted into one end of a quartz cylinder 23 cm. long and 
5*8 crn. in diameter. The free space at the other end of the 
cylinder, about 10 cm. long, was used for obtaining a high- 
frequency discharge with external electrodes. One of the 
plates of the measuring instrument was mounted on a micro¬ 
meter screw to which a ro l of soft iron was attached. By 

# J. S. Townsend and 1$, H. ]>omildson, 1’liiL Mag. p. 179 (Jan. 
1928). J, S. Townsend, Cothptes liendm f p. oo (Jan. 1928). 
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this means it was possible to adjust the distance between the 
plates with a magnet. 

Each specimen of gas used in the experiments was purified 
by passing it slowly along a tube containing copper oxide at 
a higli temperature, to remove traces of hydrogen, and 
thence into a tube containing charcoal which was cooled by 
liquid air. The gas was kept for sixteen hours in the 
charcoal tube before it was admitted into the quartz cylinder. 

The apparatus was heated to a temperature of about 
300° (J. to 400° C. for several hours and washed out with 
pure neon. This operation was repeated until there was no 
visible change in the colour of the high-frequency discharge 
when the gas was left in the cylinder for twenty-four hours. 
A point was thus reached at which the sparking potential, as 
found by the parallel plate electrodes with a battery of small 
accumulators, was constant for a given value of the product 
of the pressure and distance between the plates, and remained 
at that value for some hours after the gas was admitted to 
the cylinder. Very small traces of impurities have a com¬ 
paratively large effect on the sparking potential, and a 
considerable change was obtained when the gas w r as left in 
the quartz cylinder for twenty-four hours ; but the impurity 
accumulated in the gas in that time is immediately removed 
by the high-frequency discharge, and the sparking potential 
regains the same value observed in a fresh sample of pure 
gas. 

3. As an example of these experiments the sparking 
potentials observed in neon at a pressure of 37*2 mm. are 
given in Table I., the potentials being in volts and the 
distance S between the plates in millimetres. The sparking 
potentials obtained a few hours after the gas had been in the 
apparatus are given in column A a . At this stage there is no 
change in the potentials of more than one volt, due to the 
passage of the high-frequency discharge through gas. The 
potentials obtained after the gas had been in the apparatus 
for twenty-four hours are given in columns Bj and G u the 
latter being the potentials after the high-frequency discharge 
had been maintained in the gas for one or two minutes. 

These methods of purifying the gas are very reliable, and 
constant results are obtained on repeating tbe experiments. 
Thus, after the gas at 37*2 mm. pressure had been in the 
apparatus for a week, the quartz cylinder was heated and the 
gas was pumped out. After washing out the apparatus with 
pure gas, a fresh quantity at37'4 mm. was admitted and the 
experiments were repeated. The sparking potentials obtained 
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shortly after admitting the gas are given in column A 2 , and 
those obtained after twenty-four hours in columns B 2 and C 2 , 
the change from B 2 to C 2 being effected by means of the 
high-frequency discharge, as in the experiments with the gas 
at 37*2 mm. pressure. 


Table T. —Sparking Potentials in Neon. 


s. 


37*2 mm. 


a 5 . 

^=37*4 mui. 

A,. 

jv 

C,. 

i 

b,. 

c r ! 

4. 

•263 

231 

263 

264 

254 

264 

5. 

21)2 

278 

202 

204 

1 

294 

0. 

317 

300 

318 

310 

I 208 

320 

1 ^ 

i ' . 

342 

320 

344 

344 

| 312 

344 


Small traces of impurities which are not easily observed 
in a direct-vision spectroscope are easily detected by a 
measurement of the sparking potential. 

The agreement between the figures in columns A and 
C indicates the degree of accuracy which may be obtained. 

4. The photo-electric currents obtained with a constant 
electric force and a constant gas-pressure were also deter¬ 
mined with different distances x between the plates. The 
current n in terms of the distance was found to be in 
accordance with the formula 

n — v a a ~Z70 € i^ 

for a range of distances from a certain small distance 8 to 
the sparking distance 8. The sparking distance is the value 
of x obtained by equating to zero the denominator of the 
term on the right of the equation. The effect of small traces 
of impurities on the constants ex and $ is easily observed, 
but the experimental error involved in the determination of 
these coefficients is much greater than in the determination 
of a sparking potential. As an example of the determi¬ 
nations of these coefficients, the results of experiments made 
with the sample of gas at 37*2 mm. pressure are given in 
Table II. The figures in column A give the results obtained 
after the gas was in the quartz cylinder for a few hours, 
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those in columns B and C after twenty-four hours, the 
change from B to C being prod need by the action of a 
high-frequency discharge. A slightly different value of the 
electric force was taken in the three sets of experiments as 
indicated by the values of X in the first line of figures, which 
are the forces in volts per centimetre. 


Table II.—Neon, y> = 157*2. 



A. 

H. 

C. 


X . 

183 

47') 

487 


a . 

1*2 

4-70 

4 o 


0 .! 

■32 

• J4 

•31 

i 

] 


Thus there are two completely different methods of re¬ 
moving small traces of impurities from a monatomic gas— 
that involving the use of charcoal cooled with liquid air and 
that of the high-frequency discharge. It may he concluded 
that the gas taken from the charcoal tube contains no 
impurities which alter i he electrical properties of the gas, as 
the gas is not affected by the high-frequency discharge until 
after it has been in the quartz cylinder containing the 
parallel-plate apparatus for several hours. 

These experiments therefore lead to the conclusion that 
the atoms of monatomic gases are ionized by the collisions 
of electrons, and that the development of large currents in 
gases is principally due to this process. This conclusion 
applies even in cases where ratio X/p is small, as in the experi¬ 
ments with the gas at ft7*2 mm. pressure, where X/p — 13, or 
in an electrodeless discharge where the ratio X/p may be as 
low as 2*5. 

5. These conclusions are not in accordance with other 
theories which have been adopted without tuking into con¬ 
sideration the general properties of electric discharges. 
These theories have appeared in different forms, and there is 
ut present a tendency to attribute predominating effects to 
impurities which some time ago were attributed to electrons 
set free from the electrodes by radiation from the gas. They 
all involve the hypothesis that an electron loses all or most 
of its energy in a collision with a molecule when the kinetic 
energy is equal to, or slightly greater than, the energy 
corresponding to the first resonance potential of the gas. 
Thus, when electrons move in a gas at a high pressure under 
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the aciion of a small electric force, they will never attain 
sufficient energy to ionize molecules. 

It would be interesting to know the order of the electric 
force as well as the pressure of a monatomic gas in a dis¬ 
charge-tube when the energy of the electrons is thus limited. # 
An example of the application of this hypothesis is suggested 
by Merton and Pi 1 ley * in the case of a tube containing 
helium at about 30 mm. pressure and a very small quantity 
of nitrogen. It is stated that a large excess of helium atoms 
in the discharge must act as “safety valveswinch blow off 
when they are struck by 20*4-volt electrons, and which, 
therefore, set a superior limit to the energy which there is 
any significant probability that an electron will acquire. 
The intensity of the electric force is not mentioned, and it is 
not stated whether any helium lines were observed in the 
visible spectrum of the discharge in the experiments in which 
the energy of the electron is thus limited. 

The u safety-valve action would presumably be a pre¬ 
dominant factor in determining the energy of the electron 
whether the gas is pure or impure, so that electrons would 
never acquire sufficient energy to ionize atoms of a monatamic 
gas under the action of small forces. The electrons under 
the above circumstances would not acquire even as much 
energy as that represented by the second or third resonance 
potential, so that the line corresponding to the first resonance 
potential, which is in the ultra-violet, would be the only 
helium line in the spectrum of a discharge. 

With regard to impurities, it is quite plain there must be* 
processes by which impurities have been successfully removed 
to such an extent that they have no predominant effect on 
the discharge. In the well-known neon lights used for 
commercial purposes, there is a long column of luminous gas 
where the current is maintained by a small electric force. 
In order to maintain the current a continuous rate of supply 
of ions and electrons must be maintained throughout the 
luminous column, as positive ions are being continually 
removed towards the negative electrode. A simple calcu¬ 
lation shows that, in order to maintain the current, it would 
be necessary according to this theory to suppose that no small 
amount of diatomic material is conveyed along the luminous 
column, and that this process is maintained indefinitely 
while the light in the visible spectrum of the gas may be 
almost completely free from lines corresponding to the 
material from which the positive ions are derived. 

* T. R. Merton and J. G. Pillev, Proc. Roy. Soc. A, vol. evii. p. 411 
(1925). * f ” 
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LXXIY. Some Problems in the Conduction of Heat . By 
George Green, I). Sc., Lecturer in Physics in the Applied 
Physics Department of the University of Glasgow *. 


rilHE present paper contains a continuation of the work 
JL published in a former paper to the Philosophical 
Magazine under the same title f. In the paper referred to the 
method of solution of problems in heat-conduction employed 
is such that each problem in heat-conduction is treated as a 
problem in wave-motion. For the solution of two-dimensional 
problems in heat-conduction it is shown that there are two 
fundamental wave-trains travelling in the positive direction 
and two corresponding wave-trains travelling in the negative 
direction, and that the solution of any problem can be 
expressed in terms of these four wave-trains. Similarly, in 
the ca*e of cylindrical and spherical waves there are two 
positive wave-trains and two negative wave-trains, and the 
solution of any problem can be expressed in terms of these 
four wave-trains. The former paper dealt with several 
fundamental problems involving plane and spherical waves, 
and it is intended in the present paper to deal with some of 
the fundamental problems involving cylindrical waves by the 
method employing positive and negative wave-trains, and to 
investigate the nature of the special solutions usually em¬ 
ployed in cylindrical heat problems, and the relation of these 
solutions to the four fundamental wave-trains. An interesting 
feature of the investigations is the comparison wdiich they 
enable us to make between different methods of arriving at 
equivalent solutions of the same problem. 

We proceed first to obtain the four fundamental wave- 
trains referred to above. The equation of conduction of heat 
in a uniform medium, in its simplest form for cylindrical 
conduction, is 




v 1 dt>\ 

Dp + pT P r 


ci) 


and the solutions which we require are those for which the 
temperature v at radius p from the axis of coordinates 
varies with the time t according to the factor e xkt , where k 
represents the frequency of a periodic vibration. The 
equation to determine v as a function of p then becomes 


Vv 1B» 

V % B/> 



. . ( 2 ) 


* Communicated by tbe Author, 
f Phil. Mag. vol. iii. Suppl. April 1927, pp. 784-800. 
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of which the general .solution is 

>' = AI »(\/f.,) + BK„( v /? ( >), 

where A and B are arbitrary constants, and — p'j and 

K.(^) are functions of p defined by 




^6 


IqOO — 1 + 2^ d- ^2 42 d- 22 42 ^2 “b • - » ( 3 ) 

Iv 0 (^) = *I 0 0 ) - log zl 0 (z) + 2*2 + 1 + 2 ) fi* + etC *’ W 

where a = log — 7 , 7 being Eulers constant. 

By employing Stokes's method to obtain the solutions of 
equation ( 1 ), we find asymptotic expansions for these functions 
when p is large. These expansions are given by 

e z C 42 j 2 qs > 

Io(^ = l 1 + ( 87 ) + 21 W H ' etC ‘) ’ (5) 

e~ z t 1* 1 2 .3 2 

K °0) = 7r v /^ n : - » 1_ (8* j + 2 ! (8 c 7 ” ® tc - j * ( 6 > 

The function K 0 (>) becomes infinite as logr as 2 tends to 
zero, and as z tends to infinity its value tends to zero. The 
Io^) function is finite at the origin and becomes infinite in 
value as z increases indefinitely. The two fundamental 
positive or diverging wave-trains are accordingly represented 

by the real and imaginary parts of e ikt K o^\/—respec¬ 
tively : the two fundamental negative wave-trains are repre¬ 
sented by the real and imaginary parts of e iKt l 0 i\/^p\ 
respectively. \ v K J 

Wo can now find the solution representing a line source 
at which there is a periodic heat supply of amount y cos kt 
or gsiuAf per unit length. It involves only the diverging 
waves ; hence we may take 

» - Ae "K.(\/f 4 

and determine the constant A from the condition 

; . Lt o (-*,rKp|?)- g «*..(7) 
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In this way we find that the periodic line 
represented by 




source is 


. . ( 8 ) 


This result may also be obtained as follows. Take the 
solution given in equation (39) of the former paper, repre¬ 
senting a periodic heat supply r/cos/tf or q sin kt at a point 
which is origin of the coordinate r, 


V== ^Kr e 


{cos (kt-ryj 2 {) 

+ ism(lct-r \/, 2 {)|- 


( 9 ) 


In this replace q by qdz and integrate along the axis of z 
from —ao to -fee. The periodic line source solution is 
thus obtained in the form 


l ’ “ IttK 


* + 00 dz r 

e * 

r 


s: 


r~ 


p~ f z 2 


( 10 ) 


and by substituting psinh# for z in* this, it becomes 


v 


q^ kt ( 7/j — poosh$^^ ,/C 

— —,v 1 du e v k 

27rlvJ 0 


- __JL. 

~~ 2ttK 


/ * ou / /. 

I ,We' pv0i>ht ^ s 


* {cos( 


kt — p cosh 0 


v/|) 


+ i 8in (kt—p cosh $\f £)}, (11) 


which is an equivalent form of equation (8) above. 

To verify that the periodic line source solution given 
above leads by integration to the well-known plane source 
solutio n, rep lace q in the above expression by qdz , and p 
by y^-f and integrate with respect to z from — <x> to 
+ qo . Thus we find that 


v ~ 2ttK dz K ° (\/7 + A ’ 2 ) ’ * d 2 ) 

and by using the evaluation of this integral given in 
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Watson’s ‘Theory of Bessel Functions/ p. 417, we obtain 
the solution 

qpikt 7T 

v= 27rK 

which represents a periodic plane source supplying qe kt per 
unit area. 

Proceed now to determine tlie solution representing a 
surface source at which there is a periodic heat supply of 
amount qcoskt or qsinkt per unit area. Let p = a he the 
surface at which tho heat is supplied; then outside this 
surface the solution involves only the diverging wave, and 
inside this surface it involves only the inward travelling 
wave. Hence wo take 

n = A^'T o(\/f v) p < a, . (14) 

*\> = Be* w K 0 ■■ p > a, . (14 / > # 

and determine the two constants A and B from the conditions 
which hold at the surface p = a ; namely, 

Vi — v o, and — K = qe ik K . (15) 

In this way we find that a periodic surface source of strength 
qe ikt at p = a is represented by 

K °(\/J a ) I 0 ( \J^p) . . . p <a, (16) 

r 0 = f? e M a) K 0 (\/f p) • • • P> a. (16') 

Verify that 

\OP Op/^a 

“ ^ U \/% a { K o(v / 7«) I i(\/^«) 

+Kl (v / ^ a ) 1 «(\/^ a )} 

= ?***'.(17) 

as required. 




(13) 




705 


Problems in the Conduction oj Heat . 

An alternative method by which this result may be arrived 
at is to take the periodic line solution given in equation ( 8 ), 
replace the q in it by qad6' and p by r, and integrate with 
respect to 0 f from — it to +tt. The solution obtained for a 
periodic cylindrical surface source of strength qe ikt per unit 
area of the surface, p = a, is accordingly 



where r 1 = a 2 p 2 — 2ap cos 

But by the addition theorem we have 

K °(\/* :r ) “ 1 . 

. . . a > p . . (10) 
. . . p > a ; . . ( 10 ') 


hence, when these values are inserted in (18), and when the 
integration with respect to O' is carried out, we reach again 
the result already given in equation (16) above. 

From the above periodic solutions we can obtain others 
by integration. Thus, by taking the real part only of 
equation ( 8 ) which represents a periodic line source 
emitting q cos kt per unit length, and integrating with 
respect to k> we obtain the solution representing an 
instantaneous line source of strength q per unit length; 
that is. 


9 

2 tt*K 


r«r 

o Jo 


dk e 


-p oo*h0 


n/! 


cos 


{ to-p 008,1 e \/y k } • ( 20 > 


The integration with respect to k has already been given in 
equation (13) of the former paper, and when the value there 
given is inserted in the above, we obtain the result in the 
form 

w * 'd& 

PUL Mag. S. 7. Vol. 5. No. 30. April 1928. 2 Z 


i 


oeoshff . 91 . 

o "iVZ? “ = • • (21) 
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and as the integral that remains is easily transformed into 
a well-known integral, we obtain, finally, the evaluation 
indicated by 

—<**> 

In this equation the real part of the integral only is equated 
to the well-known instantaneous line source solution corre¬ 
sponding to a generation of q heat units per unit of length 
of the line. When in the above process we take the 
imaginary part of equation (8), the evaluation given in 
equation (15) of the former paper becomes available, and we 
find as the equation corresponding to (22) for the imaginary 
part of the integral 


v 


_i_r 

2tt 2 K) 0 


dk * iktK «{\/ tk K p) 


q /(ft/ct.) ^2.1.3. (8 /ct.y* 
7 t 2 Ilv £ \( 2/>) 2 3 . ( 2 p ) 4 


-f 


2.4.1.3.5 . (8 Kt)* , . \ /oox 

—ST57(2V? + etc -) ’ (2J) 


Similarly we may obtain by integration of (16) the 
eolution representing an instantaneous cylindrical surface 
source at p = a, q being the amount instantaneously 
generated per unit area. The solution is given by 

* ■ ■ «>»• <*> 

Both these integrals can be evaluated by the .same method; 
hence this need be indicated for the upper only. When we 
make use of the equation 

^K 0 0v/“«) 

« ( dde P | cos (&< —p cosh 

^isin (kt-p cosh 6 \/ —)]■, (25) 
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along with the expansion for I, 


V!') 


given in (3) 


above, we obtain under the integral sign a series which can 
be integrated term by term. For the real terms in the 
integration with respect to k, the evaluation given in 
equation (13) of the former paper Is again available, and 
the integration with respect to 6 then follows easily, exactly 
as in the case of the instantaneous line source solution 
obtained immediately above. These two integrations lead 
to the result: 


~2 k{ 1 + 2*‘* frl + 2*.4 etc -}(« 4 **/ < )* 


(26) 


«o 


q J . 1 a 2 d , 1 a* & 1 / - p - L\ 

~2K V+S 5 '* d« + 2 i .4 2 ’/c 2- dt !l+ etc * J \ e *'* / 1 )’ 


(26') 


each of which is converted into the other by the interchange 
of a and p. The reciprocal nature of these results is made 

— P 2 ~>~ rc 2 

clear by taking out the factor e *** in both]; in this way 
we find that 




Vo 



a 2 ~f-p 2 

e I 



a2±p2 

ut I 0 



• . (27) 

• • (27') 


represents an instantaneous cylindrical surface source of 
strength q per unit area of the cylinder p=a. 

To obtain a solution representing a periodic cylindrical 
surface source of the type supplying qe ikt cos n0 per unit 
area, we have merely to follow the process adopted above. 
But in this case the differential equation to be solved is 


d*v ± l 


br ik 


dp 


— -v -= v — 0, 

** A* * 


(28) 


and the general solution is 

where A and B are arbitrary constants and I n (z) and K n {z) 
are functions of z derivable from the functions 1 0 (£) and 

2 Z 2 
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K 0 (s) already defined. The required solution is given by 

Vi = A cos nd e m I„ (\Z*^ pj . • . a>p, (29) 

r 0 = Bcosntf^'K„(\/fp)- * ' P >a ' ( 29 '> 

where the constants A and B are to be determined by the 
conditions to be fulfilled at the surface p=<z ; namely, 

Vi = v 0 ; and — K (cos n0. (30) 

These conditions lead to the result 


n-gco.»#««K,( v /^.)l.( v /^), . (31) 

'■'« ** 1 ? eosr.tf ■ (31> 

Verify that 



3va 

^p / P~ir 


— (/ e’ kt cos n6 <y/ ^ a 


* Jikt rt f\e 


An alternative method of deriving this result is to take the 
periodic line source solution (8), replace q by qadO 1 cosnff 1 , 
and integrate round the cylindrical surface p=a. In this 
way we find 


V “ SrJ 0 ^' CO8m ^' K 0 (\/f r) . . (33) 

for all values of p, 

where r*ja*+p>-2ap C on (O'-ff). The integration can be 
performed after using the addition theorem (191, when it is 
found that only those terms in the series for which m has the 
values +n and -n contribute to the final result. Thus for 
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a > p the above integral reduces toi 

Vi = ?;; K f ^0 ' cos n &' 

. 2K„(\/“ « ) !»(\/“V) cosm < u ) 

which is readily seen to be in agreement with the results 
given above. 

Alternative method? are again available to determine the 
solution representing a cylindrical surface source at which 
there is an instantaneous heat supply of amount qcosnff per 
unit area at p~a. We may start from the solution for an 
instantaneous line source q per unit of length, given in 
equation (22) above. Replace the q by qadO 'cos nd' and 
p by r , and integrate with respect to 9' round the cylindrical 
surface, p = a. The temperature at point (p, 9)> due to the 
whole surface distribution, is represented by 

v = - ^ l d9'oo9n9'e , . (35) 

where r l = p 2 f a 2 — 2ap cos (6' — 9 ). 


If we alter the variable in this integration from 9 r to <f >, 
where 9’ — 9 — <f), we can rewrite*the above solution in the 
form : 


v = 


qa e 


p2-f a 2 

4 kI I * 


27T—0 


up 


4*n-Kt J _0 


d9 cos n(9+ <f>) e***™ 


COS <p 


(36)* 


which leads us finally to the solution represented by 


v 


qa oos n9 

2KF 


e 



for p>a and p<a . 


(37) 


The alternative method open to us is to integrate with 
respect to k the solution representing a periodic cylindrical 
surface source of the type qco9n9e xki per unit area, which 
has been derived immediately above. This method gives 


Vi == 


Vq 


qa cos n9 P® 

^ Jo 

qa cos n9 f* 

Jo 


dk e** K„ (\/^ «) I» (\/~ p) • • P< a > 

. . . (38) 

dk e M K B ( \f X ~ p) I* (\/ ~ “) • • P>a. 

. . . (38') 


* See Rayleigh,* Scientific Papers/ vol. vi. p. 55. 
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A demonstration of the equivalence of the two solutions (37) 
and (38) could doubtless be obtained by applying the method 
already used to prove the equivalence of the two solutions in 
the case where n = 0 given in (24) and (27) above. 

In the cases which we have dealt with above, the initial 
conditions refer to heat supply. It is of interest to take up 
here some of the fundamental problems in which the initial 
conditions refer to temperature. Before we proceed to build 
up solutions from the two fundamental wave-trains, as we 
have done in the cases considered above, we shall find it 
worth while to examine the solution obtained from that 
representing an instantaneous supply of heat q per unit area 
at p = a. 

If we differentiate with respect to a the solution given 
by equation (27) above, under the condition that the total 
heat supply of unit length of the cylinder is kept constant 
{qa~ const.), we obtain the solution 


-_ 1 


_ r 


2K ' 2Kt' 2 


“H£>~' ,I ‘(S)] ’ < 39 >. 


which is equivalent to the doublet-solution for the surface 
p-=a. When t tends to zero, tends to become infinite, 

and the two functions I 0 ^fct) ant * re l >re ~ 

sented with sufficient accuracy each by the first term only of 
its asymptotic expansion. Tims when t —> 0 (or p—>oo ) 
the above equation may be replaced by 


2 K * 2fd' J 


< 40 > 


/« ( p-a 

■* V p'zj-jrxt*' 


-a) -> 


(400 • 


IV ow compare this result with equation (13) of the former 
paper, and it becomes evident that, in the limit t—>0, the 
value of v is (q/2 K) for p>a, and it is — (q/2 K), for p < a. 
Thus the solution 

• < 41 > 

gives initially v=8 on the outer side, and u= —8 on the 
inner aide or the surface, p=a. At the same time tiie 
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gradient of temperature on the two sides of the surface is 
continuous; that is, • If we differentiate with 

\Up up'p—a 

respect to a, the solution given in equation (24) above, 
keeping (^a = constant) as before, we ought to obtain a 
solution equivalent exactly to that given in (39) above; 
namely, 

" - - Sf v'* K '(\/«“) I ”(\/'» 

. . . a>p, (42) 

"»= Xj„ '«-'“v/“ K »(\/«/ , ) I '(\/ i |‘‘) 

... p>a. (42') 


Replace (y/K) by 20 in this, and we obtain a solution satis- 
tying all the conditions fulfilled by the solution (41); that is, 


at t = 0, (r 0 = 4- 0, i\ =—0) p=a : and 

Verify that 


/ dvj _ di’o \ 

\bp ~ ~dp) P =a' 

. . . (43) 


* vj„ dkiS "\J"« "{ k »(v/«“K\/«-) 
26 r j 

— I dke' ki as 26 at t = 0 (real part) and 
^ Jo 

= 0 for t > 0 


by Fourier’s fundamental integral. Note also that when p 
and a both become infinite, while the difference between 
them (p — a) remains finite, the solution becomes identical 
with (13) o£ the former paper. The peculiar nature of these 
solutions, especially with reference to the initial space distri¬ 
butions of temperature which they represent, is a matter 
requiring further careful examination ; but we shall leave it 
to another occasion. 

We may treat the problem dealt with above from a 
different standpoint, by starting out from the solutions of 
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equation (28), represented by 

H cos nd . e M I„ {\Z'^ p)j J »(\/^ a )’ ( 45 ) 

r„ = Bcos n6. e' kt K„(y/**p)/ K^y/^a). (45') 

These obviously fulfil the condition that at the surface p = a 
the temperature is given by + © cos n6.e ikt ^ but they also 
require that the heat-flow from the surface p = a on the 
outward side is not equal to the heat-flow to the surface on 
the inward side, since 

^Pp-n 

0 cos nd e m 

" %/; , '-(v /, ‘“)/ I «(V « “)• 

Tf we take the periodic heat supply from the surface p = a, 
represented by these terms respectively, and deduct the 
corresponding solutions as given by (31) from the solution 
(45), we obtain a new solution : 

P 

“) 



{l + V /^K',( V /f»)l.(\/“*)}, (47) 

yyiiich satisfies the condition of equality in the flow of he*t 




V‘l- '‘V k -(\/* ») 
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outwards and inwards from the surface p = a; that is, 


/Bj?o_v 

\"dp "bp )p=,a 

= 0 COS nO e %kt \/^ T“ 

V /C In 

/ 77.' K' 2 1 2 — K 2 1' 2 > "I 

< 4 «> 

Now proceed to the solution derived from this by an inte¬ 
gration with respect to k, representing a temperature 
instantaneously generated at the surface p = a :— 


r. = cos nd [ dk e *>* K( yj'* a) F„ (\/~- p) , 

. . . (49) 

'■ 0 = V cos '^j 0 dk e ' u v/ « K ’{\/ 1 « a ) F " (\/« a )’ 

. ’ . • • (49 ° 

and it will be seen that a solution exactly similar to (42) 
is obtained. The first terms of (47) and (47') in this form 
of the solution, taken by themselves, evidently give after 
integration — „ = Vq = 0 cos nO 


at the surface p = a, and it follows that (/>0) 


A confirmation of this result by another method is desirable. 
The two equivalent solutions of the problem of finding the 
temperature due to the instantaneous generation of tempera¬ 
ture ©cosrc# at the surface p = a, derived by the methods 
indicated above, are given by 


mmmm 

0a cos 

V ~ "• 

- 2^, «? 


20a cos w# 

v t 

7r 


20a cos n0 

7r 


respectively. 


{-MS)-'''■(£)}• ■ 

• * ’S 52) 

. . . (52') 
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The solutions which we have obtained above may be 
regarded as fundamental solutions, in the sense that they 
form the basis from which we derive the solution of any 
problem for which the initial conditions include a given heat 
distribution throughout space, or a given temperature con¬ 
dition at particular surfaces. For example, starting from 
equation (27) we may obtain by integration the effect of a 
uniform instantaneous supply of heat q per unit volume of 
a cylinder of ladius p = a. By replacing q by qda and 
integrating with respect to a\ we obtain 


v = ih • ■ <*»> 

In this connexion it is very important to investigate the 
special solutions usually employed iu building up solutions 
for cylindrical heat conduction problems, and, in the first 
instance, to establish tbe^e special solutions from the 
fundamental wave-trains employed in the present paper. 
Consider the case of a heat distribution q cos nO 3n(k'a) per, 
unit volume, instantaneously generated throughout space. 
We have, again, alternative methods of proceeding. In the 
first method we start from the solution representing the 
effect of an instantaneous surface distribution q cos n6 per 
unit area at the surface p = a, given in equation (37) above. 
Replace q by q3 n {k*a)> and integrate with respect to a from 
0 to oo. This gives the solution which we require in the 
form : 


q cos n6 
v = rr e 
2k t 


_ p- 
4 Kt 


Jo 


daae :iKt J n (k'a) I 3 


( 2 £ 

\2/ct 


)• 


(54) 


By means of an evaluation given in Watson’s * Theory of 
Bessel Functions,’ p. 395, this solution takes the form : 


q cos n6 - 
V== 2Kt e 


P 2 _A'2 Kt + P 2 

iKt . 2Kt e *“* 


m*- 2 *)- < 55 > 


= </ cos nd. g e~ k "^ 1 J n (k'p), .(56) 


which is the well-kuown form of the solution of this 
problem. Now take, instead of (37), the equivalent solution 
in terms of K» and I* ; namely, 


<«««* • • p<- 

... (57) 
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'-•“srT • ■ »«• 

... (57') 

To find the effect at (p, 0) of the heat distribution specified 
above, we repeat the process just employed. Replace q by 
qdaJ n (k'a) and integrate from 0 to oo . For values of a 
less than p we must use v 0 in this integration, and for 
values of a greater than p we must use in the integration. 
Hence the solution equivalent to (54) is 


where 

a) 


= K„ ( \/ lk K p) jj <ia «I„ (\/ l/ K 11 ; »>»(^'«) 

-r I „ (.y/ « j a ^ ” (\/ ^ J • 


(58) 


.Each of the above integrations with respect to a can be 
performed by means of Lommel’s method of integration 
(Gray, Mathews and Mac Robert, 6 Bessel Functions/ 
p. 69). By this method we find that 


(/■'*+ ik ) J" da a ,)„(*'«> K.^ «) 

— X. .J n(//p) ^"(\/ K p) (' ) (59) 
( ^' 2+ '*) daa,)„(k’a) <*J 

= p {x/** J »(*» i'«(\/~ p) 

~ -W'.(A»l,(\/^p)} , (GO) 

and whan we insert these results in the right-hand side of 
equation (58) we obtain 


e 


y oos nO 




(61) 
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where 

/(*)-+*{ K,(;)I^)-Ii(:)P.(:)} = l. . . (62) 

Hence 

• • («*> 

k * — 

K 


in which form the solution depends upon a well-known 
integral. If we retain the real part only of the expression 
on the right-hand side, the result arrived at by integration is 


v = q cos 7i0 . ^?J n (k'p) e~ k **, ... ( 64 ) 

as before. It is worthy of note, in connexion with this 
group of special solutions, that the initial heat distributions 
which they represent are distributions for which the total 
quantity of heat is zero. It is evident also from the above 
that we can deal with any arbitrary initial heat distribution 
b}' two distinct methods, and that the investigation of this 
general case should lead to the establishment of certain 
mathematical theorems. 

Having obtained the above important confirmation of the 
method of solution by means of wave-trains, we can 
now employ this method to determine solutions in more 
general problems. One of the most important fundamental 
problems is that of determining the Green’s Function 
in various special cases. As an example, we may consider 
the effect of an instantaneous line source emitting q units 
of heat per unit of length at (a', ff ), the cylindrical surface 
p = a being kept at zero temperature, ( a>al ). We may 
start from the solution representing a periodic line source 
qe ikt situated at («', O'), 

v = e ' kt ( \/ r ) 5 r% = P 2 + a * 2 —‘2pa cos ( 6 — O') 

... (65) 

= 2%K gM+ i Km ( 009 ™ (*-*') 5 

p>a!. (66) 

Each term of this expression indicates a periodic temperature 
at the surface p = « ; and to reduce the temperature at a to 
zero, we have, therefore, to add a negative wave-train corre¬ 
sponding to each positive component in the above solution. 
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From equation (45) it appears that the solution determined 
by the above temperature condition at p = a is 




(67) 


To fulfil the condition stated at the surface p = «, this has to 
be deducted from the solution representing a, line source at 
(a\ O 1 ). Thus the periodic solution which represents a line 
source at (a', #'), the boundary p = a being kept atfjzoro 
temperature, is 

v = 2cos?h(0 — ff) h' m (p, a, a 1 ), . (68) 


where 


Kar ri 

I«(V K a ) 

-l4\/'‘ ( »)K„f V /^.)}, (6.) 


and the corresponding solution, which represents an instan¬ 
taneous line source q at (a\ 0 f ), the boundary p=a being 
kept at. zero temperature, is 

v = ^ C0S J e<kt ■ • ( 70 > 

By means of the substitutions 



this transforms into 

v = 2 cos m{6— 8 f ) {dX X e~^ Kt y wl ^ a } 

tt 2 K» _<* v J Jm(Xa) 

{Gr w (\p) J OT (Xa)—J m (Xp) G M (Xa)}. (71) 

If the expression under the integral sign be integrated 
round a contour consisting of the two lines inclined to the 




718 


Dr. G. Green on some 


<jT 

real axis of \ at angle ^ on each side and the circular arcs 

of infinite radius connecting them, we find by the theory 
of residues that 

» = + £ cos m(0- J ”A a ')GjXa)J ffi (V) ^ 

TrJva _ oo s—i d »*(X# / 

• • • (72) 

the summation with respect to s extending over the roots of 
J m (\a) —0. Further, since 


G m (\p) J' w (Xp) — Jm(Xp) G' m (\p) = —, 
at each root of* J m (\p) =0 we have 


G,„(\,a) =. 


(73) 


(74) 


and 

u = 1 cos 

7T lV(r Wl — — ^ 


X#u J 7/i(X#ci) 

(0 - d')Te~^‘ J 4nA J 4rr-, (75) 

which is identical with the result given in Carslaw, ‘ Fourier 
Series and Integrals/ p. 394. 

The problem of determining the Green’s Function in the 
corresponding case, where radiation takes place at the outer 
boundary p~a } can be dealt with in an exactly similar 
manner. We start again from (66). Each wave-train 
represented in this expression suffers reflexion at the surface 
p=a, under the condition 

-Kp = hv, 

op 

and the reflected waves are all of the type 

A,„ cos m(6 - &) e** l n (^/| p'j. 

Hence the required solution, obtained by adding the reflected 
waves, may be written in the form : 


”=S?K K 0 “ m( ' 


dk e M 


f K - is/ *' , ) I "('\/« a ') +A ”i-(\Z'vV)]. w 

where A m is a complex constant (to include both types of 
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inward travelling wave-trains) determined by the condition 
stated above. The value for A m is 


+ hK m [\/^a) 

>*-(v/U 

rf ) 

K \ // ~K V \\/^ a ) 

)+fcI 

"( 

V tc / 

9 

1 


and the solution corresponding to an instantaneous line 
source at (a f , 0 f ), the boundary condition being 


is accordingly 


■ K ^ = hv at p — a, 
op 






dk e ikt /(k, p), . (78) 


where f (/fc, p) 

mx/M 

■V® +s * 


• (79) 

fik 

By the substitution — = i\, employed in the former 

problem, the evaluations required can be obtained by means 
of the integrand 


J m (W) [G m (Xp) (K\ J«(Xa) + h J m(\a) } 

I - J m (\p){K\ G # »(Xa) + A G m (\a)}] /OAX 

" K\ J' m (M + * Jm(Xa) * 


When this expression is integrated round the contour 
employed in the preceding problem, a result similar to (72) 
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is obtained; namely, 

r = -% t cos m(8-ff) Y X, e~K* 

—O0 <1=1 

J w (K(t f ) Jm(X,p) f K \g O f m ( X*o)4_ h ( y^( V,g) } ^ ^ 

^{K\, J',,,(\a) + /* J«(Xa) I* 

where the summation with respect to 5 extends over the 
roots of 

1\.X J^n^Xu) 4" h Jm(Xd) sss 0. • . • (82) 

Since equation (73) holds in addition to (82), it follows that 
at each root of (82) we have 

KX G'JXa) + h GcJXa) = - - , . . (83) 


also 


\a J W (X«) ’ 


<7x ^ ^^ ^’ m (^ a ) + ^ 

= aKX J" m (Xa) -f K J ^(Xa) 4- ha J' m (Xa) 

= aK\ ^ J»t(Xa)-f-^2^2 J,„(Xa) J* + AaJ* m (Xa) 

= “ Jm(Xa) { Kx ( 1 “ xV) + Ex } a - • (84 > 

By means of (82) and (84), our solution given by (81) 
becomes 


_ qtc 


+ ® 


7rKa 2 r 


2 cos m(9-*-0') 2 


*=i 


J»n(Xr/) J W (X, P ) 


( K 2 a 2 + 2 


(85) 


which is also in agreement with Carslaw , i Fourier Series 
and Integrals/ p. 396. 

The application of the methods illustrated above to pro¬ 
blems involving continuous heat supply, and to problems 
involving change of medium, would lead to further useful 
results. 

My thanks are due to James F. Shearer, M.A*, B.Sc., 
of this University for his friendly interest and assistance in 
the work. 
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LXXV. The Corona Discharge in Ilelium and Neon. 

By L. G. H. Hljxley, B.A., New College , Oxford*. 

1. npHE theory of corona, discharges in gases is of 
JL particular interest, as some of the properties of 
positive ions and of electrons may he deduced from measure¬ 
ments of the potentials required to start or maintain a 
current between a wire and a cylinder. 

It was considered desirable to investigate this type of 
discharge in helium and neon, especially with a view to 
determining the velocities of the positive ions, and their 
effects in ionizing the gas. 

In order to determine the dimensions of an apparatus to 
he enclosed in a quartz cylinder, I first made a preliminary 
investigation with an apparatus in a brass cylinder and 
found that a quartz cylinder of about 6 centimetres in dia¬ 
meter would he sufficiently large to enable me to make 
accurate measurements of the velocities of positive ions, and 
to determine the general properties of those discharges. 

It is of great advantage to have the electrodes in a 
transparent envelope to see whether the corona is evenly 
distributed along the wire, and when a quartz tube is used 
the whole apparatus may easily be heated to a high tempera¬ 
ture in order to expel occluded gases from the electrodes. 

2. The apparatus finally adopted is shown in fig. 1. It 

1 %. 3 . 



consisted of a long nickel cylinder 4*6 cm. in diameter, in 
three sections, the middle section A, which was 12 cm. long, 
being insulated by gaps of 2 mm. from the two end sections 
Gi and G a , which were each 9 cm. long. 

♦ Communicated hy Prof. J. S. Townsend, F.R.S, 

Phil. Mag . S. 7. Vol. 5. No. 30. April 1928. 3 A 
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The end sections acted as guard-rings, so that in the space 
between the wire and the central section A the electric force 
was along the radius. 

The two sections G x and G 2 were fixed rigidly to the 
central section A by means of six quartz rods clamped by 
nickel elects to the outer surface of the sections, so that the 
axes of the three sections coincided. Two of these rods are 
shown in the figure. 

The two ends G x and G 2 were connected by a wire running 
through a thin quartz tube. A straight length of nickel 
wire 1*65 mm. in diameter was fixed along the axis of the 
nickel cylinder by pieces of quartz clamped to the ends of 
the sections Gi and G 2 . The free end ©f the wire at G 2 was 
screened from the discharge by the quartz support. 

The quartz envelope was a cylinder of transparent silica 
6*7 cm. diameter and 42 cm. long, thus leaving a space D 
about 12 cm. long near the open end of the tube in which to 
form an electrodeless discharge. 

The nickel electrodes were placed in the quartz cylinder 
with the section Gx near the closed end, and the three 
connectors (E^ E 2 , and E s ) to the wire W t the central 
section Aj and the two ends G, and G 2 were brought 
through quartz tubes and made air-tight with lead seals. 
The apparatus was connected to the pump and the charcoal 
tubes used for purifying the gas through the quartz tube q, 
which was ground to fit a glass tube with a tap, Tj (fig. 2). 
Another apparatus was also made of exactly the same 
dimensions with the exception of the central wire W, which 
was 2 mm. in diameter instead of 1*65. 

The quartz work involving the sealing of the connectors E 
into the side tubes was carefully performed by the Mullard 
Radio Valve Co., and there was no trace of a leak in any 
of the quartz joints. 

3. The current between the wire W and the central section 
A of the nickel tube was measured by a sensitive low resis¬ 
tance galvanometer C (fig. 1). The potential of the wire was 
adjusted by means of a battery of small accumulators, and 
the potential difference between the wire and the cylinder 
was given by the voltmeter V. The end sections Gi and G a 
were connected through E s to the wire joining C and V. 

4. The gas was admitted to the cylinders through the 
tubes Gi and G* (fig 2). The ground-glass joint was made 
air-tight with an elastic cement, and the taps were lubricated 
with grease. The contamination of the gas due to the 
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cement and the grease was so small that in the course of 
twenty-four hours there was no appreciable effect due to this 
cause, either in the spectrum of an electrodeless discharge in 
D or in the conductivity of the gas between the wire and the 
cylinder. 

When the gas had remained in the apparatus for two or 
three days a small effect of impurity was noticeable, which 
became more marked when the quartz was heated. To 
remove these impurities the quartz was heated to a high 
temperature while a discharge was passed between the 
electrodes, and as the gas was pumped out the impurity 


Fig. 2. 
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was carried with it*. This method of treating the elec¬ 
trodes was used by Dubois in his researches on sparking 
potentials, and enabled him to obtain very consistent results 
with diatomic gases +. When the apparatus had cooled and 
a fresh supply of pure gas was admitted, no impurity was 
observable in the spectrum of the electrodeless high fre¬ 
quency discharge in D, and the potentials required to 
maintain currents between the wire W and the cylinder A 
were at the same definite values, always obtained when the 

* It is assumed by some experimenters that impurities may be com¬ 
pletely removed from a gas in a vessel with electrodes, by diffusion into 
a side tube containing charcoal cooled with liguid air. This method is 
very slow, and it has been found that impurities are not removed for 
many hours, and in some cases for days. 

t E. Dubois, Ann. de Phys. (9) vol. xx. Sept. & Oct. (1923). 

3 A 2 
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gas was perfectly pure. Several precautions were taken to 
avoid impurities from other sources. 

Before sealing tlie electrodes into the quartz tubes, the 
nickel apparatus was washed with carbon tetrachloride in 
order to remove grease due to handling- Also after the^ 
apparatus was connected to the pumps it was heated in an 
atmosphere of hydrogen to remove any oxide which may 
have formed on the nickel while the quartz was heated, 
during the sealing of the connectors E into the side tubes. 

Two mercury vapour traps S s andS 2 cooled with liquid air 
were used between the taps 1\ and T 2 and the mercury 
pump, as in the preliminary experiments with the brass 
cylinder it was found ver) r difficult to remove all traces 
of mercury. From time to time (luring the course of the 
experiments the mercury trap S 2 was heated while S 3 
was cooled, in order to get rid of mercury and other impuri¬ 
ties from the tubing near the apparatus. 

In the quartz apparatus there was never any trace of 
mercury in the spectrum of the electrodeless discharge. 

This method of avoiding any effects of impurities was 
found in this and other researches to be very effective, and 
constant results were obtained which could be easily 
repeated. 

The gas from the apparatus was restored to the containing 
flask through the tube S 3 and it was also admitted to the 
pressure gauge through S 3 . In all cases the pressure in the 
gauge and the pump was reduced below the pressure in 
the apparatus and in the tube S s , before the taps T 5 and T e 
were opened. Thus the gas always flowed in the direction 
of the arrow through the tube S 3 (which was cooled with 
liquid air), so that no mercury vapour was carried from the 
pump or the gauge into the apparatus. 

The gas was kept in the large tube Si containing charcoal 
which was cooled by liquid air, for about sixteen hours, 
before being admitted into the apparatus. All impurities 
except hydrogen were thus completely removed. In order 
to get rid of any hydrogen the gas was brought from the 
containing flask into the charcoal tube Si through a quartz. 
tube containing copper oxide, which was heated by a coil of 
wire to the temperature required to convert hydrogen into 
water vapour. The gas was kept in the copper oxide 
tube for about ten minutes, and then admitted to the 
charcoal tube Si through the tap T 4 . As the copper oxide 
tube was of comparatively small volume the operation was 
repeated several times in order to collect a sufficient quantity 
offgas in the charcoal tube. 
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The tube S s , through which the pure gas was passed 
from Si to the apparatus, also contained charcoal cooled with 
liquid air. By these means perfectly constant results were 
obtained. The experiments on the currents between wires 
and cylinders were frequently repeated, using a fresh supply 
of gas each time, and the different observations at each 
pressure agreed within one or two per cent. 

5. Experiments on corona discharges give rgsults that 
determine two of the properties of positive ions in gases. 
They give a means of deciding as to whether electrons set 
free by positive ions arriving at the negative electrode are 
of importance compared with electrons derived from other 
processes. They also give a means of finding the velocities 
of the positive ions in the direction of the electric force for 
those cases in which the ratio of the electric force, X, to the 
pressure, p, is large. 

The conclusions which may be drawn from the determina¬ 
tions of the potentials required to start the discharges may 
be considered first. 

The generally accepted (S. Whitehead, 4 Dielectric Pheno¬ 
mena, Electrical Discharge in Gases,’ and W. 0. Shumann 
4 Electrische Durchbruckfeidstarke von Gasen’) theory 
is that given by Townsend. In- this theory it is assumed 
that both electrons and positive ions generate others by 
collision with molecules of the gas, and that these two 
processes are predominant when the pressure of the gas is 
greater than that corresponding to the minimum sparking 
potential. 

This theory gives a satisfactory explanation of the dis¬ 
charges between parallel plate electrodes and the corona 
discharges and shows that they are produced by the same 
processes of ionization. The results of experiments on 
discharges between concentric cylinders in diatomic gases 
were used to show that the effect of positive ions in setting 
free electrons from the negative electrode is negligible at the 
larger pressures. This conclusion may be extended to the pro¬ 
perties of monatomic gases by considering the curves for the 
positive and negative discharges obtained tor helium and neon. 

The potentials required to start the discharges in pure 
helium for the wire of 1*65 mm. diameter are given by the 
curves of fig. 3 *, where the ordinates represent the 

* It was necessary at one stage in the experiments to open the 
cylinder with the wire 1 *65 mm. diameter and to replace the wire by 
another of the same diameter. Points given by both wires are shown in 
the curves of fig. a, those marked with arrows corresponding to the first 
wire. It is evident that both wires give points in good agreement. 
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potential difference between the wire and cylinder in volts, 
and the abscisssethe pressure in millimetres of mercury. 

Curve 1 gives the potentials with the wire positive 
and curve 2 with the wire negative. In fig. 4 the cor¬ 
responding curves are given for pure neon. It can be seen 
that the curves for the discharges with the wire positive 
and those for the wire negative cross; at the higher pressures 
the positive discharge is obtained with a smaller potential 
than the negative. 

This is of theoretical importance in determining the 
method by which positive ions produce new ions. By an 
extension of Townsend’s continuity theorem (Townsend, 
€ Electricity in Gases/ p. 428), it may bo shown that if the 
discharge were maintained by the action of electrons in 
ionizing the molecules of the gas by collision, and of the 
positive ions in liberating electrons from the negative 
electrode, the following condition must be satisfied :— 




( 1 ) 


where u is the average number of molecules ionized by 
an electron in moving 1 cm. in the direction of the 
electric force yn the ilumber of electrons set free from 
the cathode by a number n of positive ions impinging on it 
(y may be supposed to depond on the velocity of impact), 
S the distance in centimetres between the electrodes, and a? 
the distance along the path of the discharge measured in 
centimetres from the negative electrode. 

This expression may be applied to the case in which the 
electrodes are concentric cylinders of the type under con¬ 
sideration. The value of the integral f otdx is approxi- 

J o 

mately the same when the integration is taken from the 
wire to the cylinder as when taken from the cylinder to 
the wire, but may be slightly greater in the former case. 
Thus when the field is reversod this term is practically 
unchanged. 

If 7 were independent of the velocity of impact of the 
positive ions on the negative electrode, the positive and 
negative discharges should start with the same electromotive 
force between the wire and cylinder. If y depended on the 
velocity of impact of the positive ions, it would be greater 
in the negative discharge than in the positive owing to the 
large value of the force near the wire compared with that 
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near the cylinder. The negative discharge would then be 
started with a smaller force than the positive. 

These conclusions are contrary to the results obtained 
experimentally. The curves in tigs. 3 and 4 show that at 
the larger pressures the positive discharge is obtained with 
smaller potentials than the negative. This occurs both ill 
helium and in neon, but is more pronounced in the latter. 
In helium at a pressure of 30 mm. the positive discharge 
starts with a potential of 290 volts between the wire and the 
cylinder, and the negative with 320 volts. In neon at the 
same pressure the positive discharge is obtained with a 
potential of 140 volts, and the negative with 290 volts. In 
view of these results it is clear that the discharges cannot be 
explained on the hypothesis that the current is maintained 
by the ionization of the molecules of the gas by electrons 
combined with the liberation of electrons from the negative 
electrode by the action of positive ions. 

6. It was found by leaving gas in the apparatus that the 
presence of an impurity produced considerable variations'in 
its conductivity. The effect of impurity in helium is shown 
in fig. 5, where curves for the potentials required to start 
positive discharges with the wire 2 mm. in diameter for 
pure and impure helium are compared. Curve 1 is for pure 
and curve 2 is for impure helium. 

At the higher pressures the potentials required to start 
the discharge are greater in the pure than in the impure gas, 
while at the lower pressures an impurity has the opposite 
effect. A similar effect was obtained for the negative' 
discharges. 

For positive discharges in neon the starting potentials 
were greater for the impure than the pure gas at all 
pressures, but in negative discharges the potentials were 
affected in a manner similar to those in helium. 

When the potentials were the same as those given in 
curve 1 (fig. 5) the spectrum as shown by the electrodeless 
discharge was that of the pure gas, but when those corre¬ 
sponding to curve 2 (fig. 5) the spectrum indicated the 
presence of impurities. 

The spectrum of the impurities formed a continuous back¬ 
ground to the characteristic lines of the pure gas, both in 
helium and in neon. 

7. It is a well-known property of the discharges between 
coaxial cylinders, that the force X x at the surface e£ the 
inner cylinder necessary to start the discharge is independent 
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of the diameter of the outer cylinder, provided the latter 
exceeds a certain value, depending on the pressure of the 

gas ; # 

This indicates that the space in which the ions are gener¬ 
ated does not extend beyond a certain distance c from the 
wire, and that ions are not generated by collision when the 

force is less than c i 0 gA/a’ w ^ ere ^ tiie potential differ¬ 
ence between the electrodes and A and a the diameters of 


Fig. 5. 



Pressure in millimetres of mercury. 


the outer and inner cylinders. In these circumstances it 
may be shown theoretically (Townsend, loc. cit. p. 367) that 
the quantity aXi depends only on the product axy, where 
a and Xt have the meanings given them above and p is the 
pressure of the gas. This is confirmed experimentally by 
comparing the values of axXi for a given value of a x p 
for discharges obtained with wires of different diameters. 

When aXi is expressed graphically as a function of ap, 
the points obtained from the experiments with the two wires 
lie on the same curve. 

The curves 1 and 2 in fig. 6 are for helium, curve 1 for 
the positive and curve 2 for the negative discharge, the 
ordinates being the values of aX 3 and the abscissae those 
of ap. The points given by the wire of 1 mm. diameter are 



730 Mr. L. G. H. Huxley on the 

indicated by crosses, and those by the wire of 2 mm* diameter 
by circles. 

The corresponding curves for neon are shown in fig. 7. 
For the larger pressures, the value of aX x obtained with 
wire of 1*65 mm. diameter are the same as those obtained 
with the 2 mm. wire, and the points lie on the same curve. 
As the pressure is reduced the ionization extends further into 
the space between the electrodes and eventually touches the 


Fig. G. 



outer cylinder. For a given value of X/p the quantity c is 
proportional to a> and it follows that the ionization will have 
extended, to the outer cylinder in the apparatus with the 
2 mm. wire, at a higher pressure than in the apparatus with 
the wire 1*65 mm. diameter. 

This is shown by the curves where the values of aX* are 
greater at the lower pressures for the larger wire than for 
the smaller, with the exception of curve 1 for the positive 
discharge in neon. 
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8. The velocities of the positive ions in the direction of 
the electric force were found from measurements of the 
currents which are maintained between a wire and a cylinder 
by potentials greater than those required to start the 
discharge. 

The following equations given by Townsend (Phil. Mag., 
July 1914, p. 83) connect the currents with the potentials 
required to maintain them :— 


- V V) ‘os A /“= (’+«)*-1+‘»s (TW+I 


and 


0 = 


2IA S 

wa%” 


(2) 

(3) 


Vie. 7. 



where I is the current per unit length of the wire, v the 
potential required to maintain the current, V the potential 
required to start the discharge, A and a the radii of the 
cylinder and the wire, t^Z the velocity in centimetres per second 
of the ions in the direction of the electric force Z, Z x the 
force at the surface of the wire, the currents, potentials, and 
forces being expressed in electrostatic units. 
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The equations (2) and (3) serve to determine w from 
measurements t\ V, and I. 

Equation (2) is represented by the curve in fig. 8, where 
the ordinates are the values of 6 and the abscissae the values 
(y—Y) log A/a. Having determined the quantities r, V, 
and I, 0is obtained from the curve, and?i> from equation (2 )l 


Fig. 8. 
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It was found impossible to measure the velocities of the 
negative ions in helium and neon by this method, owing to 
the formation of a cathode fall of potential at the wire, 
making the discharge disruptive. 

| |In Table I. a series of potentials and currents with the 
corresponding values of w is given for helium at 57 mm. 
pressure, the diameter of the wire being 2 mm. 

There is good agreement between the numbers found for 
w for different currents. 

The mean values of w for pressures above 30 mm., 
obtained from experiments made with the two wires, are 
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given in Table II. The values of the product wp are also 
given. 


Table I. 


V. 

ixio-. 

'l 

w x 10“ 6 . 

1*33 

0 


1*37 

3-3 

104 ; 

1-39 

101 

1*09 

1-41 

13*9 

1*06 

1*43 

19*3 

1 14 ! 

1*47 

25*4 

1*03 

1*49 

20-2 

1*04 


Table II. 


Wire 1*05 nun. diameter. 

Wire 2 nun. diameter. 

Pressure p 
in mm. 
of mercury. 

v’X 10 

tup X 10"| 

Pressure^. 

wx 10 

«yxl0- a . 

93 . 

174 

i 

(i-9 

67 . 

•95 

6-4 

80 

•85 

0*8 

57 . 

1*1 

6*3 

77 . 

•87 

' 

0*7 

50 . 

1-2 

6*0 

53 . 

1*3 

fi-9 

39 . 

1*9 

7*4 

43. 

1*6 

IV9 

30 . 

2*5 

7*5 

29 . 

i 

2*6 

75 


1 



Since wp is constant, for the larger pressures the velocity 
W of a positive ion in the direction of the electric force is 
given by the formula W = />X/p, where h is a constant equal 
to 2-27 X 10~ 4 when X is in volts per centimetre, and p in 
millimetres of mercury. This formula is applicable when 
X/p is less than 2*5. According to this formula the velocity 
of the positive ions in helium at 760 mm. pressure under 
a force of one volt per centimetre would be 30 centimetres 
per second, if the mass of the ion were the same at 760 mm. 
pressure as at 50 mm. pressure. 

The velocities for larger values of X/p are obtained from 
the experiments with pressures less than about 30 mm. 

At these pressures the values of w for a given pressure 
increase with the current and therefore also with the force. 
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The results obtained at pressures of 20 and 15 mm. are given 
in Table III. The diameter of the wire was 2 mm. 


Table III. 



Pressure 20 mm. 

Pressure 15 mm. 

T. 

1x10--. 

wxllH. 

wp X10“ fi . 

1 

j v. 

ixio- s . 

wxlO- 5 . 

wp x 10“ e . 

*833 

0 



•757 

0 



*853 1 

8-35 

3-3 

6*6 

•777 

975 

0*2 

9-3 

*880 

28*6 

3*9 

7-8 

■790 

41*2 

11-3 

16-7 

•897 J 

36 

rr] j 

10-2 


i 


1 


In these eases w increases with the electric force. 

At pressures less than 12 mm. the current increases so 
rapidly with increase of voltage that the discharge becomes 
disruptive and w cannot be found. 

Thus with the large values of X/p, W may be represented 
by the formula 

W =-■ bX/p, where h increases with X/p. 

In neon there was no range of values of X/p for which h 
was constant, as in helium. Over the whole range of 
pressures h increased with X/p. This is illustrated in 
Table IV., where v, I, to are given for neon at 82 mm; 
pressure, with the wire of 1*65 mm. diameter. 

Table IV. 


V. 

ixio- 2 . 

c XK)- 0 . 

•015 

0 


•017 

2-0 

•46 

•743 

6*4 

•56 

•773 

10*5 

103 

•807 

10 

1-4 

•827 

31*6 



The experimental results are most conveniently expressed 
by a carve giving the velocity W as a function of X/p. 
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In order to evaluate X/p it is necessary to consider the 
distribution of the field between the electrodes while a 
current is passing. It may be shown that the radial force 
Z at the distance r centimetres from the axis is given by 
the equation 


Z 2 


a % 2 

r 2 



With the larger currents the value of Z is nearly constant 
for the larger values of r, and since the most effective part 


Fig. 9. 
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Curve giving the velocities W 7 of the 
positive ions in the direction of the 
~ electric force X, for various values of xjp 0 
W in centimetres per second. 
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of f the space charge is that near the surface of the outer 
cylinder, the mean value of Z over this space may be taken 
as the force at r = 1*5 cm. 

The curve in fig. 9 gives W as a function of X/p for 
helium, while that in fig. 10 is the corresponding curve 
for neon. 

The ordinates have the values W x 10~®, and the abscissae 
the values of X/p, X being in volts per centimetre, p in 
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millimetres of mercury, and W the velocity of the positive 
ions in centimetres per second. The points marked with 
a cross were given by the wire of 1*65 mm. diameter and 
those marked with a circle by the 2 mm. wire. 

In both gases Wp/X increases with X/p. 

The simplest theoretical formula for the velocity W of an' 
ion in the direction of electric force is of the form 



where g is a constant, e and m the charge and mass of the 
ion, l its mean free path, and n its velocity of agitation. 



Since u does not decrease, the large increase of W^witli 
X//> must be due to an increase in the mean free path L 
The molecules of helium and neon show, then, towards 
positive ions of certain velocities large reductions in the 
effective diameter, analogous to those obtained in the study 
of the velocities of electrons. For the value X/p=s2, the 
velocity of the positive ions is 1*05 x10 5 in neon, and 
*5 X10 6 in helium. Thus the mean free paths in neon 
are about five times the mean free paths in helium. The 
corresponding result for electrons is shown by the tables for 
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the values of the mean free paths obtained with small 
velocities by Townsend and Bailey Motion of Electrons in 
Gases,’ University Press, Oxford). The mean free path of 
electrons moving with a velocity 6 x 10* cm. per second in 
neon at 1 mm. pressure is *21 cm. and in helium *048 cm. 

9. It cannot be assumed as an objection to the hypothesis 
of the ionization of molecules of a gas by collision with 
positive ions, that positive ions cannot acquire sufficient 
energy to ionize molecules. In view of the fact that both in 
helium and neon the positive ions can have long free paths 
and can acquire comparatively large energies, it is necessary 
when proposing a theory of electrical discharges in gases to 
consider ionization of molecules by impact with positive ions, 
as a possible process by which new ions may be generated. 

I wish to conclude by expressing my gratitude to Pro- 
fessor Townsend for his constant assistance and inspiration 
throughout the course of the investigation. 

Note. —A variation in the mean free paths of positive ions 
in Helium has been found by Dempster *. The ions were 
liberated from a hot electrode and possessed greater energies 
than those occurring in the above experiments. 


LXXVI. Chemical Dynamics in a Rigidly Coherent Phase . 
By D. H. Banc.ham, M. AD.Sc. +i 

T HIS paper is an attempt to interpret the observation 
of Bangham and Burt t that the rate at which sorption 
of gases takes place at a surface of glass is given in the 
early stages of process by an equation of the form 

$ = constant x t l,n \ 
ds 


dt 


(1—1/mi) x + 


(i) 


Here 8 is the amount of gas accepted by the solid at time 
and m a constant greater than unity. 

In the sequel it was found that this behaviour is not 
peculiar to glass (as an absorbent), or even to vitreous bodies 
in general, but that it is also met with in cases of sorption 

* A. J. Dempster, Ph,l>., “ The Passage of Positively-charged Particles 
through Helium/’ Phil. Mag., Jan. 1927, p. 116. 
t Communicated by the Author 
t Proc. Roy. Soc. A, cv. p. 481 (1924). 
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by a whole variety of crystalline and semi-crystalline solids. 
A similar form of equation applies equally well to the taking 
up of iodine by charcoal *, of ammonia gas by carborundum 
powder *and sapphire f, and of oxygen by “ activated 
graphite 

The failure to approach anything like an equilibrium is 
not in all cases surprising, since it is well known that the 
superficial coating of a solid with a layer of adsorbed 
molecules—a process requiring only a short time for its 
completion—is often accompanied by the slow diffusion of 
the molecules into the interior. There is ample evidence 
that molecules of water can be gained or lost by the layers 
of glass that arc beneath the surface, and there is little 
difficulty in crediting ammonia with the same power of 
penetrating a glass surface and participating in the chemical 
equilibrium in the interior. The other cases—those in 
which the sorbent is crystalline—are less readily explained. 
Yet the rejection of the diffusion hypothesis for the latter 
class rests less on the qualitative behaviour of the individual 
members than on the impossibility of reconciling equation 
(1)—established by measurements of some accuracy—with 
the ordinary theory of diffusion §. 

After several attempts to formulate a theory that would 
lead to a dynamical equation in harmony with the experi¬ 
mental results, the author was led to examine the literature 
for data hearing on the rate of progress of other, and 
completely different, physical and chemical changes taking 
place in solid substances. Here he was more successful, for 
it soon became apparent that the u power 99 time-law is the 
rule rather than the exception where changes taking place 
in the solid phase are concerned—a fact not generally 
recognized ||. In coining to this conclusion the author has 
been aided, not only by the data of those workers who have 
definitely set out to measure the time-changes, but also of 
many others who, having noticed a steady drift in the 
properties of the substances they were using, have observed 
and recorded its rate. It has frequently been assumed that 
this drift was following an exponential course, so that 
equilibrium or steady values could be calculated on the basis 

* McBain and Davis. Trans. Faraday Soc. xiv. p. 202 (1919). 

t Private communication from Mr. J. B. M. Herbert. 

t Bangham and Stafford, .), C. S. cxxvii. p. 1085 (1925). 

5 Bangham and Sever, Phil. Mag. xlix. p. 935 (1926). 

|| The term “ solid ” where used in this paper is intended to include 
non-crystalline bodies in which the thermal motions of the atoms are 
vibratory, not translatioual. 
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that, the rate of progress was proportional to the distance 
from completion ; but a wide survey of the subject leaves 
a strong impression that the number of exponential terms 
required to fit the experimental observations is often limited 
only by the range and accuracy of the latter. While the 
discussion below is confined to simple types of change which 
have been examined in sufficient detail to establish definitely 
the power 99 type of time-law in their case, there are in 
fact countless others which, though less unequivocal, are 
quite consistent wilh a time-law of this type *. This gener¬ 
ality is important since, together with the fact that typical 
liquids do not show a parallel behaviour (except perhaps in 
one or two cases of surface effects), it indicates the direction 
in which we are to seek an explanation of the law in question. 
As the surface layers of liquids are known to contain mole¬ 
cules in a definite condition of orientation, we may suppose 
the same causes to be operative here as in the case of solids. 

The Non-validity of the Law of Viscous Plow 
in the Case o f Solids. 

The rate of deformation under steady loads of a large 
number of solid substances have been examined by Trouton 
and Uankine f, Larard $, Phillips §, and others. The general 
results of the authors named may be summed up in the 
statement that the strain (x) and the time (f) (reckoned 
from the moment of application of the steady stress) were 
found to be related by an equation of the form 

x — a + b log t 9 

.( 2 ) 

where a and b are constants. This law which, as Trouton 
points out, is at complete variance with all established 
theories, holds with considerable accuracy for such widely 
different substances as copper, silver, lead, steel, glass, and 
imiiar ubber. 

* For example : The phenomenon of photo-electric f digue investigated 
by Hallwadis, II. S. Allen (Proc. Hoy. Soc. A, lxxviii. p. J83, 1007; 
A, cxxxii. p. 161, 1909), Pochettino (Atti dot. Lincei , xv. p. 171, 1900), 
and many others; the variation of capacities of lead accumulators during 
charging (see, for example, Elazelett, Trans. Amer. Electrochem. Soc. 
xxxiii. p. 95, 1909); the time-variation of the resistance of selenium 
on exposure to light (Brown, Phys. llev* xxxiii. p. 410, 1911, and later 
papers). 

t Trouton and Rankine, Phil, Mag. viii. p. 538 (1904). 
t Larard, Proc. Phys. Soc. London, xxv. p. 83 (1912b 
§ Philips. Proc. Phys. Soc. London, xix. p. 491 (1903). 

3 B 2 
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Nutting*, on the other hand, suggests as the form of 
empirical equation most widely applicable 

.v = constant x t l /w , 

-fx <-«-!/») oc .(>3) 

(ZC 

where n is a constant greater than unity. 

For reasons which will appear, it is the diflerential forms 
of these equations which are all-important. It is seen at 
once that differential equation (2) is but a special case of 
Nutting's differential equation (3), in which n is infinite. It 
follows that, while any series of observations which shows 
agreement with equation (2) must also be consistent with 
Nutting’s differential equation (3), the converse holds only 
when 7i is very great. For example, equation (3) in its 
integrated form represents with great accuracy the data 
of Trouton and Andrews + for the twist suffered by rods of 
pitch (at room temperature) at different times after the 
application of a constant torque. It is worth}' of notd that 
Trouton’s own equation gives very poor agreement in this 
instance, even if a constant term is added to the expression 
for the rate, to take into account the possibility of ordinary 
viscous flow (that is, flow taking place without elastic 
storage of energy). 

The Behaviour of Dielectrics . 

When a potential difference is set up and maintained 
constant between a pair of electrodes in contact with the 
two sides of a plate of dielectric or poorly-conducting 
material, the observed current (initially relatively great) 
gradually decays until, at least in certain cases, it ultimately 
approaches zero. If the external E.M.F. is removed and 
the electrodes short-circuited, a current in the opposite sense 
makes its appearance and falls off’ to zero as time goes on. 
These effects are more noticeable in more obviously hetero¬ 
geneous bodies ; and in order to reconcile with them the 
accepted theory of dielectrics (according to which an imme¬ 
diate electric displacement depending on the material should 
be followed by a steady current proportional to its conduc¬ 
tivity), Maxwell supposed the presence in the dielectric 
of the phases characterized by different specific inductive 

* P. G, Nutting, Journ. Franklin Inst cxcii. p. 679 (1921). 

t Trouton and Andrews, Proc. Phys. Soc. London, xix. p. 47 (1904): 
Bill. Mag. vii. p. 347 (1904). ’ P * } * 
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capacities. He considered that the energy used in forcing 
the current through the dielectric was not wholly degraded 
into heat, but was used in doing work against the elastic 
forces of the solid by causing a relative motion of the two 
phases. The anomalous discharge current he attributed to 
gradual return to the original stale brought about by the 
agency of these elastic forces. 

Maxwell's theory led him to an exponential expression for 
the decay with time of the discharge current. If i 0 be the 
discharge current immediately the electrodes are short- 
circuited, and i t its value t minutes afterwards, then 
according to Maxwell, 

** = *>-*',.O) 

where h is a constant. 

It has been abundantly proved that neither the discharge 
nor the (‘barging current, decays in accordance with this 
equation. Trouton and Russ * and also H. A. Wilson t have 
found that the discharge-current was practically proportional 
to t ~ J (r/. equation (2)), while,according toSchweidler J, the 
decay of the charging current can in general be represented 
equation (cf. (3)) above for plastic deformation. 

i t = constant X r r ,.(5) 

where r is a positive constant often closely approaching 
unity. 


The Chemical Character of the Changes Considered . 

An explanation of the power time-law must clearly be 
sought in the chemical forces which are the primary cause of 
rigid cohesion. The response of any rigid body to external 
mechanical forces—for instance, the stretching or bending of 
a wire or piece of iudiarubber—must, in so far as it involves 
changed mutual relationships between the constituent atoms, 
be termed a chemical reaction. The same applies when a 
plate of insulating material is placed between charged 
electrodes, and when a photo-active substance such as 
selenium is exposed to light. In all these cases there is a 
well-marked drift in the properties of the solid, the extent, of 
which depends on the time for which the disturbing influence 
is maintained. 

To sum up, there is abundant evidence that solids, even of 

* Trouton and Buss, Proe. Phys. Soc. London, xx. p. 561 (1906). 

t H. A. Wilson, Proc. Roy. Hoc. A, lxxxii. p. 409 (1909). 

t Hchweidler, Ann. Pht/sik , xxiv. p. 711 ^1907). 
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the simplest chemical types, have an inner complexity of 
structure, rendering the attainment of a reproducible mini¬ 
mum potential energy a matter of extreme practical difficulty 
in their case*. For solids and liquids alike, the well-known 
theory of Smits f accounts for this complexity in terms of 
the different energy states in which the simplest chemical 
unit can exist, such states being often only slowly mutually 
convertible. In Smits’s nomenclature an ideal solid—in the 
sense of the ordinary theory of elasticity—should be classed 
as an u unary ” system, since it attains a new equilibrium 
immediately on application of a steady load. A body 
showing “ creep , 19 on the other hand, must be at least 
“ pseudo-binary," the drift of properties measuring the 
rate of a slow change of the fundamental chemical unit 
from one energy state to another, while the “elastic after- 
working^ effect which often manifests itself on removal of 
the load finds a ready explanation in the setting-in of the 
reverse reaction. 

Whatever may be the nature and size of the chemical 
units in terms of which the macroscopic change is ultimately 
expressible, the certainty that in coherent solids the rate of 
reaction does not depend on their chance encounters is 
sufficient to justify its formulation as a unimolecular reaction 
>A 2 . The only assumption made here is that similar 
changes of configuration are undergone by a large number 
of leptonic units J, each of which is sufficiently small (as 
compared with the parent body) to permit application of 
the usual statistical principles. 

The empirical expressions (2) and (3) above are alike in 
taking no cognisance of any limit to the extent of the change 
as t approaches infinity ; and it follows that the rate can be 
governed neither by the nearness of approach to equilibrium 

* Cf., for instance, Lewis and Randall, * Thermodynamics ’ (McGraw- 
Hill Rook Co., 19L\‘3). 

t Smits, ‘ Theory of Allotropy’ (English translation, Longmans, 

t This assumption is at least justified in the special case of india- 
rubber, a substance which, as already mentioned, undergoes slow deform¬ 
ation in accordance with a time-law of the power ” type. Katz 
(Kolloid-Z. xxxvi. p. *100, 1925) has shown by the X-ray method that, 
when rubber is stretched, a strongly-marked crystalline structure is 
developed which disappears gradually on releasing the tension. An 
investigation of this phenomenon by Hauser and Mark has revealed that 
the amount of crystalline material is increased, not by the growth of old 
crystallites, but by the continuous formation of new ones (Hauser and 
Mark, KolL Chem. Beth, xxiii. p. 64, 1926; Amhronn Festschrift, lxiii. 

W. L Bragg, Chemical Society Annual Reports, xxiii. p. 277, 

1926i) 
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(setting-in of the reverse reaction), nor by the falling-off in 
the concentration of the reactant species. The explanation 
of its decay may well lie, however, in the circumstance that 
the chemical units are not independent molecules, but are 
structurally bound to their neighbours. Since each unit is 
subject to forces which balance its own external field, it 
follows that the occurrence of catastrophic change of con¬ 
figuration on the part of any one group of atoms must have 
the effect of placing the others in its vicinity under a 
mechanical stress, which is only balanced when the elastic 
properties of the body as a whole are called into play. The 
forces knitting the groups of atoms together must therefore 
vary as the reaction proceeds ; and since this force determines 
the chance that any given group will undergo change of 
configuration, the decay in the reaction rate becomes 
explicable on these lines*. 

Making use of the fact that the forces binding the atomic 
groups, though chemical in origin, are expressible (in so far 
as their generalized effects are concerned) in terms of 
mechanical stresses, the above theory is capable of quanti¬ 
tative expression in cases where the solid body is originally 
isotropic, and the disturbing influence is such as to permit it 
to remain so. 

It is assumed that the initial and final stages A u A 2 of the 
chemical unit A are characterized by volumes V„ v„ which 
are independent of the stress within the solid, and of the 
external pressure. To take into account the fact that transi¬ 
tion from state Ax to A 2 is possible only to groups which 
possess sufficient thermal energy of vibration to render them 
partially detached from their neighbours, we shall postulate 
also the transitory existence of an ‘‘activated” state Aa, the 
characteristic volume Va of which far exceeds the average 
volume of the reactant species A 3 . From this activated 
condition the group may relapse into either of the configur¬ 
ations A x , A 2 , the relative probabilities of these events 
depending only on the inner structure of the group. During 
tfie progress of the undirectional change the relations 
between the three states A 1% Aa, A 2 may then be summarized 
thus : 

Ax t—— Aa—►A j. 

* It i« possible that the increased hardness characteristic of strained 
solids is connected with this increase in the force restraining the thermal 
movements of constituent units. Since it appears in vitreous as well as 
in crystalline solids, it cannot be due entirely to distortion of glide- 
planes. 
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If II be the pressure with which the rigid framework as a 
whole opposes the expansion of any individual group of 
atoms, the work which must be done in the process of acti¬ 
vation is II(Ya — Vi), and the rate of change, being deter¬ 
mined by the probability of activation, should be proportional 

to A 1 if the number of A 2 groups remains sensibly 

constant. A comparison of this result with the two alter¬ 
native empirical expressions for the rate (2 'and 3 above) 
now tells us how the internal stress II varies with the 
“ strain ” or extent of the reaction. 

It is seen at once that Trouton’s equation (2) is satisfied 
if 

ss constant,.(6) 

ax 

implying a sort of extension of Hooke’s law to the conditions 
within the solid. 

Nutting’s equation (3), on the other hand, requires that 
the relation between II and x should take the form 

# 

a-constant.(7) 

a log x 


From the theoretical standpoint the form of this last 
equation is not altogether surprising, as the following 
discussion may serve to demonstrate. Suppose a solid body 
composed of the fundamental unit A to be undergoing 
compression under a constant hydrostatic pressure, which 
is causing reaction A 1 ~>A 2 to take place. Let the change 
be still in progress when the fraction y of the groups of 
atoms are in the more compact configuration A 3 . The 
further increase ol y to (y -r dy) is accompanied by an increase 
d¥ in the external pressure which the body as a whole can 
withstand without further change ; and the same applies to a 
block of atom-groups chosen in the interior of the solid, in 
regard to the pressure exerted by the rigid envelope sur¬ 
rounding it. The relation of rfP to dy is given by the 
thermodynamic equation expressing the effect of pressuxe on 


the reaction constant K, which is here equal to , ^ : 

1 —y 

m RT ,. v 


r- 


y 


( 8 ) 


Daring the slower stages of the reaction the solid may be 
conceived as passing through a continuous series of false 
equilibria, in each of which the external pressure is opposed 
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partly by an active restoring force, and partly by a passive 
resistance due to internal stress, which opposes change in 
either direction. The permanence of each equilibrium state 
is destroyed, however, by the fortuitous internal property of 
the atom-groups which enables them, under certain con¬ 
ditions, to change their configuration. As the reaction 
proceeds, the active restoring force gradually decays, and 
the body loses to an increasing extent its power of immediate 
recovery, though its power of ultimate recovery remains 
unimpaired. 

On this basis, as y increases to (t/-f dy), some estimate of 
the change in the stress due to rigid cohesion should be 
gained by considering it equal to the accompanying change 
in an imaginary force-system capable of holding the existing 
chemical systems, before and after the change dy , in equi¬ 
librium with the constant external pressure. But this has 
been shown above to be equivalent simply to a negative 
decrease, that is, a positive increase, of pressure dP. 

In the range where y is small compared with unity, the 
variation of (1—-y) is negligibly small compared with that 
of y , and substituting rill for rfP, we have, as an approxi¬ 
mation valid within this range, 

TiT 

dn=~ v^iogy .(9) 

The strain x is proportional, not to y itself, but to the 
increment ( y —y 0 ), reckoned from an original value ?/ 0 , which 
characterizes the unstressed solid. The relation (9) therefore 
reproduces the form of (7) above, provided y is always great 
compared with y 0 ; that is, provided the amount of the 
resultant species A 2 produced by the disturbing influence 
far exceeds that present in the original solid. 

While not providing a derivation of the “ power ” time-law 
in any instance in which it has been found actually to hold, 
the above offers at least a partial explanation of the law, if 
it be supposed that II is independent of the nature of the 
disturbing influence, and dependent only on the degree of 
the disturbance. 

_ EL (Va—V ) 

The rate of change being proportional to BT 1 and 
dy to d.v, the suggested significance of the index constant n 
is arrived at by using equations (3) and (9). We get 



It should therefore be nearly independent of the temperature. 
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Such experimental evidence as is available appears to support 
this conclusion *. 

A New Aspect of the Sorption Problem. 

The difficulty commonly experienced in realizing complete 
equilibrium in sorption experiments is not necessarily due to 
the occurrence of diffusion ; if the sorption follows the 
u power ” time-law, it is to be inferred that the atomic 
groups forming the rigid framework of the sorbent are 
unable in their “ average ” condition to combine with gas 
molecules, but they require first to be activated at the 
expense of work done against the forces binding them. 
Those atomic groups which have entered into combination 
with gas molecules are in a configuration different from the 
remainder, and the change they have undergone imposes a 
stress on the rigid framework which surrounds them. That 
a porous sorbent like charcoal is actually distended in the 
process has recently been confirmed by the interesting 
experiments carried out by Meehan f at the Building 
Research Station, Garston. A very similar effect, the 
change of volume accompanying ionic exchange and vari¬ 
ation of water-content of the zeolites, has been somewhat 
more fully investigated J. 

The extension of Langmuir’s well-known “ chemical 99 
theory of sorption to such generally active sorbents as 
charcoal requires that the ultimate chemical units of these 
substances should bo characterized by extreme reactivity. 
This activity may be almost completely masked, however, 
when the units are rigidly bound together ; a parallel be¬ 
haviour is shown by those metallic oxides which, by high- 
temperature ignition, are made to lose their power of 
rehydration. These oxides are strong sorbents of water, but 

* It will perhaps bear emphasis that the above considerations apply 
only to tne slow “creep” following the disturbance of a solid, and not 
to the initial disturbance itself. . The wide application of the “power” 
time-equation in its integrated form is partly connected with the fact 
that as long as n is fairly great, the linearity of the graph ori which the 
logarithms of the variables are plotted is but little affected by adding 
constants (within limits) to the variable representing the extent of the 
change. Since the instantaneous effects earlier referred to would give rise 
to such constants, which may alter considerably the slope of the loga¬ 
rithmic graph, it follows that conclusions based on this method of 
determining the index may be widely in error. 

, t Proc. Roy. Soc. A, cxV. p. 199 (1927). 

t Gh Schuitze, Zeitsehr. f. Phy #. Ghent . lxxxix. p. 168 (1915) and 
subsequent papers. 
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the reaction is retarded to such an extent by the forces of 
rigid cohesion as to be practical I v arrested. 

A sorbent is normally prepared by driving out the volatile 
matter from a substance originally mechanically rigid. This 
being carried out well below the sintering-point o£ the 
residue, the latter, though somewhat shrunken, may be 
freely permeable to gas molecules. A rough calculation 
from X-ray data indicates that even the lattices of certain 
crystalline solids, without having part of their structure 
removed by heat, contain lacumc large enough to permit 
small molecules to enter, imperfections in the crystal would 
render its interior even more accessible, and, to go to the 
extreme, it is clearly illogical to attempt to estimate the 
internal surface of substances like charcoal. 

Culling the gas molecule G and the initial, active, and 
final states of the sorbent atom-group A t , A a , A 2 respectively, 
our conception of the reaction may be formulated : 

AjT^Aa 5 A A + G—>A 2 G. 

Its rate decays with the building-up of a stress which 
makes it more and more* difficult for the A x groups to attain 
the activated state as the reaction proceeds. It is not, of 
course, contended that the a influence of this stress, rather 
than the accessibility of the gas molecules to a free surface, 
will invariably set a limit to the rare ; with certain types of 
solids, however,the conditions for accessibility and activation 
would be tantamount, since both require the partial detach¬ 
ment of the atom-group from its neighbours *. 

The mechanism described goes far to explain the hysterctic 
effects so common in sorption and occlusion phenomena. 
The behaviour of a particular sorbent will depend largely on 
whether or not its atom-groups are capable of losing their 
gas without reverting to the unreactive configuration. If 
this is the case, the sorption-value at a particular pressure 
will depend largely on the past history of the sorbent. 
Owing to the larger number of reactive groups present, the 
sorption will be greater if the “ equilibrium ” is approached 
from a higher than if from a lower pressure. Moreover, if 
the gas is removed by exhausting at a sufficiently low tem¬ 
perature, the sorbent, for the same reason, will appear more 
active on a second exposure to the gas. Removal of gas at 
high temperature, on the other hand, especially if followed 

* A very similar postulate forma the basis of a theory of contact 
catalysis recently advanced by II. S. Taylor. Taylor (Proc. Roy. Soc. 
A, cviii. p. 105, 1026) does not, however, require that the necessary 
degree of detachment should bo attainable by thermal oscillation. 
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by slow cooling, would permit the groups to revert to the 
unreactive form, with consequent loss of activity. All these 
effects are common phenomena in sorption work. 

Summary and Conclusions. 

The equations of the form 

,$ = constant X t l/m 

found empirically to govern in many cases the rate of the 
sorption process are not peculiar to this phenomena alone, 
but are somewhat widely applicable to the time-course of 
processes involving the disturbance of the “ inner equili¬ 
brium of solid substances (either by mechanical deforma¬ 
tion or by other physical or chemical means), provided the 
solid after disturbance remains rigidly coherent. It is 
shown that the rate of such a change may be limited 
by conditions which do not apply in a liquid reaction 
medium, and which are not concerned in any way with 
the distance of the reaction from completion. Owing 
to the incongruity of the initial and final stages of the 
groups of atoms undergoing transition, the partial occurence 
of the reaction disturbs the balance of elastic forces, and 
therefore influences the internal work that must be done 
before further groups of atoms can rearrange themselves. 

On the hypothesis that the condition for rearrangement 
is the momentary occupation by the groups of a volume 
considerably greater than the average, calculations are made 
of the mode of variation during the progress of the reaction 
of the force restraining their thermal movements. A tenta¬ 
tive explanation of the form of this variation is offered as an 
alternative to the linear variation required by an extension 
of Hooke’s law to the conditions in the interior of the solid. 
According to this the intensity of the internal stress set up 
by the partial occurrence of the reaction is given by the 
difference between the hydrostatic pressures with which the 
initial and actual states of the solid would be in complete 
equilibrium. On this basis it is shown that the index- 
constant of the power ” time-equation is given by the ratio 

V a -V 2 

Vt-V*' 

where (V A — V 9 ) is the difference of volume between the 
activated and final states of the atomic groups, and (Vx—V$) 
the difference between their initial and final volumes. 

Application of these ideas to the sorption problem provides 
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an immediate explanation of the dependence of the activity 
of the sorbent on its past history, and leads to a revised 
conception of the mutual relations of sorbent and sorbate in 
cases where the “ power 99 time-equation holds. The sorbed 
molecules are regarded as distending the rigidly coherent; 
structure of the sorbent, which consequently becomes stressed. 
This distension may occur even if the structure is a sufficiently 
open one to permit easy penetration by the gas molecules in 
their free state. 

TTnivorsity of Manchester and 
the Kjrvptian University. 


LXXVII. Sign Conventions applied to Flexing Problems . 

By YV. II. Brooks, B.Sc.(Kng .).* 

rpHE widespread lack of agreement respecting the sign 
JL conventions to bo applied to flexing problems in 
general, results in unfortunate confusion and recurring 
discussion, especially amongst students. 

Any convention may, of course, be arbitrarily chosen for 
any particular problem, and, if consistently applied through¬ 
out, will lead to correct results. When, however, certain 
fundamental equations are established by the adoption of 
different sign conventions for bending-moments, experience 
shows that confusion results from comparisons being made, 
and erroneous solutions may at first accrue. 

For example, the Clapeyron equation for a girder con¬ 
tinuous over spans l x and l 2 under distributed loading and 
w 2 per unit run respectively, and supported level at A, B, 
and 0, may be written 

M A li + 2 Mb(/i + h) + M c 4 ± i(Wi 8 + w 2 l 2 z ) = 0, 

according to the signs assumed for the moments at A, 
B, and 0. 

The writer of the present article ventures to suggest 
that, when applying rectangular coordinates to the solution 
of practical engineering problems, the well-established 
mathematical sign conventions shown in fig, 1 should be 
consistently used throughout, so that when considering any 
of the successive integrals : load, shearing-force, bending- 
moment, slope, and deflexion, an agreed criterion shall be 
available, to determine what sign to affix to the function 
considered. 


* Communicated by the Author. 
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Consider the case of a simply-supported horizontal beam 
under a distributed load as shown in fig. 2(a), in which at 
any point X the ordinate represents a load = w per unit 
length. 


Fig. 1. 



Clearly this loading will produce negative deflexion (//), 
as shown in fig. 2(<?), the form of which may be sketched, 
and from it the forms of the graphs ( d ), (<*), and (b) may be 
successively derived by applying the well-known relation s: 

Load (it) = E i0- 


Shearing-force (F) = j wdx = Ei. 

Bending-moment (M) = j F . dx = Ei ; 


Slope ( 0 ) 
Deflexion (y) 


i. e., 


dhj _ M 


dx* Ex' 

= !k! 

= j 6 . dx = | j ~ dx . t&r. 


As a mnemonic, these relations may be written in the 
form : 


w 



Having inferred the form of tjie deflexion graph—which 
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represents the form taken by the neutral axis for the given 
loading—any ordinate in fig. 2(d) may be readily derived 
from this curve. Thus tlie ordinate BC in tig. 2 (d) 


represents the positive slope ~ of the deflexion curve at A 
in fig. 2 (e). dx 

In like manner, any ordinate in fig. 2 (c) may be derived 
from consideration of the slope of the curve (cl). Thus the 


ordinate DE represents 


<W 

dx 


at C in fig. 2 (d). 



The slope of this latter curve, being positive at all points 
(except at the extremities, where it is zero for this case), 
shows that, when sagging occurs as shown in fig. 2 (e), the 
bending-moment has a positive sign. In other words, when 
the centre of curvature is above the neutral axis of the beam, 
the bending-moment is positive. Conversely, when the 
centre of curvature is below the neutral axis, the bending 
moment is negative, as may readily be deduced by inverting 
the curves of fig. 2. n 

Again, the slope at E 2 (c) is negative; hence 

the shearing-force represented by the ordinate EG in 
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fig. 2 ( b ) is negative. 


At E, in fig. 2 (c) 


is positive ; 


hence the ordinate FjGrj in fig. 2 (?>) is positive. 

Further, since the slope at all points of the 8.F. diagram 

7 pi 

is negative, and = to, downward loading as shown should 


be considered negative, which sign is also consistent with 
that of the deflexion it produces. 

If it be agreed, therefore, that the mathematical convention 
of signs should be consistently applied, the signs to be given 
to any of the functions shown in fig. 2 should not be 


Fig. 3. 



arbitrarily chosen. It will be seen that the criterion, 
“ sagging is produced by positive BM/’ does not depend 
upon a fixed origin ; the slope of any of the curves ( e), (d) f 
(c) of fig. 2 is not determined by the position of the origin 
from which x is taken, provided x is considered positive when 
taken to the right of a chosen origin, and negative when 
taken to the left , in accordance with the rule of signs, as 
shown in fig. 1. 

In fig 3 the convention is again applied to the case of an 
encastr£ beam, loaded as shown in fig. 3(a). Proceeding 
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as in the foregoing example, figs. 3(d), (c ), and (6) are 
successively derived from fig. 3 ( e), which is first inferred 
from the load diagram. In this case the fixing couples M l 
and M 3 send the centre of curvature below the beam, and 
consequently are considered as negative. The test should 
also be applied—when working from fig. 3(e) to fig. 3(b) — 

Fig. 4. 


Loads per unit run. 



that the slope of any curve is represented in sign and 
magnitude by the ordinate of the curve immediately above. 

Again, consider the case of a beam continuous over three 
supports A, B, and C at the same level, and loaded as shown 
in fig. 4 (a). Applying the mathematical sign convention 

Phil. Mag . S. 7. Yoh 5. No. 30. April 1928. 3 0 
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the equation giving Mb is 

M a *i 4- 2 M b (Zi + h) + -M ch + + w 2 l<?) = 0, 

assuming Mb is positive . 

The overhanging load to the left of A, results in a negative 
position for the centre of curvature of the beam at A. 
Similarly at C. Hence the bending-moment at A should be 
written 

Ma^— 2^ 2 and M c — 

Thus 

— ^w a a 2 l x +2Mb(*i + / 2 ) — + iiwxl*-\-w 2 l 2 s ) = 0, 

giving 

Mb= 4^7^77) { V'adHi + W' 2 / a — £ (iVi 3 + iv 2 li 3 ) } . 

When w a a 2 U+WbbH 2 = \(iOxlY + 10 ^ 2 ) * Mb = 0; i. e., the 
centre of curvature for the point B is at infinity. 

When w a €pl\ + iv t) b 2 L 2 < iC w \l i 3 4- w 2 Z 2 3 ), Mb is negative, 
showing that the centre of curvature is below the beam. 

When Waa?li + Wbb 2 l 2 > + M B is positive, 

showing that the centre of curvature is above the beam. 

In the special case a = 6 = c say, Z l = 4=^ say, and 
w a = w x = = Wb = w say, 

Mb == 0, negative or positive, according as 

2<; 2 =b l'\ < l 2 or > /* respectively. 

In sketching the graphs of fig. 4, it has been assumed that 

w a a 2 li 4- w h bH 2 < j4 8 4- w 2 l 2 2 ). 

In cases such as this, where the bending-moment over a 
support may be either positive or negative, it is important 
that an agreed criterion should be applied so as to determine 
whether the beam is sagging or hogging over the supports, 
otherwise erroneous values are likely, to be obtained for the 
reactions of the piers at these points. 

Thus, applying the sign conventions used in the foregoing, 
when Mb = 0, taking moments about B, clearly 

Ra*1 = 4“ 4- Wi ; 

RA=u>aa(l+ + 
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Similarly 

When Mg is negative, it is causing hogging at B, and 
therefore operating, as shown in fig. 5, on the left-hand 
portion of the beam. 



U Mr 


r a Rb 

For equilibrium, therefore, 

Ma+IiJ^w.a (/!+“)+«>, I*; 

\iiL = lV 0 a ^1 + tyj^) + 

Similarly 

R c=^(i + 4) +M, 4-t- 

When Mb is positive, it is causing sagging at B, and 

Fig. 6. 





' Ah 

'2r^r= r ?r-rr-er=?<?crt£r. 

r a- 

-ll-*T 


therefore operating as shown in fig. 6. Here, for equi¬ 
librium, 

\ ^ 2 

HjJri- w a a(^l+ 2^-4- W\ +Mb; 

Bi= Wa o(i+ “ 1 ) + Wl |, + ^ 

— . /- bi\ , Z, Mb 


Similarly 
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In all three cases, of course, 

R b ss ( w a a + w b h f wj l 4- w q l 2 ) ~ ( Ra + Re)* 

and may be alternately found and checked by taking moments 
about either A or 0. 

When a graphical construction is used for the purpose*of 
drawing the S.F. and B.M. diagrams for a given loading, a 
little consideration will show that, when the load-line is drawn 
to the left of the origin chosen for the polar diagram, the 
resulting funicular polyglon giving the B.M. diagram 
becomes inverted, because drawn from a negative base. 
This accounts for the reversal in sign often apparent between 
S.F. and B.M. diagrams. 

To avoid this inversion, clearly a positive base must be 
used in the polar diagram, so making 

F = at all points in the S.F. diagram. 


LXXVIII. A Simple Method for Determining the Orientation 
and Structure of Crystals with X-Rays . By W. E. Dawson, 
M.Sc.) Assistant for Physics , Technische Iloogeschool, Delft 
( Holland) *. 


L. PKELIMJNAKY DISCUSSION. 

fjPHE principal ob ject of the present experiments has been 
J the devising of a simple method for determining the 
orientation and structure of crystals showing no well- 
developed faces, such, for example, as crystal fragments and 
metal crystallites. 

For the purpose of defining the orientation, it is sufficient 
to define the directions of three non-parallel lines in the 
crystal, preferably the crystal axes, and to this end one 
may imagine the latter as radius vectors of a sphere, whose 
directions may then be given by the polar coordinates of 
their points of intersection with the surface. 

A photograph taken with a single crystal rotating in a 
Debye-Scherrer camera will have two axes of symmetry* 
perpendicular and parallel respectively to the axis of rotation. 
The photographic spots produced by the reflected pencils fall 
thus into groups of four, each group arising from a single 
set of reflecting planes in the crystal, and yielding sufficient 

♦ Communicated by Prof. A. I). Fokker, Ph.D. 
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data to determine the inclination o£ the normal to these 
planes to the axis of rotation. If, in addition, the structure 
of the crystal be known, so also are the angles between the 
various normals, but in no case can the azimuth of a normal, 
measured from an arbitrary plane containing the axis of 
rotation, be determined. 

In the case, then, of a rod containing several crystals of 
known structure, a Debye-Scherrer photograph is sufficient 
to determine the orientation of each with respect to an 
axis, but not the amount of its rotation about the latter. 
Their mutual orientations cannot thus be found unless 
separate exposmes be made with the crystal rotating about 
three non-parallel axes, which in view of the time demanded 
and the restrictions imposed on the specimen, is not very 
convenient. 

The present method has been devised to overcome this 
drawback, and is based upon the observation first made by 
Weissenberg* that, if the rotation of the crystal be accom¬ 
panied by a proportional movement of the recording film, 
the angle turned through by the crystal between successive 
reflexions may be obtained, and sufficient data are thus 
provided for determining uniquely the direction of the 
normal belonging to each set of.atomic reflecting planes, and 
hence also the orientation and space-lattice of the crystal. 

The arrangement used, which may also be called an X-ray 
goniometer, is depicted diagrammatically, though not to scale, 
in fig. 1. OA is the axis of rotation of a small crystal at C 
and of a wheel WHL. The latter bears against a photo¬ 
graphic plate holder PP, which is constrained to move along 
a straight line perpendicular to OA. Thus as the crystal 
and wheel rotate together, the recording plate suffers a 
proportionate tangential displacement. IC, the incident 
pencil of X-rays, is perpendicular both to the axis OA and 
plane of the plate. 

Let us suppose that OR is a reflected pencil of X-rays 
meeting the plate in R, and that CN is the normal to the set 
of atomic reflecting planes responsible for the reflexion. 
Let rj be the co-latitude of the normal measured from OA, 
and a its azimuth measured in the clockwise direction from 
the plane AOI (fig. 1) defined by the axis and the incident 
pencil. The direction of the normal is then defined by a 
and 17. 

The incident beam produced meets the plate in C', and 
the lines C'X and C'Y through C', parallel and perpendicular 

* K. Weissenberg, ZS.f. Fhys. xxiii. p. 229(1024). 
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respectively to the axis of rotation, may be taken, as axes 
of reference for the photographic spots. If, then, x and y are 


Fig. 1. 



cosy- 


y cos 0 
l ' tan 20 ’ 


, , x cot 0 

tan 20’ 

,r 2 + ?/ 2 = P . tan* 20, 


. . . . ( 1 ) 
. ... ( 2 ) 
.... (3) 


where l is the distance from crystal to plate, o! is the value 
of a when reflexion occurs, and 6 is the angle (measured 
from the reflecting plane) satisfying the Bragg reflexion 
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condition: viz., 

\*=2d . sin 0, 

in which X is the wave-length of the reflected X-rays, and 
d the spacing of the reflecting planes. 

(1) and (2) are not independent, and, eliminating a*, y , 
and l with the aid of (3), we obtain 



For given values of rj and 6, (4) gives four real values 
of a or none, according as 77 is greater or less than 6 . 
Reflexion is obviously impossible in this latter case. If 77 is 
greater than 0, and a' is the smallest positive value of « 
satisfying (4), then as the crystal rotates in the clockwise 
direction, successive reflexions will occur when the normal 
occupies positions determined respectively by the azimuths, 

f t , t O t 

a , 7T — a, 27 r —a. 

Suppose, now, that the crystal makes one complete revolu¬ 
tion. Two types of photograph are possible according to the 
initial position of the normal UN. These are shown in 
tigs. 2 a and 2 />, which correspond, respectively, to the 
patterns to be expected when the normal begins with an 
azimuth given by 

OL > OL> — OL . (5) 

or 7r — ol>ol>sl .(6) 

Inverted the same figures would correspond to the normal 
starting from the diametrically opposite positions, given 
respectively by 

tt + ct >a>7r —a'.(7) 

* and 27T— a! >a>7T-f a. ..... (8) 

The numbers indicate the order in which the reflexions 
occur when the plate moves in direction of the arrow. The 
upper and lower pairs correspond respectively to the 
azimuths Hba'and ±(tt —At r ). 

The distance S separating the upper or lovrer pair of 
spots is expressed either by 

S = 27rr— 2{ra l + x) . . . 

S = 2(r«' + #),. 


or 


. 0 ) 
. (10 
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depending upon the initial conditions, r, representing the 
linear displacement of the plate per unit angular displace¬ 
ment of the crystal, or otherwise the effective radius of the 
wheel WHL. The distance separating the upper pair is in 
either figure given either by (9) or (10), according as the 
initial azimuth of the normal to the reflecting planes lies 
within or without the region of a defined by the limits + 
The same is also true of the lower pair when we substitute 
for the limits jh ( 7 r—u'). In this latter case also, the value 
S given by (9) becomes negative when x>r ( 7 r~a!) and the 
numbers by the corresponding pair of spots need inter¬ 
changing. 

The difference of the abscissae of spots 1 and 3 or 2 and 4 
is in either figure equal to 7 rr; the linear displacement of the 
film accompanying half a revolution of the crystal. A means 
is thus afforded of determining the constant r. It may also be 
noted that the sum of the distances separating the upper and 
lower pairs in fig. 2 a amounts to 2 t rr. 

The lines joining the upper and lower pairs respectively 
stand at a distance 2y apart. These joins have in fig* 2 a 
a common perpendicular bisector whose position on the 
photograph corresponds to that of the crystal in which the 
normal has the azimuths 0 or 7r, according as the distance 
separating the upper pair is identical with (9) or (10). 
This latter is easily ascertained since the two values of S are 
calculable, a 1 being found from (4), and x from (2) or (3), 
in which r and y are obtained from the photograph, and 6 is 
calculated from the Bragg reflexion condition, or, in case 
the lattice dimension d is unknown, determined from an 
exposure with stationary plate. 

A similar significance attaches to the perpendicular 
bisectors in fig. 2 6, the upper and lower ones corresponding 
respectively to the azimuths 0 and 7 r. 

The azimuthal angle of the normal measured from a plane 
containing the axis of rotation may therefore be found, and 
this in conjunction with the co-latitude q, given hy ( 1 ), 
determines its direction completely. 

Sufficient data are also obtained when the crystal performs 
only half a revolution, but in this case the interpretation 
of the photographs becomes somewhat more involved and 
the results less accurate, as only two spots are then recorded, 
the upper or lower pair or one member of each, according 
to the initial conditions. 

When only the orientation of a crystal is desired, it is of 
course unnecessary to record all the reflexions rendered 
possible by the monochromatic radiation employed. In the 
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present experiments with aluminium crystals, for example, 
it was sufficient to record the reflexions arising from the 
cube faces ((100) planes). These determine the orientations 
of the cubic axes and so also that of the crystal. As in this 
case the other reflexions only serve to complicate the photo¬ 
graph, they were screened off by interposing between the 
crystal and plate two lead screens, S and S' (tig. 1)*, the 


Figs. 2 a & 2 h. 



Fig Zb. 


* In the arrangement described by Weissenberg (loc. cit .), the 
reflected pencils are allowed to emerge only through an annular aperture 
concentric with the axis of rotation, and are recorded on a cylindrical 
film moving parallel to the latter. The reflexions photographed make 
thus a constant angle with the axis, determined by the dimensions of the 
aperture. Reflexions from planes having different indices may be simul¬ 
taneously recorded, but then only one ot the two possible pairs given by 
each set of reflecting planes. The elucidation of the photographs would, 
it seems, under these circumstances be somewhat more difficult than 
with the present arrangement, where the reflected pencils make a 
constant angle with the inddent pencil, and proceed thus from atomic 
planes having the same indices. 
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ono S, a circular plate, ami the other S', a rectangular,plate, 
having a concentric circular aperture of somewhat greater 
diameter. The disk S was further pierced centrally with a 
pin-hole which could be opened or closed at will by a small 
lead cover, and served both for making reference marks by 
allowing the incident pencil to fall directly on to the film 
and for setting the screens correctly in position, viz., so as 
to be traversed centrally and normally by the incident 
pencil *. In this way the photographic plate was exposed 
only over a narrow annular region equidistant from the 
trace of the incident pencil and subtending at the crystal a 
circular cone of semi-vertical angle designed to admit only 
the second-order reflexions from the cube-faces. As is well 
known, the corresponding first-order reflexions are destroyed 
by interference owing to the face-centred structure of 
aluminium. 

Under the above circumstances, a complete photograph 
should show twelve spots produced by the four reflexions 
arising from each of the three sets of (100) planes. If, 
however, 6 be greater than 54° 44', no reflexions need 
occur, as the possibility exists of the normals to the reflect¬ 
ing faces simultaneously having co-latitudes y less than 6 
(of. (4)). Similarly, it' 6 be less than 54° 44' but greater 
than 45°, only one set of (100) planes need reflect. In 
these cases, which indeed are improbable, either a new 
axis of rotation would have to be chosen, or reflexions from 
planes of different spacing would have to be recorded. 
When, finally, 6 is less than 45°, two sets of cube-faces 
are certain to reflect, and at least eight spots will appear 
in the resulting photograph. Just sufficient data are then 
provided for determining the orientation of the crystal. 
In the present investigation copper Ka radiation was 
employed (A. = 1*587 A.). 6 was therefore fixed at 22° 11', 

and this being less then 45°, the sufficiency of the 
photographic material was ensured from the beginning. 
As a precautionary measure, however, a stationary plate, 

♦ Such screens may easily be prepared by cutting* two pieces of card¬ 
board to the same size and shape as the lead and pasting each to a sheet 
of good thin paper. For the sake of rigidity, the sheet bearing the disk 
may be furnished with a narrow cardboard frame. The lead screens are 
then superimposed on and fastened to the cardboard. When the two are 
mounted concentrically and parallel, a narrow ring of paper remains, 
transparent to X-rays. The angular aperture subtended by the ring 
at the crystal may be varied by displacing the screens with respect to 
the latter or each other, as the case may be. Reflexions from planes of 
given spacing may thus be recorded or eliminated according to choice. 
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which may be placed in front of the annular aperture and 
exposed simultaneously with the moving plate, serves to 
indicate all the available reflexions. Such a preliminary 
exposure is of course indispensable when dealing with 
crystals of unknown structure. 

When, on the other hand, it is desired to determine 
the structure of a crystal, it would be more expedient to 
expose the plate over a considerable range, or even over the 
the whole range {9 to ir/2 ) of 9 , at once. 

2. Experimental. 

In the arrangement employed, which was made through¬ 
out of brass, the photographic plate moved 20’33 cm. to a 
single revolution of the crystal, the coupling being effected 
by means of a toothed wheel engaging a toothed bar fixed to 
the plate-holder. The distance / from the axis of rotation 
to the plate was 3*28 6 cm., and, as appeared from the 
subsequent photographs, the effective radius r of the 
coupling-wheel was 3*23 5 cm. The plates themselves were 
30 cm. long by 9 cm. w ide. Obviously, if W = 2 .1 . tan 29 
be the least permissible dimension of tbe plate parallel 
to the axis of rotation, the other dimension should 
be not less than W 4- 2 . it . r, or W + 7r . r if only half a 
revolution be utilized, in order to ensure of no reflexions 
being missed. 

The crystals were of aluminium in the form of cylindrical 
rods 1/5 mm. in diameter, prepared after the method due to 
Carpenter *. They were rotated with a uniform angular 
velocity of one revolution in half an hour, and as a complete 
exposure occupied four hours, four revolutions were made 
in either direction, the reversing being performed automati¬ 
cally. Connexion between the goniometer and driving 
arrangement was made with a cardan coupling, enabling the 
former to be adjusted with respect to the X-ray beam. 
Provision was also made whereby the rod under examination 
could be given a pure displacement along its axis, either 
for the purpose of bringing a different crystal into the 
X-ray beam, or for allowing the latter to impinge directly 
on the photographic plate and produce reference marks. 

X-rays were supplied by a Philips tube, having a wat**r- 
cooled anticathode of metallic copper working under an 


♦ H. C. H. Carpenter, < Nature,’ cxviii. p. 266 (1926). 



Fig 4 a 
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alternating potential difference of 33 KV at 50 cycles, and 
taking a current of 8 mA. They were filtered through the 
aluminium window of the tube, 3 100 mm. thick, and a sheet 
of nickel 1/50 mm. thick, and were limited to suitable 
dimensions by passing through a cylindrical hole of circular 
cross-section, 4*5 cm. long and 1*5 mm. diameter, bored 
through a plug of lead. The intensity of the copper K/& 
radiation was in this way so far reduced by selective absorp¬ 
tion that only the reflexions arising from the copper 
Ka-radiation appeared in the photographs. 

The specimen actually examined was a rod of aluminium 
14 cm. long, comprising two single crystals which met at a 
point 6 cm. from one end of the rod. 

Figs. 3 a and 4 a are scale drawings reduced to about 
one-half the original size of the photographs obtained. 
Each plate showed all twelve possible spots. Exposures 
made with the same crystals and stationary plates are 
similarly depicted in figs. 3 h and 4 b respectively. The 
upper photographs belong to the upper and shorter crystal 
as the specimen stood in the goniometer. M 2 and M 3 are 
reference marks, so chosen that, if the two figures be super¬ 
posed, the Mi’s and M 2 s on each being made to coincide 
respectively, the resulting figure will represent the photo¬ 
graph to be expected when the two crystals are exposed 
simultaneously, as might be done by passing the X-rays 
through their junction. As follows from the foregoing 
discussion, and is to be seen from the figures, M x M 2 is a 
screw axis of symmetry, characterized by a linear displace¬ 
ment of irr and a rotation of 7 r. The spots are also seen to 
fall into groups of four, the members of the same group 
being equidistant from Mj M 2 . Each figure resolves thus 
into a superposition of three of the type of fig. 2 a. 

The only measurements which have to be made are the co¬ 
ordinates of the spots referred to a pair of axes parallel and 
perpendicular respectively to M! M a and the distance of the 
axis of rotation from the plate. In evaluating the measure¬ 
ments, the procedure followed consisted in first taking the 
difference 2y of the ordinates of the upper and lower pairs in 
each group* was then calculated from (1) and a! from (4). 
Next, x was obtained from either (2) or (3), and hence the 
values of 2(r<* / + #) in (10). Then, by inspection of the 
photograph, it was ascertained whether the latter values 
were identical with the distances separating the upper or 
lower pairs of the various groups, and so, too, whether 
the mid-point of a pair corresponded with a normal in 
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the position a = 0 or a = 7r. The azimuths of the normals 
reckoned from some plane common to the two crystals and 
containing the axis of rotation, e.g . that corresponding 
to Mi or M 2 , were then determined. The results for the 
two crystals are exhibited in the following table, in which 
the azimuths are all reckoned from that of the first normal 
taken as zero. 


Upper Crystal . 



a. 


X 


C 1 

0 / 

0 

1 . 

0 0 

54 51 

(23) 89 58 

q 

96 44 

79 45 

(31) 89 f>2 

3 . 

200 40 

36 50 

(12) 89 32 


Lower Crystal . 



a. 


X • 


O i 

0 i 

0 < 

1 . 

08 48 

87 9 

(23) 89 1 

q 

100 43 

50 33£ 

(31) 89 34 

3 . 

335 9 

32 25 

(12) 90 IS 

The interaxial an 

igles v were 

also calculated with the aid of 

the well-known formula : 



cos % = cos ij l . 

cos 772 . 4- sin rj x . sin . 

COs(«i — ee s ), 


where the symbols have an obvious significance and their 
values are given in the last column. Their deviations 
from the theoretical value of 90° afford an estimate of 
their accuracy. 

Denoting the axes 1, 2, 3, of the upper crystal by the 
symbols X 1? Y u Z 1; and those of the lower crystal by 
X 2 , Y 2 , Z 2 , the angles included between the axes of the two 
-crystals are shown below. 


x r Y 1; Z|. 

x 2 . 71*1 28-7 111*1 

Y a . 109*1 02*7 34*5 

Z a . 27*8 97*3 63*3 
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On inspection of these figures, we observe that, among the 
nine angles, there seem to be three pairs of nearly equal 
angles: viz., Y x X 2 = 28°*7 and X t % 2 = 27°‘8 ; = 

111°-1 and Xj Y f = 109°-1 ; and \\ Y 2 = 62°-7 and r L x Z 2 = 
63°*3, where Y x X 2 denotes the angle between Y x and X 2 etc. 
If these angles are in reality equal, it is seen that one crystal 
is the image of the other ; and taking 28°, 110°, and 63° as 
the mean values of the three pairs respectively, the symmetry 
plane is found to have the indices (452) *. The crystals 
form thus a kind of twin, though this may be accidental, 
since the most common twinning plane with cubic crystals 
is the (111). 

From the mode of preparation of these crystals, there is no 
obvious reason to suspect that they lie otherwise than 
at random. The data obtained from the two crystals here 
examined are scarcely sufficient to test this conclusion, but 
we may avail ourselves of the results found by F. Yoshida 
and K. Tanaka t* They prepared aluminium crystals after 
the SJime method, and determined their orientations by 
a modification of the Laue method, using a divergent pencil 
of heterogeneous X-rays. The results for the co-latitudes 
of the cubic axes measured from the axis along which 
stretching had occurred (identical in our case with the axis 
of rotation) are given in the first six columns of the 
following table, and our results in the last two columns. 
Their values for the azimuths are not available. 


Crystal. 1 2 3 


o 

O 

o 

f 87 

87 

85 

( 62 

57 

65 

{ 29 

34 

26 


4 

5 

6 

7 

8 

o 

o 

o 

o 

o 

88 

89 

89 

80 

87 

63 

61 

61 

55 

56-5 

27 

28 

30 

37 

32*5 


The observation made by Yoshida and Tanaka, that 
these angles are for each crystal nearly the same and that 
each crystal has one axis nearly perpendicular to the 
direction of stretching, is more or less borne out. It may 
be pointed out, however, that, when the crystals are dis¬ 
tributed at random, the latter circumstance is only to be 


# The actual values found for the indices are 4*00, -5*15, 2*00. 
t N. Yoshida and K. Tanaka , 4 Nature/ p. 918, Dec. 1926. 
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expected, since the average values of the greatest, inter¬ 
mediate, and least angles included between the cubic axes 
and an arbitrary line are respectively 

81°, 58°*5, and 36°, 

% 

approximately. These values are found by actually taking 
averages for the directions of the arbitrary line given by ail 
the indices between [600], [6G0J, and [666]; i. e., the 
directions obtained by substituting all possible combinations 
of the integers 0, 1, 2, 3 ... 6 for the two noughts in the 
first. 

From the results of Yoshida and Tanaka, it is seen that 
the individual values, and hence also the averages, viz. 

61 0- 5, and 29° respectively, 

show consistent'deviations from the theoretical values (except 
for the angle 57° of crystal 2 in the table) ; and so it seems 
that the crystals are not orientated at random about the 
direction of stretching, which lends favour to the view that 
the crystals grow more readily when stretched in a Certain 
direction. 

This, again, is contradicted by the present results, where 
the deviations from the theoretical values seem more 
haphazard. 

In conclusion, I should like to express my thanks to 
Professors A. D. Fokker and H. B. Dorgelo, the former for 
suggesting this research, and both for the interest they have 
shown during its progress. I am particularly indebted to 
Mr. P. van den Akker, chief of the workshop, for his skill 
and resourcefulness in constructing the apparatus. 


The Physical Laboratories, 
College of Technology, 
Delft, Holland. 
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LX.XIX. A 'Theory of the Birefringence induced by Flow in 

Liquids. By Prof. (J. V. Raman, F.R.S., and K. S. 

Kkishnan *. 

1. Introduction . 

ri^HAT a viscous liquid such as Canada balsam exhibits 
JL optical anisotropy when mechanically agitated appears 
to have been first observed by Clerk Maxwell. The subject 
was later pursued by other investigators, notably by Kundt 
and his pupils, whose work will be found well summarized 
in an article by G. de Metz t- An extensive series of 
observations on the subject has been made recently by 
Vorltinder and Walter $ with the arrangement, originally 
suggested by Maxwell, of placing the liquid in the gap 
between two coaxial cylinders and rapidly rotating the 
inner cylinder. A beam of plane-polarized light traversed 
the column of liquid in a direction parallel to the axis of the 
cylinders, and with the help of a suitable analyser and an 
auxiliary spectroscope, measurements were made of the bi¬ 
refringence exhibited by it. Vorllinder and Walter examined 
in this way no fewer than 172 liquids, and have greatly 
extended our knowledge of the subject. An important 
outcome of their work is to show that mechanical birefring¬ 
ence is observable in numerous common liquids having a 
definite chemical composition, including several which do 
not possess an exceptionally high viscosity ; they found also 
that careful purification and removal of suspended “col¬ 
loidal” matter from the liquids studied, by vacuum distil¬ 
lation, leaves the birefringence unaffected. Their work 
obliges us to conclude that the power to exhibit birefringence 
under mechanical flow is just as much a characteristic of 
pure liquids as, for instance, the power of exhibiting bi¬ 
refringence when placed in an electrostatic field. 

It is proposed in this paper to develop a molecular theory 
of mechanical birefringence in liquids based on ideas some¬ 
what similar to those successfully employed by Langevin 
and Born to explain electric double-refraction in liquids. 
The birefringence is regarded as arising from the optical 
anisotropy of the molecules, taken together with a tendency 
for them to orientate under the mechanical stresses within 

# Communicated by the Authors. 

t Gh de Metz, Scientia, Gauthier-Villars, no. 20, Jan. 1906; see 
also Winkelmann’e 6 Handbuch der Physik/ Optik, pp. 1230-1236 <1906). 

% 1). Vorl&nder and R. Walter, Zeits. Phys. Chem . vol. cxviii. p. 1 
(1926). 

Phil. Mag. S. 7. Vol. 5. No. 30. April 1928. 3 D 
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the fluid. The effective cause of such orientation is taken 
to be the non-splierical shape of the molecules. 

It will be seen in the sequel that the theory succeeds not 
only in explaining the general features of the observed 
phenomena, but also in giving a value for the 64 Maxwell 
constant” in good agreement with observation. 

2. Molecular Orientation in Flowing Liquid . 

Stokes, in his memoir * on the internal friction of fluids, 
discussed the character of the stresses arising from viscous 
flow, and showed that in the case of a simple sliding motion 

Fig. 1. 



4 —m 

parallel to a plane the tangential stresses acting along the 
plane may be replaced by two sets of stresses, one set 
consisting of tensions and the other set of pressures acting 
along two directions which are mutually perpendicular and 
inclined at 4f>° to the line of flow. The direction of the 
tensions is parallel to the axis of extension and of the pressures 
to the axis of compression (see fig. 1, which represents a 
section of the fluid between the two cylinders, perpendicular 
to their common axis). The inner cylinder is assumed to 
rotate in the direction of the arrow, the outer one remaining 
fixed. The tensions and pressures shown in the figure are 

* Sir George Stokes, Math, and Phys. Papers, Camb. Univ. Press 
vol. i. p. 91. * 
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each equal to 17 ~ per unit area, where rj is the coefficient of 
v ^ 

viscosity and - is the radial velocity-gradient at O. 
c 

It is clear that if the molecules are highly asymmetrical 
in shape, the set of tensions and pressures pictured in fig. 1 
would tend to cause them to orient in the fluid, in such 
manner that the longest dimension of a molecule lies along 
the axis of tensions and the shortest one along the axis of 
pressures. For such orientation would evidently result in 
the fluid (regarded as a denstdy-paeked assemblage of 
molecules) expanding along the axis of z and contracting 
along the axis of x, the total volume remaining constant, thus 
allowing the system of stresses acting in the medium to do 
work. This oriemative tendency of the molecules is, how¬ 
ever, opposed by their thermal agitation, which tends to 
throw them into disarray. The resulting state of statistical 
equilibrium can be found by an application of the Boltzmann 
Principle. 

In order to define the orientations of the molecules, we 
choose (seo fig. 1) the direction of tension as the r-axis, 
the direction of pressure as the .r-axis, and a direction per¬ 
pendicular to these two (2. e. parallel to the common axis of 
the cylinders) as the y-axis, of a coordinate system x y z 
fixed in space. We also consider the principal geometrical 
axes of each molecule as the axes of another coordinate system 
faffixed in it. Let the orientations of these axes with 
reference to the axes of the former system be given by the 
Eulerian angles 6 , <£, yjr. Then the cosines of the various 
angles between the two sets of axes are as below :— 


Tablk T. 


• 

| I 

i * ! 1 ! 

*. 

rt u mm COB 9 008 0 COB \p 
— siti <p sin ip. 

<* 12 = cos 9 sin <f> cos ip j a l3 = —sin 9 cos yp. 
4 cos 0 sin \p. i 

! 

*f. 

a ul = — cob 9 cos 0 Bin ip 
— »in 0 cob ip. 

a r 2 “ cos & s * n 0 sin ip ! a Q3 = sin 9 sin ip. 

-f- COB 0 COS lit. | 

z . 

a 3l = ain 0 008 

a 3a = sin 0sin <p. j « 33 = cos 9. j 


For allowing the Principle of Boltzmann to be applied to 
our present problem, we require an expression for the 

3 D 2 
J 
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potential energy of each molecule in the fluid in terms of its 
orientation with respect to the fixed coordinate axes xyz . 
A suitable form of expression is suggested by the following 
considerations. The stress acting in the medium is, as we 

we divide this by the number of 

the fluid, we obtain a 


have seen, vj , and if 


c v 


per unit volume in 
~ , which has the physical dimensions of energy. 


molecules 
quantity r) 

It is therefore permissible to assume that the energy of each 
molecule, as determined by its orientation with respect, to 

v 1 

the axes of these stresses, is proportional to 77 ^ . - , the 

coefficient of proportionality being a f unction of the angle- 
variables, which is physically dimensionless. Since by 
hypothesis the orientation of the molecules arises from their 
non-spherieal shape, and since the positive and negative 
directions are necessarily equivalent, the potential energy of 
a molecule will remain unaffected if we rotate it through 
180° round any of the f-, 77 -, f-axes. 

In view of what has been said above, and considering for 
the present only the effect of the tensions along the c-axis, 
we may assume the potential energy of each molecule to be 
given by the expression 

.> v 1 

— {*>iu n 2 + a)2«23 2 -t- a> 3 a 8 3 2 ) • V . - , . (1) 


where © l5 co 2 , a> ;i are constants determined by the geometric 
form of the molecule, which will later be evaluated. Then, 
from Boltzmann’s theorem, the number of molecules per 
unit volume whose orientations, when under thermal equi¬ 
librium, are given by the range sin 6 d6 d<j> dty, is equal to 

K 

O Ai sin 6 d6 d<f> dyjr, • . . . ( 2 ) 

where 0 is the constant given by the relation 

r*e=n p<p = 27T _ JL 

v = Uj^ J ^ e n sin 0d6d<f>d>lr. . (3) 

In the orientated state the average potential energy per 
molecule in the medium is given by 


u 



u sin 6 d6 d<f> dyjr 
sin 6 dO d<f> dyfr 
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the limits of integration being the same as in (3), 

= '3. - • v c • v ~ 45*T L (< “ ,_a,!i) + (tol _<Ws) 

+ («s-«i) ! *] •(’7^;)*- • W 

If, on the other hand, the molecules are orientated entirely 
at random, then the average energy per molecule will be 
given by 

rrr 

sin 0 (10 dcf) dyfr 


JT- 

j*J J sin 0 d0 (l(f> dyjr 

_ Ct>! H- 0>3 V 1 


C V 


(5) 


The difference u 0 — u multiplied by v gives the diminution 
of potential energy per unit volume in orientating the 
molecules contained in it, and is equal to 

2 

(u 0 —u)v= 45AT (ta 2 — a> 3 ) 2 

+ (ws-«i) s ] .(vl) .K (6) 

3. The Optical Effect of Molecular Orientation . 

We now proceed to find the double refraction which 
arises from this orientation of the molecules, here again 
confining our attention at first to the result of the tensions 
acting along thez-axis. Since the optic axes of the molecule 
will not, in general, coincide with its geometric axes {r? {, 
when a field (due to a light-wave) is incident along any one 
of these axes, say along the {-axis, the moment induced in 
the molecule will not be wholly along the {-axis, but will 
have components also along the r/- and {-axes. Thus for 
unit field actually acting on the molecule along the {-axis, let 
b iU 6 12 , /'is be the moments induced in it along its {-, ij-,and 
{-axes respectively ; and let 6*1, 6 22 , /> 28 , and 1> BU & 82 , Z> S8 be 
similar induced moments for unit field acting along the 17- 
and {-axes respectively : bij~bji . We have two special 
cases to consider. 

Case I.—The electric vector of the incident light-wave 
lies along the £-axis—i. e., along the direction of the tension. 

Let the optical field actually acting on each molecule in 
the same direction be denoted by E. Then the moments 
induced in the molecule under consideration along its axes. 
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when resolved along the direction of E, are together equal to 
(^ll a l3 2 4 ^22 a 23 2 4 i33 a 33 2 4* 28 4 26 2 s a 23 a 88 4- 

... (7) 

=W 1 ,E, say.* ( 8 ) 

Then the average value of m x taken over all the molecules 
in the medium will be given by 


m. 


JF 4 -- 


sin 6 dO d<f> d\fr 


J j | e kT sin 0 dd d<f> d\fr 

20 V 1 

3 c ' v ' 


( 9 ) 


where 


©— ^ y J , [(©1 — ft ) 2 ) (^11 ““ ^22 ) 4 ( a > 2 ~ ft ) 3 ) (/>22 “ / y 33) 

+ («»—«,)(i a8 —All)]. *. (10) 


Case II.—The light-vector lies along the /r-axis. 

Let us denote the actual field acting on each molecule along 
the ^?-axis by E. The moments induced in any molecule along 
its axes, when resolved along the .r-axis, are together equal to 

(^ll a 1 i 2 4- ^ 22 a 21 2 4 /'33 a 3j 2 4 2&]2an»21 4 2/>23 a 2l a 81 4 2&3i0t 31 an)E 

. . . ( 11 ) 

= m^E, say.*( 12 ) 


The average value of m x taken over all the molecules can 
be calculated as in the previous case, and comes out equal to 

_ _ fc U 4 h n 4 />S3 v 1 /iu\ 

m z =z -g- c . - . . . . (Id) 

From (9) and (13) 

n, z —in x == 3 @ 17 ®.-. . . . (14) 

Hitherto we have considered only the effect of the 

tensions acting along the 2 -axis. The effect of the 

pressures of the same magnitude acting along the 4 r-axis can 
be calculated in exactly the same way by considering them 
■ . v 

as tensions =— rj^ along the .r-axis, and thus we get 

_ i 

«'»•— X — ■»>-. 
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Thus, when the two effects are superposed, as in the actual 
liquid, we get for the difference in the values of the mean 
induced moments, for directions of vibration of the incident 
light along the s- and dr-axes, the expression 

m z — m c = 6 © 77 ^ ~.(15) 


If we denote by n s and n x the refractive indices of the 
medium for light-vibrations along the c- and the #-axes 
respectively, by differentiating the well-known expression 
for refractivity 


n 2 — 1 
n* 4- 2 



m, 


(16) 


we have 


n z — -- 

O// 


m z — m x 
m 


(w*— 2 ) ® v 1 

u m * ^ c v ’ 


(17) 


where n is the refractive index and m is the mean moment 
induced in a molecule per unit field actually acting on it, in 
the randomly orientated state of the molecules. Obviously 


m = 


b 11 4- b 22 -p ^33 
- 3 . 


. . (18) 


All the quantities in expression (17) for the birefringence 
of the medium are experimentally determinable, except ©, 
which involves, as is evident from ( 10 ), the optical constants 
of the molecule and the constants co l9 o> 2 , o > 3 appearing in 
expression ( 1 ) for the potential energy. We shall now 
proceed to consider how the quantities oq, eo 2 , aq may be 
connected with the geometric form of the molecules. 


4. Molecular Shape and Molecular Orientation . 

Since, by hypothesis, the orientation of the molecules is 
the result of their non-spherical form, we may proceed to 
connect them in the following way. We idealize the 
molecules and consider them to have the form of ellipsoids 
with three unequal diameters, a 3 , a 3 . If we imagine the 
molecules to be arranged in contact with each other, their 
axes parallel, in the form of a rectangular parallelopiped 
having s molecules in each of its edges, the length of the 
latter would be *cq, $a 2 , $a 3 respectively* This is an extreme 
case, which illustrates the general principle that the effect 
of any general tendency of the molecules to orientate in 
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specific directions is to cause the density of molecules p£r 
unit length in different directions to become different. It 
is difficult to express this principle with complete precision 
in a mathematical form, particularly in the case of liquids, 
where the molecules are not always necessarily in contact 
with each other. Considering, however, the fact that the 
density of the type of liquid with which we are concerned 
here is usually not very different from that in the solidified 
state, the error in considering the molecules to he in contact 
with each other all the time would not be serious in any 
event ; and since we are only concerned with ratios, the 
inaccuracy involved can practically be eliminated by con¬ 
sidering the 44 effective” dimensions of a molecule in the 
liquid to be slightly different from what they are in the 
solidified state. Subject to these remarks, we may assume 
that a molecule arbitrarily orientated contributes to the 
linear dimension of the aggregate measured along the £-axis 
a length equal to 

«1*1S 2 + a 2 «23 2 + <*3*33*.(19) 

If the molecules are arbitrarily orientated, the average 
effective length of the molecule along the c-axis is simply 

(ai«, 3 2 4 - « 2 a 23 J + « 3 a 38 2 ) sin 6 dd </<f) d\]r 

C C f si n 0 d() d<p dyfr 



<i\ -f a 2 + a 8 

3" 


. . ( 20 ) 


that is to say, the mean of the three diameters of the 
ellipsoid. Considering, however, the tendency of the 
molecules to orientate, due to the tensions along the ^-axis 
in the fluid, we find the average length to be 



AT / 

(^i a i3 2 + a 2 a 2 3 2 + ^3 i *s3 2 ) Mn 9ddd<f>d*lr 



sin Odd d<f> difr 




where u is given by expression ( 1 \ 

_fli + a 2 + fl3 , 2 r , % , 

— 3 45£'p L (^i G> 2 )(<aci —<*») -+- (co 2 — o> 3 ) (a^ —a 8 ) 


+ «iX a 3 — ^l)] V 


( 21 ) 
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The difference between ( 21 ) and ( 20 ) divided by ( 20 ) gives 
the effective expansion per unit length, along the ^-axis, 
owing to the orientation of the molecules, as 


2 (q), — o> 2 )(a 1 — a 2 ) + (fc> 2 — a z\ ± (o>3 — <^>l) l«3~“ a l) 


i5Ar* 


<h 


- a 2 -j- a 3 
r 1 


x V , 


( 22 ) 


Multiplying this by the tension rj - along the .z-axis, we 

obtain the work done per unit volume resulting from the 
orientation of the molecules contained in it, an expression 
for which was obtained in an entirely different way in ( 6 ) 
above. Equating the two expressions, we have 

(o>l ~ a> 2 ) 2 -h (g> 2 — CU 3 ) 2 + (<O s ~ 1)' 2 

~ 3 (ft>l + ("2 ~ y3)( tf 2 ^g) 4- 

aj - 1 - a 2 -h U 3 

• • • ( 2 ») 

The form of the equation immediately suggests as a 
solution 

fcq— o >2 &> 2 — < 1)3 co$ — co 1 3 (^4) 

<1\ — (l<2 6l 2 ——U3 U3 — Ui d\ -f* <X 2 + <X$ * 

which is readily seen to satisfy (23). For the special cases 
in which the molecule has the form of a prolate or oblate 
spheroid of revolution, the validity of (24) is rigorously 
demonstrable, and it seems justifiable to assume that it is 
generally true. 


5. Expression for the Maxwell Constant. 

Substituting (24) in (17) and ( 10 ) we obtain as the final 
expression for the birefringence 

n _ n _(»‘ 2 -l)(« ? +2) 

* x ~ 5/i v AT 

x ( a t — a i) (^n —^sa) + (a 3 — <7 8 ) — b^) -r (q g — a-,j , h n — l> l t ) 

(a, + a s + a B )(& u + ^22 4* ^88 ) 


*V* C .(25) 

.(26) 

where V i« the constant of mechanical birefringence in the 
fluid, which may appropriately be called the Maxwel 
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constant, in honour of the discoverer of the effect. It will 
be seen from the equation that the value of the constant 
depends jointly upon the optical anisotropy of the molecule 
and upon the anisotropy of its geometric form. 

We shall now proceed to consider how the theory set out 
above compares with the phenomena as observed in their 
general features. 

Axes of Birefringence. —The theory indicates in agreement 
with observation that the two principal directions ofvibration 
are mutually perpendicular, and inclined at 45° to the plane 
of sliding within the liquid. 

Positive or Negative Biref ringence ?—The theory indicates 
that the sign of the birefringence depends on whether the 
expression 

[( a l — a n) {hn — ^ 22 ) + ( a 2 — a 3 X^22 — I'm) “f* ( a 3 — a \) (^38 ^ll)] 

. . - (27) 

is positive or negative. It is easily seen that if a x >a 2 >a 3 
and b n >l> 2 >/>f’ 33 , the expression in question is positive and 
the birefringence is therefore positive, while if a } > a 2 >a z 
and b n < b 22 <b ZiU the birefringence will he negative. In 
other words, the sign of the double refraction depends on 
whether the optical constants of the molecule along its three 
axes follow the same sequence as the linear dimensions or 
follow the reverse order. If we can regard the chemical 
molecule as roughly equivalent to an ellipsoid of isotropic 
dielectric material, the former condition would be satisfied. 
It is thus reailiiy understood why the great majority of the 
liquids examined by Vorltinder and Walter exhibit positive 
birefringence. In fact, the only cases of negative birefring¬ 
ence contained in thoif table of results are the sodium and 
potassium salts of some of the higher fatty acids ; the 
corresponding fatty acids themselves show positive bi¬ 
refringence. 

Influence of Speed , Viscosity, and Temperature. —The 
theory indicates that the observed birefringence should be 
proportional to the speed of rotation. The experimental 
evidence appears to indicate that this is actually the case 
with most pure liquids. Where divergences appear, it seems 
not unlikely that they are due to disturbing causes, e. < 7 ., 
departure from the assumed stream-line flow of the liquid, 
or a rise of the temperature of the liquid as a result of the 
rotation. The theory indicates a rapid fall of the birefring¬ 
ence with rising temperature, primarily because of the fall 
of the viscosity, the variation of the Maxwell constant itself 
Tfith temperature being much less important. The experi¬ 
mental evidence fully supports this inference from theory. 
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Influence of Molecular Form .—The theory shows that, 
apart from tue viscosity of the liquid, the birefringence 
should ho specifically influenced by the form of the molecule, 
being greatest when ttie molecule is highly elongated and 
least when its form approaches spherical symmetry. The 
observations of Vorlander and Walter furnish ample evidence 
in support of this. They found that increasing the length 
of the chain in the fatty acid series increased the specific 
birefringence (or Maxwell constant as we call it), and intro¬ 
ducing side-chains in the molecule diminishes it notably. 

Influence of Optical Anisotropy .—The theory indicates 
that for molecules of given form the Maxwell constant 
should increase with increasing optical anisotropy and with 
increasing refractive index. Now it is known that organic 
liquids of the aromatic series exhibit in light-scattering a 
much higher degree of optical anisotropy than the aliphatic 
series, besides having usually a higher refractive index. 
On the other hand, the geometry of the benzene ring ensures 
a greater symmetry of form for simple benzene derivatives 
than for the aliphatic compounds. The two effects would 
thus set each other off to a considerable extent in the ease of 
the simpler benzene derivatives. If, however, we consider 
long-cliain compounds in \vhich the benzene ring also 
appears, we may reasonably expect the increased optical 
anisotropy to manifest itself in an increased value for the 
Maxwell constant. Similarly it is known from observations 
on light-scattering that unsaturated carbon compounds show 
a high degree of optical anisotropy, and it follows that they 
should have a large Maxwell constant. Ample support for 
t hese inferences from theory is furnished by the observations 
of Vorlander and Walter. 

Dispersion of Double-Refraction .—From our formula it 
will be seen that the wave-length does not appear explicitly 
in our formula. Since, however, the Maxwell constant is 
proportional to (n 2 — l)( n 2 -h '2)/n, where n is the refractive 
index, a not negligible degree of dispersion maybe expected, 
as has indeed been observed in experiment. 

6. Absolute Value of Birefringence. 

To calculate the Maxwell constant for any liquid, we 
require to know' the refractive index of the liquid, its 
molecular weight and density, the optical anisotropy of the 
molecules and their geometric form. The optical anisotropy 
of the molecules can be completely determined from mea¬ 
surements of the light-scattering in the liquid if the molecule 
has an axis of symmetry, and can at least be estimated in 
other cases from such measurements. The geometrical iorra 
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o£ the molecules is known, at least approximately, from 
chemical considerations and from X-ray studies. It is thus 
possible to calculate the value ot the Maxwell constaut 
absolutely for an} r liquid for which the data referred to 
above are available. Unfortunately, few of the liquids for 
which the mechanical birefringence is known have been 
investigated for light-scattering. We may, however, test 
the theory in the following way. The range of variation of 
the quantities appearing in the expression for the Maxwell 
constant is well known. The refractive index of most 
organic liquids ranges between 1*4 and 1*7. The ratio of 
molecular weight to density for the type of compounds 
under consideration ranges between 80 and 240. The ratio 
of the longest to the shortest dimension of the molecule may 
of course range theoretically from 1 to large values, but 
practically it may he taken as lying between 2 and 5 for 
most compounds which are liquids and show an appreciable 
birefringence under How. The ratio of the maximum and 
minimum polarizabilities of the molecule along its different* 
axes is known from the extensive investigations on light- 
scattering carried on at Calcutta for different types of 
organic compounds. It is usually about 1*1 for aliphatic 
hydrocarbons and saturated cyclo-compounds, 1*5 for ali¬ 
phatic compounds containing strongly refractive groups, 
1*1) for simple benzene derivatives, and about 2*3 for very 
highly anisotropic compounds such as chloromiphthalene, 
quinolene *, etc. We may group the data in such order as to 
have four representative classes, in which we have respectively 
very low, moderate, high, and very high values of the 
Maxwell constant as theoretically calculated. This lias been 
done in Table II., in which, for simplicity of calculation, 
the molecule is assumed to have an axis of symmetry. The 
temperature assumed is 293° absolute. 

For comparison with the values shown in Table II. we 
have analysed the data given by YorUinder and Walter in 
their paper. Of the 172 liquids studied, 37 were of very 
low viscosity and naturally did not yield any results. 
15 other liquids having moderate or high viscosities also 
showed no indication of birefringence. This is not surprising 
in view' of the fact that their optical arrangements did not 
permit a difference of path of less than 2 millimicrons to be 
detected. A liquid of moderately high viscosity, say 
50 times that of water and having a Maxwell constant less 
thati 0*01 x 10“ 9 , would have shown no detectable birefring¬ 
ence in their experiments. The limit of detectability would 

m These values give the effective anisotropies determined from obser¬ 
vations of light-scattering in the liquid state. 
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be correspondingly larger for liquids of lower viscosity. It 
appears certain that an adequate explanation^ (viz., a low 
viscosity, or an insufficient optical or geometric anisotropy 

Table IT.—Calculated values of the Maxwell constant. 


Class. 

Refract iv« 
index. 

Kali-* <>f 
molecular 
weight, 
to density. 

Kat io of 
! geometric* 
j axes 

! __ t( \ 

if., u. x 

! * 

Kalin of 
optic a.v s 

Maxwell 

constant 

X 10”. 

I. 

1-4 

SO 

j .j 

11 

1)0:5 

11 . 

1 ;> 

1-JO 

; a 

1T> 

j 0-4 

Ill. 

l(> 

180 

; 4 

| I 1) 

i 1 r> 

j IV. 

IT 

J40 

f» 

-'*3 

! 'A~ 

1 

1 


of the molecules^ would he forthcoming in most cases in 
which they failed to detect any effect. It must also he 
remembered that in the expression 


(«!——^22) (^22“ ^33) + ( a 3'~ a l)(^ ; 33~^ll) 

appearing in the Maxwell constant, b lu b. 22 fb^ are the optical 
polarizabilities of the molecule, not along its optic axes, but 
along its geometric axes. Consequently, special cases may 
arise, if the optic and geometric? axes are suitably inclined to 
each other, when the above expression will have very small 
values, even if the molecule possesses a large geometric and 
optical anisotropy. 

Excluding the 52 liquids in which no effect was found, 
and the 12 compounds of potassium and sodium with the 
fatty acids which showed a negative birefringence, we have 
108 liquids in which a normal effect was observed. From 
the dimensions of their apparatus (length of liquid column 
4*68 cm., radii of the cylinders 1‘15 cm. and 1*05 cm., 
and width of gap therefore =0*10 cm.), and the known 
viscosity of water at 20° C., relative to which the values for 
the different liquids are expressed, and the specific bi¬ 
refringence as tabulated by them, the values of the Maxwell 
constant in C.Gr.S. units can he ascertained. In Table III. 
the observed values of the Maxwell constant have been 
grouped into five classes and are shown for comparison with 
the figures in Table II. 

It appears highly significant that the observed values for 
the great majority of the liquids cluster round that calculated 
on the reasonable assumptions that the refractive index is 
about 1'5, the molecular weight about 120, the density 
about 1, the ratio of length of the molecule to its thickness 
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Table III.—Observed values of the Maxwell constant 
(X 10 9 ) for 108 liquids. 

Observed values ol' 

V X 10°. 

r> . Between j Between : Between 

i 0-03 and ; 0*4 and j 1*5 and 
0<U * 0-4. : 1*6. | 3*7. 

1 ! 

Above 

3*7. 

Number of aliphatic and 1 
hydro-aromatic liquids. J 

. i 

| i 

1*2 44 12 i — 

: : 1 

i j 

— 

Number of aromatic ! 
liquids. J ! 

; 

22 ! 16 i 2 

! 1 

1 


about 3, and the ratio of its maximum and minimum optical 
polarizabilities about ! *5. it is equally significant that all 
the low values of the Maxwell constant belong to the 
aliphatic or hydro-aromatic compounds, and all the high 
values to the aromatic compounds, and that the average 
values for the two sets of compounds differ just in the way 
we should expect in view of the greater refractive index and, 
optical anisotropy of benzene and its derivatives. 

Finally, as ail example of the degree of quantitative 
agreement to be expected, we shall take the case of //-octyl 
alcohol. We may approximately consider this as a prolate 
spheroid whose m:«jor axis is 12*6 A.U. and whose minor axis 
is 4*9 A.U. Its refractive index is 1*430 and the molecular 
weight is 130*1. 

The scattering of light in octyl alcohol has not been 
studied. We have, however, data for heptane and octane 
and also for ethyl, propyl, butyl, and amylic alcohols, and 
for all these compounds, assuming the optical ellipsoids of 
the molecules to he also prolate spheroids of revolution 
whose axes coincide with their respective geometric axes, 
the ratio b u : /> 32 is equal to 3 *15. We may therefore with con¬ 
fidence assume the same value for n-octyl alcohol. From these 
data we find the Maxwell constant for //-octyl alcohol to be 
Calculated value of V = 0*125 X 10~ 9 . 

From the measurements of Vbrlander and Walter, taking the 
viscosity of octyl alcohol at 20° C. = 0*0895 (Landolt Tables), 

Observed value of V = 0*13 X 10“ 9 . 

7. Summary * 

In this paper a theory is developed for the effect discovered 
by Maxwell—viz., that a liquid in a state of viscous flow 
exhibits birefringence. The state of stress in the fluid 
qbnsis^s of tensions and pressures in directions perpendicular 
# eaqfc other and inclined at 45° to the plane of sliding. 
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When the molecules have an elongated form, these stresses 
tend to orientate them so that their direction of greatest 
length lies along the axis of tension, and that of shortest 
length along the axis of pressure. The tendency to orien¬ 
tation is, however, resisted by their thermal agitation, and 
the resulting state of statistical equilibrium may be found by 
the application of Boltzmann’s Principle. The optical 
anisotropy of the molecules, taken together with the orien¬ 
tations referred to, causes the medium to become birefringent. 
The magnitude of the effect is proportional to the product of 
the viscosity and the velocity-gradient. The constant of pro¬ 
portionality, which is referred to as the Maxwell constant for 
the liquid, is evaluated in terms of the optical and geometrical 
anisotropies of the molecule, the refractive index, density, 
and molecular weight of the liquid, and Boltzmann’s constant. 

The data for 172 liquids recently obtained by Vorlander and 
Walter are critically discussed, and it is shown that the theory 
succeeds not only in giving an explanation of the general 
features of the phenomena observed, but also in giving quan¬ 
titatively the observed values of the Maxwell constant. 

210 Bowbazar Street, 

Calcutta, India. 

September 15, 1027. 


LXXX. Frequency Variations of the Triode Oscillator . A 
JVote on Mr. J). F. Martin’s Paper. By Lieut.-Col. K. 
E. Edgeworth, D.S.OM. C\, A.M.l.E.F* 

I HAVE just obtained a copy of the Phil. Mag. for 
November 1927 containing a paper by Mr. L). F. Martin 
on the Frequency Variations of the Triode Oscillator. 

It is evident that the author has overlooked the paper 
which I read in December 1925 on the same subject before 
the Institute of Electrical Engineers (Wireless Section). 

So far as they cover the same ground, the experimental 
results appear to be in agreement, and the explanations 
offered are substantially the same. The main cause of 
frequency variations is associated with damping of one 
sort or another in the grid circuit, and, other things being 
equal, the magnitude of the frequency variation is pro¬ 
portional to the amount of the damping. This type of 
frequency variation is referred to in my paper as a 
frequency variation of the first type. 

My paper takes matters a good deal further, however. It 
is shown that the frequency variations of the first type are 
reversible ; that is to say, the sign depends upon the direction 
of the coupling. With normal reactive coupling an increase 
♦ Communicated by the Author. 
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of filament current produces a decrease of frequency, but 
with reversed reactive coupling the opposite effect is pro¬ 
duced. By employing resistance coupling the frequency 
variation of the first type can be eliminated altogether. 

It is mentioned incidentally that, when the grid and anode 
circuits are tuned to different frequencies, the frequency of 
the oscillations approximates to the lower resonant frequency 
with normal coupling and to the higher frequency with 
reversed coupling. 

The paper then proceeds to show that there are other 
sources of frequency variation which are irreversible ; that is 
to say, they are independent of the direction of the coupling. 
They are usually much smaller than the frequency variations 
of the first type, but assume importance when the grid 
damping is made small enough. 

When an oscillator is employed with an untuned grid 
circuit and heavy grid bias, the two types of oscillation 
may cancel out so that a circuit of constant frequency is 
obtained. It is suggested in the paper that these subsidiary 
variationsar» associated with the fact that the ordinary valtfe 
oscillator is single-acting, giving its impulses only during 
one-half of each cycle ; hut. further research is undoubtedly 
required to place the matter on a proper footing. 

The paper therefore discloses two types of constant fre¬ 
quency circuit ; namely, the resistance coupled circuit and the 
untuned grid circuit with small grid current. Yet another 
type of constant frequency circuit is described by Fromy*. 

As regards the practical value of these constant frequency 
circuits, the untuned grid circuit with small grid current is 
undoubtedly the most convenient for wave-meters, and 
variations of frequency due to changes in the supply 
voltage can he reduced to less than one part in 10,000 
without any particular difficulty. The necessary grid bias 
is most conveniently produced by means of a grid leak, as 
the oscillations are then self-starting. If a battery is used, 
some special expedient may be necessary for starting the 
oscillations. 

The circuit is also suitable for master oscillators, but has 
received less attention than it deserves on account of the 
rapid development of oscillators employing crystal control. 

The resistance coupled oscillator is a convenient circuit 
for small transmitters, and a number of transmitters working 
on this principle are now under construction for the Sudan 
Government. 

Khartoum, 30th December, 1927. 

* ‘ L’Onde Electrique,* 1926 : 4e annSe, p. 488. 
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LXXXI. Coefficient off Absorption in Lead of the y-Raysfrom 

Thorium C n and Radium C. By L. Bastings, M.Sc. y 

13.A.j The University , Durham *. 

Introduction . 

fflHE intensity o£ a beam o£ homogeneous radiation has 
JL in the past been regarded as reduced exponentially by 
its passage through an absorbing medium, the quality of 
the transmitted beam meanwhile remaining unaltered. 
Recently, however, Compton t has shown both theoretically 
and experimentally, that when the absorption of a beam of 
X-rays is accompanied by scattering, there is a definite 
change in the average quality of the beam, corresponding to 
an increase in the wave-length of the portion scattered. 
The magnitude of this increase is independent of the wave¬ 
length, and is determined only by the angle of scattering. 
Now, if the same phenomenon also occurs with 7 -rays, the 
effect should be of relatively greater importance, since 
the increase in wave-length predicted by Compton's theory 
is comparable, in the 7 -ray region, with the wave-length of 
the incident radiation. 

Moreover, it is now generall} r accepted that in the X-ray 
region the absorption coefficient is a direct function of the 
cube of the wave-length ; and Ahmad J has furnished 
evidence to show that the same law is applicable to the 7 -rav 
region. 

If, then, a homogeneous beam of 7 -rays is in part scattered 
in passing through a filter, the average wave-length of the 
emergent beam should be greater, and the absorption co¬ 
efficient of the beam should also show an increase, which 
would be greater the larger the amount of scattered radia¬ 
tion included in the emergent beam considered. The 
absorption would not then be strictly exponential. 

Now this quantum theory of Compton further involves a 
distribution of scattered radiation differing markedly from 
the classical prediction. The applicability of the theory to 
7 -rays has recently been tested by Ahmad §, who has found 
reasonable agreement with the formulae obtained by Compton 
for the scattering ; but the alteration in absorption coefficient 

* Communicated by Prof. Sir E. Rutherford, O.M., P.R.S. 

t Compton, Phys. Rev. xxi. p. 483 (1923), xxii. p, 409 (1923); Phil. 
Mag. xlvi. p. 897 (1928). 

J Ahmad, Roy. Soc. Proc. A, cv. p. 507 (1924). 

§ Ahmad) Roy. Soc. Proc. A, cix. p. 206 (1925). 

Ph^ May . 8 . 7. Vol. 5. No. 30. April 1928. 3 E 
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in the scattered beam was not sufficiently pronounced to 
substantiate the theory. 

Experiments with strictly homogeneous beams of 7 -rays 
are unfortunately impracticable. It is now well established 
that the radiation emitted by radium in equilibrium, or by* 
its emanation in equilibrium, consists of a number of 
homogeneous rays, stretching over a range of several 
octaves. The presence of a continuous background of 
7 -radiation has been suggested, but not definitely proved. 

The case of thorium was believed to bo similar: but 
recently Black * has deduced evidence from / 8 -ray spectra 
of an isolated 7 -ray from Th O" of very much higher fre¬ 
quency than that of any other monochromatic ray. As we 
shall see below, this 7 -ray must carry a very considerable 
proportion of the total energy of the radiation, and the effect 
of filtering through large thicknesses of lead should be to 
increase very considerably the importance of this ingredient ; 
so that eventually we might expect to produce a beam more 
nearly homogeneous than any other available. For this 
purpose it is obvious that a large source of ThU" must be 
available. 

Previous Experiments . 

Although the literature on the absorption coefficient of 
radium is abundant, very little has been done with thorium. 
The first measurements were made by Kussell and Soddy t, 
who determined p in lead, iron, and aluminium in two dif¬ 
ferent experimental dispositions. In the first the absorber 
was placed next to the source and some distance from the 
ionization chamber. The values obtained were: in lead 
0*462 ; and in aluminium 0*0916. In the second disposi¬ 
tion the absorber formed the base of the ionization chamber, 
and the sources were placed some distance away. In this 
■case p in lead was 0*408, and in aluminium 0*0971. In 
both cases the source was covered with from 6*4 to 10 nun. 
of lead to absorb the very soft radiation. 

Next, Rutherford and Richardson J, adopting the first 
disposition above, measured the coefficient in aluminium, 
and found that all the softer rays from a Th C source were 
absorbed in 2 inm. of the metal, and that the residual beam 
had a coefficient of 0*096 in aluminium of up to 9 cm. in 
thickness. This result is in approximate agreement with 
the earlier measurements. 

* Black, Iiov. Soc. Proc. A, cix. p. 166 (1926). 
t Russell & Soddv, Phil Mag. xxi. p. 180 (1911). 
t Rutherford & Richardson, Phil. Mag. xxvi. p. 987 (1913). 
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No further experiments seem to have been made with 

ThC". 

The great amount of work done with radium shows clearly 
that the experimental disposition very considerably affects 
the results obtained. Most of the recent work in this field 
has been directed to distinguishing between the true absorp¬ 
tion (photo-electric) ami the apparent absorption due to 
scattering. Obviously, if the absorber is close to the ioniza¬ 
tion chamber, much of the radiation scattered in the forward 
direction will enter the chamber, and the observed coefficient 
will for this reason be smaller than when the absorber is 
removed to a distance, and so subtends a smaller solid angle 
at the chamber. This is con firmed in the case of thorium 
by the results of Russell and Soddy above, and in the case of 
radium by Ahmad *. 

In previous determinations of the coefficient over any 
considerable thickness of absorber, the method adopted has 
been to measure the ionization obtained through successively 
increasing thicknesses of absorber, plotting points repre¬ 
senting logarithm of activity against thickness, and, if these 
are reasonably on a straight line, drawing the best such line 
through the points. From the slope of this line /a is deter¬ 
mined. This method entirely fails to detect any small 
change in p as the thickness of absorber is increased. 

Rx peri men ta l Id eta ils . 

The method adopted in the present experiments consisted 
in measuring the absorption in a selected piece of material, 
of accurately known thickness, sufficiently great to reduce 
the ionization to about one-half. Other absorbers (or 
“ filters ”) of less accurately measured thickness served, when 
required, to cut down the intensity of the beam. Thus the 
actual coefficient in the selected absorber is deducible with 
great precision for various thicknesses of filter. Since this 
absorber could be accurately replaced in a specified position, 
the results should clearly reveal any small change in p as the 
thickness of filter is increased. 

Since the chief aim was to investigate a possible change 
in p due to the influence on the absorption of the rays 
scattered in the forward direction, the absorber was placed 
in immediate contact with the outside of the ionization 
chamber. The source was kept in a fixed position, and as 
close to the chamber as to allow just sufficient room for the 
insertion of the maximum thickness of filter employed. The 
* Ahmad, Roy. Soc. Proc. A, cvi. p. 507 (1924). 

3E2 



788 Mr. L. Bastings on Coefficient of Absorption in 

electroscope was completely covered externally with 3 mm. 
of lead. The absorber consisted of ten layers of sheet-lead 
( 99 £ per cent, purity), aggregating 1 * 62 6 cm. in thickness 
and 13 cm. square. The source was enclosed in a sealed 
glass tube inserted in a cavity in a lead block so that the 
rays had to penetrate walls of minimum thickness 2*4 cm. 
The face of the block was placed 8*5 cm. from the 
outer surface of the electroscope, and two lead filters 13 X 
13 X 3*4 cm. could be inserted between this and the standard 
absorber. Thus attention was concentrated on measuring 
the coefficient in this standard absorber when the rays were 
filtered in turn through 2*4, 5*8, and 9*2 cm. of lead. 

The Sources . 

Two Th C" sources have been used. Both were radio¬ 
thorium preparations obtained from mesothorium by 
precipitation with ammonium hydroxide with the aid of a 
trace of added thorium. The precipitates were dried # and 
sealed up in glass tubes about f> min. in diameter and 5 cm. 
long. The actual material occupied les^ than \ c.c. and so 
they may he regarded as point sources. The precipitates, a 
week after being sealed up, had grown sufficient Th 0" to 
allow measurements to be made. The maximum 7 -ray 
activity occurs about four weeks after preparation, and then 
falls off* by about 0*07 per cent, per day. The first source 
(a) liad a maximum activity about equal to that due to 
5 mg. of radium in equilibrium (as measured through 3 imji. 
of lead), and had been precipitated as described a large 
number of times. It seemed unlikely, therefore, that it 
should contain any appreciable trace of mesothorium, and 
its behaviour indicated that it was reasonably pure. The 
second source (h) had a maximum activity of about 15 mg., 
and was prepared in the same way, but was precipitated 
only twice. In consequence there was a greater likelihood 
of its containing an appreciable amount of mesothorium. 
Its subsequent behaviour lent colour to this possibility ; and 
some attempt was made to determine the amount of this 
contamination by following its curve of rise and decay, and 
also by the absorption-coefficient method of Bothe This 
method is not at present very reliable for determining the 
mesothorium content of a radiothorium preparation, owing 
to our lack of accurate information on the absorption co¬ 
efficient of pure mesothorium. The rise and decay method 
is of doubtful utility. Consequently a number of rather 
'+ Bothe, Zed,#* Bhys, xxiv. p. 10 (1924). 
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widely differing values for the proportion of mesothorium 
were obtained, ranging from 5 to 15 per cent. In con¬ 
sequence of this consideration, it was to be expected that 
the sources should give slightly different results for the 
absorption coefficient under similar conditions. 


I he Results . 

The absorption coefficient was invariably determined by 
making ten observations of the movement of the gold leaf, 
with and without the absorber, correcting for natural leak, 
and also, where necessary, for change in temperature and 
pressure of the air in the ionization chamber between sets of 
readings. 

The values obtained with the two sources were not quite 
consistent, hut the discrepancy is satisfactorily accounted 
for if we make the assumption, already shown to be highly 
probable, that source (/>) owed some 5 per cent, of its 
maximum activity to mesothorium. With this adjustment, 
the average values of /a were :— 


0*417 through 2*4 cm. of lead. 


0*419 „ 5*8 
0*425 „ 9*2 


*9 ■» 


with probable error of about 1 in 300. 

Such an increase in has not previously been recorded, 
either for Th C" or for any other 7 -ray product. A further 
discussion of this important result will be reserved till later. 


The Case of Radium C. 

At this stage it was thought advisable to re-examine the 
problem in regard to lia C by the present method. Two 
large emanation sources were therefore prepared, the first 
initially of about 100 millicuries, the second about 300. 
They were contained in tubes as nearly as possible the same 
size and shape as in the thorium experiments. 

As thicker filters were to be used in these experiments 
than in the previous ones, it was necessary to move the 
source further from the electroscope when these filters were 
employed ; in consequence, the solid angle was different, 
as also the proportion of scattered radiation entering the 
absorber. Results at this stage will not therefore be strictly 
comparable with those for Th C". 
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All the values obtained for Ra(J are represented in fig. .1* 
Results indicated by circles were obtained with some small 
radium sources ; those indicated by crosses, with the emana¬ 
tion sources. The value obtained with a 15-mgm. radium 
source acting through 9*2 cm. of lead gives the only* 
suggestion of an increase in p with distance : it is however 
based on very doubtful evidence, owing to the very small 
value of the ionization involved. All the remaining results 
show a consistent fall in p as the filter thickness is increased. 
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But an examination of the figure shows that the decrease 
in fM becomes more marked as the source distance is in¬ 
creased. This seems to suggest that if we could sufficiently 
reduce the source distance, and still obtain an extensive /x-T 
curve (as, e.g ., if an absorber and filter of much higher 
density were available), the curve might be found to bend 
upwards, at some stage, in somewhat the' same way as the 
Th C" curve has been shown to do above. The use of 
platinum, or even tungsten, might possibly elucidate this 
matter, but the quantity required would be almost pro¬ 
hibitive. 
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These data point, then, to the conclusion that in the case of 
Ra C, under the conditions actually investigated, the absorb¬ 
ability of the 7 -rays in lead does not increase with increasing 
thickness of absorber, as occurs in the case of Th C". 

Discussion of (.-omparatire Results . 

The difficulty in arriving at a just estimate of the value of 
these results in providing support for Compton’s ideas 
depends partly on the complex nature of the beams of y-rays 
employed, and partly on the even more complex sequence of 
events which probably occur during the scattering and the 
subsequent absorption. We may attempt to simplify 
the picture somewhat in the former respect by assuming 
the original beam to be composed of only a few mono¬ 
chromatic rays, and endeavouring to assign an effective 
wave-length and intensity to these. This may be attempted 
with sufficient accuracy for the present purpose if we divide 
the whole range of wave-lengths into three groups, and, 
having assigned relative intensities to the lines, we average 
the wave-lengths in each group with due regard to the 
intensities of the component lines. Now, Ellis ct Wooster * 
have recently outlined a valuable method for estimating 
these relative intensities, and their results for Rat" have 
been employed. Their method has also been extended to 
the case of ThO" by operating on the data published by 
Black +. The conclusions are set out in Table I. 

Table I. 


Effective Wave-lengths and Energy of 7 -Ray Groups. 


Group. 

No. of 
lines. 

Range of X. 
(X.U.) 

Average X. 
(X.U.) 

Per cent, 
energy. 

Approx. 

M- 

RaC I. 

4 

21-9 

12*6 

2! 1 

I 

II. 

2 

9-6 

81 

68 

► *60 

III. 

1 

5*6 

5*6 

11 J 

1 

Th C" I. 

6 

69-42 

451 

23 1 


11 . 

2 

24-17 

22*5 

9*3 

•42 

III. 

1 

4*7 

4*7 

88*4 J 



Some of the low-frequency lines have been omitted in 
either case; their energy-content is negligible for the 
purpose in hand. 

* Ellia & Wooster, Proc. Camb. Phil. Soc. xxiii. p. 717 (1927). 
t Black, Roy. Soc. Proc. A, cix. p. 166 (1926). 
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These conclusions, although based on data o£ only moderate 
accuracy, and deduced by a process of averaging of the 
roughest kind, are sufficiently valid to substantiate most 
unequivocally the difference between the two 7 -ray products. 

In the case of Iia C the rays are distributed over ^ 
moderate range of wave-lengths, with no outstanding gaps, 
or preponderating concentration of energy. But with Th C” 
nearly 90 per cent, of the energy is resident in the high- 
frequency monochromatic wave, which is removed over two 
octaves from the centre of gravity of the next group. We 
are thus justified in our assumption that a Th O" source 
approximates very closely to a monochromatic irradiator. 

No account has here been taken of the continuous back¬ 
ground of 7 -radiation which may be present. The data 
available are inadequate to enable us to deal with it even as 
cursorily as we have done with the line spectrum. But it is 
unlikely to affect our conclusions materially, for Ellis and 
Woos»er* have shown that the continuous 7 -ray spectrum is 
probably of weak intensity. 

As has already been indicated, the total absorption lias 
been shown by Ahmad t to be a function of X of the form 

AZ + BX 3 Z 4 , 

where A and B are independent of X, and Z is the atomic 
number of the absorber. The relative importance of the 
two terms is not sufficiently established to justify accurate 
deductions. But Ahmad estimates that for X = 20 X.U. 
the two terms are comparable in magnitude. It is probable, 
then, that for waves two octaves below this, yu, is consider-’ 
ably smaller. The data in Table I. broadly support this 
conclusion. 

It follows from these considerations that, in the absence 
of any further complexity, the passage of these hypothetical 
radiations through the same filter should result in a much 
greater proportionate concentration of the energy in the 
high-frequencv group with Th C" than with RaC. The 
resulting coefficient for the Th C" should thus fall more 
rapidly with increasing filter thickness than for RaC. 

But the further complexity—the change in quality on 
scattering, postulated by Compton—will act counter to this. 
The scattered portion of the beam suffers an increase in X, 
and in consequence an increase in the average yu which is 
measured. This effect will be at least twice as important 
for Th 0" III. as for Ra 0 I IT. under similar conditions. 

41 Ellis & Wooster, Proc. Camb. Phil. Soc. xxiii. p. 717 (1927). 

f Ahmad, Hoy. Soc. Proc. A, cvi. p. 8 (1924). 



Lead of the y-Rays from Thorium C" and Radium C. 793 

The net effect which is observed will be determined by the 
relative importance of these two factors in each case. 

This picture of the process involves very considerable 
simplifying assumptions ; but still it seems sufficiently valid 
to indicate the reason for the difference in the behaviour of 
the two radioactive bodies. With Ra C the hardening effect 
under the experimental conditions outlined seems everywhere 
to be of greater importance than the Compton effect, and 
li to decrease continually in consequence; but with Th U" 
the latter effect appears to be of greater importance, and 
the coefficient increases. The magnitude of the increase 
evidently depends on the experimental conditions, especially 
in so far as these control the proportion of scattered radia¬ 
tion which is included in the absorption measurements. 
But as the distribution of scattered radiation is again an 
uncertain and complex function of the wave-length, it is 
apparent that much more detailed information on all these 
matters and a much more elaborate analysis must be evolved 
before we can hope to obtain satisfactory quantitative agree¬ 
ment between this phase of Compton's theory and 7 -ray 
absorption measurements. 

Summary. 

Careful measurements on the absorption of 7 -rays in lead 
have shown that the coefficient increases with the thickness 
of lead penetrated in the case of Th C", but decreases in the 
case of Ra C. The difference is shown to be in general 
agreement with the consequences of Compton’s theory of 
scattering. 

The important fact evolves that Th C" acts almost as a 
monochromatic source of 7 -radiation. 
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LXXXII. Bubbles , .Drops, and Stokes 5 Law. (Paper 2.) 

W. N. Bond, J/,^4., I). Sc., F.lnst.P., Lecturer in Physics, 
University of Reading , ancZ Dorothy A. Newton, 13. Sc., 
a Senior Scholar, University of Reading*. 

Summary. 

In a previous paper by one of the authors it was shown that 
spherical drops or bubbles surrounded by a more viscous 
fluid might have a terminal velocity as great as one and a 
half times that of a solid sphere of equal size and mass. 
The present paper shows experimentally and theoretically 
that the surface-tension of the surface of the drop or bubble 
decreases the terminal velocity. For any radii appreciably 
less than a certain critical value the drop or bubble behaves 
almost like a rigid sphere. After a fairly rapid transition, 
for all radii appreciably larger than the critical the effect 
of surface-tension is small. Experiments on the terminal 
velocity for air in water-glass, air in syrup, mercury in 
syrup, and water in castor-oil, all give critical radii of the 
order predicted ; but the different media show appreciably 
mutual disagreement, the cause of which is not yet certain. 


Introduction. 


I N a previous paper by one of us Stokes* calculations 
for the slow rectilinear motion of a solid sphere through 
viscous fluid were extended, in the way he outlined, to the 
case where the sphere is composed of fluid. For a drop of 
radius a, and density p f , falling through an infinite extent 
of fluid of density p and viscosity p, the terminal velocity 
may be written 


v - 1 i 2 (p '-py* 2 ! 

' /i J- 


. . ( 1 ) 


It was shown that, if the 
exert any tangential force, 

4 = 


surface of the drop did not itself 


2/3 + p !fi 
i+/*7/* ’ 


( 2 ) 


where ft,' is the viscosity of the fluid' forming the drop.. 


* Communicated by the Authors. 

t Bond, Phil. Mag. (7) vol. iv. No. 24, pp. 889-898 (Nov. 1927). 
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According to this theory, if the fluid composing the drop 
has a very largo viscosity compared with that of the sur¬ 
rounding fluid, the drop will behave as a solid sphere 
(ljk — 1); conversely, if the fluid of the drop be relatively 
very inviscous, the drop should move oue and a half times 
as fast as a solid sphere of equal size and density (1/^ = ^), 
there being now no tangential force at the surface of the 
sphere. 

It was also recorded in the former paper* that air-bubbles 
were found to rise in viscous liquid at a speed corresponding 
to 1//-==1*4!V —almost that predicted. Fluctuations in the 
measurements, and the relatively small velocities obtained 
in the few experiments with water drops in castor-oil, were 
attributed to tangential forces exerted by the spherical 
surface that were then considered probably due to surface 
contamination. The present paper records an attempt to 
investigate this surface-effect, further. 

Thkoky. 

At first it might, be thought that surface-tension, without 
contamination, would not influence the phenomenon, as the 
area and shape of the common surface are constant. But 
further consideration (as well as the experimental results) 
shows that surface-tension will itself have an effect. 

The fluid just inside and outside the surface has, in 
general, a common tangential velocity. Because this 
velocity varies from zero at the two points on the axis 
of motion of the sphere to a maximum at points in (or near) 
the equatorial plane, the area of an element of the common 
surface must at first grow from zero, then attain a maximum, 
and finally decrease again to zero. This change in area will 
require a local supply or removal of energy, and will call 
into play tangential forces not considered in deriving 
equation (2). It appears likely that, as this effect becomes 
important, k will change from the value given by equation 
(2) towards unity (a rigid sphere). 

Without making a detailed calculation, it may be assumed 
that one extra variable, the surface-tension, T, of the common 
surface, is all that need be considered (the conditions being 
sensibly isothermal). We then obtain dimensionally the 
most general form of relationship between the variables 



* Bond, loc. cit. 
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where W is the apparent weight of the drop or bubble after 
allowing for buoyancy. This equation may be written 


V -=R-’ wTKsR^}-' ■ 




Thus 1 jk of equation (1) will be a function not only of fi'fp 

clJl 

as given by equation (2), but also of w' F or large drops 
or bubbles, is small, and 1/k should approach the value 


given by equation (2), being a maximum (1 /& = §) when 
/f'/A* is also small. And for small drops or bubbles 

larged it was suggested above that 1/k should in all 


cases tend to unity (rigid sphere). 

The surface-tension would probably become of moderate 

importance if ^ were of the order unity Or, changing 

to more convenient variables, we may define a critical 
radius, a, near which the transition would be expected 
to occur, by 


a 


/—y 

* i<y—p) \*9 


( 5 ) 


it might be thought that when surface-tension became 

of small importance smallj the large drops or bubbles 

would depart from the spherical form. It appears, however, 
from equation (4) of the previous paper t that, when there 
is no tangential force at the surface of the sphere (and when 
the kinetic energy of the fluid is negligible), the departure 
from sphericity is only due to the hydrostatic pressure being 
slightly different at the toj> and bottom of the drop, and is 
therefore very small 


Experiments. 

In order to investigate the effect of surface-tension on 
the terminal velocity, the viscosity of the fluid inside the 
sphere was kept very small compared with that outside. 

♦ For rapidly moving air-bubblos in water 
found at a critical radius of about 0*165 cm. 

Technol. Reports, (5) ]No. 3, pp. 1-33, 1925; 
to be due to surface-tension, and the order of 
by equation (5) above. 

f Bond, loc, cit 


a change in effect has been 
(O. Miya^i, T6Jioku Univ. 
. This effect, also, seems 
the critical radius is given 
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The ratio of the terminal velocity to that of a solid sphere 
of equal size and density (i.e., 1/k defined by equation (1)) 
was then measured for various sizes of drop or bubble 


£lT\ 

e.> for various values of For no tangential force 

due to the surface of the sphere this ratio should be l//i*=4, 
as given by equation (2) when g'//4 is very small ; but in 


T 

general it might be less, being a function of , <£ of 
equation (4). 

Experiments were carried out with air in golden syrup, 
mercury in golden syrup, and water in castor-oil. Also the 
previous results on air in water-glass and air in golden 
syrup were analysed on the present basis. The velocities 
were in all cases such that the forces accelerating the liquid 
outside were negligible in comparison with those overcoming 
viscous resistance to relative motion (/. e was small 
compared with unity). The temperature varied during the 
experiments between about 13° 0. and 20° C. 

The terminal velocities were found using a vertical brass 
box of internal cross-section 4*75 cm. square, containing 
about 13 cm. length of liquid column (as in the previous 
work). A pair of ad jacent sides had plate-glass windows, 
and the drops or bubbles were viewed with a microscope, 
in front of a white background crossed by a number of 
horizontal dark lines. In some experiments on large water 
drops in castor-oil a glass cylinder was used (internal 
diameter 7*5 cm.; height 13A cm.). To allow for the effect 
of the walls and ends, a curve was constructed for both 
vessels from observations of solid spheres of various sizes 
falling in golden syrup. As the size of sphere was 
increased, the correction began to exceed that given by 
Ladenburg's formula, being considerably in excess for the 
largest spheres. 

The diameters of the slower drops and bubbles were found 
by measuring the time they took to move a distance equal 
to their diameter ; the size of the larger mercury drops was 
found by previous weighing, and of the larger water drops 
by forming them from calibrated pipettes. 

The viscosity of the surrounding liquid was found by 
measuring the terminal velocity of steel spheres before and 
after each experiment. 

Since it was shown in the previous paper * that the wall- 
correction for drops and bubbles is in general less than for a 


* Bond, loc . cit% 
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solid sphere (being closely proportional to k ), the unmodified 
wall-correction was first applied, yielding a first estimate 
of k. This was used to modify the wall-correction and 
obtain a second approximation to k . This again changes 
slightly the estimated wall-correction ; and for large drop$ 
the approximation was carried out to three or four stages, 
the estimates being successively above and below the 
required value. The accuracy of this allowance for the 
wall-correction is confirmed by the agreement of the results, 
using two different eontaining-vessels (see Water in Castor- 
oil, fig. 1). 

The surface-tension of the surface common to the two 
fluids was chiefly found by use of a large flat drop 
(Quincke’s method), so as to have conditions nearly like 
those occurring during the main experiment. 

Discussion of Results. 

The values of 1 jk (defined by equation (1)) are plotted 
against values of the radius of the drop or bubble (fig. 1). 

It is seen that in three cases l/'Ar reaches the value % (given 
by equation (2) for fi'/fi — Q) for large drops or bubbles. 
In the case of the mercury, drops of radii larger than 
0 13 cm. were not used, as they were noil-spherical. This 
was evidently due to the large kinetic energy of the mercury 
in the drop, combined with the large difference in density 
between the mercury and the surrounding syrup. For the 
large water drops also, V^ap'/fj,' was not small compared 
with unity. But in this case p and p f differed little, and the 
drops remained sensibly spherical for the largest diameters 
recorded. No obvious evidence of turbulence inside the 
drops was noticed, and for the largest drops the tangential 
forces required to circulate the inner fluid were evidently 
small, as 1 jk became very close to in value. 

For small diameters of drop or bubble the value of 1/k 
approaches unity very closely (i. e., Stokes’ Law is obeyed). 
This is in general agreement with the predictions, assuming 
surface-tension to affect the problem. If there is very small 
velocity at the spherical surface, no appreciable work will 
he done in stretching the surface, and the problem reduces 
to that of a solid sphere. But the action of surface-tension 
has not been elucidated in detail. 

Finally, let us consider the transition case (say 1/k = 1*25). 
It is found that this occurs for a radius of the order predicted 
by equation (5) for the considerable range of values of T 
and (V-p) covered by the experiments. The agreement 
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between the results for different fluids is not at all perfect^ 
but there is enough evidence to show that surface-tensiodT 
is the main cause of the departure from the value of ljk 
given by equation (2). 

The values may be put in tabular form :— f 



**'//*• 

j T. 

I 

; 

p'-p. 

a -_ / . ~f~:~ 

1 Observed 
i radius for 
; 1/Ar=l*25. 


Air in water-glass... 

io- 7 

j 104 

-1*09 

0*25 cm. 

O’lOjCm. 

Air in golden syrup 

10- f ' 

91 

-1*48 

0*25 

0*11 ' 

Mercury in golden 

io— 1 

! 285 

121 

015, 

1 012 

| syrup. 

Water in castor-oil. 

1 

lO— 1 

18*0 

0037 

0-70 

0*77 

-_^ 


The variation in the ratio of (observed radius for l/4e*=T'25) 
to (“ critical radius,” a) may be due to surface contamination. 
It seems impossible that it can be due to the conditions not 
being isothermal. The variation may also be due to the 
surface-tension changing with time. The surface-tension 
of water to castor-oil was found to decrease with time. 
Filially, the variation might possibly be due to the effect of 
the kinetic energy of the liquid inside the drops ; or even, 
conceivably, to the ratio of p to p being changed. 

It is now clear that the variation in the values of 1/4 
found in the previous work, and the low values found in 
some experiments at the start of the present work, were due 
to the action of surface-tension. Also surface-tension will 
cause Stokes* Law to be applicable in experiments such as 
those of J. J. Thomson and of Millikan, referred to in the 
former paper. 

The authors would like to thank Professor Crowther, in 
whose laboratories the work was carried out, for his kind 
encouragement and interest in the work; thanks are also 
due to Mr. J. S. Burgess, the laboratory steward, for 
continued help in regard to apparatus. 

Department of Physics, 

University of Reading, 

December 31st, 1927. 
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LX XXIII. The Scrcular Changes in Electronic Orbits in a 
Magnetic Field . By W. M. Hicks, F.R.S.* 

rpHE use which has been made of Larinor's theorem to 
JL explain the Zeeman effect on the quantum basis is well 
known. On the supposition that the effect of H 2 on the 
motion may be neglected, the motion of a single electron 
round a nucleus is compounded of an elliptic orbit in some 
plane inclined to H which at the same time regredes with 
ungular velocity g> = HE /2mc. Now, such an electron in 
orbits of atomic dimensions makes about a billion circuits 
in 1/1000 sec. Thus during the life even of an excited 
orbit there is time for ssecular effects to produce very large 
changes in the orbital constants. It is the purpose of the 
present investigation to determine these changes, and at 
the same time to find the conditions that H 8 and higher 
powers may be neglected. Shortly, the principal results 
may be summarized as follows :— 

(1) If the initial orbits are parallel or perpendicular to H 
their planes remain fixed, but the line of apses regredes. 

* Communicated by the Author. 

Phil. Mag. S. 7. Yol. 5. No, 31. SuppL May 1928. 3 F 
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(2) If the initial orbit be a circle, it will remain a circle, 
with the inclination of its plane unaltered, but the nodal 
line progredes at a constant rate of the second order of 
magnitude. 

(3) In other cases the nodes, apses, eccentricity, and 
inclination of plane all change. There are two categories 
of cases: 

(3 a) The apses continually regrede. An orbit initially 
with its axis in the nodal line has its maximum inclination 
at that instant. As the axis moves back to a line per¬ 
pendicular to the node, the inclination diminishes to a 
minimum at that stage. The nodal line progredes con¬ 
tinuously and the eccentricity changes so that 

(l — e 2 ) cos 2 a ss const. 

(3 6) The apses oscillate on either side of the line 
perpendicular to the node. The plane of the orbit swings 
up and down with its maximum and minimum inclinations 
now both when the apsidal line is perpendicular to the 
•node. In the maximum position the axis is swinging in 
the same direction as the electron is moving (i. e . pro¬ 
gredes), whilst in the minimum it is moving oppositely 
(regredes). No orbit can belong to this category whose 
inclination is less than 

sin- 1 ^*8 = 63° 26' 6". 

For numerical examples, see § 8. 

The conclusion is drawn that, for orbits of 10“ 8 cm. and H 
of the order of 30,000 gauss, wo are justified in regarding 
H 2 as a small disturbing effect, but not for those of 10~ 6 or 
larger. The energy of the whole motion remains constant, 
also that of the standard portion if we regard — a> 2 p as a 
force with potential — £o> 2 p 2 . The angular momentum 
round H of the standard portion remains constant, but 
that of the whole motion or of the regressive portion is not. 
If the field has been imposed on a previously existing orbit, 
the standard cannot possibly be the same as the original *, 
and, in any case, its actual form would depend on the 
instant at which, and on the way in which, the field was 
imposed. The problem is considered only in its dynamical 
.aspects, and no discussion is taken as to its application to 
various physical theories. 

1. Taking fixed axes, with the axis of z along the field H, 
using cylindrical coordinates p, <f >, z , and denoting the 
-i* * Larmor, * ^Ether and Matter/ p. 348. Also see Nat. cxv. a, 978 

%imy ■ 
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distance from the nucleus at the origin by r, the equations 
of motion are 


d 2 p / d<f>\ 2 _E 2 p HE ri<£ ^ 

dt* P\dt) mr 6 me ^ dt * 

d ( n dd>\ HE dp 

dt v dt ' ^ me dt ’ 


d*z__Wz m 
cIt 2 ~ mr» 


- ( 1 ) 


Write HE/(2mc) = t» 
gives 


and E 2 /m = />. Integrating the second 
«>^<£ 0 7 


Replacing 


</£ 


+ © by 


dd 

dt 


, the equations become 


d 2 p 

dt- 





... ( 2 ) 


</f 2 ~ t* ' j 

The form of these equations is that of orbits referred to fixed 
axes, under the central attraction combined with one towards 
the axis of z proportional to p . Hence the actual motion is 
that of an orbit determined by equations (2) referred to fixed 
axes, which is at the same time subject to a uniform regres¬ 
sion to. In determining the motion, therefore, we may pay 
no attention to the regressive part, whatever the magnitude 
of to mav be. The orbit as determined by equations (2) we 
shall call the standard orbit. If o> 2 is negligible, the standard 
will be a plane elliptic orbit, and this regredes with angular 
velocity This is Larmor’s theorem. 

The energy of the whole motion is given by 



where W is the energy-defect of the whole motion, and 
W —mwk that of the standard. 

3 F 2 
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Eliminating the time variable in the usual way and 
writing 1 /p*=u, z/p=zu = X, it is easily shown that 


d?u p 

dd- U ~ A*(l+X*^» 


W 

I 


<PX _ _ oSX 
dd* + A hhi* ’ 
and the energy equation becomes 


d 'U v 2 


© 


rfX 


(“ ,« 


-f w 2 


_ 2p u 

~ T* vXi + X*) 


JO 2 

/l 2 ,t 2 


2 ®_2W 

h mh *' 


(V 


( 5 ) 


2. If the effect of <w 3 is negligible, these give a fixed plane 
elliptic orbit. If the effect is not negligible but small, the 
standard motion may be regarded as taking place in an 
instantaneous ellipse whose constants are subject to con¬ 
tinuous variation. The condition of negligibility, howqver, 
does not depend on a) alone, but on the size of the actual 
orbit. This is evident from the fact that, if the orbit is very 
large, its form will depend almost wholly on H, whilst when 
it is sufficiently small, it depends chiefly on the electric 
forces. We shall assume here that co 3 may be neglected, and 
determine later the conditions under which the assumption 
is permissible. 

If l denote the semi-latus rectum of an orbit, lu is of order 
unity Replacing lu for u, the disturbing terms in (4, $) 
appear with the numerical coefficient 

_/W « 2 _ H* 

“ h* ~ p ~ 4 me* ' 

With a field of 30,000# gauss and an orbit of the order of 
10~ 8 cm. this becomes k = 2*7 x 2 x 10~ 10 . 


3. In fig. 1 let the plane of the orbit cut a spherical 
surface round 0 in the great circle PNA, the plane of xy in 
#Ny, the radius vector to the particle in P and that to 
perihelion in A. Also let 

a = inclination of orbital plane = PNm, 
b = nodal angle #ON, 
e = angle from node to perihelion = NOA, 

<f> a= angle PN *, 

6 as angle xOm. 

♦ Not, of course, the 0 of § 1, which we shall no longer require* 
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The equation of the instantaneous ellipse in its own plane 
will be of the form 

l ' 

- = 1 + e cos (<f> -f c ). 

Here I'xxhf/p, where \hi is the rate of description of area 
in the plane of motion. The areal rate in the projection of 
the path on xy is the absolute constant of equation (2). 

Fig.l. 



Hence 4=/^ cos a. Write 7t 2 /p = Z, also an absolute constant 
however a may alter. Then 

lu cos Pm - . . . . . 

-=-=b 1 + * cos 6 cos c—<? sin <f> smc, 

cos* a 

also 

X = zip = tail Pm. 

Now 

tan Pm = tan a sin (0—6) ; tan (0 —6) = cos a tan <f>. 
Hence it is easy to sho w that 

X »* tan a sin (8—b). 

... ( 6 ) 
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If, however, ft> 2 be neglected—ON fixed—ifc is more con¬ 
venient to express the relations in <p , and then 


with 


ZuV'Y = 1-f e cos (<f> + c) .... (7) 

* 

Y = 1 — sin 2 a sin 2 <f> . 


cos (0—b) = cos«£/*/Y ; sin(0 —&) a» cos a sin <f>fVY. 

When a) 2 is small, a, c, * may be regarded as slowly 
changing. In settling these changes, equations (6) must be 
used, and not (7), which assumes a, h always constant. 
After , however, the variations of the orbital constants have 
been introduced into our equations, (f> may be regarded as a 
mere transformation of coordinates from 0, and the corre¬ 
sponding expressions be used while integrating round a 
single orbit. 


4. Variation of X, i. e. of a, b. — We shall denote through¬ 
out variations of the constants by the corresponding Greek 
letters. The equation in X is 


<PX AX 

dd* + 


dX 


Multiply by ^ and integrate 


U e) 


+ X 2 = 2 k 


J 


'XdX 

l*u* ■ 


In the small term on the right we may use values for the 
undisturbed motion, viz.: 

X = tana sin (0—h) = sin a sin (f>/ V'Y, 

dX _ sin a cos $ 
d$~ * 

Hence, writing 1 + ecos (0 + c) = D, 

(dX\* Y sin* a fsinAcosA 

Km) +x ' = 2 i 00 S f„J 

In the disturbed motion let X become X+f ; then 
dX dg *. sin* a C sin $ cos 6 ,. 

^a* +JL *-*S3FS J —n*~— 
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%T d0 cos a' i 
-Now = y""" » whence 

, zxr dP t „ sin 6 , sin a { 

cos 0 x y v + £ cos J a = A: —y— 1 . . 

^ d(p vY cos 6 a I 

°o.^4(f4/Y)+,i n ^y = — 

It will be convenient to write f v'Y = sina, A: = > 


Then 


Since 


COS +$ + ?»!"♦ = P. 

4 (s£?) “ p ‘ e0 ’ ,# ' = p <£<“•"*>• 


d<p 

£ — P sin $ —Qcos <f>. 


X sss tan a sin (0—?>)', 

£ = sec* a sin (8 -6)a — tan a cos (8 — b)8, 

fc , v sin<#> sin a . Q 

{• ✓ Y ss ——<*-cos <f >. /Q. 

cos a cos a 


Hence, comparing with equation (9), 

et = \sin a cos a P, 
fi = \cosa Q. 

In the integrals, 

D = 1 + ecos (<f> + c) = 1 + e cos % (say). 

If I, denote J g , 




1 d 
n — \de 


I 


n—J> 


cos 6 a 

. ( 8 ) 

• ( 9 ) 

. ( 10 ) 


also 
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Lot A stand for the operator d/de . Then 

•p _ (*sin%cos%cos2c—sin<?cos6*(2cos 2 x~l)^ 
r _ j D4 - ax 

= — £ cos 2c A ^— £ sin 2c A 2 I 2 4-sin c cos cl 4 , 


so 


Q = £ sin 2c A — £ cos 2c A 3 I 2 -+• cos 2 cl 4 . 

As we require to find the changes in a, h after one revolution 
of the particle, the integration limits are Xo> Xo4-27r. The 
first terms in the above for P, Q then disappear, and the I 
stand for the complete integrals. To find these we note 
that 

= - J'» = -* J'(d- -TFT.) = 

Thus 

,n = (^~r ?A+1 ) I *- i ‘ 

The I n depend then on I u viz. : 

Ii = if -= —— tan" 1 ( \/j —-.tan£x). 

J l-ftfcos^ i/(I— e*) \ V 1+e 2/ V 

It is easily seen that the indefinite T n is of the form 
Antan' 1 ( ...) + ( jy + ••• + g^ri)sin X• 


These will give the complete values of a> 8 at any point of 
the orbit. For our purpose, however, 

9tt 

x > = v7.i-T 8 ) = 2,rZ (say )' 

Here 

eAZ n = n (Z"+ 2 -Z"), 

'whence 

I, = (eA + 1)1! = 2 ttZ*, . 

I, = (i«A +1)1, = ir(3Z # —Z s ), 

I 4 = (^A+1)I, = 'tt(5Z 7 —3Z 6 ) 

AH, = 6tt(5Z 7 —4Z 6 ), 

A*Ii = 6 ttc(5Z 7 —2Z 6 ). 



(ID 
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Substituting, it will be found that 


(I + 5(Z 2 — 1) sin 2 c}. 

We shall find in the next section that Z = C cos a } where 0 
is a constant. Hence, replacing X by /-/cos 6 a, 

« = —§7r&C 5 sin a(C 2 cos 2 a— 1) sin 2c, j 

$ = 7r/:C 6 {15(U 3 cos 2 a — 1) sin* c}./ ^ ^ 


5. T7i* eccentricity .—In any elliptic orbit (major axis = 2a) 
the energy defect is given by W' = mjt>/2a and / / = a(l —c 2 ), 
whence 1 — e 2 = 2M\f , l'jmp. In the present case the effective 
elliptic energy is not constant: 


W' = AV — monk -f* bnaytp 2 ; Z' = Z/cos 2 a ; l =z/P/p. 


Hence 


(1 — c 2 ) cos 2 a = 2(W — mcoh) 


l 2 

ra/* 2 


= const. 4* 


k 

Pv?' 


+ 


ZV 

/Ai* 


#17 cos 2 a = — (1 — c 2 ) sin a cos a . a — ‘oWir • (13) 

u 


Since Pa> 2 j(hu ) 2 is periodic, it follows that (1— e 2 ) cos 2 a is 
unaltered after a complete revolution ; or throughout the 
ssecular motion 


(1 —e 2 )cos 2 a = const. = (l — c 0 2 ) cos 2 a 0 , 
where e 0 , a 0 are initial values. It is convenient to put the 
constant = ^. Some interesting conclusions follow at 
once. E. g .: 

(1) Since 1—e 3 is always <1, cos 3 a >(1 — e 0 *)cos 2 a. 
Hence, even if a increases, a can never be greater than 
eos~ l { s/ (1 — e 0 *) cosoq }- 

(2) If initially the plane of the orbit is parallel to H, it 
must always remain so, for then the constant is zero and 
(1— e 2 ) cos 3 a=0 always, ue. either cos<i=0 or e=l, the 
latter denoting a line orbit. The same result also follows 
from the fact that, in this case, the areal rate projected on 
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the plane of ay is zero, and by equation (2) is constant and 
therefore zero always. This can only happen when the orbital 
plane remains perpendicular to ay. 

(3) Any finite change in the inclination must involve 
simultaneous changes in the shape of the orbit, so that, if 
e denote the ratio of the axes, ecosa is constant. 


6. The orientation of axis or c.—Equation (5), the analogue 
of the energy equation, is 


/ du \ 2 / dX , 2o) k 

KW + VTe- X dl) +u+ li + ji« 


/V 

2 u 


If the disturbed value of w is m + v, 

du dv 
dO d6 


2 W 

/^(l + X 2 ) mh 2 ' 


( <2X v du\ C dt y.du dX , 

VS + *S “ x ©l +m 

v . uXf _ 

1 4/(1 + X s ; + 1 + X 2 ) 3 ^ 2Z V * 

In this we may now transform to <f> with ~~ = . Now 


in general, 


W 


(u fl 

\ c 


dV Y dU\ 


if> ~ d<f>) 

= (Vv'W)-V ^W^(U^W), 

whence, dashed letters denoting the corresponding letters 
x^Y, 

du dv Y 2 _1_ 

dtf> d<b cos 2 a " r cos 2 c 


i<*X' , 



d<f> ' 




,rfX' 

v# dv\ 

— > 

- 

- x i*) 


. t/ 

u'X'f' 1 


+ w»- T 



X' =Xv Y =s sin a sin^>; 

luy'Y = (1 + e cos x) cos* a ; 


Y; 


Now, 
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multiplying by l *, 


811 


ndudvY* . , . 

* — — . —— -+■ sin* a(D cos <f> + e sm <p sin x ) 


d(f> d<f> cos* a 


( ^1 V 

r' cos <f >—sin ~j + Puv — 1\ 
= — sin a cos 2 a(l) cos ^>4 * sin sin + 


— sin a cos 2 a D sin - 


2ZV 


Now, 


/yj dv __dv* t sin 2 a sin <£ cos <£ , 
VX d4>~~d<t> + Y r * 


The coefficient of / 


cZi/ 


= — *Y sin D sin 2 a sin <f> cos <£ — sin 2 a D sin cos <f> 

— e 2 sin 2 a sin 2 <f> sin 

= — £ sin j£(l—snr cr sin 2 <£) — e sin 2 a sin 2 sin ^ 

= — * sin x ; 
coefficient of Zt/ 

sin 2 a sin <4 cos <f>, v . , ^ . « . . 

«- n --T-( — *ex sin^4*D sm 2 a sin <f> cos<f >) 

4- JD sm ; a cos 2 + e sin 2 a sin cos <f> sin ^ -I-y — 1 


-1 


n . 9 / sin 2 a sin 2 <4 cos 2 <4 * . \ D cos 2 a 

= D sural-~ -f cos 2 <^J + —y~- 

^ sin 1 a cos 2 <f> . Dcos 2 a t ^ - 

= D-y- r ~ 4 y *“1 = D —1 = tfcos%. 

Hence the left-hand side of the equation is 

- eain Xjj c ( l V'/Y)+ecoax(lv*/Y) 

The right-hand aide : 

y 

= — X cos* a —Xsin* a cos* a x 

*£(oM^+«cosc)^D^~+*fsinj^ + Dsin0.{ : . 
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Hence 


esm a 


2L 


(WY) 


X sin 2 a cos 2 a 

Y dt * 

=5 f T o" . „ -f (cosCQSC t £ cos 0 COS V + C 2 COSCCOS y) 

2D 2 sin 2 a ^ ^ 

4- {csin j;(cos04-ecosc) 4-sin 0(1 + ecosj£)} K 


— snr- a + cos<£ ™ + ?sin<£ 

2D* sura T d<p 

4 *(2 cos 0 cos ^ 4* sin 0 sin ^ 4 e cos c cos x) 
4e(2 sin 0 cos ^4* sin e + ecosesin x)£ 


B 

d x 


Since 


2D*ln*a +a + 2 ecos X )(co S <f>B + f sin *) 

4 e 2 cos e ^cos ^ 4- f sin x^ 

+ ^( sin X^-« os x)(?sin<^). 


— cos^ on sin <f> • cos^ produce sine; — cosc 
X 


d ^ . 

cos^+sm* on „ „ cosc; sine 

and (8, 9) 

C0S ^d^ ‘*‘£®* n 4* — P? £ = Psin d>—Q cos <f>, 

dt „ . 

« 08 X^r + ?sin X 

( . , sin 0 cos 0 , sin 2 0\ -r. ^ . 

sm0- -™y 4 —^ —cos0—4-Pcosc— Qsmc 

f’sin 0 cos v , ^ , N 

“1-Di—^X = Pt (say); 

nin*% (lv>/Y\ 

* ’ X. sin* a cos* a d\ \ sin % ) 

. , d /fsin <f>\ , Y 
e sm ^ V sinJx ) 2D* sin* o 

+ (1 + 2c cos x) P+«* oos c JfcV 
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Divide by sin 2 ^ and integrate 
« Ivs/Y 


813 


X sin 2 a cos 2 a sin x 


tffsin <f> 

~™*X~ 


■(fD5^ +P+< ’ 5coscPl ) COtx ~ 2 ' ,Pc0seCX 


+ 2 s 4 ^j° 0 t ^ 4 (S)^ 

•+• | {(sin <f> cos <j) + e 2 co$ c sin (f> cos^) cos^ 


Now 


+ 2e sin 6 cos d >!- r —^ 
T D 4 s 


sin X 




~ i ‘^X^ainx l)8 i)S 

eltWY 


X sin 2 a cos 2 a 


Y __ 2 sin 2 a sin <f> cos ^ 

“ *?•»'" + p + « ,c °8cl , 1 )c°s X 

e sin v i Ycosv 7 (' rfy 

sin^a j D 3 A D 4 sin^ 

[ — D 3 cos % sin <f> cos <f> + s\n<f> cos cos ^ 

+ c 2 cos c sin <f> cos 2 ^-H 2 e sin <f> cos 0]. 
Substituting l) = l-h^cos^ in the expression in [ ], gives 
2e sin <f> cos <f>( 1—cos 2 %) ■+■ * sin <j) cos 2 jg(cos <?—cos </> ccs x) 

= # sin ^(2 sin 0 cos 0 sin 3^ + e sin 2 <j> cos 2 ; 

elv y/Y 
X sin 2 a cos 2 a 

= efun <p- 2 eV- (jjyr^rjs^ + P + ** cos c P,) cos x 

+ l 8 i£Xt'?2?X ( i y 

+ sin* a J IP * 

-f e sin x 1 { — (1 + e cos x) sin 2 <f> cos x 

J . 

-f 2 sin 0 cos smx + esin 2 ^cos 2 ^} jjj 


= ... -f 0smj£ 


in^ J'(sin <f> sin c + sin ^ cos <j> sin x) jjfc • (14)* 
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It is now necessary to express t? in terms of the variations 
of the orbital constants. To do this we must use equa¬ 
tion (6), which gives u in terms of 0, viz.: 

Zw=cos 3 tt| \/{l 4-X 2 ) 4* e ^cos e cos(0 — 6)— —sin (0—6)^|; * 


Iv 


t , ( 2 D sin a . n ) 

= cos 2 a < — ^ Y * an a ~ “ os 2 a Sln G Sln (v — 6) > a 


cos* a 
-f cos 2 


a { 


x_£. 

v/a+x 2 ) 


tjcosxI 

v"Y / 


+ (“OS 


{sine cos (0 — 6) 4- ^ %in (0 — 6) 


cos a 


s 2 a £ — e |sir 

4-e-jcos r sin (0 — 6) 4- (0 —6)j-j8j . 

Transforming to <£, % 

hWY . 2 . , ^ 

2 = Xsira sin <p. f—esm^;. 7 

COS cl 

4 - rj cos % + ( — 2 D— £ sin c* sin <6) tan a . a 

, . . sin c . x ~ 

4-e (cos c cos a sin <64-cos <p)p. 

N cos a 

Now 

a = X sin a cos a . P, /? = \ cos a . Q, 
er) = — ^- 2 — \(1 -V 2 ) sin 2 a . P (from 13 ). 

Hence 

e/r a/Y 

\ sin 2 a cos 2 a 


= -l!!!uK,'y +e t sia *--(i-^)r 


A. sin 2 a 


Y cos; 
2D 2 sin 2 a 


cos# 


+ *(—2D — e sin c sin <£) P + e 2 (^ 2 * — cos c sin <J>) Q 


e 3 sin x , «. • , Y cos y „ 

-- + * sln +- 'iwTtih- 2 * 


+ { r + ( i* cos 2 c + Q sin c cos (,•)«*} cos^ 
+e 2 sinx -Psinccosc—Qcos J <Tj.. 
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Combining this with the former value for Iv ^ Y, all the 
terms, except those in sin % cu f out, since 

— P cos 2 c + Q sin c cos c = — P x cos c, 

and there results 


<y. =e *Ji 


X sin 2 a 


snr a 


- e. cos e 


Csin <f> sin v, e i* cosX _ 
—*<? i (sin 0 sin c-f* sin <f> cos <j> sin %) 


As we require only the definite integral % 0 to + odd 
powers of sin % disappear and 


X sin 


. * ry =s: — . 1 i ™2L dy 

sin 2 a ' sin 2 a ] D li * 

e i ' cos 2 c — cos 2 c cos 2 % 
in 2 a ) 


sin 
— e cos 2 


II 4 


d x 


1 — COS 2 V , 

”1 |„ *•'* 


. t , i cos V , 0 i * COS Y — COS 3 Y 

-r sin* c \ -jyf d X -cos2c \ -^- 


whence 
£ 


1 


7 = r-7,27, {£AI 2 + e cos* d*- cos 2 cA*I 2 } 


Xsin 2 a' sin 2 « 


— e cos 2 c{ I 4 —| A 2 I 2 } — £ sin 2 ^Al 3 + cos 2 c{£Al 3 —^AMj }. 
Substituting tlie values of I from (II), it will be found that 


Xffifi 7 = £‘i f 4Z * + 5(Z> - Z‘) .in' «}-!»!? «n"«, 

iy ss 7rXZ 6 {4 + 5(Z 2 — 1) sin* c—5 sin* a sin* eZ*} 

-> --^- C s {4 + 5(C*cos 4 a-l)sin*c}. . . (15) 
cos a v y 1 v 7 


Here y gives the change of perihelion from the nodal line. 
It is therefore composite and measures the combined effect 
of the change of perihelion in space and the effect of the 
motion of the nodal line. In fig.’ 2 let the two successive 
orbital planes out the sphere of reference in PN^, PN*A 2 , 
P denoting the projection of the particle at any instant. 
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Then 7 is increased N x n by the motion of the node, and 
= by the motion of the line of apses. 

Njft = Nx^cosa = yScosa; 

7 = dc -hyScos a, 

whence, combining equations ( 15 , 12), 

dc = y-—/ 3 cosa =-- {3 + sin s a— 5 sin 2 a sin*ci. ( 16 ) 

cos a i \ / 


Fig. 2. 



For the general cases of motion the line of apses will be 
referred to the nodal line and be given by ( 15 ). 

7 . Discussion of the motions .—Collecting the equations of 
change, 

Sa =— -£7r&C 6 sina(0 s eos 2 a — 1) sin 2c, 

86 = tt&C ®{1 + 5 (C 2 cos* a — 1) sin*c}, 

and dc=y (eq. 14 ). It is seen that the nature of the ssecular 
changes is quite independent of the magnitude of H (pro¬ 
vided, of course, powers higher than H s are negligible) 
The individual orbits depend on C" 1 , which is the yalue of 
v' O— c*)cosa in any, say, initial configuration. The value 
of H merely affects the rate at which the changes take place. 
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The above equations give the change in a<b,t\ whilst the 
particle makes one complete revolution in its orbit, say their 
annual variation. It* 2 a denote the major axis of an ellipse, 
the period is 


2 *a*_‘27r/ /' 2 tt/^ 2 ^ 2 * 1 * 3 

v> a = 7„ U 1 —^ ) C0S M 




7/ 


It is thus constant throughout the secular changes. The 
da, ... are produced in this time. The final effect is the 
same as iF these values are produced by continuous change 
during a period. 

Now 




A 2 


W, ;C* = Ivy/tG*. 

Honcn we may write : 

= — $ CO VIcO 2 sin a( C 2 cos 2 a — 1) sin 2c, 

f f = -h « V'H’ 2 {1 + 5(0 2 cos 2 O - 1) sin 2 <•}, 


dc 


d a 


= i«7/t" : {4-f5((/ 2 cos 4 « —l)sin 2 c} 


_ sina cosa(0 2 cos 2 tf—1) sin 2c 
iiV; ~ - 4 + o( C* cos 4 a — I) sin 2 c 

If cos a—y, sin 2 c — x, the last may be written : 

dg __ ?/(1 — .7)(C 7 / 2 — 1) 


dx 


4-f5(Cy~l>t * 


(i-> 


These formulae are valid for ail the motions possible, except 
that they become nugatory when the orbital plane tends to 
become perpendicular to the plane of xy, for in this case the 
k tend to zero. The reason is that the constant areal rate h 
becomes zero and the actual or bits indeterminate. In fact, 
k=zl*a> 2 jh , where /=/'eos 2 ez, /i = 7i'cosa, l\ h' being the 
values of l , h in the actual orbit. Hence h becomes 

/' 4 ft> 2 cos 6 a/h t2 > which tends to zero as But at the 

same time G 5 cos ft a= (1— e 2 )~i. Hence, in the expressions 
for da } db, dc , AC 6 must be replaced by A:'cos a y where 
k'zszV*a> 2 jh /2 , so that as the plane approaches parallelism 
to H, a, b tend to become constant, «• e . the plane fixed, 
Phil Mag. S. 7. Vol. 5. No. 31. Suppl May 1928. 3 G 
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as it clearly should he, since the disturbing force —oj 3 /o lies 
in the plane, whilst the apse regression is given by 

nT v 

«fc = (l _^y572( 4 ““ 5sin2c )- • • * ( 18 > 

This has also been verified by direct calculation. 

The first conclusion we draw from the equations (16) is 
that, if ever sin 0 = 0, cosa = 0, or C 2 cos 2 a — 1 = 0, they 
maintain these values. For, writing da/dt=:f(a) . F, where 
frzzO has roots a u a 9 ... and F and its differentials are 
finite, 

= 0 for « = «!, or 
dt 


d J a ,d¥ dfda 
dt 2 = Aa) dt + dt'dt 


= 0 for o = 0 x or 0 2 .. 


and so on. 

Thus (d/dt) n a~ 0 for any root value. Consequently, if 
0 =r 0 ! or 0 2 ... at any instant, it will always retain that 
value. Here we have the three cases: A, cos 0 = 0; 
B, sin 0 = 0 ; CJ, C 2 cos 2 a-l = 0. 

A. This corresponds to a plane parallel to H.. The motion 
of the apses is given by equation (18). If c Q is the least 
value of sin~ 1 * / ‘ 8 , dc*= 0 when o = c 0 , 7 r —r 0 , 7 r-fc 0 , 2 t r —c 0 . 
If initially c<c 0 , do is positive and c grows asymptotically 
to c 0 . If initially c.~ c 0 , dc is negative and c decreases 
back to c 0 . Thus c 0 is a stable position for the apsidal line. 
On the other hand, 7 T“-c 0 is an unstable position, for if c is 
less, dc is negative, etc.; but 7r4 c 0 is again a stable position, 
giving the same apsidal position as c 0 > but perihelion and 
aphelion reversed. The stable position is that in which the 
ellipse is tilted in the direction of the orbital motion. During 
a revolution the apsidal line makes small oscillations about 
this stable position. 

B. Plane perpendicular to H. Here 

3T-°- ft " W*C*(.l+ir?™*"). 

~~ *«v'*C«{4+ . 

/These held quite close up to the limit #*&<), hut when 0=0 
n ttey gite the changes expressed in terras of 0 moving mads. 
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viz. an imaginary nodal line,.without anything to show its 
relation to the motions in the plane. To express in terms o£ 
a fixed axis, recourse must he had to equation (16), which 
gives 

~ = 0, dc 3ir&C 5 or ~tt = So 
dt dt * 1— e 2 


This has been verified by direct calculation for this case. 

0. C 2 cos 2 a —1—0 corresponds to 1/(1 —e 2 )—! or <?«=(), 
i . e . to a circular orbit. This gives the important result 
that, for every circular orbit, the inclination remains un¬ 
changed by saccular variations. But the nodal line progredes 
at a constant rate » v / /fc/cos 2 «, or an annual rate 7rk/oo s 5 a. 
In other words, the barmor regression ay is decreased by this 
small amount. Also 


dc . ,. 4 — 5sin 2 «sin 2 c 

r. •= h co v k -«-, 

dt 2 cos 8 a 


with the apparent paradox of a circle possessing a definite 
apse. To understand this, it must he remembered that we 
have been dealing with the complete changes produced after 
a single revolution in the orbit. If we take account of what 
goes on during a period, we never get the same instantaneous 
orbit persisting. It is only at certain instants that the true 
circle appears, and between these the orbit has been elliptic 
with its apse moving. The angle through which this has 
gone in a complete revolution is that given by the above 
equation. As the particle in a circle is always at an apse, 
it is to be supposed that the 44 apse” is at the point where 
the particle is at the moment of change, and is again in a 
circle after it has moved through 27r —rfc. This could be 
definitely settled by working out the details, but there is no 
interest in doing so. 

Returning now to the consideration of the general case, 
we shall take a given initial orbit (i. e. «? 0 , a 0 , c 0 ) and trace 
the subsequent changes. In all cases these changes are 
symmetric on both sides of the nodal line as also of a line 
perpendicular to this. We may then confine the discussion 
to Initial configurations between 0 and Since 

C 8 cos*«—1 is necessarily positive, — da* db are positive 
everywhere, so that within this region (sin 2c positive) a 
continually decreases, and cos a, b continually increase as 
o increases from 0 to r. 

Consider, first, that category of orbits in which during 
their ssecuiar changes their line of apses coincides at some 

3G2 
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instant with the node. The rates o£ increase of a vanish at 
c = 0 and <? = ■£ 7 T, increase up to a maximum at some point 
which depends on a 0 and (J, and then decrease up to c = 4 - 7 r. 
Starting from an initial value a 0 at tlie node, a increases to 
some final value at c = i 7 T, which, again, is dependent 04 
the C of the orhit as well as on a 0 . This aj will he less than 
cos~ l (I/O 2 ). This follows because if it ever attained this 
value it would continue in this state and the orhit remain a 
circle. Failing the integration of equations (17), the actual 
value of aj cannot be given explicitly, hutjtin any special case 
it can he determined to any desired degi^e of accuracy by 
numerical calculation (see § 8 ). 

The course of the changes in c is not so simple, since for 
certain categories of orbits dc may become negative in 
certain regions, dc is necessarily positive at the start, since 
then sin/* is too small to make dc negative. If at the start 
C 2 cos 4 a>l, it will continue so, dc must always he posi¬ 
tive, and c continually increase up to \ir. If, however, 
C 2 cos 4 a<l, dc depends on 4 — 5(1 — C 2 cos 4 a) sin 2 < 7 , ;md 
whether it ever becomes zero or negative depends on the 
relative changes in a and c. In any case, if sine reaches a 
value given by 

5( 1 — C 2 cos 4 a ) sin 2 c = 4, 

dc = 0, sine is stationary, whilst 1 — ( 12 eos 4 « goes on 
decreasing, and dc now again becomes positive. In such 
cases c rises to a stationary state at a certain value and then 
goes on again increasing to ^ 7 r. Thus, for orbits in this 
category, dc can never become negative, or tlie line of apses 
always regredes. 

Nevertheless, we can choose an orbit so that dc is negative. 
For this to happen we must have 

C*cos 4 a —1 < 0, cos 2 a < 1— e 2 , 

5(1 — C 2 cos 4 a) > 4, 

sin 2 c >3(1-0 2 cos 4 a)- 1 . 

Since '8 + '2e 2 > e*,, tlie second condition is sufficient us well 
as necessary. Orbits in this category, therefore, must have 
large inclinations >sin“ 1 \/ , 8 or 63°26'6". Also, sine 
cannot be <^*8, or c must he >63° 26'6". When these 
conditions for a, c are fulfilled, sin c decreases, but this 
cannot continue up to sinc=0, for, apart from the con¬ 
stantly increasing cos a, sin 2 /? at last reaches a point which 
Contravenes the third of the above conditions. After 


sin a > e } 
sin 2 « > *8 + *2tf 2 , 
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reaching this, dc again becomes positive, sin 2 c now in¬ 
creases and is enabled to increase to 1 on account of the 
simultaneous increase o£ cos a, which keeps dr positive. 
This is clear, since the longer sine exists, tlio larger 
becomes cos a until C s cos 4 «— 1 >0, after which dc is 
necessarily positive. The point where sin 2 c reaches its 
smallest value is given by dc = 0, or 


sin 2 c 0 = 


4 

5 


1 *» 

1 —e 

sin 2 a — tf 2 * 


In other words, it* we choose as our initial configuration 
an orbit of eccentricity e, with inclination a > a 0 , where 
sin 2 « 0 = ’8 -f *2e 2 , and with its axis at an angle given by the 
above value for sin 2 c 0 , the apses will move from c 0 to n r~-c 0 , 
and will never coincide with a nodal line. 

The question arises : How did the orbit arrive at the con¬ 
figuration in question ? To see this we trace hack. Here 
cos a decreases, dc is to he treated as positive, until at last 
sine becomes unity. In other words, we must start with 
the line of apses perpendicular to the nodal line, and the 
configuration oP such a nature that dc is negative. This will 
be a position of maximum inclination with the apses pro- 
grading at their maximum rate. They reach a position c 0 
and then regrede, the inclination still decreasing and 
reaching its minimum when the apses are again perpen¬ 
dicular to the nodal line. 

There are thus two categories oP specular variations, 
distinguished as follows :— 

I. The line of apses continually regredes, at a maximum 
rate, when they are perpendicular to the nodal line ; the 
orbital planes swing up and down with the maximum 
inclination when the apses coincide with the nodal line and 
the minimum when perpendicular. The nodal line constantly 
progredes. 

II. The line of apses oscillates about the line perpendicular 
to the nodal line; the orbital planes swing up and down with 
their maximum and minimum inclinations, both at instants 
when the apses are perpendicular to the nodal. The greatest 
•inclination occurs when the apses are swinging from left 
to right in the diagram, i. e . when they are swinging in the 
same direction as that of the particle in its orbit. Again 
the nodal line constantly progredes. 

The transition state between these two categories occurs 
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for g = 0. The orbit is then circular and inclined at the 
angle 63° 26' 6". 


8. The period of these ssocular variations will clearly be of 
the order of magnitude of the (|*a> x/kO 2 )^ 1 of equation (16),* 
say ljq of this. Thus the number of cycles per sec.= 
% qa> \/kC 2 . Here 


y/k 



HE 
2mc X 



H 

Ac y/ m 


Z 8 / 2 . 


The electron year = a 8/2 = 2tt a 3/2 . 

These results may be expressed thus, with H = 30000# 
gauss :— 

Electron years per sec.= 2*52 x 10 8 a“ 3/2 

Lartnor cycles per year . = 1*66 x x 10 7 a 3/2 

Ssecular cycles per Larmor. = 2*62gC 2 #x 10 8 Z 3/2 

„ „ „ electron year = 4*35 gOVx 10 15 a 3/2 Z 8/2 


As Z = a(l —<? 2 ), Z, a are of the same order. 

We are now in a position to make some estimate of the 
orders of magnitude of H and of “ a 99 below which we may 
treat their effects as small, i. e . for which we may neglect 
the effect of H 8 and higher orders. Taking, as examples; 
the two cases of orbits of order 10“ 8 and 10~ 6 , we get the 
following table :— 


10 «*. 

Electron years per Bee . 2*52 X10 16 

Larmor cycles per year. 1*66 *X 10"® 

SaBcular cycles per Larmor ... 2*62 A#X 10~ 4 

„ „ per year. 4 35 Aj? 2 X10"* 


10 “ 6 . 
2*52x10' 2 
l-eexx 10- 3 
2*62 Aar X10“ 1 
4*35 Aar* X10“* 


Here A denotes 9C 2 , and H = 30000 x gauss. The ssecular 
change for the 10“ 6 cm. orbit, or 360 ° per 1000 years, can 
certainly not be regarded as small. That for 10 “ 8 is well 
within this limit. 

To illustrate the foregoing analysis, a numerical computa¬ 
tion has been carried out for one example from each category. 
The inclinations and apsidal regressions have been calculated 
from equations ( 17 ) by steps of H at successive 
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intervals s»*l. The cases chosen are: 

Oat. I. a a® 45°; e = sin 45° when apse and node 
coincide. 

„ II. a = 70°; *> = sin 32° 26' = *5363 ; c = 78° 8' 
for stationary position. 

These require C 2 = 4 for I. and C 2 =12 for II. The results 
are : 

I. The orbital plane swings from 45° to 25° 55' in 
l*08/(§ o> v / A0 2 ) = ‘ 108/(w\/&) seconds, whilst the 
apsidal line moves through 90°. Hence a com¬ 
plete cycle of one revolution of apse and two of the 
inclination takes place in *43/(o> Vk) secs. 

II. The plane swings from 72° 15'through 70° to 64° 4' 
and the apsidal line has oscillated from 90° to 78° 8' 
and back to 90° in 2* 17/(§ w \/A:C 8 ) = 11*9 /(o> >/ Ar> 
sec. A complete cycle is twice this. The times 
from 90° to 78° 8' and back to 90° are in the ratio 
*98 : 1*19 , say 5 : 6. 

The numerical values for 1Q~ 8 and 10~ 6 are: 

1. II. 

10-8. IQ-6. ^ 10-«. IQ- 6 . 

SflBCularper Larmor 2*4a?xl0 4 2*4 j?x 10 1 7'22.rxl0“ 4 7*22a*Xl0~ l 

„ „ year ... 4j:*x10- d 4-r a XlO- ;5 1*19^x10-8 ri9tf 8 X lO'* 2 


LXXXIV, On the characteristic Infra-Red Vibrations of cer¬ 
tain Crystals of the Rock-Salt Type . By L. Gr. Carpenter, 
13.A., B,Sc., Lecturer in Physics , and L. GK Stoopley, 
J5.&., Research Student in Physics , University College , 
Southampton *. 


Introduction . 

I N a recent series of papers f in the Proceedings of the 
Royal Society, J. E. Lennard-Jones has shown how the 

* Communicated by the Authors. 

t Proc. Roy. Soc. A, cvi. pp. 441, 463, 709 (1924); A, cvii. pp. 157, 
686 (1925); A, cix. pp. 476, 584 (1925); A, cxii. pp. 214, 230 (1926). 
These papers will be referred to below as Papers L to IX. 
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force fields of certain atoms and ions may be deduced from 
one or more of the following data :— 

1. The variation of viscosity of gases with temperature. 

2. The equation of state of gases. 

3. X-Ray measurements of interatomic distances in* 

crystals. 

4. Certain measurements of ionic refractivities by 

Wasastjerna. 

5. The compressibility of certain crystals. 

Lennard-Jones has classified the forces which occur between 
ions whose electronic structure is similar to that of the inert 
gases under four heads*:—(1) electrostatic forces; (2) van der 
Waal s’ attractive forces ; (3) intrinsic repulsive forces ; and 
(4) forces due to polarization. In crystals of a high degree 
of symmetry, such as rock-salt, the polarization forces need 
not be considered ; the van der Waals* attractive forces can 
also be neglected in comparison with the electrostatic forces. 
There remain, therefore, the electrostatic forces and the 
intrinsic repulsive forces. The electrostatic forces are of the 
inverse square type and depend on the valency of the ions 
concerned ; while the intrinsic repulsive forces are known 
from the work of Lennard-Jones. 

Lennard-Jones proceeds on the assumption that the 
intrinsic repulsive fields of the atoms and ions with which 
he deals may be regarded as spherically symmetrical, the 
field being represented by a formula of the type\ n r~ w . This 
treatment of atomic and ionic fields on the basis of inverse - 
power laws must be considered as approximate merely, to be 
replaced by more accurate methods when our knowledge of 
the disposition and motion of electrons in atoms is more 
complete f. 

Born and Brody J have shown that, for regular diatomic 
crystals of the rock-salt type, electrostatic cohesive forces, 
together with other forces, proportional to r“ n suffice for the 
explanation of expansion phenomena, elastic properties and 
infra-red frequencies. It is with these last that we are 
concerned here. Using density and compressibility data 
Born and Brody obtained values of n for the crystals 
dealt with, and calculated the frequencies of the charac¬ 
teristic infra-red vibrations. The values so obtained, when 
corrected by a method due to Forsterling§ for the difference 

♦ Paper IX. 
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between characteristic frequencies and residual ray fre¬ 
quencies, are in good agreement with the experimental values 
obtained by Rubens. 

Jt is the object of the present paper to point out that, using 
the data of Lennard-Jones, characteristic infra-red frequencies 
of the salts Nal'l, KOI, KBr, and K1 may be calculated which 
are in fair agreement with those obtained by Born and 
Brody from the coin possibility and density of crystals. The 
method of treatment here given is a rough approximation; it 
will be seen that the agreement with the results of Born and 
Brody is, except in the case of Nad, within about 10 per 
cent. Lennard-Jones lias calculated the force constants for 
argon-like and neon-like * ions without making use of data 
derived from the compressibility in the solid state. The 
values obtained in the present paper for the infra-red 
frequencies of NnCl and KC1 are therefore also independent 
of compressibility measurements on solid crystals, and hence 
it is of especial interest to compare them with those 
obtained by Born and Brody. 

In the case of xenon-like and krypton-like t ions Lennard- 
Jones has deduced values X n and n from the interatomic 
distances and compressibilities of solid crystals, together with 
the refraetivity data of Wasastjcrna. The infra-red fre- 
quenQies.of KBr and KI calculated in this paper arc, therefore, 
dependent on these data also. 

Method of Treatment . 

We here calculate the frequency of the characteristic 
infra-red vibrations of NaCl, KOI, KBr, and KI on the 
following assumptions :— 

1. In a crystal the two oppositely charged ionic lattices 

may he represented as vibrating as wholes relatively 
to one another. 

2. The frequency of this vibration is identical with that 

of characteristic infra-red vibration of the crystal. 

3. The oscillations are of sufficiently small amplitude to 

be taken as simple harmonic ; i. e the restoring 
force is proportional to the first power of the 
displacement. 

* In Paper VI. page 485, he chose the model of Ne by comparison 
with the observed interatomic distance in NaF. In Paper VIII., how¬ 
ever, he showed that the choice of this model was independently 
confirmed by the fact that it was the one which gave the best concordance 
between isotherm measurements and measurements of viscosity and 
thermal conductivity 
t Paper VII. 
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4. The restoring force on an ion in a displaced lattice of 
one sign depends only on the presence of the 14 
nearest ions in the lattice of the opposite sign, the 
effect of the remaining ions being neglected. 

The frequency with which the positive lattice of mass M* 
and the negative lattice of mass M 2 oscillate relatively to 
each other is easily shown by simple dynamical reasoning 
to be 



where F 1 is the restoring force on one lattice per unit 
displacement relative to the other. 

If there are N ions of each sign in the lattice, then 


F. = N/j,.(2) 

where # /i is the restoring force per unit displacement on one 
ion. This is evidently the case, since, by symmetry, all the 
ions are acted upon by similar forces, so that the total 
restoring force on the lattice is the arithmetic sum of the 
forces on individual ions. Similarly, 


.(3) 

M 2 =N w 2 ,.. (4) 


where m 1 and ?/i a are the masses of the positive and negative 
ions respectively. 

Hence the frequency of relative vibration of the lattices is 


2ir\/ mim 2 


(5) 


We therefore calculate f r taking only the 14 neighbouring 
ions of opposite sign into account, and substituting in 
(5) deduce the corresponding frequency. It is convenient 
first to obtain a general expression for the restoring force 
per unit displacement on a displaced ion, due to another 
ion, for an inverse pth power law, the direction of dis¬ 
placement making any angle 6 with the line joining the 
centres of the two ions. 


Calculation of Restoring Force for Small Displacements . 

Let P be an ion at a distance e from another ion. Let the- 
force between P and Q be represented by 

F~X P e“*. 
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Then the resolved part of this force in direction X' X is 

cos 6. 
er 


Let P be displaced by an amount A® (small compared 
with e) in the direction X' X. Then, the restoring force 

= -AF, 

where AF = cos 6 j A.r, 






— C ° s2 


e? e J 


Fig, 1. 



since —- = — cos 6 and *A0 = Aar sin 6 , 

A# 

xi Tp cos 2 0 — sin 2 0] . ... (6) 

Let fig. 2 represent the structure of crystals of the rock- 
salt type, the black and white points representing positive 
and negative ions respectively. Let e be the shortest 
distance between a positive and a negative ion. Calculate 
the restoring force per unit displacement of the ion P along 
the line AB parallel to the X X/ axis. 
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The effect of the ions 9, 10,11, 12 is precisely similar. 
Hence, for the ions 7-14, the total effect is given by 


AF 

A.r 


8 \ 


7 * 4-3 

3 2 e ^ 1 


O- 2 ] 


(9) 


Fig.:{. 



Hence, the total effect of the 14 nearest ions of one sign on 
an ion of the opposite sign is given by adding equations ( 7 ), 
( 8 ) and (9), and f u the restoring force per unit displacement 
is given by 

f\ = L/'— 2 ] I I+- 7 + 3 I .... ( 10 ) 

L 3 2 "J 

This equation is, of course, strictly true only for vibrations 
of infinitely small amplitude. 


Numerical Results . 

The repulsive force constants (X n ), and the indices of the 
repulsive power law (•#) * for the four crystals considered, 


* Paper IX. 
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are given below in Table I., together with values of e the 
shortest distance between a positive and a negative ion as 
determined by X-ray measurements. 


Table 1. 



X«. 



NCI . 

2' 1 2 X 10 - 30 

,0 

2-814 X 10- H 

KC1 . 

1-59x10-™ 

9 

313 xlO-8 

KBr . 

l*95x 10” 78 

! 

9 

3-285x10- 3 

KI. 

W5X10-™ 

10 

3-525x10- 3 


From these are calculated, by means of equation (10),, the 
corresponding values of /j. It will be noticed that in 
equation (10), f\ vanishes when p = 2. Hence, the contri¬ 
bution of the inverse square electrostatic attraction to the 
restoring force per unit displacement is zero within the body 
of the crystal. The charge on the ions affects the frequency 
through the ©fleet on e. 

The value of 2 is calculated, taking the mass of the 
mi -h m 2 ° 

hydrogen atom as 1*66 x 10"* 24 gram. Substituting in equa 1 
tion (5), we obtain the frequency of the characteristic infra¬ 
red vibrations: the results are given in Table II. 


Table II. 



/.• 


V. 

NaCl. 

3-88x10* 

2-30x10-23 

«-54Xl0 ls 

KOI ...... 

2-47 x 10* 

300x10--® 

4-52x10** 

JCBr . 

1-87x10* 

4-32x10' 33 

3-32xl0»» 

KI. 

1-77X10* 

4*92 X10“ 

i 

302X10*? 
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Finally, the results, converted to wave-lengths, are com¬ 
pared in Table III. with those of Born and Brody *; the 
observations of the residual rays by Rubens are included in 
the third column. 


Table III. 


• .- 

Calculated. 

Wave-lengths. 

Born and Brody. 

.Residual rays. 

NaOl . 

•45-9 n 

61 6 fi 

520 fi 

KOI. 

66-4 

74*5 

634 

KBr . 

! 90-5 

88-0 

82-6 

K1 . 

I 99-0 

| 

108-3 

941 


The agreement with the calculations of Born and Brody is 
least satisfactory in the case of NaCI, for which the wave¬ 
length 45*9 /i is evidently too low ; it is less than the wave¬ 
length of the residual rays. . 

The repulsive force constants determined by Lennard-Jones 
and used in the calculations of this paper are believed + to 
be accurate within about 10 per cent. The uncertainty from 
this cause in the values of the characteristic infra-red wave¬ 
lengths here deduced should therefore be about 5 per cent., 
since these wave-lengths are inversely proportional to the 
square roots of the force constants. 

The wave-lengths of the characteristic infra-red vibrations 
are seen to differ from those of the residual rays, as indeed 
they should. The magnitude of the difference theoretically 
to be expected between the wave-lengths obtained by 
Born and Brody and those observed by Rubens has been 
calculated by Forsterling $, who finds satisfactory agreement 
with experiment. 

In conclusion, our thanks are due to Professor F. A. 
Lindemann and to Mr. F. Gr. Maunsell, with whom we have 
discussed the subject matter of this paper. 

Note added in proof .—Since the above paper was written, 

* Loc. cit. 

+ Paper IX. p. 234. 

t Loc . cit . 
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a paper* by 0. Reinkober lias come to our notice, in which 
an experimental value of 74 p, is given for the wave-length of 
the residual rays of rubidium chloride. Leonard-Jones has 
given the numerical data representing the repulsive force 
between a rubidium and a chlorine ion, and the crystaj 
structure of rubidium chloride has been determined and 
is of Ihe rock-salt type f. It is, therefore, of interest to 
calculate the wave-length of the fundamental vibration in 
the manner already described. The result is given in the 
table below :— 


Table IV. 


Aw. 

w. 



Wave-length. 

1 Calculated, 

Residual Rays. 

2-lXlO~ 7a 

9 


2*13xl0 4 

4']3xH*“ s3 | 82-9,. 

74 p 


It is seen that the wave-length of the fundamental 
vibration is greater than that of the residual rays, as it is in 
the case of the other crystals considered (except NaCl), and 
that if the residual ray wave-length be placed in numerical 
order between KC1 and KBr in Table III., then the calculated 
fundamental wave-length lies between those of the same two 
salts. 


LX XXV. An Extension of Dulong and Petit's Law to 
Gaseous Compounds and Mixtures . By Prof. A. Press J*. 

I N deriving the laws pertaining to adiabatic processes 
(see Phil. Mag., Dec. 1927), the writer deduced the 
following formula? which held simultaneously 


pvy ss constant 

pu=(ry—1) ' 


( 15 ) 


* Zeits.f Phys. xxxix. 5-6, p. 437 (1926). 
t Bragg, i X-Havs and Crystal Structure/ 5th ed. p. 806. 
$ Communicated by the Author. 
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The latter were derived from the relation 


v dp - d(pvY 
p'dv ~ l+ dU # 


• • ( 12 ) 


It is easily checked that the latter amounts to proving that 
p . dv + d\J = 0. 

The anomalies of Thomson and Joule (see Birtwistle* 
i Thermodynamics/ p. 76) have therefore to be accounted 
for on the basis that the y components of specific heat varied 
during the process of the experiment. 

Turning, then, to the second of (15), there is clearly a 
relation indicated with the usual equation of state, 

pv= R0,.(8) 

which, as known, applies rather well to all so-called fixed 
gases. We should therefore expect to find that, by equating 
the respective right-hand terms to each other, the following 
formula should hold, viz. : 


(y—1)U = «R0. 

This would indicate at once by differentiating with respect 
to 0 that 

dU_ R 
50 * y — 1 * 


On the basis of Avogadro’s law it is known that we have 

It = 2 calories per gram-molecule. 

If, then, we substitute with M = molecular weight, as 
follows : 

R = 

M’ 


= specific heat = s, 


then it results that 


2« = (7—1) . s . M. 


This formula is, of course, very much different from that of 
Leray, mentioned in Preston's ‘Theory of Heat,' p. 295. 


* The error of sign, l. o., should be corrected. 

Phil. Mag. S. 7. Vol. 5. No. 31. Suppl. Mag 1928. 3 H 
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An Extension of Dulong and Petit's Law. 

The constancy of the factor a is indicated by the following 
tabulation :— 


Substance *. y. y — 1. s. M. 12a calc. 


Air . 


1*4 

*4 

•238 

28*8 

2*74 

Alcohol. 


1-136 

*136 

•453 

4606 

2-84 

Ammonia. 


1*31 

*31 

•523 

17 

2*78 

Bromine . 


1*293 

•293 

•0553 

159-9 

2*59 

co 2 . 


1-3 

*3 

•201 

44 

265 

CO. 


1*4 

*4 

•243 

28 

2*73 

cs 2 . 


1*2 

*2 

•16 

76-1 

2*43 

Chlorine . 


1*32 

•323 

*1125 

71 

2*58 

Chloroform . 


1-106 

*106 

*149 

119*4 

1-89 

Ether. 


1-029 

•029 

*456 

74*1 

*98 

IICl . 


1-396 

•395 

•194 

36*5 

2*8 

H,. 


1*41 

•41 

•3406 

2 

2-79 

H a S . 


1*276 

•276 

•245 

341 

2*3 

Methane . 


1-316 

*316 

•593 

1603 

3*0 

Nitrogen . 


1*41 

•41 

•244 

28 

2* 

Nitrous Oxide .. 


1-291 

•291 

•221 

44 

2*82 

S0 2 . 


1*26 

•26 

•7544 

64*1 

2*57 

Steam . 


1*3 

•3 

•43 

18 

2*32 

Argon . 


1*6 

*6 

•J 23 

39*9 

2*95 

Oxvgen. 


1*4 

•4 

*2175 

32 

2*78 

Benzol . 


1*4 

1 

*299 

78 

*936 


* Similarly, it can be shown that, taking provisionally that the specific 
heat of mercury vapour is *03 and 7 = 1*6, we have 2«=*6x200x*03= i 3’(>.. 


Thus, the improved form of Dulong and Petit’s formula 
is the following : 


2a = .?M( 7 -l), 


in which, of course, the expression 2a/( 7 —1) becomes, for 
solids, 


2 « 

7-1 


6-4. 


1314-18th St., N.W., 
Washington, D.C., U.S.A. 
Dec. 24,1927. 





























[ 835 ] 


LXXXVI. On Relativistic Cosmology . JBy H. P. 
Robertson, Ph.DNational Research Fellow in Mathematics*. 

T HE general theory of relativity considers physical space- 
time as a four-dimensional manifold whose line element 
coefficients g^ v satisfy the differential equations 

Gr/xv = • ••«•• (1) 

in all regions free from matter and electromagnetic field, 
where is the contracted Riemann-Ohristoffel tensor 

associated with the fundamental tensor g and \ is the 
cosmological constant f. An “empty world,” i. e. a homo¬ 
geneous manifold at all points of which equations (1) are 
satisfied, has, according to the theory, a constant Riemann 
curvature, and any deviation from this fundamental solution 
is to be directly attributed to the influence of matter or 
energy. In considerations involving the nature of the world 
as a whole the irregularities caused by the aggregation of 
matter into stars and stellar systems may be ignored ; and if 
we further assume that the total matter in the world has but 
little effect on its macroscopic properties, we may consider 
them as being determined by the solution for an empty 
world 

The solution of (1), which represents a homogeneous 
manifold, may be written in the form : 

ds 2 = - Y- ' K y + sin3 (2) 

where k = \Z\Jd. If we consider p as determining distance 
from the origin (the measured distance being then sin" 1 /epjtc) 
and t as measuring the proper-time of a clock at the origin, 
we are led to the de Sitter spherical world ; the astronomical 

* Communicated by Prof. A. S. Eddington, F.R.S. 
t A. Einstein, “ Die Grundiage der allgemeinen Relativitatstheorie,” 
Ann. d. Physik , xlix. p. 769 (1916); ‘ Kosmologische Betrachtungen zur 
allgemeinen Relativitatstheorie,’ Berlin, Sitzungsberichte, 1917, p. 142 j 
W. de Sitter, “ On Einstein’s Theory of Gravitation and its Astronomical 
Consequences,’* Monthly Notices, II. A. S. lxxvi. p. 699, lxxvii. p. 165, 
lxxviii.p. 3 (1916-17). The notation here used is that of A. S. Eddington, 

* The Mathematical Theory of Relativity,* Cambridge, 1923. 

% This view, due to de Sitter, is an alternative to one proposed by 
Einstein in which the existing matter is considered uniformly spread 
throughout the world. The equations (1) are not applicable in this 
latter case, as terms involving the density must then do added to the 
right-hand side. 

• 3 H 2 
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consequences of this interpretation have been discussed by de 
Sitter, Eddington and Weyl *. Important among these is the 
prediction that the spectral lines in light from distant sources 
should be displaced toward the red ; this would be inter¬ 
preted as Doppler effect due to a larger motion of recession 
of the source, and seems to be in accord with the known facts 
concerning the radial velocities of spiral nebulae. The singu¬ 
larity p=- of the line element creates the illusion of a 

“ mass-horizon ” which recedes as we approach it and con¬ 
cerning which we can obtain no direct information, as light 
emitted from it never reaches us. 

It is the purpose of this paper to replace (2) by a mathe¬ 
matically equivalent solution which is susceptible of a 
perhaps simpler interpretation and in which many of the 
apparent paradoxes inherent in (2) arc eliminated ; aside 
from this, it offers a convenient method of investigating the 
properties of the de Sitter form. The last paragraph # will 
be devoted to a discussion of the analogous solution for a 
spherically symmetric mass. 


1. Kinematics .—If we subject the de Sitter solution (2) to 
the transformation 

1 

2 KC* 

we obtain 

ds 2 = — e 2 * ct (dx 2 4- r 2 d0 2 4 r 2 sin 2 0d<f> 2 ) 4- c 2 dt 2 y 


p = re KCt , r = t — -- log (l-/c J A w ), 


or, on changing to rectangular coordinates, 


x = r sin 6 cos<j[>, y = r sin 6 sin <f>, z = r cos#, 


ds 2 = — e 2KCt (dx 2 4 dy 2 4 dz 2 ) 4 c 2 dt 2 . . . . (3) 

The space-time manifold, which is described in the de Sitter 
interpretation with the aid of the variable p with finite range 
0 < p < I/*, is here described with the aid of r with infinite 

range, and the singularity p = l/* is removed from the finite 
region. 

Interpreting t as the proper-time of a clock at the origin, 
the distance, measured at time t with a rigid scale, from the 
origin to a point whose spacial coordinates are (r, 0 , <f>) is 
l^zre* 0 *. The proper-times of all observers at points (r, 0, 0) 
as constant coincide with that of an observer at the origin, 

• De Sitter, L c. (third paper); Eddington, l c. chap, v.; H. WeyL 
? ^Zur allgemeinen Relativitatstheorie/’ Phys. Zeits . xxiv. p. 230 (1923). 
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and such observers will be called equivalent . The line 
element (3) is “ dynamical ” in that its coefficients depend 
on the time t, whereas (2) is not. That the properties of the 
manifold are, however, independent of t may be seen by 
introducing a change of scale and time origin by means of 
the transformation 

r «= re* 6 * 0 , t = t — t Q . 

A perhaps more serious objection is that the world is on this 
interpretation of infinite extent, but, as will be seen later, its 
closed character is maintained in the sense that the only 
events of which we can be aware must occur within a sphere 
of finite radius. In common with the special relativity 
world, and in contradistinction to the de Sitter world, the 
geometry of space is euclidean and the velocity of light is 
independent of its direction. The properties which dis¬ 
tinguish the space-time defined by (3) from that of special 
relativity are thus to be sought in its kinematics. 

The velocity of a point moving along the .r-axis, measured 
by an observer at the origin, is 

V x ss (V -f tccx)e KCt = % r e* ct -f kcI x (V = 

the time rate of change of its measured distance l x ~xe KCt , 
An equivalent observer at x, whose coordinate velocity x' 
must by definition be zero, will thus have a measured velocity 
fccl z relative to 0, and light travelling along the #-axis, whose 
coordinate velocity is by (3) y ~ce~ KC \ will have as measured 
velocity c(l + /cl x ). The measured velocity along the y- and 
i-axes may be similarly defined, and,by means of its three com¬ 
ponents, the motion of an arbitrarily moving point described. 
We shall usually refer to these quantities simply as distance 
and velocity, and it is to be remembered that they are 
measured with respect to some definite observer; the 
quantities x and x' will always be called the coordinate 
distance (or interval) and coordinate velocity. 

2. Geodesics. —The geodesics of the manifold defined by 
(3), in terms of the time t as parameter, are obtained 
by minimizing the integral 



where 


F(te'yY) = %jp = + + 
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Since F does not depend on x $ the Euler equation 


yields immediately 


% t d x' ’dx 


x'e* Ket 

'%W) 


const., 


and the corresponding integrals for y and 2 are obtained in 
the same way. Solving for z\ and choosing the con¬ 

stants of integration in such a way that these quantities 
assume the values 8 X , & s at time t~t 0y we find 


*' = S 


e -2KC(t-t 0 ) 


\/ l-(y o ) S (l-*- 2 ‘« ( ‘-W) 

s $ n e~‘ Uc( '- ta) 


V-if)- 


, etc., (4) 


2ko(*-<o) 


where y 0 = ce~ KCf ° y the initial coordinate velocity of light, 


and 

The coordinates themselves are, on integrating (4), 

*-*• - *■&•*■* (>- k \/ i+ (*?•—). ' ic - 

... (5) 

These are, according to the postulates of the general theory 
of relativity, the equations of motion of a free particle. 

The minimal geodesics, giving the equations of motion of 
light, are 

X—x 0 =:~-e~ Ket »(l—e~ K ^ t - t <>>),eto. ^ 

Since 

x —xo _ y—yo _ z—z a 
B* ~ B v ~ 8, ’ 

the motion of a free particle or light is rectilinear in the 
a, y, z coordinate space. 
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A particle, starting from (# 0 , 0, 0) at time tszt Q with 
coordinate velocity ( — 5, 0, 0), approaches the limiting 
position defined by 



so, unless the initial measured distance 

'»=< L (|) -;«0- \A- ©’)’ 

it can never reach an observer at the origin. For a beam 
of light this becomes 

l 0 < L(L) -i, 

and since L(f) is a monotonic increasing function of it 
follows that all particles or light which reach an observer at 
the origin are initially within a sphere of measured radius 
11= 1/a:. Hence the only events concerning which we can 
obtain any knowledge must occur within this sphere ; it 
constitutes, therefore, our observable universe. According 
to recent evidence, celestial objects as distant as 10 26 cm. 
have been observed, so R must be greater than this—the 
interpretation given below of data concerning spiral nebulae 
indicates that it is of order between 10 27 and 10 28 cm. 
Considerations involving the whence and whither of celestial 
objects lead to results of a rather paradoxical nature—all 
matter and light within our observable universe must have 
started from the boundary and will be eventually lost to it;— 
but such long-time predictions cannot be taken too literally, 
as we have neglected their influence on the line element, an 
influence which undoubtedly plays an important role in such 
questions. 

3. Representation in Euclidean 5-Space. Transformations 
of Space-Time .—Since the manifold defined by (3) has con¬ 
stant Riemann curvature, it must be possible to imbed it in 
euclidean space of five dimensions. This representation will 
be of value in finding the transformations relating the 
measurements of observers in relative motion—the analogue 
of the Lorentz transformations in special relativity. 

We can, in fact, write (3) in the form : 

ds* = - (d«? + d/3* + dy*) . ♦ (7) 
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where 

a = x e KCt , f = * sinh tcct + £ ky 2 e KCt , 

0 = y e KC \ 7) =s ^ cosh tect — ^tcr 2 e Ke \ 

y — z e KCt . 

The equation of space-time is then 

a*+/S 2 + 7 2 -r*+^ = <t i, .... (9) 

and it may therefore be considered as a hyper-sphere in the 
euclidean 5-space (7). A geodesic is the intersection of a 
(two-dimensional) plane through 0 with this hyper-surface. 

Now, any rotation of this 5-space, i. e. any transformation 
under which (7) and (9) are invariant, will generate a trans¬ 
formation of the space-time variables which leaves (3) 
invariant. To obtain the explicit form of these latter it is 
only necessary to solve the equations: 

01 = an*4 #12/34- ...a 16 y, j 

fj ss a^a 4 ... i. . . . (10) 

V = #ai* 4 . . t* 

defining the rotation of the 5-space, where a , y3, etc. are the 
functions of z, t given by (8), and a, 0, etc. are the same 
functions of the transformed space-time variables x, y, t . 
But four of these five equations are independent, as the 
constants a tJ must be so chosen that 

a’4/3’4y*-?4^ « * 2 4/S 8 4y J ~^4^, 

and on substituting (8) this leads to an identity, so we have 
just enough equations to solve for .r, y 9 z 9 t as functions of 

In order to effect the complete solution of this problem, 
we may consider the general transformation (10) as com¬ 
posed of ten elemental rotations, in each of which only the 
coordinates of one (two-dimensional) plane are involved. 
Because of the symmetry existing between a , 0, y, this 
number can be reduced to four, say those in the (0, y), 
(ft *?)» (*» v)f ( a 9 f) planes ; in place of the third, however, 
it found simpler to consider a rotation in a certain plane 
i <*# the (*, ft 17) 3-space. 
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The first of these elemental transformations obviously leads 
to a rotation of the y and z axes. The second, which may be 
written _ _ 

f ss cosh ef— sinh erj, « = a, /3 = / 3 , 

rj = —sinh ef-hcoshe^, 7 = 7 , 
to 

i = *<?*, y — c = ze% t s* t— — 5 

KC 

i. e„ a change of time origin, with corresponding change of 
scale. The third rotation, defined by 


(X = a — ef— €7} t 

0 = 0, 7 = 7 

r_-.. + (i+^ 


7, = ..-‘i {+ (l- 

e 3 \ 

-i)* 


gives rise to a change of oc origin. These three types are 
rather trivial, representing the transformations of euclidean 
3-space with change of time origin. The most general 
rotation which can be built from them gives the relations 
between the coordinates of equivalent observers. 

The only type remaining to be considered is a rotation in 
the (*J) plane : 

<*= cosh €«— sinh ef, /S=/S, 7 = 7 . 

— sinh ea-b cosh cf, v—Vf 

Oil solving for .r,y, r, we find 

1 ., € 1—2 coth 6 kx *4- /e 2 r 2 — e~ 2 * ct 

<#=-coth ---, 

K w coth s ~ — 2ooth^^4'« 2 r s — € -** ct 

& L 

<=<+ “log ^sinh s ^coth*^ —2 coth^AMs+^r 3 — 

yaBye***—*-', 2 as _ 

.... ( 11 ) 

To interpret this transformation, we solve the first three 
of equations (11) for x, y, z, in terms of t when i, y, z 
vanish, and find 

* 3 B~cothe{l— v'l— tanh*e(l— tr***)}, y** 0 , zs*Q. 
Comparing this with (5), it is seen that the point x,y, 5=0 
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describes a geodesic passing through the origin at time 
£ = with initial coordinate velocity S = ctanh€. Hence we 
may interpret x, y, z, and t as the spacial coordinates and 
proper-time of an observer in motion along the .v-axis 
relative to the observer with coordinates x, y,z,t. We hav*e 
thus found the analogue of the Lorentz transformations for 
the space-time here considered ; here as there, the transverse 
measured distances are the same for both observers, since 

ye * cT = y e KC \ ze KC *=z e KOt . 

We have arrived at an interpretation of the relations 
existing between the data of freely moving observers similar 
to that given by Minkowski for special relativity—that in 
our case they may be represented by the rotation of a hyper¬ 
sphere in flat 5-space *. The transformations could, of 
course, be obtained directly by requiring that the trans¬ 
formation leave (3) invariant; but in this way we avoid the 
integration of rather cumbersome differential equations # and 
obtain a more comprehensible view of the process. 

4. Parallax . .Doppler Effect .—The measured distances 
considered above, which are obtained by comparing the 
intervals involved with a rigid scale, are themselves ideal 
constructions when applied to celestial, or even large 
terrestrial, distances. Since, however, the path of light is 
rectilinear in the x, y , z coordinate space, the usual tri- 
angulation methods are valid ; we can deduce the coordinate 
and, on multiplying by e KCt , the measured distances of objects 
not susceptible of direct measurement, provided we know 
the length of the base. The usual method of determining 
the parallax of celestial objects is then applicable if we know 
the mean distance of the earth from the sun ; this is again 
reducible to a triangulation whose base is a measurable 
distance on the earth, provided we know the solution of the 
one-body problem. The latter is considered in the following 
section, and it suffices here to state that the required solution 

♦ This interpretation is valid not only for the particular space-time 
here considered, but also for de Sittere or any other space-time of 
constant Itiemaim curvature. The relation between this interpretation 
and Minkowski’s, which is applicable for the case gas0, is seen from the 
fact that the equation (9) of the hyper-sphere, referred to origin at 
(0, 0, 0, 0, 1 /k), becomes on letting #c->0 

x 2 +y*+z*-cH*= 0 . 

This is the equation of the light “ cone ” in special relativity, and the 
rotations considered by Minkowski are the transformations of x, y, z f t 
^paee under which it is invariant. 
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and the data necessary for the measurement of the solar 
distances can be obtained. 

The measurement of velocities can, in principle at least* 
be reduced to the measurement oE distances. Transverse 
velocities of celestial objects are in practice determined in 
this way, but the measurement of the radial component 
offers more difficulty ; in practice it is accomplished by 
means of the Doppler effect, so we must develop the theory 
of this effect for the space-time here considered. 

The simplest case is that in which the light from a distant 
equivalent point-source is examined by an observer at the 
origin. Light emitted from the source in the time interval 
*01 to+dt 0 arrives at 0 in the interval t + dt , and it can be 
shown with the aid of (6) above that 


dt = 


dt 0 

l-tf/o’ 


( 12 ) 


where l Q is the measured distance of the source from 0 at 
time t~t 0 . Since the proper-times of vibration of atoms 
situated at 0 and the equivalent point-source are the same 
(neglecting the Einstein effect due to mass), this leads to a 
shift AX, of a spectral line of wave-length 


AX __ dt k1 0 

X dt 0 1 — kI$ ' 


(13) 


This shift toward the red would be attributed in practice to 
the Doppler effect due to a velocity of recession v according 
to the formula 



a 


On comparing this with (13), it is seen that a velocity 

t)=c«/ 0 (l + O[/c]).(14) 

would be assigned as the cause of the shift; this velocity 
coincides to terms of first order in k with the “measured** 
velocity ck1 0 of the source. 

In the more general case, where the source has a non¬ 
vanishing coordinate velocity, account must be taken of the 
fact that the proper-time of vibration of the moving atom is 
not the same as the time interval measured by a stationary 
observer. For this the transformation (11) must be used, 




-844 


Dr. H. P. Robertson on 


and it can then be shown that the shift is given by 





1 —tele 


- 1 , 


(15) 


where B r is the radial component of the coordinate velocity 
•S, and y 0 is the coordinate velocity of light at time This 
shift would be attributed to a velocity v r , where 


A\ 
\ 



■ as') 


and on identifying the transverse component of v with the 
corresponding 44 measured quantity, we iind that the radial 
component v r is 


v r =e*“°S r +cKl 0 (l + O [(!)*] ) + 0(«*). . (16) 


Hence the ordinary interpretation of Doppler effect leads tc 

a radial velocity which is to terms of order k J , the same 

as the corresponding “ measured ” component , and may there¬ 
fore for practical purposes be taken as measuring it. 

If we assume that there is no systematic correlation of 
coordinate velocity with distance from the origin, we should 
expect that the Doppler effect would indicate a residual 
positive radial velocity of distant objects because of the 
term ctcl 0 in (16). Although we cannot, from Doppler 
effect alone, distinguish between proper motion and this 
distance effect, we should nevertheless expect a correlation 

.(17) 

between assigned velocity v, distance l , and radius of the 
observable world R*. 


* Weyl, L c, f has deduced a similar relation on the de Sitter hypo¬ 
thesis, which is also given by (17) to first order, assuming that the 
geodesics concerned form a diverging pencil. L. Silberstein (‘ Nature,’ 
march 8, April 26, June 7, 1924; Monthly Notices, R. A. S. Ixxxiv. 
p. 868, lxxxv. p. 286, 1923- 24, Phil. Mag. xlvii. p. 907, xlviii p. 619, 
1924-25) has supplemented this with a converging pencil, which allows 
hint to write (17) for either positive or negative velocities, and he and 
. JL Landmark (Monthly Notices, R. A. S, lxxxiv. p. 747, 1924) hate 
disoussed the motion of various clo ses of celestial objects and arrived 
of R of the order 10* 6 cm. There is no possibility at intro* 
.dpSteg the negative sign in our case, unless we change the sign of a, 
ahdthW tbepositive sign could not appear! 
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Comparing the data given by Hubble * concerning the 
value of l for the spiral nebulae with that of Slipherf 
concerning the corresponding radial velocities, we arrive at 
a rough verification of (17) and a value R = 2xl0 27 cm. 
This is spmewhat lower than Hubble's value 8*5 x 10 28 cm., 
which was obtained on Einstein's cosmology from the 
computed value of the mean density of matter ; the fact 
that the two values do not differ more is rather remarkable, 
considering the radical difference in the methods by which 
they were determined. 


5. Central-symmetric Solution .—The de Sitter line element 
(2) for an empty world can be obtained from the Schwarz- 
schild solution 


ds*~ —*y~~ l dp*—p 2 (dd 2 + $\n 2 0d<f>*) + yc 2 dr 2 . * (18) 


where 


7=1- 


2 m 

**P 


-*v» 


which represents the field of a spherically symmetric mass, 
on setting ?n = 0. If the interpretation we have given for 
(;1) is to have physical significance, it should be possible to 
derive it from a solution of the one-body problem by the 
same process. That such a solution exists can be shown by 
subjecting (18) to the transformation 


>=»v«‘(l + - 


m y 

2c* re**) 


<? 8 L . » t 


>, • . • (19> 


11 + 


2c*re* 


where 




<*? 


(i—r’) [4^(1—r*)*-- 4 ^*]" 


♦ E. Hobble, “ Extrft-galactie Nebulae," Astrophys. Journ. lxiv. 
p. 831 (1828). 

f See Eddington, l. c. p. 163, for Slipher’e Table of Radial Velocities. 
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whence 

— ^1+ ^ 2 ™ e ' K 7 i) e 2KOt (dr 2 + r*dd 2 — r 2 sin 2 0 d<f> 2 ) 


On setting * = 0 tlie usual isotropic form of the static 
Schwarzscliild solution for the case /c = 0 is obtained t* 

The observational tests of the general theory of relativity 
within the solar system (the advance of perihelion of Mercury, 
deflexion of light grazing the limb of the sun, and shift of 
spectral lines in the solar spectrum (mass effect)) are, in so 
far as the observational data are concerned, the same in the 
field defined by (20) as in Sch warzschild’s. This can be 
most readily shown from the fact that the equations of the, 
geodesics of (20) differ from those of (18) by terms of order 
red , and for the tests under consideration this can at worst 
only lead to an insignificant correction. For this reason we 
-do not attempt to give a full discussion of the rather com¬ 
plicated solar field. The rigorous discussion must be in 
terms of measured distances and proper-times ; as an example 
of the method, we here derive the radial component of the 
measured distance and apply it to the advance of perihelion 
of a particle. 

The radial component at coordinate time t of the distance 
between two points whose coordinates are r c , r is 

l(rt KGt ) — l(r (f Kei ), 

where 

This can obviously not be measured from the origin ; but 
this difficulty can be avoided by measuring it from a surface 

* This solution was originally found by solving (1) for all dynamical 
manifolds expressible in orthogonal coordinates in which the velocity of 
light is isotropic (Trans. Amer. Math. Soc. xxix. April 1927). It was 
there shown that of the three solutions of the problem, (20) is the only 
one of physical significance. Furthermore, it is the simplest orthogonal 
isotropic form of (18). 

J iJddington, l. c, p. 93. 
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re KCt =z const, a, say that for which Z(a) = 0*. An orbit, 
u 0 . geodesic, of (18) will be an orbit of (20) on transforming 
its equations by (19), and its measured distance will be 
l(re KOt ). As re KCt is a function of p alone, the directions 0, </> 
of perihelion and aphelion, i . e. points at which the measured 
distance has an extremum, will be the same in both cases ; 
in particular, leaving the numerical values of the constants 
of integration involved unchanged, the advance of perihelion 
will be the same here as in the Schwarzschild solution. 

6 . In conclusion, a system of cosmology based on (3), 
which is mathematically equivalent to that of de Sitter but 
differs from it in its physical interpretation, has been 
developed in which the 44 mass-horizon and “ arrest of time 
at the horizon 99 paradoxes do not occur, and in which space 
and the velocity of light are isotropic. In addition, it has 
the advantage of simplicity, since the geometry of space is 
euclidean, the motion of particles and light is rectilinear in 
coordinate space, and the proper-times of observers at 
relative rest in this coordinate space are the same. On the 
other hand, t appears explicitly in the line element, and 
consequently natural processes are not reversible, but space¬ 
time is isotropic in time in the. sense that at any time the 
line element has the same form as at any other, provided 
the spacial scale is appropriately chosen. Although space is 
unlimited the observable world is not, and objects at an appre¬ 
ciable fraction of its radius should show a residual motion of 
recession ; assuming that the known excess of recessional 
velocity of spiral nebulae is due to this cause, the radius of 
the observable universe is found to be 2 x 10 27 cm. 

The relations existing between observers in relative motion, 
the analogue of the Lorentz transformation, can be repre¬ 
sented by the rotation of a hyper-sphere in a flat 5-space ; 
and this is true for any cosmology in which space-time is 
considered as a manifold of constant Riemann curvature. 
Finally, the corresponding solution of the one-body problem 
is given, the predictions of which are indistinguishable from 

* The justification of this procedure consists in the fact that the 
circular orbits of the Schwarzschild field give, on applying (19), orbits 

re KCt * const, coplanar with 0. On choosing 1 0= ~ and are 

-a (It dt 

constant, and these orbits may be taken as the “ circular” orbits of (20); 
on choosing one of them as origin of measured distance (considering a 
ring of particles travelling in it), the other circular orbits are at constant 
distance from it. The equation <£= l)(t—\ t 0 ) for such orbits yields 

the analogue of Kepler's third law, and can be useafor the determination 
of solar distances as required by (4) above* 
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those of Schwarzschild's (to which it is mathematically 
equivalent) within the solar system. 

On replacing k by —k the solution still satisfies 
Einstein's equations, as this is equivalent to the trans¬ 
formation £ = — t. The consequences of this can be obtained 
from the foregoing by interchanging past and future; but 
the known facts concerning the spiral nebula* indicate that 
this is not desirable. 

Gottingen, Germany. 


LXXXV1I. The Resistance of Sputtered Films . 

By Russell Sturgis Bartlett, Ph.D . ( Yale) *. 

M ANY observerst have remarked the peculiar electrical 
properties of thin metallic films on glass, whether 
deposited by chemical means, by cathode sputtering, or by 
evaporation and condensation. Many hypotheses have been 
advanced to explain these properties, though none lias 
proved entirely satisfactory. It seems probable, however, 
that the true and complete explanation will include much 
that has already been suggested. The purpose of the present 
paper is to present some new experimental evidence, and to 
suggest a means, hitherto apparently overlooked, whereby 
many of the peculiarities can be explained. 

It seems advisable, before proceeding further, to sum¬ 
marize briefly the peculiarities mentioned above. The 
specific resistance for the thinnest films is almost infinite, 
and decreases rapidly with increasing thickness up to a 
certain point. Beyond this point a further increase in 
thickness produces only a small change in the specific 
resistance. This critical thickness has been variously 
estimated by different experimenters, and appears to depend 
upon the rate of deposit and on the metal, but is in genoral 
in the neighbourhood of 5 x 10~ 7 cm., assuming normal 

♦ Communicated by Sir J. J. Thomson, O.M., F.R.S. 
t Longden, Phys. Rev. xi. pp. 40, 84 (1900) ; Patterson, Phil. Mag. 
iv. p. 652 (1902) ; Kolschiitter & Noll, Zeits. JElectrochem . xviii. p. 419 
(1912) ; Swann, Phil. Mag. xxviii. p. 467 (1914); King, Phys. Rev. x. 
p. 291 (1917); Kahlor, Phys. Rev. xviii. p. 210 (1921) ; Roller, Phys. 
Rev. xviii. p. 221 (1921) ; Holmes, Phys. Rev. xxi. p, 886 (1928); 
Mackeown, Phys. Rev. xxiii. p. 85 (1924); and Reynolds, Phys. Rev. 
xxiii. p. 802 (1924) have worked with sputtered films. Stone, Phys. 
Rev. vi. p. 1 (1898); Vincent, Ann . de Chimie et Phys. (7) xix. p. 421 
(1900); Grimm, Ann . d. Physik , (5) ii. p. 448 (1901); Weber & 
Qosterhuis, JST. Akad. Amst. Proc . xix. p. 567 (1917); and Steinberg, 
wkya . Rev. xxi. p. 22 (1928) have dealt with evaporated or chemically 
deposited films. 
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density, Tlie thinnest films have a negative temperature 
coefficient of resistance, changing through zero to a small 
positive coefficient for thicker films. Again, all show a 
permanent irreversible change in resistance with time, with 
heating, with passage of a heavy current, etc. This phe¬ 
nomenon, which is generally known as ageing, is usually 
an increase in resistance for very thin or high resistance 
films, and a decrease for thick and low resistance films. 
Bismuth always shows an increase of resistance with ageing, 
and always has a negative temperature coefficient. The 
presence of various gases or of vacuum affects the ageing 
in a rather irregular manner. Finally, the thermoelectric 
force, the change of resistance of bismuth in a magnetic 
field, and the photoelectric emission all show peculiarities* 

Experimental Procedure and Results. 

The author has in general verified the results of previous 
experimenters, and has gone further to push the ageing 
process in certain cases to its ultimate limits. Gold films 
were used for the greater part of the observations ; the 
subsequent considerations have shown that platinum would, 
perhaps, have been a more fortunate choice. However, 
some observations were made on sputtered films of platinum, 
palladium, copper, silver, bismuth, and tellurium. 

The films were sputtered in a bell-jar in the usual manner. 
The electrode of the metal to be sputtered, in the form of a 
flat plate, was suspended horizontally near the top of the bell- 
jar. Beneath that, at a distance of from 2 to 4 cm., 
depending upon the metal used and other circumstances, 
was supported the glass plate for receiving the deposit. To 
ensure uniform thickness, the region of the plate to be used was 
always considerably smaller than the sputtering electrode. 
An unrectified current from a step-up transformer was used, 
with a variable resistance in the primary circuit to control 
the current. An aluminium electrode in the base of the 
bell-jar was sufficiently removed so that no sputtering from 
this could affect the metallic deposit at the top. The wax 
joints were carefully protected from the discharge, as 
previous experience had shown that muddy and dirty 
deposits were produced with grease or wax vapour in the 
bell-jar. 

The thickness of the films was determined by weighing, 
a method which does not admit of great accuracy. But aJl 
methods are open to question in some way, and this one 
Phil. Mag. S. 7. VoL 5. No. 81. Suppl. Mag 1928. 3 I 
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seemed adequate. The absorption of light in the films was 
used also as a means of comparing thickness, and proved 
reasonably satisfactory. 

But where it was desirable that two or more films should 
be identical, or nearly so, special precautions were taken* 
In some cases they were sputtered side by side, even on the 
same piece of glass. If this was impracticable, care was 
taken to maintain all conditions the same ; and a good check 
on this was possible. The pressure, measured on a McLeod 
gauge, and the resistance in the primary of the transformer 
were maintained the same for two cases. If, then, the 
current in the primary and the size of the cathode dark 
space were also the same for both cases, it may be taken as 
a fair indication of identical conditions. Finally, the glass 
plates were similarly located, the sputtering continued for 
the same length of time, and the absorption of light in the 
two was found to be the same. 

The ends were heavily sputtered to ensure good contact 
with brass clamps. In some cases the film was carefully 
ruled in a sort of gridiron pattern to increase the resistance, 
thus reducing the resistance of contacts and leads to a 
negligible factor. Both Wheatstone bridge and potentio¬ 
meter methods were used to measure the resistance. 

The films were placed in an electric oven and heated 
slowly, resistance measurements being made from time to 
time. At intervals during the ageing process the films were 
cooled again to room-temperature and sometimes to liquid- 
air temperature, and the temperature coefficient of resistance 
was measured. 

It was found that, when a film was heated to a temperature 
above that which it had previously reached, the resistance 
changed rapidly at first, but more slowly as time went on, 
and appeared to approach a limiting value asymptotically. 
At any time a slight increase in temperature would increase 
the rate of change of resistance. It was also found that the 
temperature coefficient of resistance increased with ageing. 
There was no evidence of any sudden change in resistance at 
an j temperature. Fig. 1 is a typical example of change of 
resistance with temperature, the temperature being main¬ 
tained in so far as possible at a steady value till the resistance 
ceased to change. 

From measurements of the temperature coefficient of 
resistance at different stages of ageing, the readings were all 
reduced to resistances at room-temperature, 15° 0. A typical 
|atainple of variation of resistance with time, showing tfia 
eprre^ponding temperatures, is given in fig. 2. From a 
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number of such curves it was possible to deduce the nature 
of the change of resistance with time at a given temperature, 
and thus to fix the limiting resistance reached after long 
ageing at any temperature. It was found that all films 
decreased in resistance with increasing temperature up to a 
certain point, where the resistance went through a minimum' 1 
and began to increase with further increase in temperature. 
The temperature for this minimum resistance varied slightly 
with different films, but was in the neighbourhood of 300° 0. 
for the films examined, varying in thickness from 3xl0“ 6 
up to 7 x 10~ 6 cm. 

Fig. 3. 



The specific resistance of these films cannot be fixed 
accurately because of the uncertainty as to the thickness, 
but it is worthy of note that for gold ail reached nearly the 
same limiting value of 8xlO" 6 ohm per cm. cube, though 
starting with as widely differing values as 18 X 10~ 6 and 
12 x 10" 6 ohm per cm. cube. This suggested a means of 
comparison for a number of films. The resistances were 
plotted against temperature as before, but as percentages of 
the final value reached, which was assumed to be the same 
for all cases. These results are shown in fig. 3. It will be 
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observed that the curves for all films follow the same general 
course at higher temperatures, breaking away at various 
lower temperatures. These differences appear to depend 
upon the previous history of the film, temperature reached 
during sputtering, etc. 

To determine, if possible, whether this ageing is caused by 
the escape of occluded gas, two films sputtered side by side 
were placed in the oven together, one in an evacuated tube 
and the other in air. The presence of air was found merely 
to retard the ageing process without having any effect on the 
final value reached. For temperatures above 240° C., the 
films behaved in exactly the same manner. 


Fig. 4. 



Changes of temperature coefficient of resistance with 
temperature of ageing. 


Fig* 4 shows the temperature coefficient of resistance for 
a number of films as a function of the ageing temperature* 
The agreement is fairly good for a short range. At higher 
temperatures very marked increases occur which are of 
particular interest, and will be discussed later* One curious* 
point is that in general the absolute change of resistance per 
degree centigrade remained nearly the same during ageing, 
the change in the temperature coefficient being caused 
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almost entirely by the permanent decrease in resistance. 
As others have noted, once a film has been thoroughly aged 
at a given temperature, its behaviour below that temperature 
is reversible anil reproducible. 

The results of a few other attempts at ageing will be noted 
here. The instantaneous passage of a heavy current, of* 
a current density of the order of 3 x 10 e amperes per 
square centimetre, reduced the resistance to 35*7 per cent, 
and 36’6 per cent, of its original value in two cases. A 
further increase of the current to double this value produced 
no appreciable change. In the case of heating externally, 
the greatest reduction observed was to 37*5 per cent, of the 
original value. And any increase in temperature beyond the 
optimum value caused a rapid increase in resistance. The 
question then arises whether the passage of a heavy current 
does not contribute to tho ageing in some way besides the 
heating effect* 

A film subjected to strong mechanical vibration during 
heating showed no more change than one similarly heated 
without the vibration. Another, heated in a discharge-tube 
by positive ion bombardment, showed no unusual change. 
And when the bombardment was increased sufficiently to 
produce appreciable sputtering, from a sputtered film, the 
change in resistance so produced did not indicate the ejection 
of appreciable chunks of metal from the film, but rather an 
evaporation, molecule by molecule or atom by atom. 

An Explanation of the Properties of Sputtered Films . 

Swann and King have suggested different theories of 
granular structure and incomplete covering to account for 
the fiigh specific resistance of these films. Roller has shown 
that occluded gas is certainly a factor in ageing. He goes 
so far as to suppose that in sputtering small crystals are 
ejected from the cathode and deposited on the film. These 
are then kept from intimate contact by gas molecules which 
are gradually released. Kabler, from X-ray analysis, con¬ 
cludes that sputtered films are crystalline, identical with bulk 
metal, while evaporated films are amorphous. Steiuberg 
does not agree with this, finding evaporated films identical 
in structure with bulk metal. Weber and Oosterbuis have 
&hown that the granular structure of sputtered films may be 
quite as fine as that of evaporated films. There seems to be 
some difference of opinion as to the size of the granular 
structure, but this could be readily explained by differences 
if* conditions of evaporation or sputtering. 
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One can point, then, confidently to occluded gas as the first 
cause of the peculiar properties of these thin films, par¬ 
ticularly the ageing process. We can invoke Koller’s 
granular structure held apart by gas-moleeule9. Or we can 
assume that the large amounts of gas in the metal increase 
its resistance in the same manner as the smaller quantities 
of gas in metal wires and foils, but to a much greater extent 
In any case, it is the escape of this gas, with, perhaps, a 
settling together of the metal atoms, which causes the 
reduction in resistance known as ageing. 

The granular or irregular structure, the second factor, is 
important, particularly in the variation of specific resistance 
with thickness ; but it can also explain the negative ageing 
(increase of resistance) of high-resistance films. We do not 
need to suppose that crystals are deposited on the glass, 
though Longden’s suggestion of crystallization at the edge 
of the cathode dark space would favour such an idea if the 
glass were far removed from the cathode (as it was for the 
films used in Kahler’s X-ray analysis). For it is known 
that crystals of varying sizes maybe produced in electrolysis 
by varying the rate of deposition. Electrolysis is not an 
exact parallel to condensation or sputtering deposition. But 
a similar arrangement of condensing atoms in groups is 
quire a probable occurrence, since the forces of attraction 
between two metal atoms are greater than between metal 
and glass. This is supported by the fact that, under suitable 
conditions, a sputtered film may be stripped from the glass 
and remain continuous. We may suppose, then, that metal 
atoms condense about those already on the glass, forming 
groups; and not until these groups have grown ton con¬ 
siderable size does the conductivity approach a reasonably 
steady value, at which point the glass is presumably com¬ 
pletely covered. F urther deposition adds to the thickness 
of the film irregularly, so that it will never be of a uniform 
thickness, and will always have a high specific resistance. 
Variation of the rate of deposition would vary the size and 
spacing of the aggregates, and thus cause the variations in 
the thickness at which the film shows a fairly constant 
specific resistance, as noted by different observers. One 
can go through mathematical calculations to justify these 
assumptions and obtain suitable values of specific resistance, 
but they would not carry much weight, and so will be 
omitted. 

• Fisher, Ann d.Physik, xxi, p. 503 (1906); Klein©, Zeits.f \ Physik, 
*xxiii. p. 391 (1925); Herrmann, Ann . d. Physik , lxxvii. p» 508 (1925); 
and Jnnitzlcy, Zeits. /, Physik, xxxi. p. 277 (1925), hare all studied this 
phenomenon. 
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If a very thin film is heated, while still far from the 
melting-point, a rearrangement of the molecules begins, 
particularly towards the aggregates and massive centres of 
condensation, and away from the thinly-populated regions 
between. This may he aided by a variation with temperature 
of the cohesive forces of metal to metal and metal to glass* 
but increased thermal agitation could also be the cause of 
the rearrangement; and the result, of course, is a permanent 
increase in resistance. The same thing takes place for 
thicker films, but at a higher temperature. At first the out- 
gassing of the metal decreases the resistance, but at higher 
temperatures the other becomes effective, and the resistance 
finally increases. This probably combines with the tension 
effect noted below, though that is still effective when the 
film is of so great a thickness as to be sensibly uniform. 
Weber and Oosterhuis have noted that silver does not attain 
a constant specific resistance until much thicker than plati¬ 
num or tungsten, which means that the silver aggregates 
ure larger than those for the other metals. It is also notable 
that silver shows negative ageing at greater thicknesses, 
attributable to the same larger aggregates. 

There is another factor, hitherto apparently overlooked, 
which should in most cases contribute towards several of 
the properties noted above. This factor is the difference in 
the coefficients of thermal expansion of the sputtered film 
and the material used to receive the deposit. A brief state¬ 
ment of the case will suffice to show what changes would be 
expected from this. 

In most cases the coefficient of expansion of the metal is 
greater than that of the backing. When the film is cooled, 
its greater contraction produces a state of tension. Bridge- 
man * has shown that most metals show an increase of 
resistance under tension, but the effect is so small as to be 
quite immaterial in the present instance. However, if we 
take the common case of gold films on glass, the tension on 
the gold is of the order of 5 kg./cm.* per degree centigrade 
of cooling ; so that cooling of 100° would produce a tension 
as great as that applied by Bridgeman experimentally, and 
for a slightly greater range of temperature the elastic limit, 
or even the breaking-stress, of the gold would be exceeded. 
Taking into account the generally accepted hypothesis of a 
granular structure, we may justifiably suppose a process of 
opening or closing gaps in the film as the temperature falls 
or rises. This should produce an increase of resistance with 

* Bridgeman, Proceedings of the American Academy of Arts A 
Sciences, lx. p. 423 (Oct. 1926). 
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cooling, opposing the normal decrease, and resulting in the 
observed low or negative-temperature coefficient. 

To test this hypothesis experimentally, gold was sputtered 
on three plates placed side by side in the discharge-tube, 
one of quartz crystal cut perpendicular to the axis, one of 
glass, and one of fused quartz. These have coefficients of 
expansion of about 13*7, 7*5, and 0*42 X 10~ 6 per degree 
centigrade respectively, whereas gold has a coefficient of 
about 13*9, almost identical with that of quartz crystal. 
A similar procedure was carried out for platinum, which 
corresponds roughly to glass in coefficient of expansion. 
The specific resistances of these films were then determined, 
and their temperature coefficients of resistance over the 
range from 15° C. to —185° C. The results are given 
below :— 


Metal. Backing. Alt/R l /T ;J — T 1 ). Specific resistance. 

Gold. Quartz crystal. 7'06xl0~ 4 lU SxlO' 6 

Gold . Glass. <v38 2H> 

Gold. Fused quartz. 5*27 28*(> 

Platinum . GJa>s. 441 75 

Platinum . Fused quartz. .‘>'71 82 


The figures in the first column, showing the lowest tem¬ 
perature coefficient of resistance where the difference in 
coefficients of expansion is greatest, are in accord with the 
above hypothesis. The data on specific resistance are 
necessarily inaccurate, but are useful for comparison, since 
the samples of gold were sputtered at the same time and in 
the same discharge-tube. If the film and backing are 
heated during sputtering, as is often the case, on cooling to 
room-temperature the tension should give rise to a high 
specific resistance, greatest where the greatest tension 
occurs. The figures in the last column show the expected 
differences, though somewhat larger than the observed 
differences in temperature coefficient would indicate. Rey¬ 
nolds has shown that films deposited on cold and on warm 
glass have markedly different properties, a fact which 
supports this view. 

We may then point to the unequal coefficients of expansion 
of film and backing, with the attendant tension on the 
film, as a third factor contributing to the low-temperature 
coefficient of resistance, and probably, in some cases, to a 
part of the high specific resistance* 

As noted above, consistent results are obtainable with 
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these films only at temperatures appreciably below those 
reached previously during sputtering or ageing, so that in 
most cases we are dealing with a stretched film. When 
a film is heated to a temperature in the neighbourhood o£ 
the highest previously reached, it will reach a state in which 
the gaps are all closed and the texture is fairly uniform.* 
For a short range above this point the temperature co¬ 
efficient of resistance should be more normal. Further 
increase in temperature should cause the film to buckle and 
heap up, giving rise, on cooling, to larger gaps than ever 
and an increased resistance. Fig. 1, typical of all the films 
examined, shows all these features. Over a short range the 
temperature coefficient of resistance was about 90 per cent, 
of that for bulk metal, whereas for the rest of the temperature 
range it was as low as 20 to 25 per cent. 

Sputtered films of bismuth have in all cases a negative- 
temperature coefficient of resistance, a fact which can be 
attributed to its larger coefficient of expansion. 

At 350° C., for gold in bulk, the specific resistance is 
about 6 x 10“ 6 ohm per centimetre cube, while for these 
films, when thoroughly aged, it was only 50 per cent, greater. 
If the abnormal temperature coefficient persisted, the specific 
resistance of the sputtered film would, at somewhat higher 
temperatures, be less than that of the bulk metal. But if 
w T e accept the effect of tension outlined above, this difficulty 
vanishes ; for the abnormal temperature coefficient persists 
only to the previous temperature reached in sputtering or 
ageing, which was in the neighbourhood of 350° C. for most 
cases dealt with. 

Much work has been done with films of platinum sputtered 
on glass, in which case the coefficients of expansion are 
nearly the same, and this reasoning would not apply ; but 
the properties of platinum films on glass are closer to those 
of the metal in bulk than is the case for any other metal. 

It appears that most of the discrepancies and disagree¬ 
ments between previous workers are caused by differences 
in the manner of obtaining deposits, both as to the rate of 
deposition, determining the size of the aggregates, and as to 
conditions, nature of gas and pressure, etc,, affecting the 
gas-content of the metal. Experimental evidence on these 
points would be interesting, and would do much to prove or 
disprove the theories advanced. Deposits of platinum on 
glass, where the deposition is slow and the glass is heated 
from below, should be free from the tension troubles 
suggested above. 
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Summary • 

The ageing of sputtered films is shown to depend on the 
temperature to which the film is raised. The resistance 
decreases to a minimum value and then increases as the 
temperature is further increased. The dependance of the 
temperature coefficient of resistance on degree of* ageing and 
on temperature is shown. Other experimental evidence is 
brought forward in support of the theoretical considerations 
suggested below. 

It is shown that the peculiar electrical properties of thin 
metallic films on glass may be attributed to three principal 
causes. Occluded gas contributes towards the high specific 
resistance, and particularly the decrease in resistance with 
ageing, brought about by the outgassing of the metal. A 
granular or irregular structure explains the dependance of 
specific resistance on thickness and the negative ageing of 
very thin films. A state of tension in the film, produced by 
unequal coefficients of expansion of film and backing, opens 
or closes gaps in the film as the temperature changes, giving 
rise to the low or negative-temperature coefficient of resis¬ 
tance and other peculiarities. Experimental evidence of the 
author and others is advanced to justify these proposals. 
The importance of the conditions of deposition in determining 
the properties of the film is pointed out. 

Finally, the author wishes to acknowledge his indebtedness 
to Sir Ernest Kuthorford and others at the Cavendish 
Laboratory for their kindness, and in particular to Sir J. J. 
Thomson for his interest and assistance in this work. 


LXXXVlir. Space-Charge Effects. By E. W. B. Gill, 
M.A; B.Sc., Fellow of Merton College , Oxford *. 

1, QOME time ago+ I described experiments withathree- 
O electrode gas-free valve in which the current from 
the filament to the plate vvas investigated, the plate being 
kept at a few volts and the grid at from 20 to 30 volts 
positive to the filament. It was found that the space-charge 
between the grid and the plate had a considerable effect on 
the electric field in that region, and when the current was 
sufficiently increased discontinuous changes took place in 
the field. The theory which was given has recently been 

• Communicated bv Professor Townsend, F.R.S. 

+ Phil. Mag., May 1925, p. 993. 
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extended by Tonks *. The present investigation comprises 
a farther extension of the experiments to the case in 
which the plate is a little negative to the filament. Normally 
no electrons can reach the plate if it is negative to the filament, 
and another method is required to investigate the field. 

2. The valve used was a modified Marconi MT 5 type, the 
same one as before. The spiral grid was 5 mm. and the plate 
25 mm. in diameter. The plate lead was brought out at the 
tof) of the glass, and the insulation of this electrode is therefore 
much better than in an ordinary valve. No trace whatever 
of residual gas could be detected in the valve. In what 
follows the plate potential was measured by connecting it 
to a quadrant electrometer, the potential on insulating being 
the same as that of the negative end of the filament. This 
point will be taken as being at zero potential. 


Fig. 1. 



An experiment consisted in passing different currents 
through the grid kept at a fixed positive potential and 
observing the potential assumed by the plate, the plate being 
always earthed while the current was being varied. This 
variation of current was effected by adjustment of the filament 
heating. The plate current being zero, all the electrons set 
free from the filament must finally arrive at the grid, and the 
grid current, which was measured, represents the total 
electron emission from the filament. 

The curves in fig. 1 represent the plate potentials thus 
obtained when the grid was kept at 4-20, +24, +28, Ac* 

* Lewi Tonks, Phys. Rev., Oct. 1927, p. 501. 
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volts plotted against the emission current. It will he observed 
that in all cases the plate acquires a sipall negative potential 
for the smaller currents, but a point is reached at which there 
is an abrupt increase in the value of this negative potential. 
The emissions at which this abrupt change occurs increase 
as the grid potential isincrcased. The curve for the grid 
at + 36*volts labelled “ abnormal curve ” was obtained under 
conditions to be described later. 

In order to explain the large abrupt increase of the plate 
potential the following questions may be considered :— 

1. What is the distribution of the electric field between 
the grid and the plate ? 

2. How is this field initially set up ? 

3. As a preliminary it may be noted that no ionization or 
photo-electric effects can account for the curves. The amount 
of gas in the valve was, as stated, quite appreciable, but in 
any case the grid being positive to the plate no ionization or 
photo-electric effect can cause the plate to attain a negative 
potential. 

The general current distribution inside the valve is indicated 
din grammatically in fig. 2. The filament grid and plate are 



represented respectively by F, G, and P; F and P are at 
the same potential and G positive to both of them. At any 
instant in the space between F and G a current i t flows 
towards G ; part of this current is collected by the grid, and 
the remainder i flows towards P. Since P and F are at the 
same potential, the electrons in the space between P and G 
return towards the grid, that is a current i also flows towards 
G, of which a part is collected on G and the remainder i 2 
flows towards F. As with the stream i, i 2 is reversed 
and forms part of if. The total current collected by the grid 
isij — i 2 ,and this is the same as the emission current from the 
filament. 

It is not possible to measure i , ij, and i 2 separately with 
any accuracy, but only i\ — i 2 * The current i u and in many 
cases the currents i and i 2 are larger than the total emission 
current tj —ia, so that there is always the possibility with 
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this arrangement that there may be large space-charges in 
the valve even it the emission is comparatively small. 

In the first part of the curves, where the ordinary small 
plate potential of about one volt is obtained, this potential is 
due to the velocity of emission of the electrons from the hot 
filament in addition to contact differences of potential between 
the plate and the filament. The plate potential is, however, 
measured from the negative end of the filament, while the 
fastest electrons come from about the middle of the filament 
whose potential alters as the filament current is varied. The 
reason for the curves not coinciding over this range i9 that 
in passing the grid the electrons are deviated and lose velocity 
in the direction normal to tfie plate, and this deviation 
increases with the voltage of the grid* 

I. The abrupt increases in the negative potential of the 
plate are due to space-charge effects between the grid and 


Fig. 3. 



the plate. To simplify the explanation the grid and plate 
may be regarded as parallel planes, all elecirons may be 
supposed to move at right angles to them, and the distribution 
to be uniform over any plane parallel to the electrodes. The 
velocities of emission and contact differences of potential 
will be neglected. The space-charges between the grid and 
plate are exactly the same as ihose due to a current 2i carried 
by electrons leaving the plate with zero velocity and moving 
towards the grid, and the well-known results of Child and 
Langmuir can therefore be easily applied to this case. 

Fig. 3 represents the distribution of potential between the 
plate P and grid G, the ordinates representing potentials at 
the different planes and the abscissae the distances of the 
planes from the grid. The grid potential 4*V is represented 
GA, the plate potential being zero. 
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When no current flows the straight line AP represents the 
potential distribution. A small current flowing in the space 
gives the potential distribution represented by curve 1, a larger 
current gives curve 2, and, finally, a current is reached which 
gives curve 3, in which GP is a tangent to the curve at P. 
This is the maximum current which can flow in this space 
provided that the electrons penetrate just to the plate before 
their direction of’ motion is reversed. Langmuir's equation 

for this saturation current gives 2i~/c being a constant. 

If the current forced through the grid from the filament 
side exceeds this value, two different types of distribution are 
possible. 

Due of these is represented by the curve of fig. 3 (b), where 
the electrons penetrate as far as Pj, the space between the 
planes G and Pj carrying the maximum current, involving 
GPi being the tangent to the curve at P 2 . In this distri¬ 
bution the space between V and P 2 has no charge, and all 
points in it are at zero potentiel. 

As GIV replaces GP 2 in the denominator of Langmuir’s 
equation, this distribution carries a larger current than that 
represented by curve 3 in fig. 3 (a). 

The other possible distribution of potential is shown in 
fig. 3 (c). In this case the electrons only penetrate as far as 
P 2 , where GP 2 is less than Gl*i and the space GP 2 is not 
carrying its maximum current. The part of the curve from 
P 2 to B is a straight line touching the curve at P 2 since the 
electric force is continuous, and there is no charge in the 
space between the planes P 2 and P. This distribution 
requires the plate to have a negative potential PB. It is 
evident that fora given current there are an infinite number 
of distributions of this typo each with a different plate 
potential. The one actually set up depends on the amount 
of negative electricity which the plate can receive, which 
will be discussed in paragraph 5. 

The curves of fig. 1 are explained by the distributions 
indicated by the curves of fig. 3. The early parts of the 
curves correspond to distribution (a) in which the plate 
potential remains constant; and the currents at which the 
discontinuities occur give distribution (a) 3, for which i is 
proportional to V ls . As explained, the current i is not the 
same as the total emission, but is probably roughly pro¬ 
portionate to it, and the emission currents at the points 
where the curves suddenly rise are within errors of experiment 
proportional to V 1 * 6 . 
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The remainder of the curves in which the plate is negative 
corresponds to distributions of the type (c). 

Distribution (c) is also an alternative to (a), which explains 
the abnormal curve in fig. 1 for the grid at 36 volts. Similar 
curves can*be obtained forthe other voltages by a method to 
be described later. 

5. It remains to explain by what process the distribution 
represented by the curve fig. 3 (c) is set up, as it involves 
negative electricity from the filament reaching the plate to 
charge it to a negative potential. Under static conditions 
this is impossible, as no electron from the filament can reach 
an electrode at a potential negative to the filament. 

If, however, there is any disturbance of the field, it is 
possible for the plate to receive negative charge. This will 
be seen from the following considerations :—If a small 
increase in the filament emission occurs when the current is 

Fig. 4. 


A 



adjusted to the critical value giving the saturation distribution 
3 (fig. 3 (a)) there is a sudden increase in the number of 
electrons entering the space between G and P. This space 
becomes momentarily super-saturated, and the field readjusts 
itself to something like fig. 3 (/>). If this change is very 
sudden the electrons originally between P and Pi are still in 
that space when the zero of potential moves to Pi, and thus 
for an instant these electrons produce the potential distribution 
shown by the dotted part of the curve in fig. 4. 

This distribution is unstable, and some of the electrons in 
it move on to the plate and charge it negatively. If the 
plate only goes slightly negative for this first disturbance so 
that in the distribution set up the space carrying the current 
is nearly saturated, further slight disturbances will cause 
more electrons to move to the plate, and the final potential 
of the plate depends on the total charge it has received. 
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The fact that distribution 3 ( c) is always obtained instead 
of 3 (?>) shows that the emission from a filament, though 
very steady, is not steady enough to prevent the above 
process occurring. 

Even the stable distribution of the type a( 1) can be 
changed to type c ; the abnormal curve was obtained by 
establishing the normal field indicated by a point such as A 
(fig. 1) fora low emission, and then momentarily brightening 
the filament by shortening a few turns of the filament rheostat, 
the plate in this case being insulated. The electrometer at 
once showed a large negative deflexion to a point B which 
remained permanent when the emission returned to its 
original value. 

The ease with which a static field can bo upset by the 
minutest variation in the source of electrons constitutes a 
real danger in the interpretation of certain experiments. In 
the above experiments, if it had been assumed that the fields 
were always static, it would not have been possible to in¬ 
terpret the results in any other way than by saying that the 
electrons in their passage across the valve had picked up 
from other sources energies of several volts. 

Although V is the greatest fixed potential difference in 
the system, some of the electrons attain an energy greater 
than eV. 

Professor Townsend has given me much advice and 
criticism. 


LXXXIX. A Contribution to the Theory of Torsional Oscil¬ 
lations in Plastic Solids . By James P. Andrews, M.Sc 
E ast London College *. 

F ROM time to time, explanations of the phenomenon of 
flow in solids have been attempted, various reasonable 
hypotheses being advanced to explain particular aspects. 
However different in other respects, these suggestions have 
one factor in common, namely, that during flow the solid 
possesses a certain fluidity which prevents parts of it from 
withstanding stress. The primary aim of this work is to 
embody that fact in an approximate equation of motion 
which will be of such a form as to allow specific hypotheses 
to be considered in some detail. A secondary aim is to 
demonstrate that the application of this theory leads to a 

* Communicated by the Author. 

PUL Mag . S. 7. Vol. 5. No. 31. Suppl May 1928. 3 K 
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general explanation of the variation of logarithmic decrement 
with amplitude in torsional oscillations, even in cases where 
the amplitude is so small that the elastic limit is not sur¬ 
passed. 

This is not the first occasion upon which such an explana¬ 
tion has been put forward, for I have since found that 
Wiecherfc* * * § expressed similar fundamental ideas in a theory 
of the elastic after-effect, in which he has, however, restricted 
his attention to a particular hypothesis from the start; and 
Prof. Peddie f has developed a hypothesis as to the molecular 
alterations in a strained plastic substance, which has certain 
points nearly in common with the present theory. In this 
paper, however, a development not restricted to particular 
hypotheses is attempted. 

Experimental results with which to compare this theory 
are almost entirely confined to the investigations of the 
logarithmic decrement, and a brief review of the chief con¬ 
clusions is appropriate. Among the first investigators 
H. St-reintz t concluded that logarithmic decrement was 
independent of the amplitude of vibration, of the dimensions 
of the wire under observation—apart from the effect con¬ 
sidered to be due to change of period,—and of the moment 
of inertia of the vibrating body suspended from the wire. 
For oscillations of longer period, the logarithmic decrement 
was smaller. This invariability of log. dec., although scarcely 
borne out by the contemporaneous work of Pisati §, agrees 
well with Boltzmann's theory of the after-effect ||. On the 
other hand, Prof. Peddie and his collaborators have given a 
definite law of variation of decrement with amplitude 
according to which, if y is the decrement and x the number 
of oscillations from the start, y n {x + a) = 6. Moreover, in 
some at least of their experiments, the motion was not simple 
periodic, motion outward being more rapid than motion 
inward. Similarly, we have the results of K. E. Guthe 
.and L. P. Sieglf, which show that Platinum-Iridium and 
Bismuth wires—both brittle materials,—when oscillating 
with rather large amplitudes, exhibit a rapid decrease of 
both log. dec. and period as the oscillation dies down. Then 

* Wiechert, Wied. Ann. 1. pp. 848 and 546 (1898). 

t W. Peddie, Proc. Roy, Soc. Edin. p. 226 (1912-8). 

? H. Streintz, Wien . Ber . lxix. Abt. 2, p. 837 (1874), & lxxx. Abt. 2, 
p. 897 (1879). 

§ G. Pisati, Gaz. Chim . Utah t. vi. (1876), t. vii. (1877). 

|j L. Boltzmann, Abh. i. p. 616. 

f K. E. Guthe and L. P. Sieg, Phya. Rev. xxx. p. 182 (1910). L. P 4 
;Eieg, Phys. Rev. xxxi. p. 421 (1910). 
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Bouasse and Carrier© * have shown that an iron wire exhibits 
a clearly defined maximum decrement for a particular value 
of the amplitude. Kei Iokibe and S. Sakai t find again 
that the log. dec. decreases as the oscillation decays, but this 
time not for large amplitudes only ; and, finally, G. Subrah- 
maniam and 13. Gunnaiya J show a variety of curves for 
different substances, where, even for small amplitudes, the 
log. dec. sometimes is constant, sometimes increases, but 
generally decreases at a decreasing rate, as the motion dies 
away. It appears fairly well established that the log. dec. 
varies in some cases in a rather complicated way, even for 
small amplitudes. We may perhaps conclude with G. Masing 
that the matter is not yet sufficiently unravelled to allow of 
a simple theory to include all cases. A little more generality 
is secured in this paper by avoiding hypotheses connected 
with the actual mechanism of the physical changes which 
occur. 

Consider, then, a roil of the material of length /, and 
cross-section a circle of radius r 0 . Let the upper end be 
maintained always at rest, and the lower end, to which is 
attached a body of moment of inertia I, let us suppose to be 
twisted through an angle 6 about, the axis of the rod. I is to 
be so large that the moment of inertia of the rod itself about 
its axis is negligible in comparison. Let the whole be 
placed in an evacuated chamber. 

Select a cylindrical element as in fig. I, coaxial with the 
wire, of radii r and r + dr 9 and length unity. Its lower end 
is twisted through an angle a 0 relatively to the upper end, 
where, if we may assume as usual that the twist is uniform, 

If no flow occurs, the shear stress on this element may be 
shown to be nx 0 r, where n is the rigidity. If, however, flow 
has occurred, a 0 will be greater for a given couple than 
ordinary elastic theory would lead us to expect. Since * 0 is 
the actual angle of twist, we must therefore write for the 
stress called forth by the deformation n(« 0 r~^r 0 ) where ^r 0 
is (or may be) a function of r, where t is the time. 
We shall take account later of forces elicited by the motion, 
or change of deformation. It is conceivable that if flow 
occurs, a straight line drawn in the material, as the radius 

* Bouasse and Carri&re, Ann, de Chem. et de Phys, 8me sei\ p. 190, 
t. 14. 

t Kei Iokibe and S. Sakai, Phil. Mag. xlii. p. 897 (1921) 

t G. Subrahmaniam and D. Gunnaiya, Phil. Mag. xlix. p. 711 (1926). 
G. Subrahmaniam, Phil. Mag. 1. p. 716 (1926). 

, 8 K 2 
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of a section, will not remain straight; that is, « 0 may be a 
function of r. In any case, we have insufficient data to 
determine this function, and since we shall deal only with 
small oscillations, we shall take « 0 to be independent of r. 
The function ^ 0 , related to a 09 is also unknown; but a 
plausible and sufficiently general assumption is that * 

^oOi» r > 0= K • 0* 


I. 



where It is some function of r alone, and yfr does not contain 
r. On these assumptions, the restoring couple at any instant 
is 

C = 

= °-,n/r(« 0 , t)^°27rrmdr. 


J ’r u 

27rr 2 n {a 0 r — yfr 0 ) dr 
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2irr 2 1 i dr — ft, is a constant whose value depends 
_ o 

only on the radius of the rod, so that we may write 

0«W° — nfji\Jr(at 0 , t) .(1) 

Defining Qas /x/R 0 , where R 0 is the value of R at r 0 , again 
a constant depending only on the radius, we may write 
this equation 

'iQ(«c»'0 - KoVO + na 0 ro{f*£" —qJ = C, 

or .... (2) 

where ^>=(a 0 r 0 — R 0 i/r)* is a convenient measure of the elastic 
strain in a particular wire ; for it is the quantity to which 
the stress on tlie bounding element is proportional. We 
shall employ it later as a parameter with this meaning. 

To obtain an idea of the possible magnitude of Q, let us im¬ 
agine, as a rough test only, that 11 varies as the mth power of r. 

27T7- ® ^ 

Then Q lies between 0 and 0 . This is sufficient to 

O 3 

indicate that Q is of the same order as, or less than, . 

JU 

Angular velocities are to be small, but the solution of this 
problem clearly depends in an important way upon the 
resistance due to motion, and it may not be sufficient to 
assume resistance proportional to velocity, even when 0 is 
small. Let the resistance in the first case be 120, where SI 
is a function which may depend explicitly on the time. 
Then the equation of free motion of the suspended body may 
be written (see equation (1)) 

10 + Sid + 60 = A*yfr .(3j 

where A=n/tt. 

The solution of the equation depends on the form of the 
functions fl and fa of which the latter is a measure of the 
flow. The following investigation shows, that if SI is not a 
constant and both SI und ^fr are chosen to make the equation 
integrable, only by rather arbitrary assumptions can the 
solution be made to conform with experience. It was 
undertaken, however, at the suggestion of Prof. Lees, with 


* This is closely related to the “ Katastasic ” strain of Wiechert. 
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the object of tracing more accurately, if possible, the way in 
which the flow must enter the equations. Thus :—(1) If ft = 
a/f, then the equation reduces to Euler's form 


I*+Un¬ 



provided A\fr = b^0 - 2 J -f f(t) y a not altogether unwarran¬ 
table assumption, where a, are constants. Euler's 

form, however, for any reasonable assumption regarding 
f{t), leads to a kind of oscillation in which the period very 
rapidly increases as the amplitude decreases. Nothing of 
this kind is known. 

(2) Let 12 = 1 Jt, and — 1 -f * J# where n z is a 

constant. Then eqn. (3) may bo written 
t 2 0 + l0 + (t 2 -~n 2 )0=* 0 , 

which is Bessel’s equation of the nth order. We note first, 
that when t is fairly large, this becomes 


0 -h j- + 0=0 

which is Bessel’s equation of zero order, the most general 
solution of which is 

0 = AJ o (O + BY o (O, 

where Y 0 is Weber's function of zero order. 

By choosing the origin of time suitably, we make B = 0 
and the solution, using the asymptotic expansion is then 


Very clearly this is the right form of variation of ampli¬ 
tude. Unfortunately, the limiting value of the log. dec. is 
zero, as otherwise appears from the original equation, which 
becomes when t is very large, 

0 + 0 = 0 , 

the equation of undamped periodic motion. I know of no 
such case* This may, however, be circumvented by modi¬ 
fying 12 and 
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(3; Let and ^ +1^0- 

Write *=s2a where a is constant. 

Then a particular solution to this equation is 


0= A 0 e" 0, Jo(*)= ! ‘B-L<? _ ‘ rf cos (t— ^ approx., 

and this will suffice as solution to this case, if we choose the 
origin of time correctly. 

This represents a similar variation to that before obtained, 
but one which now gives us a log. dec. = 7 ra, for infinitely 
small amplitudes. This is the type of variation most often 
found in practice, and this solution indicates that a decrease 
of the resistance with time (which has already been denoted 
44 Accommodation M by early investigators), and an inter¬ 
dependence of the flow and the resistance of the kind 
indicated, can account for the variation of logarithmic decre¬ 
ment. 

On the other hand, there is admittedly something very 
artificial about this method of searching for the solution, 
and a more simple method, if it will produce similar results, 
is clearly preferable. We therefore proceed with the 
exploration, after mentioning that many other equations 
have been tried without success, by putting fl = constant, 
as the simplest, and try likely functions for A yfr. 

Forms to be tried are limited to those which will make 
.the equation integrable, and the simplest may be tried first, 

(1) Let A yfy' — gO + ht where g and h are constants. This 
is the simplest way of allowing the time effect to continue 
increasing. It is equivalent to the notion of a flow which, 
once started, proceeds to relax the stresses at a constant 
pace until they are reduced to zero. 

This leads without difficulty to the solution 


where G and H are formed from the constants of the original 
equation, A and B are arbitrary, *i, #2 are 

a /a* b—g % * /<** 

“2i + V 4r*~~r d 21 V it* nr* 


In the periodic? case this indicates an ordinary damped 
vibration of constant logarithmic decrement, but whose 
equilibrium position is drifting at a constant angular speed 
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in the positive or negative direction of 0 , according as g is 
Jess than, or greater than, 6. 

(2) Let Awhere c is a positive constant. This 
will have a similar interpretation to the last. It makes 
equation (3 ) 

<9+p + 0(j-|) = O. 


t 

With the substitutions 0=zve~ 2 1 , and y = 7i — kt 9 where h and 
k are constants, this becomes an alternative form of Riccati’s 
equation, viz., 

d 2 v 1 _ 

df + p yr ~ °’ 

the solution of which in Bessel functions is * 




where A and B are constants. The meaning being that,^ as 
the oscillation proceeds and the restoring force is gradually 
reduced to zero, the oscillation dies out : in a finite time 
however. After this, the solution will correspond to an 
unstable condition, in which 0 proceeds at an increasing rate 
in one direction only. Only the first part can we regard as 
approximating to any likely case. 

Clearly, simplest assumptions regarding flow do not lead 
to very satisfactory solutions, and we may therefore proceed 
to the more complicated. 

(3) Let Ai/r=Ai/^l — £■”?')where A, p, and q are constants.* 
This represents a flow, or at least an increase in the deform¬ 
ation, proportional to the angle of twist, reversing its 
direction with the twist ; and also increasing independently 
with the lapse of time, from zero to a steady value, 
in such a way that the partial derivative with respect to 
time continually diminishes. 

Equation (3) must now be written 


10 -f ol0 -f b x 0 = — 150e~ qt 

were b t = {b- A,;>), and A x p-B. 

The character of the solution is well brought out by 
successive approximations, commencing by neglecting the 
right-hand member of the equation, which is permissible if 
B is small. The solution thus obtained is then used to 


* Forsjth ‘ Differential Equations/ 
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-evaluate — and a second approximation is made. 

After a few repetitions, it becomes clear that the solution 
may be expressed by an infinite series 

+ B m J “(a +n * 9 )- n/ ir> - *x 

in which the constant coefficients of the first two terms are 
arbitrary, the remainder related to them. Further 

A r _i>A , B r _i>B r for all values of r, 


so that the coefficients form a convergent series. Clearly, 
we need only retain the first few terms of the series, since 
the higher terms are smaller, and decay more rapidly. If 
the motion is oscillatory, as we are to consider, the series 
may be written 

0= s cv +m v cos <y+$,„), 

til = u 


where 8 m is a const, and 


-v/'r 


4P * 


We may arrange initial conditions so that S o =0, and 

. 2h . . 

it then follows that tan B x = , and similarly for other 8’s, 

so that in the event of q being large, we may write 


/a \ 

flscosaf 2 0 m e \ 2 i +mq n approx. 

m=. o 

This type of solution is to be discussed in detail later 
(case 4), and it will be sufficient to say here that it repre¬ 
sents an oscillation of nearly constant periodic time, whose 
logarithmic decrement diminishes as the amplitude decreases, 
in a manner very suggestive of certain experimental results. 
If, however, q is not large, we must replace cos nt by 
cos(w$-fS) in the solution, where 8 is a function of the 
time, which reduces to a constant after a long time ; the 
oscillation ending, as it dies out, as an ordinary damped 
vibration with a conslant logarithmic decrement. 

It is nevertheless very important to notice that both the 
periodic time and the log. dec. are related to the quantitj' n, 
which is a definite function of the dimensions of the wire. 

(4) Let e~ qt ) where A 2 ,jp,and q are positive 
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constants. This is merely a variant on the last, being mathe¬ 
matically rather simpler, but representing the flow as being 
non-symmetrical, since e p0 is not symmetrical with respect to 
0 . This will resemble the case of a rod which has been 
twisted too far in one direction before the experiment began. 
Equation (3^ becomes 

10 + *0 + bd = A 2 e p9 {l-e-<t ( ), .... (4) 

or, writing 

0 =(oe *k l = p+ ’+“/>+£: A,= ^; 

tu-f t-N 2 g> = A 3 — 

the solution of which by the ordinary rules is 

W = A 3 (l— VA 1 S-N*,/ + ('y-A 1 - vV-s-x, 

where B 2 = y 2 — 2k x q *f N 2 , 

and where, if N 2 >F, the system oscillates in the manner 
given by 

cu = Aj^ l— i e cos ( VN 2 — hi* t-h/S), (5) 

E and /8 being arbitrary constants. 

Whether the system oscillates or not, after a long time 
it returns to rest at a new position of equilibrium given by 
o) = A 3 or # = constant. This angular distance depends on 
the radius of the rod, and the moment of inertia of the. 
suspended body. 

Since 6 is always to be small, p0 may bo taken as a small 
quantity also, so that 

c 0 = 0*~p*=0(1~- p$+ + • • •) approx. 

The solution in the form of equation (5) may then be 
interpreted to mean that the oscillations are not symmetrical, 
in such a way that excursions in the positive direction of 0 
exceed the value given by 

0=A 3 +Etf-* 1 *cos ( VN 2 — k x 

and on the negative side fall short of this value, by quantities 
which are roughly proportional to the squares of the ampli¬ 
tudes, if q is large enough. 

The two roots of the approximate equation 

p0 2 -0 + A+E<r*i'«0 
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give us the equations to the two curves upon which the 
maximum and minimum values of $ will lie. From these we 
may derive information concerning the decrement. It is 
easy to verify that it' p and k are small, the decrement 
(and therefore the log. dec.) increases or decreases from 
one steady value to another as the amplitude diminishes, 
according as the constant JE is positive or negative. The 
experimental results contain both kinds of variation. 

It might be further pointed out that the conditions for 
oscillation in both cases (3) and (4) show that we may pass 
from the oscillatory to the aperiodic condition by changing 
the dimensions of the rod and of the vibrating body. No 


essential change is made by retaining 



Second Method. 

We may now try a method of expression in which the 
assumption as regards time is less arbitrary and the forms 
tried are more definite in meaning. 

First, let =/ (<£),where <f> has the parametric meaning 

already assigned to it. This expresses the idea that the 
rate of flow depends on the elastic or “ katastasicpart of 
the strain. 

Since ^=11-^, =/(0).(6) 

From (3) if fl = a, a constant, 

~Tv 0-4—r\0. 

T nQ nQ, nQ 

Hence 

R 0 *= 4 (I<?+ a e+bd) =/„O), ... (7) 

where / when R = R 0 - 

Also, since 

<f> =(*o r o ~ IW 



Also 
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So that the problem is now to obtain a solution of the 
simultaneous differential equations (7) and (8) for 0, after 
suitable assumptions as t of(<f>) have been made. In general 
the equations are too complicated for exact solution, and 
recourse must be had to approximations, to reveal the 
character of the motion. 

(5) Let/ 0 (<£) = £<£ where k is a small positive constant. 
This requires/(<£) = 

Our equation of motion then reduces to 

»V + K«V + ^) + KnQ + ) +k0 {nQ ~ l ) = 0 • 

But if h is small enough, we may neglect the last term, 
whereupon, one integration gives 

10 + (« + AI)0-p (ft + Aa)0 = A where A is constant, 

or if u) — 8 — ,-— r , 

b ken 

Iai -f (a -f AI )o) + (ft 4- koi)a) = 0, 

the solution of which is 

i — a 4- AT f i cl + XT vi ft + ha 

where *„ <r,=-± \J ^ , 

(B and C are constants) 
an ordinary damped motion, in which, if 

, _ ^ «* k . A 2 I 
h + ka> W + ' 

the system performs damped oscillations about a position 

A 2ttI 

^ a= 6+"/b*’ cons *' an * ; P er ’°d and constant 

log. dec. 

2 &+J;*. W 

The interest of this result lies in the demonstration that a 
constant log. dec. is possible in the complete absence of 
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resistance or “internal friction ” ; for if u is put equal to 

zero in (9), X 0 == ^ and the constant log. dec. would then 

determine k . The first assumption of this case is not un¬ 
reasonable, since it merely implies that the rate of flow is 
proportional to the elastic stresses in those portions of the 
material which remain capable of withstanding them ; or, in 
short, the flow is proportional to the force producing it, if 
f d>) contains It as shown above. 

(6) Let. /o p<f>* where p is a positive constant, and not 
large. 

This requires f (</>) <£ :J . 

H 0 

In this instance rate of flow is taken proportional to I he 
cube of the forces producing it, to exemplify the law 
f (<f>)~p4>’ n . For symmetry, m must be odd. 

A numerical example will be found helpful in this 
instance, and I have selected an aluminium wire and 
vibrating body, specified as follows :—/= 100 cm,, r = cm. 
tt = 2‘fi x 10 11 dynes/em. 2 , I ~2 x 10 r> gram, cm. 2 ; so that h is 
about 3 X 10 4 ; the approx, time of vibration T = 15 sec.: 
and if successive maximum amplitudes arc reduced in the 
ratio 10:9, we may take a to be 5 X 10 3 (or less—see 
result of Case (5)). Tha value of Q may be roughly esti¬ 
mated in the way already indicated. 

In (8) the first term has the largest coefficient, the third 
a coefficient of the order one tenth or less of the first, ami 
the second a much smaller coefficient still. In order to 
obtain the essentials of the solution with moderate ea*e, we 
shall neglect the second and third terms in comparison with 
the first. The equation of motion may then be written 

p\ z 

U + otit + />«= — 

where u—d. 

Now —~i is, if. general, small compared with the other 
n ^ 

coefficients, and the usual method of successive approximation 
may be used as in Case (1). The algebra, though laborious, 
is straightforward, and need not occupy space here. At 
every stage, very small terms are dropped, the numerical 
example helping in such selection. The results of the first 
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three approximations are as follows 

a 

1st approx. cos (pt $), 


where P = vJ-^- 

« y 

2nd approx. — eos(pt + $) 


— 3Ee” -i^cos (pt + 8), 
in which 3E is small compared with B. 

3rd approx. u^ = ?/ 2 -f a term much smaller still. 

Succeeding approximations merely add terms which are 
not only smaller in amplitude, but which die out quicker. 
We need only attend to the solution as given in w 2 . 

Let us now choose initial conditions so that 8 = 0, and we 
have, finally, 

u = (3Ee“ 2 e*) cos p/, 

and therefore 


1+ p 


9 a 2 

ITy 


£~2l*C0S (pt -+ 




where tan € = 


2Io 

OL 


and tan <r = - tan e. 
0 


In general, tan e is large—near 40 in the numerical 
example, and is probably greater—and little error will there¬ 
fore be made in the approximation if e is taken equal to 0 *, 
which iudeed is probably correct to two or three per cent., 

and each of these equal to — so as to allow us to write, 

abbreviating the coefficients, 

#—G= —sin pt{H l e~+H 2 e~* i*}, 

in u hich it appears that H 2 is considerably smaller than Hi, 
both of them depending, however, on the arbitrary constant 
B, and H 3 on the constant p ; both Hi and H f are positive. 
The motion is clearly an oscillation whose amplitude decays 
in a rather complicated way. As this is an important case, 
numerical example has been calculated by putting Hj«l, 
other quantities being as laid down. The unbroken 
♦curve in fig. 2, to which scale A applies, gives the result of 
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this calculation, and the broken curves show the experi¬ 
mental results for aluminium and copper wires, from 
Subrahmanian. I have selected those curves which are in 
best agreement with the calculation. Scales B and 0 apply 
to these (fig. 2). 

Ill this case the motion is clearly similar to that sometimes 
obtained practically, and it is suggested that the explanation 
of the variation of log. dec. is that given here. Case (4) 
clearly shows, however, that the mngnitude of the log. dec. 
for infinitesimal amplitudes depends primarily on the lesis- 
tance measured by a, the flow being responsible for the rate 



For the sake of a clear diagram, the curves in fig. 2 are drawn separated; 
but obviously, by a small adjustment of the scales, they could be 
made to lie more nearly along one another; the aluminium curve, 
indeed, would almost coincide with the calculated one. This last 
would present the same appearance whether drawn for large or 
small amplitudes, so that it is the shape only which is important. 

o£ change of decrement. Now, many experiments have 
shown that when the dimensions of the wire are changed so 
that the period is increased, the log. dec. for a given ampli¬ 
tude is decreased. This indicates that « is a function of the 
dimensions, which always diminishes for any change of 
dimensions which increases the period. For changes in 
the radius this is clearly the case; when the length increases 
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for a given angular velocity of the vibrating body, the 
relative angular velocity between the two ends of the 
element considered at the beginning is inversely propor¬ 
tional to the length of the wire. With this in view the 
condition may be fulfilled, and the theory is not in any way 
contradictory to practice. 

Other Cases. —It becomes clear that the law A^=&(<£) 2w+1 
will not lead to any fundamentally different kinds of motion, 
but will only introduce decaying terms in the amplitudes, 
whose rates of decrease will depend on other multiples of 
a/21. It is, however, possible that the phase angles such as 
€, <r, in the above, will not be nearly equal. In such an 
event we must, include a phase angle in the result, which 
phase angle will be a function of the time. 

With this always allowable, we may conclude from the 
fact that our differential equations are linear (in the approxi¬ 
mate method), that solutions found for various powers of <f> 
are additive, in the sense that if 0 = M is the solution when 
Ai(r=/c w ^ m , and 0 = N when 0yfr = k n <f> n \, then 0 = M-t-N when 
= 4 l'n(f) n . Hence, except for a different rate of 

change of logarithmic decrement with amplitude, nothing 
new is introduced if we assume 

Ayfr — ki<f> 4* £ s <£ 3 4- k 6 (f > 7 4 etc., 

all the constants being positive. 

Other trials could be made, but the Calculations are 
sufficient to justify the hypotheses employed to explain those 
aspects of the phenomenon of flow dealt with here. It 
appears, too, that, the assumption that flow is proportional to 
an odd power of the elastic stresses does lead to the prediction 
of a variation of logarithmic decrement which agrees with 
experiment. It is suggested that this affords an explanation 
of this effect, at least in some metals. 

For encouragement and valuable advice during the course 
of the work, my thanks are tendered to Prof. C. H. Lees. 

Summary. 

The equations of motion of a torsional pendulum whose 
suspension is a wire of plastic material, are worked out in 
two different forms which are kept as general as possible. 
The first form is employed to trace by trial the manner in 
which the flow varies with the time and the twist. With 
the second form, a definite hypothesis, that the rate of flow 
is proportional to an odd power of the elastic stresses, is deve¬ 
loped, and is shown to lead at once to an explanation of the 
observed variation of logarithmic decrement with amplitude.. 
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XC# The Mobilities of the Positive Ions formed hy Alpha 
Rays in Air , Hydrogen , and Helium . By J. S. Rogers, 
B.A.y M.Sc.y Senior Lecturer in Natural Philosophy , 
University of Melbourne *. 

Introduction. 

T HR mobility of positive ions has been shown to vary 
with the life of the ion by Eriksonf and Wahlin J. 
These authors have found that the mobility of the “ normal >y 
positive ion in air was 1*4 cm./sec. per volt/cm.; but if the 
mobility was measured in a very short time after the ion 
was formed (of the order of 1/50 sec.), the value obtained 
was 1/89 cm./sec., which is approximately the same as that 
of the negative ipn. In addition to these values of the 
mobility, Nolan § has reported evidence of many more types 
of positive ions—mobilities as high as 12*4 cm./sec. having 
been obtained. Later, Wahlin || found mobilities of positive 
air-ions as low as ’970 cm./sec. 

The dependence of the mobility of positive ions on their 
fe has been investigated in air, hydrogen, and helium. 
The method employed was a modification of the original 
method of Rutherford IF, in which an alternating potential 
was produced by means of a commutator. The ionization 
was produced by alpha rays which, by means of a sectored 
metal disk carried on the shaft of the commutator, were 
allowed to enter the mica window of the ionization vessel 
once only in every revolution. With the arrangement used 
the life of the ion could be measured accurately. 

In addition, the apparatus was devised to examine helium 
for the presence of doubly-charged positive ions which had 
been reported by Millikan 0 * and Wilkins ff. 

Description of the Apparatus. 

The apparatus consisted of an ionization chamber and a 
compensating chamber, the upper insulated electrodes of 
each being connected to the same quadrant of a Dolezalek 

* Communicated by Sir E. Rutherford, O.M., P.R.S, 
t Erikeon, Phys. Rev. xx. p. 117 (1922). 
t Wahlin, Phys. Rev. xx. p. 267 (1922). 

§ Nolan, f'roc. Roy. Irish Acad, xxxvi. p. 74 (1928). 

|| Wahliu, Phil. Mag. xlix. p. 666 (1926). 

5] Rutherford, Phil. Mag. v. p. 96 (1908). 

** Millikan, Phys. Rev. xviii. p. 466 (1921). 
tt Wilkins, Phys. Rev. xix. p. 210 (1922). 

Phil. Mag. S. 7. Voh 5. No. 31. Suppl. Mag 1928- 3 L 
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electrometer. The sensitivity of the instrument was 600 mm. 
per volt when the needle potential was 200 volts and the 
lamp and scale 150 cm. from the electrometer. 

The ionization vessel (see fig. 1) consisted of a hollow 
brass cylinder 10 cm. in diameter and 12 cm. high. The 
bottom of the vessel was made of ebonite 1 cm. thifck. 
The curved side of the brass vessel fitted into a ring of brass 



0 


which was screwed down to the ebonite. This curved side 
was fastened to the ring with picein, while soft wax made 
the ring-ebonite joint air-tight. An insulated plate L about 
8 cm. in diameter was placed on the ebonite, and connexion 
was made between this plate and the commutator by a lead 
which passed through the ebonite. The upper plate P of 
the ionization vessel and the guard-ring Qc were carried by 
the lid of the vessel. The lead to the plate passed through 
an amber stopper, and cpuld be earthed by the key 
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The guard-ring could be earthed by the key K 2 - The source 
of a-rays was polonium on a copper plate about 2 cm. long 
and 3 mm. wide, which was mounted with its long edges 
horizontal and with the other edges at an angle of 30® to the 
horizontal. This was so inclined to prevent the rays from 
the lower edge of the source, S, passing into the upper part 
of the chamber. The ideal ionizing beam for the work 
would have been a thin parallel horizontal one ; but as this 
was not practicable, the beam of rays entered the chamber 
so that the majority of them grazed the lower plate L. The 
rays entered the chamber through a mica window M which 
had a stopping power of about 1*3 cm. of air. It was not 
possible to construct a window of thinner mica which would 
remain intact when the vessel was evacuated; in fact, there 
was considerable difficulty in supporting a mica window of 
the above thickness. It was possible to do so by soldering 
a flange on to the lower portion of the curved side where the 
mien was to be placed, as is indicated in tig. I«. The 
openings in this flange consisted of three holes 4 mm. 
square side by side, the thickness of the metal between 
holes being 2 mm. The piece of mica for the window was 
then fastened by pieein to a brass strip in the form of a 
grid, the holes in which corresponded to the holes in the 
Hange. This strip, with the mica, was then fastened on to 
the flange with soft wax. As the melting-point of ilia soft 
wax is considerably lower than that of pieein, it was possible 
to do this without disturbing the seal between mica and 
brass strip. This vessel, with the numerous wax joints, 
proved difficult to make gas-tight, and the difficulty was 
finally overcome by painting all the joints over with shellac 
dissolved in methylated spirits. Two brass tubes Tj and T 2 
were soldered on to the lid of the vessel, and glass tubes 
were passed into these and secured by pieein. Through one 
of those tubes, T|, the various gases were introduced, and 
through the other, T 2 , the vessel was evacuated. For 
ovacuation a Cenco Hyvac pump was used. The pressure 
attained by this was indicated by a discharge-tube connected 
to the apparatus. When the vessel was evacuated the 
alternative spark-gap between points was at least 2 cm., and 
on occasion exceeded 2 inches. After the vessel had been 
evacuated and left for several days, the cathode dark space 
was still found to be 1*5 cm., and from the colour of the 
discharge the gases present appeared to be vapours which 
arose from the various sealing agents used. The amount of 
these vapours was thus too small to affect seriously the 
purity of the gases employed. 

3 L 2 
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The Commutator . 

Difficulty was experienced in obtaining a suitable com¬ 
mutator. This difficulty was occasioned by two factors— 
first the uneven bearing of the brushes on the commutator, 
and second the presence of metallic dust, which caused s^ort 
circuits between the insulated segments of the commutator. 

All the commutators used were constructed on ebonite 
cylinders carried by an axial steel shaft which rotated with¬ 
in ball-bearings. The conducting strips were made of 
brass, the difference between the various commutators being 
merely in the nature of the end insulation separating the 
central segments. 

In the first commutator the insulation between these central 
segments was of bakerlite 1*2 cm. wide, and brass brushes 
cut from strip *5 mm. thick were used. Four brushes were 
required ; two bearing on the side brass cylinders were con¬ 
nected respectively to the positive and negative sides of the 
small storage-cells which provided the potential applied to 
the lower plate of the ionization vessel, and tw r o diametrically 
opposite, bearing on the central segments, were connected to 
the lower plates of the ionization and compensating vessels. 
To protect the cells, megohms were inserted in the leads from 
the cells to the commutator. 

The width of the insulation strip (1*2 cm.) introduced an 
uncertainty, for it was necessary to know how long the 
brush in contact with an insulating segment remained at 
the potential of the last conducting segment with which it 
had been in contact. This was ascertained by replacing 
the bakerlite strips with an air-gap 2 mm. wide ; and by 
comparing readings obtained with these two commutators, it 
was concluded that the brush remained at the same potential 
the whole of the time it was in contact with the bakerlite 
insulation. The air-gap commutator was found to be useless 
for high speeds of rotation, for the brushes did not bear 
evenly on the commutator, and considerable irregularities 
were introduced into the readings. 

In the final commutator the brass brushes were replaced 
h> brushes of thin phosphor-bronze strip. The ends of 
thvse brushes, which touched the commutator, were cut with 
a fne saw, so that they resembled the tooth of a comb. 
Thu ensured a more even pressure on the commutator. 
Thes*) phosphor-bronze brushes produced a very much 
smaller quantity of brass dust than the brass brushes. The 
end inflation was here of mica, 1*7 mm. wide. This com¬ 
mutator proved to be much more satisfactory than any of 
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the previous types. The surface of the mica had, however, 
to be scraped lightly occasionally to remove traces of metallic 

dust. 

To one end of the steel shaft of the commutator was 
attached the revolution counter, and to the other was a brass 
disk D (fig. 1) about 7 cm. in diameter, which moved 
between the source S and the mica window M. A sector of 
15° was cut in this disk, and thus the rays could enter the 
ionization chamber only when the sector was between S 
and M. This disk was fastened by means of a screw to the 
steel shaft, and the position of the sector with regard to 
the remainder of the commutator could thus be varied. The 
purpose of this sector was to allow a beam of rays to be 
shot into the gas while the bottom plate was positively 
charged, and then only for a limited time. The commutator 
was rotated by a shunt-wound D.C. motor driven by large 
storage cells, and a sliding rheostat was placed in series 
with the motor. The rate of rotation could be maintained 
constant within 1 per cent, for a series of readings lasting 
for two hours. During every reading of the ionization 
current one reading at least was taken of the rate of rotation 
of the commutator. 

The Compensating Chamber . 

If the source of a-rays was removed and L was charged 
positively (say to +200 volts), and the keys K 2 and K 2 
raised, then the electrometer would register no charge. 

If, now, the commutator were turned by hand until the 
potential of L were negative ( — 200 volts, say), the spot of 
light would be reflected completely off the scale, owing to 
the charge induced on the upper plate. The compensating 
chamber was used to overcome this ; it was an earthed 
shielded vessel with the lower plate M connected to the com¬ 
mutator so that its potential was always opposite in sign to 
that of L and the upper insulated plate was connected to the 
electrometer. The distance between the upper and lower 
plates could be varied by means of the screw A, and when 
this vessel had the same capacity (electrostatic) as that of 
the ionization chamber, the reversal of the potential on L 
caused no deflexion of the electrometer. The actual experi¬ 
mental method employed was to turn the screw A until there 
was no deflexion on reversing the commutator. Whatever 
potentials were then applied to L and N, the whole apparatus 
remained compensated for induced charges. This adjust¬ 
ment was quite a sensitive one, as 1/8 of a turn of A could be 
readily detected. When the apparatus was compensated 
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and the commutator rotated by the motor, the earthing-keys 
could be raised and the electrometer was unaffected. The 
leads from the top plates of the ionization and compensation 
chambers passed through amber insulators within earthed 
tubes. All the insulation except the stopper at the top of 
the compensation chamber was of amber, the last being of 
sulphur. The electrostatic leak of the whole apparatus was 
very small ; about 1 mm. in 5 min. near the zero, i. e. in the 
region where the final ionization was measured. 

The potentials applied to the lower plates of the two 
chambers were supplied by 248 small storage-cells. One 
point of this battery w r as earthed. The potentials were 
measured by means of a Weston multi-range D.C. voltmeter. 

Preparation of Gases used. 

Air .—Before the air passed into the apparatus it was 
dried in a side-tube containing a tightly-fitting plug of 
phosphorus pentoxide. This plug occupied about one-third 
of the volume of the drying vessel. Before the air parsed 
into the apparatus it was stored for at least an hour, and 
usually for very much longer, in this side-tube. 

Hydrogen. —This was prepared by the electrolysis of 
water (plus a little sodium carbonate), nickel electrodes 
being used. An inverted burette was placed over the 
cathode, and the hydrogen as produced displaced the solution 
from this burette. The top of the burette was connected by 
a piece of pressure-tubing to the drying-tube of phosphorus 
pentoxide mentioned above. The hydrogen was stored in 
this tube for at least an hour, usually longer, before being 
passed into the apparatus. Hydrogen was passed through 
the apparatus several times before the sample, on which 
readings were taken, was introduced. 

Helium .—The helium used was very generously sent to 
Australia by Sir Ernest Rutherford. When this arrived it 
was contained in a glass bulb with a draw r n-out side-tube 
and contained nitrogen as an impurity. The tube was 
broken under mercury, and the helium was, by means of a 
mercury transfer-pump, passed backwards and forwards 
through finely broken-up coconut charcoal contained in a 
narrow tube immersed in liquid air until there was no further 
diminution in volume. The charcoal column was about 
24 cm. long, and the charcoal had been carefully prepared 
and activated. During the process of the purification the 
♦charcoal was several times heated in a bath of boiling 
sulphur for some hours while the Hyvac pump was running. 
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The helium was then stored over mercury. For each 
experiment the helium was, on its path to the ionization 
chamber, again passed slowly through charcoal immersed in 
liquid air, and after each experiment the gas passed through 
the same purifier before being stored over mercury. 

Method of calculating the Mobility. 

The method consisted in allowing a beam of rays to enter 
the chamber near the bottom plate when this plate was 
positively charged. The positive ions then proceeded towards 
the top insulated plate. If their velocity was sufficiently 
great, they would reach the hitter plate before the potential 
of the lower plate changed in sign. On the other hand, if 
the velocity was insufficient, they would, on the reversal of 
the potential gradient, be drawn downwards to the lower 
plate. If x cm. is the distance between the plates, and X volts 
the potential applied to the lower plate when no charge 
is registered bv the electrometer, p mm. the pressure of 
the gas, and K cm./sec. per volt/cm. the mobility at a 
pressure of 7fi() mm. of the fastest ion present in the gas, 

then ~ ^where t. sec. is the interval elapsing from 

X p 

the instant when the last ions were formed by the a-rays to 
that when the potential on the lower plate became negative. 
This quantity t is thus the life of the ion. It was determined 
by the product of two factors—the first was the rate of 
rotation of the commutator, and the second was what wall 
subsequently be termed the reduction factor. This was 
obtained by dividing the circumference of the commutator 
into the distance that the positively-charged portion of the 
central part of the commutator moved under the brush 
connected to the ionization chamber (plus the width of the 
insulation strip) after the last a-rays had entered the 
chamber. The reduction factor could be varied by changing 
the position of the rotating sector on the shaft of the 
commutator with regard to the rest of the commutator. 
The commutator was rotated in such a direction that the 
last a-rays to enter the ionization chamber were those which 
grazed the lower plate. 

Influence of Different Values of Negative Potential. 

The first point that was investigated after the com¬ 
pensation chamber had been adjusted was the influence that 
different values of the negative potential applied to one-half 
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of the commutator had on the readings when the positive 
potential applied to the other remained constant. A typical 
curve is shown in fig. 2. It was found that, as the negative 
potential was increased, the ionization current decreased to 
a certain value which then remained constant. This con¬ 
stant value was reached when the negative potential was 
approximately 25 per cent, greater than the positive. As 
the purpose of the negative potential was merely to sweep 
back to the lower plate those positive ions which were 
unable to reach the upper plate, it was arranged, in all 
readings described below, that the negative potential was at 
least 25 per cent, greater than the highest potential used. 



Negative Potential 


It is considered the reason that a larger ionization current 
was obtained when the negative and positive potentials were 
equal was that either certain of the positive ions did not 
proceed directly between the plates, or else certain ions 
were formed in parts oE the ionization chamber where the 
potential gradient had not its maximum value. 

Experimental Results. 

(a) Method. 

After the gas had been introduced, and sufficient time 
had elapsed for the commutator to be rotating uniformly, 
readings of the ionization current were taken for different 
values of the positive potential applied to the lower plate of 
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the ionization vessel. Two consistent readings were made 
for each value of the positive potential. The ionization 
currents were then plotted against the positive potential, 
and the intercept of this curve on the potential axis gave 
the value of X. To find the reduction factor, the com¬ 
mutator was turned by hand until the a-rays just failed 
to enter the ionization vessel. The distance that the positive 
portion of the central segment had still to run could then 
be readily measured. 

(b) The Curves. 

Fig. 3 represents typical curves for air, hydrogen, and 
helium respectively. It will be noticed that for the higher 
potentials the curve runs parallel to the potential axis, 
showing that for such potentials all the positive ions were 
reaching the top plate. As the potential was further 
decreased, the curve began to slope off gradually, while the 
final portion is a straight line, and the intercept of the 
straight line on the potential axis gave the value of X 
mentioned above. Under ideal conditions for these experi¬ 
ments, after the straight horizontal portion of the curve 
the remainder would be a vortical descent to the potential 
axis. This cannot, however, be realized for the following 
reasons :— 

Firstly, such a curve would be realized only when the 
ionizing beam was a thin, parallel, horizontal one which 
grazed the bottom plate of the ionization chamber. If the 
beam was not parallel, then the ions would be formed in 
the chamber at different distances from the top plate so that 
those which were produced near the bottom of the chamber 
would have greater distances to travel than those produced 
higher up. In consequence, as the positive potential was 
decreased, the u lower ” ions would fail to reach the upper 
plate, while the “ upper 1 ’ ions still continued to do so. 
The source was so arranged that the majority of the rays 
were directed on this lower plate so that the ionization was 
limited to that portion of the chamber near the lower plate. 
It was impracticable with polonium sources to produce a 
parallel beam. The mica window, through which the rays 
entered the chamber, had to be equal to 1*3 cm. of air at 
least to withstand atmospheric pressure, and the a-rays 
which entered the chamber had to have an emergent range 
over 1 cm. so that the source could not be placed further 
from the mica window than 1 cm. Even if a parallel beam 
of rays had been realizable, the ideal curve would not hnve 
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been obtained unless this beam were very thin, for a beam 
of finite thickness would produce ions at different vertical 
distances from the lower plate. In order that this effect 
should be as small as possible, the distance between lower 
and upper plates was made approximately 8 cm., so that the 
width of the beam would be small in comparison with the 
distance that the ions travelled in the chamber. 

On the other hand, the thinner the beam of rays the less 
was the ionization current., and consequently either very 
intense sources were required or very sensitive detectors of 
the ionization current. 

Secondly, in order to obtain the ideal curve the ionizing 
beam must enter the chamber momentarily once in each 
revolution. If the time in which the beam was present in 
the chamber was of any duration, those ions which were 
first formed would he moving towards the top plate before 
the last ones were formed. This could only he prevented 
by making the rotating sector of very small angle. Very 
small sectors necessitated, however, very intense sources if 
the ionization currents were to be appreciable. A com¬ 
promise had thus to be arrived at between the ideal small- 
angled sector and one which would allow ionization currents 
to »>e measured in reasonable times. 

If such ideal conditions could he realized, tlie presence of 
ions of more than one mobility in a gas could be readily 
shown. The existence of slower ions under the actual 
experimental conditions would he more difficult to show, as 
they would cause a somewhat slight discontinuity in the 
curves obtained. However, in tho actual curves there was 
no definite evidence of ions of more than one mobility 
present at the same time. 

In order to determine the mobilities of the ions when the 
life of the ion was very short, the whole curve was not 
obtained, but merely the last portion, i.e. that just before 
the ionization current disappeared. Sufficient points were 
obtained to allow the straight line to be drawn which deter¬ 
mined the intercept. 

Fig. 4 represents two end portions of the curves for helium 
and air respectively, and is typical of the type of curve 
obtained. The curves are quite straight, and thus show 
that there is only one type of ion present. The mobility 
obtained from (a) was 5’53 cm./sec. per volt/cm., and from 
(b) 1 # 65 cm./sec. Practically the whole of the curves were 
of this type, and thus represent the presence of one type of 
ion alone. 
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Fig. 4. 



(c) Values of the Mobilities . 

(i.) Air .—Table I. represents the results obtained with 
air. The table is arranged so that the life of the ion 
decreases as one reads down the table. It will be seen that, 
for lives between *138 and 0139 sec., the value of x 2 /K 
remains constant within the limits of experimental error 
although the pressure varies between 98 and 22 mm., the 
rate of rotation of the commutator between 3'8 and 22 seconds 
for 100 revolutions, and the intercept on the potential axis 
between 15 and 164 volts. Further, these values were 
obtained with the three different commutators mentioned 
above. 

For lives of ions between *00947 to *00675 sec. the value 
of .r 2 /K appears to be constant, so that these values have 
been bracketed, and the same applies to the values between 
*00428 and *00229 sec. The mobilities corresponding to the 
different values # 2 /K are given in the last column. It was 
assumed that the value of the mobility corresponding to 
tf*/K=s47*8 was that of the air-ion of mobility 1*36 cm./sec. 
per volt/cm. This is the mean of the values obtained r>y a 
great number of workers between whom there is fafrly good 
agreement. (See Landolt-Bornstein Tabellen.) This value 
was assumed because it was difficult to measure the quantity 

which has to be measured twice as accurately as the other 
quantities, with the necessary precision. Further, with the 
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distance between the plates of the ionization vessel (t. e~ 
approximately 8 cm.) there is reason to doubt that the 
potential gradient would be uniform throughout. 


Table T. 

Mobilities of Positive Ions in Dry Air. 


Life of 
Ion 
(sec.). 

Press. 

(min. 

Hg.). 

Rotation. 
Time for 
100 revs, 
(sec.;. 

Reduc¬ 

tion 

Factor. 

Inter¬ 

cept 

(volts). 

x 3 /K. 

Mean. 

Mobility 

•1381 

152 

6*25 

■461 

70 

48-3 1 



‘0081 

23*0 

220 

•446 

15 

48-3 



•0814 

90 

170 

•461 

68 

46-9 



•0681 

23 

220 

*310 

207 

46-7 



•o.'na 

98 

13 0 

*461 

106 

49*3 



•0460 

2 

10*10 

■46 J 

83 

48-1 



•0373 

70-5 

10*35 

*348 

117 

46-8 



•0288 

42-5 

6*25 

*461 

95 

490 



*0263 

70*5 

7*30 

•348 

164 

46*5 

47-8 

1*36 cm./sec./ 

*0219 

220 

7*04 

■310 

64 

48*6 


volt/cm. 
(Value 

•0178 

45 

504 

•352 

157 

47 0 


assumed.) 

0178 

230 

4 00 

•446 

79 

46*7 



0176 

42*5 

3*8*2 

•461 

147 

46-3 



•0173 

22*0 

5-88 

•310 

76 

481 



•0158 

220 

5*10 

•310 

89 

48*7 



0139 

220 

4*50 

•310 

102 

49*3 

1 


•0(1947 

21-5 

3*06 

•310 

132 

44 3 y 



•00939 

27*5 

3*03 

•310 

171 

44*3 j 

8 44*2 


•00676 

22*0 

3*10 

•21S 

184 

43*0 

1-47 

•00675 

15*5 

3*26 

•207 

136 

45*0 J 



•00428 

14-0 

4*00 

•107 

169 

39*3 



•00404 

11*5 

2*50 

•169 

138 

38*7 



00297 

90 

277 

•107 

162 

40*2 

• 39*5 

1*65 

00229 

8-2 

2*78 

*0824 

188 

398 „ 




JVbife.—In eaoh of Tables I M IT.* and III. the values underlined in the sixth 
column with full lines were those obtained with air-gap of *16 min. between 
central segments of commutator; those underlined with dotted lines, with 
mica insulation *17 cm. wide between segments; and all others with bakerlite 
insulation 1*2 cm. wide. 
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(ii.) Hydrogen .—The results are set out in Table II. In 
the first reading the ions were examined at a longer life than 
in the other gases. This necessitated a slow rotation of the 
commutator, and difficulty was experienced in securing the 
necessary uniformity of rotation. In consequence this result 
is not so reliable as the others, although the intercept Was 
obtained from a straight line. The mobility of ions of lives 
between '26 1 and *01363 sec. appears to be constant and 
has the value 5*30 ; between *00913 and *00644 the value 
5*95 holds, while between *00503 and *00330 the mobility is 
6*57. It will be noticed that when the life of the ion was 
*01152 sec. a value of the mobility was obtained which 
lies between the first set of values and the second. Possibly 
this value should be included in the second set. 


Table II. 

Mobilities of Positive Ions in Dry Hydrogen. 


Lite of 
Ion 
(sec ). 

Press. 

(mm. 

\U)- 

Rotation, 
100 p or*. 

(StsC.). 

Reduc¬ 

tion 

Factor. 

•442 

340 

96’0 

*467 

’261 

244 

560 

■467 

*133 

307 

27*5 

•486 

•1285 

307 

27*5 

*467 

•0770 

209 

16-75 

*461 

•0432 

188-5 

9-40 

•472 

•1363 

101 

3*00 

*433 

•0L152 

81-5 

304 

•379 

•01)913 

61 *5 

303 

*301 

•00894 

820 

302 

•296 

•00832 

74-5 

500 

166 

•00667 

74*5* 

400 

•166 

•00503 

58 0 

6*10 

•0824 

•00412 

5S0 

500 

•0824 

*00330 

445 

4-00 

•0824 


Inter- 




cept 

(volts). 

**/K. 

Mean. 

Mobility, 

130 

1362 


4*7^ 

15*5 

1200 1 


360 

11 no 

i 

1 


36*0 

12-38 

1 

V12-29 


44 

12-32 

5-30 

67 

1224 



120 

12*30 

) 


106 

n-6 



94 

11*05 , 



130 

11-00 



126 

10-70 

> 10*84 

5*99 

156 

1000 



151 

9j)5 -j 



169 

»*42 

- 9*73 

6*67 

177 

997 1 




(iii.) Helium. The results are set out in Table III. The 
mobility remains constant for lives between *1001 sec. and 
*01095 sec., and has the value of 561 cm./sec. per volt/cm. 
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When the life of the ion varies between *00795 and *00679 see. 
the value of the mobility is (M2, while between *00528 and 
*00290 sec. the value is 6*72. 

Table III. 

Mobilities of Positive Ions in Helium. 


Life of 

Press. 

Rotation, 

lied uc- 

Inter- 





Ion 

(mm. 

100 revs. 

turn 

cept 

*S/K. 


Mean. 

Mobility. 

(sec.). 

HkA 

(sec.). 

Factor. 

(volts). 





•1001 

225 

22 0 

•455 

34 

11 *50 



•0470 

2225 

10-50 

*447 

74 

11 '83 




•0224 

222*5 

5*00 

•417 

152 

11 *80 




•0154 

02 5 

4 00 

•384 

01 

11*48 




•0140 

07*7 

3*28 

•440 

105 

11*00 


► 11*50 

5G1 

•0120 

02-5 

3-28 

•384 

110 

11-40 




•01135 

100 

5*00 

•227 

125 

11 05 




*1)1005 

905 

3*28 

•333 

124 

11*42 

) 


•00705 

85*5 

3*28 

*207 

152 

10*70 




•00770 

71 0 

4 00 

•100 

130 

10*80 




•00080 

03*0 

3*32 

*207 

. 128 

10*60 


> 10*62 

012 

*00070 

85*5 

3*28 

•207 

171 

10*30 

- 



•00528 

40-5 

4*04 

•107 

110 

9*51 

- 



*00375 

305 

350 

•107 

106 

9*85 


L 9*09 

6 72 

•00290 

3.0*5 

270 

•107 

134? 

9*73? 





One of the difficulties with helium was that a limit was 
imposed on the negative potential gradient that this gas 
would withstand before it became conducting (there being 
no external ionizing agent present). On one occasion, with 
the commutator at rest and when the pressure of the helium 
was 90*5 mm., it was found that when the lower plate on the 
ionization chamber was charged to —254 volts the upper 
plate became charged negatively. When the negative 
potential was increased the rate of charge increased very 
rapidly. When the potential was decreased to —242 volts, 
there was no such current, showing that the observed currents 
were not due to ionization caused by external sources, but 
that helium “broke down” (i.e. conducted) under quite 
small negative potential gradients. At times such clear 
demonstration of this breakdown was not possible, for, under 
much lower pressures and at potentials as high as — 280 volts, 
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the electrometer registered no negative charge. The effect 
was still present however, for when the negative potential 
was kept at —280 and the positive adjusted to 200 volts, it 
was found that, when the commutator was rotated, the 
electrometer registered a negative instead of a positivecharge ; 
the positive charge was expected, since the gas was ionized 
while the lower plate of the ionization chamber was charged 
positively, and the pressure of the gas and rate of rotation 
of the commutator were such as would permit the positive 
ions to reach the top plate. When the negative potential 
was decreased and the positive decreased accordingly, this 
negative charge disappeared and the expected positive charge 
made its appearance. It is probable that, in the experiments 
last described, there were some minute traces of impurity 
present in the helium. When this phenomenon was first 
noted the coconut charcoal through which the gas passed 
had been evacuated while immersed in a bath of boiling 
sulphur just immediately previous to its being immersed in 
liquid air ; and the fact that the breakdown was so readily 
demonstrated was due to the extreme purity of the helium. 

There is another indication that the helium used was very 
pure. Franck and Gehlhoff * stated that in pure helium the 
mobility of the negative ion was about 500 cm./sec. per 
volt/cm., while Franck and Pohl f had found that when 
slight traces of impurity were present this mobility was 6*31. 
Accordingly the sector was adjusted on the commutator so 
that the mobility of the negative ions could be determined. 
Only one determination was made and a mobility of just 
over 1000 cm./sec. was found. It is intended to continue 
this examination of the negative ions later, this experiment 
being undertaken to demonstrate that the helium used was 
reasonably pure, even when the " breakdown ” of helium 
under negative potentials did not occur. 

As in the method which has been described for finding 
the mobilities of positive ions, the negative potential applied 
to the commutator was always greater than the positive, 
and as helium becomes conducting under certain negative 
potential gradients, the positive potentials that could be used 
with helium were limited if the gas was investigated at low 
pressures. In conseauence of this, the mobilities of the 
helium positive ions nave been investigated for as short 
lives as are possible with the present apparatus. In fact, the 
last reading (life *00290 sec.) merely shows that the mobility 


* Vide Jahr. Rad . ix. p. 260 (1912). ^ 
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is not less than tv72 cm./sec. per volt/cm., as it was impossible 
to vary the positive potential over a wide enough range to 
obtain the intercept with the necessary degree of accuracy. 

Discussion of Results. 

Comparison with Results obtained by other Investigators. 

An examination of the tables shows that, for the three 
gases investigated, the mobility of the positive ions depends 
on the life of the ion, and further that this dependence is not 
a continuous function of the life, but, for certain ranges of 
lives, the mobility remains constant. In each of the three 
gases investigated three different mobilities (four for hydro¬ 
gen) have been found, and the change from one type to the 
next occurs for the three gases at very nearly the same lives. 
This is shown very clearly in Table IV. Probably the 
simplest type of ion investigated is that labelled third type, 
as the mobilities of these were measured in a very short time 
after their formation. If, however, the life of the ion is 
between 1/200 and 1/160 sec., the mobility of the ion in each 
case becomes less. There is a second change in the mobility 
at about 1/100 see. 

Table IV. 

Collected Results for Air, Hydrogen, and Helium. 


Gas. 


First Type. Second Type. Third Type. 


Air 

Hydro- 

geu 

Helium 


{ 

i 

{ 


Range of lives ... 
Mobility . 

Range . 

Mobility . 

Range . 

Mobility . 


See. 

138-0139 

1*30 

•201-0136 

5-30 

•1001-01005 
5*61 


See. 

•00947-00075 

1*47 

*00913-*00064 

5- 99 

•00795- 00679 

6 - 12 


See. 

•004*28- 00229 
It >5 

00503- 00330 
6*67 


•09528--0029 

6*72 


This seems to suggest that whatever the mechanism is 
which causes the change from one type to another it is the 
same in the three gases ; in other words, the ions in helium 
behave exactly similarly to those in the other two gases. 

This investigation was undertaken originally to establish, 
if possible, the presence of doubly-charged helium ions. 
Millikan * and his co-workers have shown that no gas other 
than helium when ionized by *-rays showed any indication 

♦Millikan, Gottschalk, and Kelly, Phys/Rev. xv, p. 167 (1920). 
Phil. Mag. S. 7. Vol. 5. No. 31. Suppl . May 1928. 3 M 
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o£ doubly-charged ions. As in the above experiments no 
difference can be found between behaviour of helium ions 
and those in air and hydrogen, one is forced to the conclusion 
that there is no evidence under the experimental conditions 
here described of doubly-charged ions in helium. The reason 
that, while Millikan and Wilkins* found evidence of doubly- 
charged helium ions, there is no evidence here, can be 
attributed to the different methods of experiment. In the 
method of Millikan a charged oil-drop was held suspended 
in the gas under examination while a-rays passed very close 
to the drop. The interval of time between the formation of 
the ion and its arrival on the oil-drop (i. e . the life of the 
ion) was stated by Millikan to be “ something like a ten- 
thousandth of a second.” This life is much shorter than the 
shortest reached in these experiments (1/500 sec.). One is 
forced to the conclusion that the doubly-charged helium ion 
is converted very quickly to the singly-charged, in so short 
a time, in fact, that its increased mobility as a doubly-charged 
ion cannot be demonstrated experimentally by the method 
here employed. 

In order to compare the results obtained with those of 
other experimenters, each gas will be dealt with separately. 

(a) Air t*—Experiments by Erikson J and Wahlin § had 
previously shown that the mobility of the positive ion in air 
depended on the life of the ion. In both of their investi¬ 
gations they were unable from the nature of their apparatus 
to give very accurately the life of the ion. Krikson used a 
modification of Zeleny’s method, and he showed that while 
the ordinary mobility of the positive ion was 1*36, the 
mobility was 1*87 when the life of the ion was shorter. 
The transition of the higher value was estimated by Erikson 
to occur when the ion had aged for about 1/50 sec. 
In the method of Wahlin the ions were produced by polonium, 
and were forced into the chamber in which the mobility was 
measured by a small auxiliary field. Their mobility was 
then found by Franck’s method, the alternating potential 
being supplied by a valve-oscillating circuit. His results 
substantiated those of Erikson in that he found a fast ion of 
mobility 1*80 and a slower one of mobility 1*35, and that the 
first changed to the second after a time between 1/75 and 
1/120 sec. 

Erikson advanced the following explanation to account far 


# Wflkkis, Phye. Rev. xix. p. 210 (1922). 
t All mobilities are expressed in cm ./sec. per voit/cm. 
t Whtt PM- Kev. xx. p. 117 (1922); ibid. xxiv. p. 602 (1024). 
i Wahlin, Pby». Rev. xx. p. 267 (1922). 
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his result:—The process of ionization consists in the removal 
of an electron from a molecule, and this electron at once 
attaches to a neutral molecule and forms the negative ion. 
The initial positive and negative ions thus both consist of a 
molecule, and if their mobility is at once measured it is the 
same for both. The negative ion remains unchanged, but 
the positive ion quickly attracts a neutral molecule to it. 
In consequence of the increased mass of the molecule its 
mobility decreases to the smaller value. Erikson states that 
his results suggest that in any one gas the mobility is 
approximately proportional to the inverse square root of the 
mass of the ion/' 

There are two objections to this rather simple theory. 
The first, is that the mobility of an ion depends on the gas 
in which it is measured, and the mobility of any positive ion 
measured in air is the same as that of the air ion (the mobility 
for the air ion being the lower value 1*36) *. The mobility 
in air has been measured fora large number of ions in which 
the mass of the ion has varied considerably—from hydrogen 
(M sss 2) to chloroform (M = 119). The mass of the ion 
therefore does not appear to have very great effect on the 
mobility of the ion. The variation in the diameter of the ion, 
if we assume that it is composed of a single molecule, would 
he much less, hut there should be some detectable difference 
between the mobilities if these depended directly on the 
diameter of the ion t, whereas Tyndall and Grindlev find 
that the mobilities of the hydrogen, carbon dioxide, ether, 
and chloroform ions are the same to within 1 per cent, when 
measured in air. 

The second objection is that Nolan and Wahlin (later) 
have obtained evidence of the presence of more than two 
types of positive air-ions. The experiments above have also 
shown three types of ions. Nolan has used two different 
methods ; in one he used an air-blast method and in the other 
the alternating field method in which ions were driven by 
an auxiliary field into the main chamber. In the last he 
took precautions to make the field, which drew hack the ions 
which had not reached the plate connected to the electro¬ 
meter, slightly greater than that of opposite sign which urged 
them towards the plate. The difference in the positive and 

♦ Vide Blanc, Joum . de Phys . vii. p. 825 (1908). Wellisch, Proc.-Roy 
Soc. lxxxii. p. 600 (1909). Tyndall and Grindley, Phil. Mag. xlviii. 
p. 711 (1924). Erikson, Phys. Rev. xxvi. p. 466 (1925). 

t Thus in KAye and Laby’s (1921) Tables, p. 85, the diameter of the 
hydrogen molecule is 2*46x10-* cm,, while the diameter ot the CC) a 
molecule is 8*81 x 10~ 9 cm. 

8 M 2 
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negative potentials, however, was of the order of tvvo volts, 
and in view of fig. 2 ( above) it is considered that the difference 
between the positive and negative potentials was inadequate 
for the purpose. He measured the mobilities of both the 
negative and positive ions. He has found more groups of 
mobilities than any other investigator, and, further, that the 
mobilities of positive and negative ions were the same 
throughout. 

He obtained the values of the mobilities in both experiments 
by observed discontinuities jn his ionization current-potential 
curves. Some of these discontinuities were very small, and 
the interpretation of them has been considerably criticized. 
Blackwood * duplicated the apparatus used by Nolan in the 
air-current method, but failed to obtain a repetition of Nolan’s 
curve. Locb f has criticized the interpretation that Nolan 
places on his curves, and has pointed out that the electro¬ 
meter readings would have to be extremely accurate before 
some of the discontinuities of Nolan could be regarded as 
definite evidence of different, groups of ions. 

In Wahlin’s later determinations he again used the alter¬ 
nating field method, and from discontinuities in the ionization 
current-potential curve concluded that there were at least 
six types of positive air-ions. It must be pointed out that 
Wahlin took no precautions to make his negative potentials 
greater than his positive, as has been found necessary in this 
work. 

The results of Nolan, Erikson, Wahlin. and the author are 
set out in Table V. (In his paper in the * Physical Review,’ 
Nolan t mentions the presence of more ions than are given 
in this table—the values given hero are those published in 
the r Proceedings of the Royal Irish Academy.’) 

It would appear that the three types of ions found by the 
author correspond to three found by Wahlin and three by 
Nolan. The method used by the author has, however, the 
following advantages :— 

1. The mobility values are found from straight-line 
intercepts on the potential axis and not from discontinuities 
in the curves. 

2. The ions investigated are not produced in a subsidiary 
chamber, but directly in the chamber in which they are at 
once measured. 

3. The ions are not entering the measuring-chamber 
continuously, but only for limited times (due to the sectored 
wheel)* 

* Blackwood, Plivs. Rev. xx. p. 499 (1922). 

t Loeb, Journal Franklin Institute, cci. p. 637 (1923). 

% Nolan, Phys. Rev. xxv. p. 101 (1926). 
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4. Adequate precautions are taken to remove those positive 
ions which are approaching the top plate but which fail to 
reach it. 

Table V. 

Mobility of Positive Air Ions. 


Nolan. Erikson. Wahlin. "Rogers. 

4- and — 

12*4 

GO 

5-1 

4\31 

302 

2*04 


l*7G 

1 *89 

1-89 

1*6«> 

1 \ r >3 


1*57 

1*47 

1-38 

1 *3f> 

1-35 

l-Sfi 



1*20 




110 




*970 



No evidence has been found of any faster ions mentioned 
by Nolan, i.e. those of mobility (2) and greater, and if such 
exist they must have a life of less than 1/500 sec. Again, 
the curves show no evidence of any ions slower than 1*36, 
since there are no marked discontinuities in the curves when 
the ions of mobility 1*36 are being measured. 

(b) Hydrogen .—The mobility of the positive ions in 
hydrogen has been previously investigated by Chattock 
by Franck and Pohl +> by Zeleny and Nolan §. 

Chattock used an ingenious method in which he employed 
the point discharge in gases. His value of the mobility is 
5*4. Although this value corresponds to that found below 
for ions of lives between *261 and *0136 sec., the life of the 
ions in Chattock’s experiments would be very much shorter. 

Franck and Pohl used a modification of the original 
Rutherford method in which the lower plate of their ioniza¬ 
tion chamber was connected to sinusoidal alternating poten¬ 
tial of frequency about 55. The ions of the sign required 

♦ Chattock, Phil. Mag. xlvii. p. 401 (1809); ibid i. p. 79 (1901). 

Franck and Pohl, Verh> Deut . Pkys, Ges, ix. pp. 67,194 (1907). 

} Zeleny, Phil. Trans. (A), cxcv. pp. 188,198 (1900). 

§ Nolan, Proc. Roy. Irish Acad, xxxvi. p. 74 (1923). 
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were introduced into the main held by a small auxiliary 
field. The life of ions was here approximately *009 sec. 
The value of the mobility obtained by them, 6*02, agrees 
very well with that found here, 5 99, for ions of the same life* 

The method of Zeleny consisted in deflecting the charged 
ions by an electric field at right angles to the direction in 
which they were moving in a current of gas He measured 
the value of the mobility for a number of different lives and 
then extrapolated for zero life. His value was 6*70, which 
is in good agreement with the value found here, tv67 for the 
lives of ions between *00503 to *00330 sec. 

The method of Nolan was the alternating field method, 
exactly the same as used by him for air. The values that 

he found wore 5*23, j** (mean 5*83), 6*77, 7*93, 9*63. 

The first three agree fairly well with those found bv the 
author of 5*30, 5*99, 6*67, but no evidence has been found 
of the latter types, and if they exist they must be of very 
short life. 

(c) Helium .—The only previous determination of *the 
mobility of the ions was by Franck and Pohl+, and by 
Franck and Gehlhoff J. In these experiments they used 
the same method as for the hydrogen ions. The value that 
they obtained for the mobility of the positive ions was 
5*09 cm/sec., a value which is considerably lower than their 
value for hydrogen. On the other hand, the values obtained 
in the above experiments for hydrogen were always less 
than those for helium. 

There is a possible explanation of their lower value. 
The distance between the plates of their ionization chamber 
was about 3*6 cm. {vide their diagram on page 72 of vol. ix. 
of the Verh. d . 1). Phys . Gesf). On page 195 of the same 
journal the effective values of the potentials used in helium 
were given as about 320 volts, and 275 volts on page 196. 
The maximum values of the potentials corresponding to 
these would be 450 and 390 volts, and the maximum poten¬ 
tial gradients 125 and 108 volt/cm. resp. 

Now, it has been mentioned above that when the pressure 
of helium was 90 mm. the gas u conducted ** under a 
negative potential gradient of 30 volt/cm. It was thus 
possible in Franck’s experiments that the helium conducted 
at the highest values of the negative potential, and hence 
the ionization current due to the positive ions alone would 
appear to cease for higher values of the positive potential 
than they actually did. Thus lower values of the mobility 
£ The bracketing is that of Nolan. t Loc. eit. t Loc. cit 
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would be recorded than were correct. {Note. —Although the 
sparking potential of helium under negative gradients has 
not been exhaustively examined, it does not appear to he 
directly proportional to the pressure, for while the negative 
potential could not be raised above 240 volts when the 
pressure was 90 mm., a negative potential of 180 volts 
could be used when the pressure was 30'5 mm.) 

Conclusion. 

There is still no theoretical equation which will give 
satisfactorily the mobility of ions*, but these experiments 
indicate that, whatever the ion is initially, after a very short 
time it has developed into some type of cluster. Loeb 
ascribes the ageing effects found by Erikson to small changes 
in the diameter of the ion. The ageing effects found here 
have probably the same explanation. The increase in the 
diameter can only be ascribed to neutral molecules being 
added to the ion as it ages. There is one property of ions 
which is however not explained by the increase in diameter, 
and this is, as illustrated by Tables I., II., and III., that the 
mobility does not appear to change gradually but in definite 
steps. If the changes in mobility were due to the gradual 
addition of neutral molecules, one would expect a gradual 
change in mobility with the life of the ion. If the ion 
starts as a single molecule, it will have a definite mobility, 
and each addition of a neutral molecule will cause a decrease 
in the mobility. If a series of measurements were taken on 
the mobility of the ion between the time of attachment (£ f ) 
of one neutral molecule, the time of attachment ( t") of the 
next and at. longer times, it is obvious that after t n the 
measured mobility should gradually decrease ; for, as the 
time exceeded t'\ an increasing portion of the life of the ion 
would be spent in the latter state, t. e . that of the less 
mobility. There is, however, no such gradual change of 
mobility found either in these experiments or in those 
of Erikson, Wahlin, or Nolan. 

This work was commenced while the writer held an 1851 
Exhibition at Cavendish Laboratory, Cambridge. My thanks 
are due to Sir Ernest Rutherford, who suggested this method 
of investigation, and for his gift of helium, and also to the 
Australian Oxygen Company, Melbourne, for liquid air. 

• Vide Loeb, Joum. Frank. Inst, cci, p. 279 (1920). 
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XCI. The Distribution of Temperature in Alternating Current 
Conductors *. By il. J. O. Strutt, D.techn.Sc .f 

Abstract. 

The temperature in alternating current conductors of 
circular cross-section and infinite length is derived as a 
function of the distance from the centre for the case where 
the electric current is flowing along the axis, and for the 
case where the electric current is flowing in circles round 
the axis (inductive heating). In both cases very small and 
very high frequencies are considered. It is shown in the 
first case that for high frequency the highest temperature 
(in the centre) tends to one-half of the temperature when 
the same effective direct current is flowing through the con¬ 
ductor, the temperature of the surrounding medium being 
supposed to he zero. Herefrom it is deduced that by 
raising the frequency the temperature inside the conductor 
is decreased under the above circumstances. In the second 
case it is shown that, the temperature of the surrounding 
medium and the magnetic field outside the conductor being 
constant, the temperature inside the conductor increases 
everywhere with frequency. Some formulas are derived in 
four notes. A list of symbols is added. 


I. Introduction, 

T HE purpose of the present paper is to investigate the 
temperature in the interior of alternating current 
conductors of circular cross-section and of infinite length. 

Two cases will be considered separately. In .the first 
place the electric current will be supposed to flow in the 
direction of the axis of the conductor. This problem relates 
to electric cables, lines, etc. In the second place the electric 
current will he assumed to flow in circles round the axis of 
the conductor. This problem occurs in the treatment of in¬ 
ductive heating. 

* Sections I. and II. of this paper form chapters of a thesis for the 
degree of Doctor m the Technical University of Delft, 1927. 
t Qommumcated by the Author. 
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yin both cases the temperature T is determined by the 
differential equation : 

AT = £.T-^.S 3 ,.(1) 

where 

c = spec, heat per unity of volume, 

K = heat conductivity, 

= * • p, 

a = constant, determined by the choice of units 
(with practical units equal to 0*239), 
p = spec, electric resistance, 

S = electric current density ; 
and the boundary condition : 

*.cr-T„, —£.(2) 

on the whole surface, where h is a constant depending on the 
surface of the conductor, T the temperature of the conductor 
surface, and T 0 the temperature of the surrounding medium 
at the surface of the conductor. 

Throughout this paper c, K, p will be treated as constants. 

If the axis of the conductor coincides with the r-axis, and 
assuming symmetrical conditions round this axis, equations 
(1) and (2) assume the form : 

d 2 T 1 ST c dT m Q 

dr* + r-dr~K'd* K ’ ’ * * ^ } 

K t-t 0 )=-£’.(2') 

As the electric current density is assumed to be purely 
periodic with angular frequency w, it is seen from equa¬ 
tion (!') that T will be a periodic function of time with 
frequency 2ei. Now T can he split up into a part inde¬ 
pendent of time, and a part varying with period 2<w: 

T(r, 0 = G(r) + L(r, f) .(3) 

It is assumed that L is truly periodic, so that the stationary 
state has been arrived at. 

As the conduction of heat may be compared with a pro¬ 
cess of diffusion, through which the variations of the 
temperature are everywhere diminished, we may expect 
that, already for moderate values of o>, the part L of tem¬ 
perature will be small compared with G. Therefore, in this 
paper, G only will be considered. 
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II. Electric Current Flowing along the Axis . 

In the first place, S is assumed to flow in the direction 
of z. In this case S is given by the expression : 

S = (real part of) C . I 0 (m . r . V—0 • . (4) 

where 


V 2 ?/l 2 . p =ss 4 .7T . fJL . 

fj, = permeability, 

V = velocity of light. 


Gauss Units having been adopted. The constant 0 is 
determined by the total current amplitude I through the 
conductor : 


|C| 


where 


I . m, 

s/2 .ir A> * [ (hov'mb) 3 4- (bei' mb)' J ] ’ 

m = m x . s/ 2, 


(5) 


b = radius of conductor. 


From equations (!') and (4) we obtain for G: 


1 l ( r - 

r dr‘\ dr) ~ 


m a i? 
K * 2 


[ber 2 mr + bei 2 wr]. 


( 6 ) 


So G may he found by double integration, 
integration gives (see Note 1) : 

_ y 


The first 


dr 


— -. [her mr . bei' mr + bei mr . ber' mr\ + A, 
in u J 


(7) 


where 



wi 0 0* 

K 2’ 


and A is a constant of integration. As the flow of heat 
through the centre of the wire must be zero, 



We now proceed to consider equation (7) for two cases ; 

(a) m.b<< 1 (small frequency), 

(b) m.b» 1 (high frequency). 
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In case (a), equation (7) yields 

d(i 7 /mr (mr) & 


dr 


__ 7 /mr {mr)” \ 

"m’ii + ¥7£*J’ 


and, by integrating. 


G 


-H i +£&) +b 


(7 a) 
(8 a) 


where B is a constant o£ integration. 

Now, supposing the temperature T 0 (equation (2)) of the 
medium surrounding the conductor to be zero, and the con¬ 
stant A (equation (2)) to be large, we get from equation 
(8 a) 


G = 


»ht • I 2 

8 . K . TT* . b* 


K I+ £E.M l *£&)]• 


... (9 a) 

where the value of C has been inserted from equation (f>). 
It is to be noted that, in equations (7 a), (8 a), and (9 a), 
powers of mb, and therefore of mr, higher than the fourth 
have been neglected. 

In the case of direct current we may easily solve equa¬ 
tion (1), and find 

t "k . <10) 

Comparing equations (10) and (9 a), and bearing in mind 
that 1 is an amplitude which corresponds to an effective 

current I/\/2, we easily verify that these equations coincide 
for the case that m = 0. 

Considering case (b) : 

mb » 1, 

we may write 

. / 7T\ \ 

her mr = • • -"=■-• . cos t niyr — ~ 1, 

V 2.7r . m . r \ o / 

. / tt\ 

• sin I m t r - I, 
v 2 . tt . m . r \ or 


bei mr = 
ber' mr « 
bei' mr = 


e m x r 


where again 


V 2 .tt . m .r 

e m ' r 

V 2* it . m . r 


s(m 1 r+ J), 
-sin(t»,r+ 


( 11 ) 


m 

1 / 2 ' 


mi as 
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Inserting these values into equation (7), we get 

d Gr_ 7 . e* m ' r 

dr 4. 7 r . m • Wj r * 


(7 6 ) 


from which we obtain by integration (see Note 2 ) 


< 8S > 


where Ei^nqr) is the integral-logarithm of 2 m x r, and 
B a constant of integration. 


Inserting the values of equation ( 11 ), we obtain from 
equation (5) 

.(5 6 ) 

\/7T.b .e m " b 


I 01 = 


Now again assuming the temperature T 0 (equation ( 2 )) of 
the surrounding medium to be zero, and combining equa¬ 
tions (5 6 ) and (8 6 ), we obtain 


G 


m ( ,. I 2 .(2w l 6) • 

K iii.fr-" 


[Ei (2m 1 b) - Ei Oijr)]. (9 6) 


It should be noted that equation (9 6 ) is only valid for 
values of r, such that 

mr » 1 , 

In order to find the temperature for r=: 0 , we may proceed 
as follows. We may make r smaller and smaller, at the 
same time increasing m without limit: 

r 0 , 
m —> cc , 

such that, during this whole process, mr retains a value 
large compared with unity. Carrying this out and replacing 
the function Ei (2m t r) bv its values for large arguments 
(see Note"3), we obtain 

G _ ,n 0 n o\ 

( -*<> )- K •le.'TT 3 .* 1 . (12) 

\ nil -> *> ' 

Comparing this value with the one obtained in the case of 
direct current (equation ( 10 )), we find the interesting result, 
that the highest alternating current temperature of a conductor, 
the frequency tending towards infinity , is equal to one-half of 
the highest direct current temperature of the same conductor , 
Here it is supposed that the effective currents are the same, 
and that the temperature of the surrounding medium is feefo. 
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If the latter assumption is not fulfilled, we may apply our 
result to the differences of the temperatures in the conductor 
and that of the surrounding medium. Moreover, we have 
assumed the constant h from equation ( 2 ) to be large, which 
arises, e. in the case where the conductor is surrounded by 
a liquid. From this result we deduce that, with constant 
total current and increasing frequency, the temperature 
decreases everywhere inside the conductor, the tempera¬ 
ture at the boundary being kept constant. 


III. .Electric Current flowing in Circles round the Axis . 

This case occurs in the theory of inductive heating, the 
magnetic force having the direction of c and being given in 
the conductor (charge) by 

H = (real part of) H<>. 1 0 (mr \/ — i) . <? w , . (lb) 

where H 0 represents a constant determined by the uniformly 
distributed magnetic force outside the conductor: 


Ho 


I 0 M> V — i ) , 


• • ci4) 


/>again being the radius of the conductor. From equation 
(18) the current density S is easily found to he 

= (real part ot) a . 

= (real part of) \ H 0 m . V — iVH* (15) 

4 77 

V 

where cr = , adopting again Gauss Units and denoting 

4.7T 

the differentiation with respect to mr by an accent, as in the 
case treated before. Inserting the value (15) into equation 
(!'), we find for G the equation 


lUr( r = “ K° - a ^> mt ■ [( l,er ' mr )*+ ( hei ' «"*)*]. 

. * * ' (16) 

so that G may be found by double integration. The first 
integration gives (see Note 4) 


dQ 

dr 


<r* . ~. m. (ber mr . ber' mr H-bei mr . bei' mr), (17) 


7 denoting — the constant of integration being zero 

for the same reason as in equation (7). 
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By integrating equation (17) once again, we get 

G = ^ a 2 (her- mrt bei 2 rm) + Bj, . . (18) 

Bj being a constant of integration, determined by the con¬ 
ditions at the surface of the conductor. Supposing, agaij}, 
the temperature of the medium surrounding the conductor 
to be zero, and the constant h of equation (2) large, 
equation (18) yields 

G = a 2 • (her 2 mb -f bei 2 mh — her 2 mr — bei 2 m r). (19) 


From equation (14) we get 

jH , ___Hi.__ 

' 0 [ her 2 mb -f bei 2 mb] I ’ 

and inserting this value into equation (19), we find 


nio.IIi 2 , T. her* mr +bei* mri . 

( ^K T * L 1 ~~ her 2 mb 4- bei 2 ?/#//J ’ * ( ~ 0) 

In the case that 

mb « 1 (small frequency), 
we easily obtain from equation (20) 

m 0 . H , 2 p(*wi) 4 -(»»r)*-| 

G -= k ikv-* 2 - L~7^(W“J * * } 


(lowers of mb and of mr higher than the fourth being 
neglected. 

As is to be expected, G vanishes with m ( i . e. becomes 
equal to the temperature of the surrounding medium), a 
stationary magnetic field outside the conductor inducing no 
currents in it. 

If we increase the frequency (and hence m), keeping H, 
constant, we see, from equation (20), that G increases in 
every point of the cross-section. 

Hence from equation (20) we cannot explain the well- 
known phenomenon that, e. g. a disk placed in a longi¬ 
tudinal alternating magnetic field assumes a higher 
temperature at its circumference than at its centre. This 
phenomenon seems to depend essentially on the finite (and 
in fact rather small) length of the cylinder. 

If we do not suppose the constant k from equation (2) to 
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be very large, we find for the temperature (that of the 
surrounding medium being zero) from equation (18) 

C — — 2 Hi 2 fl m (her mb . ber' mb + bei mb . bei' mb) 

~~ K * a * 2 I 2 + Ti ber 54 mb + bei 2 mb 

1 ber 2 mr + bei 2 mr l ( . 

2 * ber 2 m& + bei 2 m&J * ^ ' 

If we increase the frequency without limits at the same 
time keeping the energy dissipated in the conductor* constant, 
the induced currents and hence the temperature inside the 
conductor tend to zero, ns is easily seen by expressing Hj 
in terms of the dissipated energy*. 


IV. Notes. 

Note 1 .—The integral wanted is 

r . (ber 2 mr + bei 2 mr ). dr. 

By the aid of the formulas : 

ber mr = i [fJ 0 (mr \Z*~O + IoO^r Vi)], 

bei mr = ^-[IoO nr V — i) —IoO*w V*)]? 


her*mr+bei 9 mr I 0 (mr V — i).I 0 (mr Vi), 

we may write for this integral 

J* r . I 0 ( mr V — i). 1o(mr Vi) dr. 

Integrating by parts and denoting the differentiation with 
respect to mr by an accent, we get for this integral 

[I 0 '(mr V — i) • I o(mr Vi) — I Q (mr V—i)* V(mr Vi )], 

and by converting these functions into ber and tai, we obtain 
for the integral 

— Fber mr. bei' mr—bei mr. ber' mr]. 
m L J 

I have not succeeded in integrating equation (7) of section II. 
again. 

• j&g. Burch & Davis, Phil. Mag. (7) j. p. 708 (1920). 
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I finally remark that the previous integration could be 
avoided by regarding the physical meaning of the integral, 
i . e. the energy dissipated in a conductor of radius r times a 
constant, if we insert zero as lower limit of integration. 
The expression of this energy is well known *, and thus may 
be used to check the above result. As the expression just* 
mentioned may be calculated by the aid of Poynting’s 
theorem f, the second method of evaluating the integral is, 
in fact, equivalent to the conversion of a surface-integral to 
an integral taken along a circumference, and so forms an 
application of Gauss’s theorem. 

Note 2.—The integral wanted is 

J r e 2»nr 

for which we find, by expansion, 


In (2«ijr) + 2nijr + 


2.2 ! 


+ 


a 73! + 


Now, by definition J, 


f - 2mir p-u 

Ei (2???!?') = 1 “ . du 

= yS+ln (2»i,r) + 2 . 2 \ + •••» 

where denotes the constant of Euler-Mascheroni : 

/3 =r 0*57721 ... 

By comparing the two expressions we easily derive equa¬ 
tion (8) of the text, 

Mote 3. —Firstly, we notice that, for large values of 
the expression Ei (2m!?') in equation (9 b) becomes negligible 
compared with £1(2???!?/). Now, for largo values of 2 rn } b 
we may write § 

.,2m j 6 

and with this expression we easily obtain equation (12), 


* E, g. Jalinke & Emde , 6 Eunktiontafeln ' p. 144. 
t E. g\ J. J. Thomson, ‘Becent Besearebes/ p. 320, 
t E.g. Jahnke-Emde, /. c. p. 19. 

§ E. g. Jabnke-Erride, l. e. p. 9. 
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Note 4.—The integral wanted is 

J* r [( her' mr) 2 + (bei' mr ) 2 ] dr. 


By the aid of the formulas given in Note 1, we may write 
J* r.l x (jnr \/—i)*li(fnr \'i)dr^ 
and, integrating by parts, find 


2m ‘ ( mr v/ ~~0*Io( w<r v^t )-f I 0 (mr v' —i) .I 0 '(mr Yi)], 

from which equation (17) of the text is easily derived by 
inserting her and bei functions again. 

As to the evaluation of this integral, we may make the 
same remark as in Note 1, the integral with lower limit zero 
denoting the energy dissipated in a conductor of radius 
times a constant. The known expression for this energy 
may be used to check the result obtained above. 


Y. List of Symbols . 
b radius of conductor. 

C amplitude of current density (equation (4)). 
c specific heat capacity per unit volume. 

Ei integral logarithm (equation (8 b ) and Note 2). 

Gr temperature in the conductor independent of time. 

H magnetic force (equation (13)). 

H 0 amplitude of magnetic force (equation (13)). 

H x magnetic force outside conductor (equation (14)). 
h constant depending on the nature of the surface of the con¬ 
ductor and of the surrounding medium (equation (2)). 
I amplitude of total alternating current (equation (5)). 

Ii total direct current (equation (10)). 

K specific heat conductivity. 

L temperature inside conductor varying with time. 
m alternating current constant (equation (4)). 

mo = a.p, 

m/ V2. 

« normal direction at conductor surface, 
r distance, from centre of conductor. 

* Burch and Davis, /. c, 

Phil . Mag* S• 7. Vol. 5. No. 31. SuppL May 1928. 3 N 


v. * 
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S amplitude of alternating current density (equation (1)). 
T temperature inside conductor. 

To temperature of surrounding medium as the surface of the 
conductor. 

V velocity of light. 

a constant depending on choice of units (equation 1)). 

>8 Euler’s constant (Note 2). 

fy = "" (in section II.). 

7 = — H 0 9 (in section III.). 

p, permeability. 

o) angular frequency of alternating current. 
p specific electric resistance. 

V 

* ~~ 4tt * 

Physical Laboratory of 

Philips's Glowlampsworks, Ltd., 

Eindhoven, Dec. 1927. 


XCII. The Problem of a Hidden Polarized Sphere . By 
Prof. A. Petrowsky, Hon. Member of Rori (The Russian 
Society of Radio Engineers) *. 

Contents. 

§ 1. Zero curves of longitudinal electroprofiles. 

§ 2. Maxima curves of longitudinal electroprofiles. 

§ 8. Zero curves of transversal electroprofiles. 

§ 4. Maxima curves of transversal electroprofiles. 

§ 5. Zero curves of oblique electroprofiles. 

§ 6. Maxima curves of oblique electroprofiles. 

Part II. 

Properties of Zero Curves and Maxima Curves . 

I N Part I. f of this paper a general solution of differential 
equations was found, expressing a distribution of electric 
force, and general characteristics of electroprofiles were given, 
obtained by observations on the plane of division. 

* Communicated by the Author.* 

4 1* See Phil. Mag., Feb. 1928, p. 884. 
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la the present part we shall examine the following 
question:— 

Let us suppose that the observer, wishing to determine 
the exact place of the hidden sphere, has chosen a certain 
arbitrary direction, has drawn in that direction a row of 
parallel equidistant lines, and has taken electroprofiles along 
each of them* As we already know, he will obtain curves, 
each of them having two (or one) zero points and three (or 
two) maxima. Marking on the plan of the section under 
investigation the places of the zero points and maxima, and 
joining all the corresponding points with smooth curves, he 
will get five (sometimes three) geometrical loci. We shall 
now consider the particularities of these loci. 

§ 1. Let us begin with Case A, when the electroprofiles 
are taken parallel to the plane of polarization of the hidden 
sphere. 

From formula (32), Part I., it follows that the zero points 
are defined by the equation : 

3u cos a —(1-b v 2 —2u 2 ) sin a = 0 . . . (Ij 

or u 2 — ^ ^cot a . u— ~ =0. . . . (1') 

This equation means the following :— 

(a) In passing from one electroprofile to another (parallel 
to the plane of polarization) the zero points shift along the 
branches A'A' and A"A" of the hyperbola * (fig. 1). 

(b) The centre C of this hyperbola lies in the plane of 
polarization behind the place of position of the hidden 
sphere, at a distance from the projection of its centre 
equal to 

3 . 

*c°= ^cot 

y o -0. 

(c) The real semi-axis of the hyperbola lies in the plane 
of polarization and has the length : 

a \/\ + cot* *. h, . .... (3) 

* In fact the invariant of tho equation is equal to which 

corresponds to the hyperbola* 

3 N 2 
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and the ilnaginar}'’ one is directed perpendicular to this 
plane and has the length * : 

/>== y'sJ . a .(4) 



* As the equation contains neither the product uv nor the first 
power v , the hyperbola is symmetrical with respect to line U; the 
direction of this line coincides with the direction of the real axis of the 
hyperbola; transforming the equation of the curve to the centrejand to 
the axis, we obtain 

+^cot’a ..(6) 

or Jw* __ v x _, 

- mm - —If • • • 

2 + l6 COt " a 1+ I cota « 

#' * * 

from which follow the expressions (8) and (4). 


. . (6>> 
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(d) The foci of the hyperbola are at distances from its 
centre equal to 

<*=i/3. a .(6) 

(e) The asymptotes S'S' and S w S f/ of the hyperbola are 
defined by the equations: 

. . . . • • • 0 ) 
y=-V2*; .(7") 


therefore they are inclined to the axis of abscissae at angles 
equal to 54° 45 7 . 


roup of O-curves corresponding to a=15°, 45°, and 90°. 



At different angles « of inclination of the axis of polari¬ 
zation to the vertical the position of the above-mentioned 
hyperbola varies ; and the differences are more marked for 
the front than for the rear branches, as is seen from fig. 2, 
on which are given hyperbolas obtained for a =15°, 45°, 
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and 90°. [The rear branch of the hyperbola, corresponding 
to a* 15°, has no place already within the boundaries of the 
design ; when «=0° the hyperbola disappears, being reduced 
to one general point—the origin of the coordinates Oo-J 


§ 2. Differentiating the formula (32), Part I., and equating 
the differential coefficient to zero, we obtain an equation 
defining the maxima of curve F x : 

1 + t>* + 3 tan ot . (1 + t? 2 )u—4u 2 — 2 tan ot . w 8 =0 . (8) 


or 


j ^ 2 u 2 (2 + tan a . ?/) 

~~ 1 + 3 tan ot . u 


. (S') 


This equation represents a curve of the 3rd order placed 
symmetrically with respect to the plane of polarization and 
consisting of three branches* (fig. 3). The first branch 
M'M' is the geometrical locus of the front positive maximum, 
and lies between a certain value w = w' and t 4 =+ao; the 
second branch is the geometrical locus of the middle 

negative maximum, and lies between 11 = ~and a 

o 


certain negative value u~u ,n ; it has for asymptote the 
straight line T"T", perpendicular to the plane of polarization, 
expressed by the equation : 


* 


U=z 

The differential coefficient is 


cot ot 
3 ; 


( 10 ) 


d( 1 +n M ) __ _ 2u 

du (1 + 3tana. u) 2 


(4+9 tan a . u -f 6 tan 5 * a . w 2 ) . 


(9) 


It remains positive with positive values of t/, passes through zero when 
ussO, and becomes negative with negative u :— 

(1) By co we have l + tr* = +ao : therefore v= + 00 ; by changing 
u from —co to a certain value w'"< —2 cot a, the value 1 + r 2 
diminishes to 1: therefore v changes till 0; these boundaries 
limit the rear branch of the M-curve. 

(2) Further, 1+v 2 becomes less than 1: consequently v becomes an 

imaginary quantity till «*=— . 

/*1N ItTL cot a ” 

(d; When use -- we have again l+r®ss +00 : therefore ras+oo . 

In further change of u from — to a certain value tt"<0 the 

o 

value l+u 2 diminishes to 1: therefore v again reaches Oj these 
boundaries limit the middle branch of the Id-curve. 

Further, 1+ v* becomes less than 1: therefore v once more 
becomes an imaginary quantity till «, passing through zero, takes 
a certain positive value u'. 

{5) By we have l+t>*=:l; by further change of u the 

value 1+t> a increases, passing into infinity together with u; this 
region is occupied by the front branch of the M-eurve. 
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the third branch M , ' / M w is a geometrical locus of the 
positive rear maximum, and lies between a certain negative 


Fig. 3.—Curves representing geometrical loci of maxima (M-curves) of 
electroprofiles taken parallel to the plane of polarization (transversal 
electroprotile). 



value u*su ,n and w=—co. The first and third branches 
also have asymptotes ; the last are expressed by equations : 

jUotaJ > • • • • (H) 

jjcotaj.(12) 

The values u\ u'\ and u expressing in a relative degree 
the shortest distance of the three above-mentioned geo¬ 
metrical loci from the projection of the place of the centre 
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of the sphere, may be obtained as roots * of the cubic 
equation (8) by supposing v 2 = 0. Hence the equation : 

M m s +2 cot« |w m — — 0. . . (13) 

In view of the complexity of the functions expressing 
these roots, we do not state them. 

We shall get the numerical value of each maximum by 
substituting in the expression F* the value u m9 equal to the 
corresponding root of the equation (13) and the value r=0. 


Fm = Q 
-Q 


3 u m cos a — (1 — 2u m 2 ) sin a 

_ 1+_W_ 

(1 + u m 2 ) 2 i/l + 4 uj # 


• (14) 


With different angles a of the inclination of the axis of 
polarization to the vertical, the distribution of M-curves is 
various : this difference is least perceptible in the middle 
branch M", more so on the front branch M', and most on the 
rear branch M /f/ . 

This is well seen on fig. 4, in which are shown M~curves 
corresponding to a = 0°, 15 c , 45°, and 90°. The rear branches 
of the curves corresponding to a = 0° and 15° are not placed 
on the chart ; the middle branch of the curve corresponding 
to 90° blends with the axis of ordinates. 


§ 3. Let us now examine Case B ; u e. 9 when the electro¬ 
profile is taken perpendicular to the plane of polarization 
of a hidden sphere. 

From formula (33), Part I., it follows that the zero points 
are defined by the equation : 

v = 0.(15) 

which corresponds to the straight line A # A' lying in the 
plane of polarization of the sphere, and by equation f : 

cosa + usin«=0,.(16) 

corresponding to the straight line A "A", perpendicular to 
the plane of polarization and intersecting the latter in the 
point A 0 ", for which 

u""=- cot*. . . . # . (17) 

* It is easy to ascertain that all three shown roots are real, 
t The straight line defined by equation (16) is remarkable in that for 
points of this straight line, not only is the value itself equal to zero, 
hut also all differential coefficients of F y by v f of any order whatever, 
a|so become zero. 
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§ 4. Differentiating formula (33), Part I., by v, and 
equating the differential coefficient to zero, we have the 
equation defining the geometrical locus of maxima: 


1-M^-4i? 2 = 0.(18) 

or 4t? 2 —w 2 =l.(13') 


Fig. 4.—Group of M-curves corresponding to a=0°, 1*5°, 45°, and 90°. 



Hence we have the following :— 

(a) According to the removal from one transversal electro- 

E rofile to another, the maxima remove along the lines of the 
yperbola M'M', (fig. 5). 

(6) The centre of this hyperbola lies exactly over the 
centre of the sphere. 

(c) The real semi-axis of the hyperbola is perpendicular to 
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the plane of polarization, and is equal to the half depth of 
the oentre of the hidden sphere : 



. • (19) 


but the imaginary semi-axis is in the plane of polarization and * 
has a'value equal to the depth of sphere ; i. e. 9 twice as much 
as the preceding one, 

h=h .( 20 ) 

Fig. 6.—Geometrical loci of zero points and maxima of transversal 
electroprofiles. 



(d) The foci of the hyperbola F' and F" are at distances 
from the centre equal to 

v/5 

c**K-h . (21) 


(c) The asymptotes T'T' and T"T" of the hyperbola are 
expressed by the equations: 

w= — 2v, .. (22') 

«=+2v;.. (22") 

t. e., are inclined to axis OX at angles of 26° 30'. 

The value of the maxima is expressed by the formula: 

/■p \ . 48Q(cos*+ u sin *) 

(P ' ) - ± ' ’ ‘ W 
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For different values o£{u this value is also different: 


(*) with w= — cot a, (Fy ) w =0 ;.(24) 

(/S) with u= — |cot« + -y/| cot*« +1 . . • (25) 

it takes the greatest value, equal to 


(F y ) m = ± 


_48Q 
25\/5 ' 


1 /4 s , 1 . g 

COS O. + \J yCOS S *+ ;‘ 81 D S « 


[l + (- a cot a+ *J\ ’foot* «+ £)*]’ 


. . . (26) 

[Sign -f corresponds to positive r, and sign — to nega¬ 
tive r.J 

( 7 ) with — ~cota— \/ ^cot 2 a + " , . * . (27) 

•5 v y o 

it takes the greatest value, equal to 

1 4 - \J g cos 2 OL + ~ sin 2 a 


(F y)m= T^Q . .. Tg . — _. 

20 5 [i+(-f°ot«v^ot’«4)7 

• • • (28) 

[Sign — corresponds to positive r, and sign -f to nega¬ 
tive t?*J 


§ 5. Let us examine now a general Case C, when the 
electroprofile is taken at a certain augle <f> to the plane of 
polarization O 0 X of the hidden sphere. 

From formula (46), Part I., follows that zero points of 
the gradient of the field are defined by the equation : 


3u'cosa—(1 + t/ 3 *— 2u'*) cos <f> .sin<»—3uV sin^ . sina=0 


or 



3 


tan <f >. uV + 


3 cot a f 

2 COS </> u 


. . . (29) 
g-0. • (29') 


This equation shows the followiug :— 

(a) According to the transition from one electroprofile to 
another inclined at the same angle <f> to the plane of 



924 


Prof. Petrowsky on the 

polarization, the zero points remove along the branches A'A' 
and A"A” of the hyperbola* (fig. 6V 

(h) The centre 0 of this hyperbola has the coordinates : 



f 6 COS <j) COt a 

Uc = 8 + sin* <f> ’ * • * 

. . (30) 


r 9 sin <f> cot a 

f tv==+ 8+sin 2 <f> • • ‘ * 

. . (31) 

or 

3(2 + sin*$)cot* 

11 c ~ 8 + sin* <f> »* * 

. . (30') 


3 sin tf> cos <f> cot * 
v e -+ g+sin*$ • 

• • (310 


Fig. 6.—Geometrical loci of zero points and maxima of oblique 
electroprofiles. 



* In reality the invariant of equation (29 ') is 
t. e.f it presents a positive value corresponding to the hyperbola. 
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it does not lie any longer in the plane of polarization, and 
remaining behind the disposition of the centre of the sphere, 
removes to the same side from the plane of polarization to 
which the fore part of the line of survey has passed 1 *. 

(c) The real semi-axis ACA of the hyperbola is inclined 
to the line of survey at an angle 0, which is defined by the 
formula: 

tan 20 = — tan <£,.(33) 

from which follows 

20= --<£.(34) 

or (3^') 


in other words, the declination of the real semi-axis of the 
hyperbola from the line of survey takes place in a reverse 
direction and at half the angle. 

(d) Transforming the equation of the hyperbola to the 
centre and to the axis, we obtain 

^cos 2 0 — ~sin 2 0 - ^ tan <f> sin 0 cos 0^ u m 
— ^| cos 2 0— sin 2 0 — ^ tan <f> sin 0 cos 0^ v r " 2 


= ! + 


9 cot 2 1 


2 2(8 + siu 2 <p)* 


(35> 


from which one may find the values of the semi-axis and 
foci distances : 


y 2 cos 0^1 

-_ 


9 COt 2 a > 
8-f sin 2 <£, 


3+ cos <f> 


y 2 cos <f>l 1 -h 

- br< 


y COt* a > 
8 4- sin*#; 


3 — cos # 


c=2A 


V 


/ 


3 cos <f>( 1 + 


9 cot 2 a 


^V^S+sin 5 


h) 


8 -f sin* <b 


(36} 


(37} 


(38) 


* Tr ans forming the equation of the hyperbole (29') to the centre, we 
obtain 

-tan<f> u"v"— /-4_? co ** g —1=0. (82). 

m jjtan^.M® y2 * 2(B+ sin*#)) v ^ 
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(e) The asymptotes S'3' aud S"S" of the hyperbola have 
the equations : 


v'ss ^tan <£+ tan 2 ^>4 2 4 

v'= ^— ^tan<£ — ^/^au 2 $ + ^^ xi — 


3 cot« 


\/8 4 sin 2 <f> 9 

3 cot a 

v/8 4- sin 3 <f> ’ 


(39) 

(40) 


The angle between the asymptotes is defined by the 

equation: _ 

tan a)= — \/8 4- 9 tan 2 <f>; .... ^41) 

therefore it depends only upon the angle <f> and lies between 
90° and 180°. 


§ 6. Differentiating the value F*. by we obtain 

^ = [ 1 +«5r+77»E { sin a [—2 cos <f >. u ,s + 4 sin <f >. w'V 

4- 3 cos <f> . mV 2 — sin <f >. v' 3 4- 3 cos 0 . u 1 — sin <£ . v^] 
— cos a [4u' 2 — r' 2 — 1 ] j .(42) 


from which follows that the curve of maxima is expressed 
by the equation : 

sin a [—2 cos (f> . u' z 4 4 sin (f> . i /m' 3 4 3 cos <f> . v' 2 u — sin <f> . v ,z 

43cos<£,m' — sin<£. t/] — cos a [4u' 3 —v' 3 — 1] =0. (43) 

This is a curve M'M' M"M" of the third order, 

which intersects the ads of abscissae v! in three points, 
defined by the equation : 


u' 3 4 2 


cot a 

~-ru 

cos (f) 


1 2 



cottt 
2 cos <f> 


= 0 , . 


• (44) 


e,nd the axis of ordinates v' in one point, defined by the 
formula : 


f cot a 
v = 


sin 4>* 


. (45) 


When ^ = 0, it passes into a curve expressed by equation 
{8)* and when $=90° into the hyperbola expressed by the 
equation : 

4t/ 3 —r' 3 «l,. . 

which corresponds entirely to formula (18'). 


(46) 
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Examination of equation (43) shows that in observing the 
inequalities, 

.( 47 ) 

O<0<9O , / ' 

the following hold : 

(a) The M-curve is asymmetric with respect to the line of 

removal and of its perpendicular ; 

( b ) the M-curve has no centre of symmetry; 

(c) the M-curve has no axis of symmetry ; 

(d) the M-curve has asymptotes whose equation is as 

follows : 

v -hj,.(48) 

and the angle coefficient is the root of the equation: 

f 8 — 3cot<f> — 4£ + 2cot<£ = 0, . , . (49) 

and the segment q is connected with the coefficient p by the 
correlation : 




(p 2 —4) cot cl 


sin*^(3/> 2 —-6 cot <f> ‘P-±V 


(50) 


One may ascertain that the equation (49) always has 
three real roots, and consequently the M-curves have three 
asymptotes. 


XOIII. The Problem of a Hidden Polarized Sphere. By 
Prof. A. Petrowsky, Hon. Member of Rori (The Russian 
Society of Radio Engineers) *. 

Contents. 

§ 1. An analytical calculation of elements by data obtained by 
studyiug the longitudinal electroprofiles. 

§ 2. A graphical calculation. 

§ 8. A calculation of elements obtained by studying transversal 
el ectropro tiles. 

$ 4. A general case of calculation. 


Part III. 


Definition of Elements characterizing the Hidden Sphere . 


S TATEMENTS in the first two parts of this paper enable 
one to found the following method for defining elements 
characterising a polarized hidden sphere by observations of 
eleotroprofiles on the surface of division. 


* Communicated by tbe Author. 
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Having taken the electroprofiles, and tracing on the plan 
the geometrical loci of zero curves and maxima curves, the 
observer will have one of three following cases, which we 
shall examine separately. 

§ 1. Case A.—The curves have the form, presented on 
fig. 1, characterized by the asymptote of the middle branch 
of the maxima curve being parallel to the imaginary 
axis of the zero hyperbola; hence we conclude that the 
profile has been taken along the lines parallel to the plane 
of polarization. 

Further we proceed as follows. 

(a) Drawing the asymptotes S'S' and S"S", we find the 
centre C of hyperbola A'A 7 , A"A" and its axis. The 
direction of the real axis presents the direction of the plane 
of polarization. The projection O 0 of the sphere’s centre is 
between the centre C of the hyperbola and its front branch 
A'A', being at a distance from its centre equal to 


^ cot a . h. 


a> 

(7>) Let us trace the asjunptote T"T" to the curve of the 
second (negative) maxima. The point of intersection C 4 
of this asymptote, T"T", and the real axis of the hyperbola 
lies behind the projection of the sphere’s centre at a "distance 
equal to 

1 


...•(*) 

It is evidently 

• • • • (3) 

hence we find the distance of projection of the sphere’s 
centre O 0 from centre 0 of the hyperbola : 


^4 i) COt PC • /it • • 

o 

[c) Measure on the plan the distance CC 4 . 
to be equal to 

d = cot a . h ; . 


#c = -r cot a 
4 


d. 


(O 


(d) Let us measure on the plan the real semi-axis of the 
hyperbola. 

According to formula (3), Part II., its square member 
equals 


5 n 
T* ss — 


W 

2 


16 


cot® a . h 2 


. . (5) 
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whence we find the depth of the sphere: 

.( 6 ) 


(e) We find the angle of inclination of the axis of 
polarization to the vertical by formula (3), substituting in 
it the value hi 


cot« = 


12 d 
bit # 


(?) 


(f) Measuring the distance «r„, from the projection O 0 of 
the sphere's centre to the point of intersection of any of the 
curves maxima with the real axis of the hyperbola (e.g., 
the distance from 0„ to M</), dividing it by value It, 
formula (6), we obtain 

.( 8 ) 


Substituting in expression (14), Part II., this value u m and 
likewise the corresponding value of maximum F,„ found 
from experiment, we find 


Q = "... 


(i 


2 ) r> 2 Fi# 


du m cos *-*-(1 —2*/ w 2 ) sin a* 


. ( 9 ) 


(ft) Lastly, supposing K to he the greatest value of the 
electromotive force which is developed by the sphere, one 
may find the radius of the sphere: 


n> 




. . ( 10 ) 


§2. The calculation discussed in § 1, (<?), (</), (*) may be 
made graphically. This is shown on fig. 1, and consists 
as follows: — 

(c') Plot along O' from point (• segment C a and Co in 
ratio 5 : 9, join a with C 4 . and draw a line (JO 0 parallel 
to a 0 4 . Point O 0 is the projection of the sphere’s centre 
sought for. 

( d ') Draw a line O 0 O parallel to CV and line O 0 />, 
bisecting the angle UO 0 O ; describe from point C as from 
a centre an arc A 0 '?i with radius equal to the real semi-axis 
of hyperbola a, up to the crossing of this arc with line O 0 O 
in some point n ; then taking point O 0 for the centre* 
describe an arc np up to the intersection with the bisecting 
Phil. Mag. S. 7. Vol. 5. No. 31 Suppl May 1928. 3 0 
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line 0 0 p in some point p ; from point p erect perpendicular 
pO to the bisecting line O u j> up to intersection with line 
O 0 O in point O. 

The segment O 0 O is the depth of the sphere’s centre. 

(«') On the line O 0 C we find point q, for which 
O 0 o=^0 o c; joining point q with point 0 and tracing. 
0/ perpendicular to qO, obtain angle O 0 Os. Angle O 0 Os is «. 


Fig. 1.—A graphical calculation of position, depth, and radius 
of the sphere (Case A). 



Thus, if examining all constructions as if made in a 
vertical section (and not in a plan), in which line CtJ 
corresponds to the dividing surface, then point 0 shows 
the position of the sphere’s centre and direction Os the axis 
-of polarization. 
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Calculating, according to the statements in (/*) and (</), the 
value of the radius of the sphere, and tracing with this 
radius the periphery from centre 0, we get a full graphic 
representation of all correlations sought for. 

§ 3. Case B. —The curves have a shape represented on 
fig. 2, characterized by the fact that the zero lines repre¬ 
sent two reciprocally-perpendieular straight lines A'A' and 
A"A", and the curves of maxima the hyperbola M/M/, M"M", 
whose imaginary axis U coincides in direction with one of 
the zero straight lines A'A'. One may conclude that the 
profile is taken along the lines perpendicular to the plane of 
polarization. At the same time we act as follows :— 

Tracing the asymptotes T'T' and we find the 

centre O of the hyperbola and its axis. The direction of 
its imaginary axis OtJ represents the projection of the plane 
of polarization. The projection O 0 of the sphere's centre 
is in the centre of the hyperbola. 

(b) Measure the real axis of the hyperbola 2a. 

The depth of the sphere’s centre is equal to 

A = 2*.(11) 

(r) Let us measure the distance d between the centre of 
the hyperbola and the point of intersection of two zero lines. 
The angle of inclination of the axis of polarization is defined 
by the equality : 

£ . < 12 > 

(d) Substituting the value cos a and the value (F, 
found from experiment for line U = 0 in the expression (23), 
Part IT., find 

25 V* r > _ 25 V5 <s/4a* + d? /10 , 

y- 48cos* iHd • • • • U3) 

(e) Lastly, if E is the greatest value of the electromotive 
force developed by the sphere, one may fiud the radius of the 
sphere 


»V> 




• ( 34 ) 


3 0 2 
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The graphical design becomes in this case very simple 
(fig.*2), namely : 

(a) Plotting along the line O 0 O from point O 0 , the seg¬ 
ment O 0 O equal to 2a, we find the centre of the sphere. 

(b) Joining point A 0 " with 0 and tracing the perpen¬ 
dicular Os , we obtain the direction of axis of polarization. 

(c) Calculating the value 7' 0 and tracing the circle with 
this radius from centre 0, we conclude the investigation of 
the case. 

Fig. 2.—A graphical calculation of the position, depth, and radius 
of the sphere (Case B). 



§ 4. Cask C. —The curves of zeros and maxima have a 
shape, presented on fig. 3, characterized by the fact that 
both one and the other are placed non-symmetrically with 
respect to the direction of the survey O 0 X'. The zero 
curves A'A', A"A" must at the same time present an 
hyperbola, whose axis ACA is inclined to the line of survey 
O 0 X' at a certain angle 0. This denotes that the line of 
survey is inclined to the plane of polarization of a hidden 
sphere at an angle </> = 20. Therefore we find the direction 
of the plane of polarization, tracing on the plan a line PCP 
inclined from the real axis of zero hyperbola to angle 0 and 
withal to the opposite side of that to which is inclined the 
line of survey. 

Fixing in this way the direction of plane of polarization. 
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the observer repeats once more the survey of electroprofile, 
taking it either parallel to the found plane or perpendicular 


Fig. 3,—Graphical determination of the direction of the plane 
of polarization of the sphere (Case 0). 

i -Oi -1i il i0 K i 
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to it, which leads the solution of the problem to Gase A or 
Case B, 

XOIV. Oscillatory Motion of a Viscous Liquid in a long straight 
lube. By S. F. Grace, M.Sc. ( University of Liverpool) *. 

§ 1. TTHE problem of the steady flow of a viscous liquid 
JL through a tube of circular section has been con¬ 
sidered by Osborne Reynolds t \ he finds that the critical 

* Communicated by the Author. ^ 

t i{ On the Dynamical Theory of Incompressible Viscous Fluids and 
the Determination of the Criterion,” Phil. Trans. A, clxxxvi. p. 133 
(1895) [Papers, ii. p. 585]. 
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velocity, beyond which the flow becomes turbulent, varies 
directly as the kinematic viscosity and inversely as the 
radius o£ the tube. With regard to oscillatory motions, the 
laminar non-turbulent oscillations of a viscous liquid between 
two parallel plates are dealt with by Lamb *, while in this 
paper the oscillations along a straight tube are considered 
and the velocity-distribution over a right section of a tube 
of uniform circular section is discussed in detail. 

It is found that for very slow oscillatory motion along a 
uniform circular tube the velocity-distribution resembles 
that for steady motion along the tube, the velocity being in 
phase with the disturbing force. As the period of oscillation 
decreases, the magnitude of the velocity in the central 
portion of the tube tends to become uniform, the breadth of 
this central portion gradually increases, while the phase 
of the velocity tends to lag more and more behind that of 
the disturbing force. For comparatively short periods of 
oscillation, viz., less than 6 sec. for a tube of radius 1 cm., 
the velocity across a right section of the tube is approximated 
uniform, and lias a phase-lag of ^tt behind the disturbing 
force, except near the walls of the tube. Here, proceeding 
radially inwards, the velocity increases rapidly from zero to 
a maximum, and then diminishes to the neighbourhood of 
the uniform value ; the phase-lag meanwhile gradually 
increases to \ir. 

The object of the present paper is to draw attention to 
the difference in the velocity-distribution in the case of the 
oscillatory motion of a viscous liquid as compared with that 
which occurs when the liquid is in steady motion, and'to 
raise the question as to what form the Osborne Reynolds 
criterion will take for oscillatory motion. The great dif¬ 
ference in velocity-distribution produced by oscillation 
suggests the advisability of an examination of this criterion 
in the case of oscillatory motion from both theoretical and 
experimental view-points. 

The author desires to express his thanks to Prof. J. 
Proud man for bringing the problem of the prevsent paper to 
his notice. 

§ 2. Tube of General Section . 

Consider a uniform long straight tube of any section, and 
take rectangular axes 0 xyz* with O at the centroid of a right 
section and Or parallel to the length of the tube. Let the 
tube be filled with liquid, which is made to oscillate in the 

v ■' * Lamb, * Hydrodynamics,’ 6th ed., §§ 346 7. 
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direction of the length, and assume that the motion is every¬ 
where axial; thus, if u, v, w are the components of velocity 
at (x, y,z), then u — v — O, and the equation of continuity 
becomes 

Bm>/B~=0. 

Hence, with the usual notation, the general hydrodynamical 
equations for a viscous liquid * reduce to 


0 = X- 

0 = Y — 

Sir ,, 
B< -Z ' 


1 Bp 

pB-r’ 

1 dp 

P By’ 
_ 

pd: 


+ v 


B*w> 

B.r- 


\ 


B 2 ir\ | 
By *)“ 


• ( 1 ) 


Assuming that no external bodily forces act in the direc¬ 
tions Ox and 0 y, the first two equations of (1) give 


B/> _ Bp 
B-r B// 


so tlmt p is a function of the variables z and t only. 
Now let 


Z- 


1 Bp 
p Bz 


O", 


where 0 is a constant depending upon the forces producing 
the oscillation of the liquid, and put 

iv—f(x, y)e iat . 


The third equation of (1) now becomes 

,>/•=(!+, 


ay .ay •*,._c 

B** + By* v ' v‘ 


. . ( 2 ) 


§ 3. Tufe o/“ Circular Section. 

In the case of a uniform tube of circular section, the 
radius of which is a, the equation (2) is transformed into 
cylindrical polar coordinates r, 0, z, where 

r cos 0=4', rsin0=y, 

* I.a mb, ‘ Hydrodynamics,’ 5th ed., § 328. 
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and the function f assumed to be independent of 6. Thus 


where 


w = f(r)e lart . 

1 df icr „ C 

dr 2 r dr v' v 


This is Bessel's equation of zero order, and the solution is 



JojV ( 
d o{ U\/i 


WW 1 

icrjv} J’ 


( 3 ) 


on the assumption that there is no slipping of the liquid at 
the surface of the tube, i . e that/=0 for r=a. 

Taking a/v small, it is seen, neglecting squares and higher 
powers of 07V, that 



1 - 


l + i/rV/j/ 
1 -t- \id 2 ajv 



This is the solution of the problem of the steady flow of 
liquid through the tube *. 

The functions J o(#\/ — i) which occur in (3) may be split 
up into their real and imaginary parts by means of the 
relations | 

J 0 (#\/ — i)==J 0 (#</*)=== her # + i bei#, 


and if f(r) is written in the form tq — ir 2 , it is found that 

, — ^ <*X ber r ^ — her aX hei rX 

Vl or ber 2 aX + bei ' 2 a\ 1 

^ _C L_ber aX ber rX + bei aX bei rX 

2 cr \ ber 2 a\-f bei 2 a\ 

where X has been written in place of \Ziajp). 

The values of her x and bei x are tabulated for # = 0 to 10 
at intervals of 0*1 in the British Association Report of 1912, 
and the values of ber 2 x + bei 2 x for the same values of x 
in the Report of 1916. With the aid of these tables the 
values of v x and v 2 have been found for values of r/a between 
0 and 1 and for values of aX equal to 1, 2, 10 and the 

results exhibited graphically. 

Since in practical applications one is usually concerned 
with an oscillation of definite magnitude rather than with 
the forces which produce this oscillation, the ratios vfY and 
v%jY have been obtained and plotted against r/a, V being 

* Lamb, * Hydrodynamics,’ 5th ed. f § 331. 
t Watson, ‘ Bessel Functions/ § 3*8. 
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the maximum velocity o£ the liquid along the axis of tlie 
tube —i e., V = v /( l ’i 2 + ' ,7 s 2 )»*=«* 

In diagrams I. and II. the variations of v } /V and v 2 /V are 
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The curve marked 0 in diagram I. represents the velocity- 
distribution for steady motion along the tube. 

§ 4. Asymptotic Formula\ 

For large values of x (real) * 

her v = (2 t rx)~*e a cos /3> bci x -= (27r.r)“V* sin 

her 2 .r + bei 2 x = e 2a / 2 ttx * 
where aL — xjsj2, /3 = #/ 4/2 — tt/8 . 

If these asymptotic forms be substituted in the expressions 
for ?‘j and r 2 > then, for large values of rX„ it is found that 



where 7 = A(a— r)/ <s/2. 

Comparing the values of t^/V, v 2 jV obtained from these 
formulae with those obtained from the expressions (4), it is 
found that for aX = 5 the formulae (5) provide a good 
approximation for values of r between and a, the greatest 
error occurring for r = £a, and being here less than 1 per 
cent. For aX~ 10, either of the formulae (4) and (5) may 
be used between r/a — 0*1 and 1 for plotting the values of 
v 2 t /V against r/a on paper lb in, x 10 in., as in the 
original diagrams I., II., since the differences between the 
two sets of values are inappreciable. 

Consequently, for the purposes of the present problem, 
there is no need for further tabulation of the functions 
ber# and bei x ; the formulae (4) are used for values of a\ 
between 0 and 10 and the formulae (5) for larger values* 
Since these latter formulae are only valid for rX large, it 
follows that they cannot apply for small values of r —i, e*, for 
points near the axis of the tube. However, a glance at the 
diagrams I. and II. shows that for X large v v is here 
approximately zero, while v 2 is approximately equal to V. 

Diagram III. shows the forms of the curves tq/V, t? s /V for 
large values of X; they are drawn for aX*20—i. e. t fora 
period of oscillation of 1*5 sec. for water in a tube of 
radius 1 cm. 

* Watson, ( Bessel Functions/ § 7*24. 
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It will be noted that for large values of aX and for r in 
the neighbourhood of a the distribution of v x and v 2 is 


Diagram HI. 



practically independent of a, since only — r and a/r occur 
in the expressions (f>). 


X( JV. A New Method of Conductivity Measurement bu 
means of an Oscillating Valve Circuit. By Professor K. 
F. Burton and Arnold Pitt, B.A., Department of 
Physics , University of Toronto *. 

I. Introduction. 

I N the course of setting up the apparatus for the measure¬ 
ment of the dielectric constant of conducting liquids by 
the use of the oscillations of a valve circuit, remarkable 
effects of the conductivity of the sample of liquid on the 
oscillating peiiod, when the oscillations are in a peculiarly 
sensitive region, came to light unexpectedly. The extreme 
sensitivity to small changes in the conductivity of the purest 
conductivity water to which minute quantities of impurities 
are added indicates that the method herewith described 
offers something useful in this field. 

The lay-out of the apparatus is very simple, but it requires 
considerable patience to master the conditions necessary to 


* Communicated by the A uthors. 





$40 Prof. E. F. Burton and Mr. A. Pitt on a 

produce the sensitive region, but once it has been obtained 
it can be easily reproduced at will. Fig. 1 shows the 
arrangement: the left-hand portion of the ligure represents 
an ordinary oscillating tube-circuit, for which the writers 
have used a Milliard tube ; the coils L x and L have 
coefficients of self-induction of 0*072 and 0*250 henries 
respectively, the condenser C\ has a range of 0-250 micrc- 
niicrofuruds, while the plate potential is 00 volts. The two 
L coils are placed closely end to end, and the sample, the 
conductivity of which is required, is inserted in the central 
core space; the position of maximum sensitiveness for the 
sample is within the core of Lj. 

Fig. 1. 


Circuit I Circuit II 



Pi, Gi, Fi, elements of tube : Milliard D.F.A. 4. 

Ri, battery giving anode voltage of 60 volts. 

u, coil of self-induction, 0 072 henries, resistance 31*8 a. 

L, coil of self-induction, O’250 henries, resistance 124*8 w. 

C„ variable air-condenser, up to 250 /x/xfd. 

C 2 and C 3 , fixed condensers, capacities 0 01 gfd. and 1’0/i fd., respec¬ 
tively. 

Gi, a sensitive aperiodic galvanometer, 1000 o> resistance (Ayrton- 
Mather type). 

K a , grid leak of 3 megohms. R 3 , adjustable shunt for G. 

P 2 , G 2 , Fa, element of (J.X. 201 A tube. 

B a , battery giving anode voltage of 70 volts. 

B 3 , P, cell and potentiometer to adjust galvanometer. 


The filament current is adjusted to about 0*2 ampere, the 
anode potential fixed at about 60 volts, the condenser 
adjusted so as to produce oscillations in the circuit., and the 
intensities of the voltage changes due to these oscillations as 


New Method of Conductivity Measurement . 941 

impressed on the second circuit are measured by the gal¬ 
vanometer attached in this second circuit. The change of 
potential impressed on the grid of the second tube is rectified 
and amplified in the ordinary manner. The details of the 
second tube-circuit are indicated in fig. 1. The condenser 
C 2 has a fixed capacity of ‘Olyafd., and a grid leak of 
3 megohms is inserted. The condenser, C 3 , has a fixed value 
of l ya fd. The filament voltage is 4 volts (current. 0*21 
ampere), and the anode voltage of this circuit is 70 volts. 

When the circuits are operating the galvanometer is 
deflected off the scale owing to the steady plate current, but 
this deflexion is neutralized by the application of a contra- 
current from a potentiometer arrangement .-liown in the 
figure. Any succeeding deflexion of the galvanometer will 
measure the variation in plate current due to changes in the 
oscillating circuit caused bv the insertion of the specimens 
in the L coils. 

The sensitive region referred to in the first paragraph is 
obtained by adjusting the capacity of (\ so that it is near 
the value for which the oscillations stop : with the values 
of self-inductance, filament current, and plate voltage indi¬ 
cated above, the oscillations cease at a value of 90 micro¬ 
microfarads for (V If, for example, Cj is set at 100 
micromicrofarads, the galvanometer is deflected and a zero 
re-established by the potentiometer voltage : the insertion of 
a sample of conducting material (liquid or solid) in the core 
of the coils L gives an additional deflexion of the galvano¬ 
meter apparently due mainly to the influence of the con¬ 
ductivity of the material and not its magnetic permeability, 
as one might expect. 

Tn the Tables which follow are shown results for the 
following series of substances :— (a) Samples of water of 
gradually increasing conductivities but all of quite small 
values ; and (/>) Samples of various organic liquids, pur¬ 
chased as O.P. but not specially re-purified. 

(a) In Table I. are listed the results for measurements on 
aqueous solutions of very small conductivities. Beginning 
with doubly-distilled water of low conductivity, a series was 
prepared by using a standard KOI solution. 

It is at once apparent that the apparatus is extremely 
sensitive to changes of conductivity between 2xl0- 6 and 
200 x 10~ 6 for this setting of the condenser C\, which was 
100 /i/u fd. 

* ( h) The capacity of Oj was then changed to 95yu,/*fd. r 
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which mad© the whole much more sensitive to extremely 
low conductivities, and the effects of samples of various 


Table I. 


Solution 

Conductivity 
k X10®. 

Deflexion of 
Galvanometer. 

* 1. 

2-5 * 

18*5 cm. 

2. 

! 10-5 

322 

3. 

11*5 

33*7 

4. 

15*0 

38 2 

5. 

1 24*0 

45*9 

0. 

477 

51*4 

7. 

760 

55*4 

8 .i 

222*8 

| 58*9 

9. 

255*0 

60*1 

10. 

502*0 

60*6 

11. 

1225*0 

62*0 


* The conductivity of this sample increased slightly, due to impurities in 
the experimental tube. 

organic liquids were tried. These liquids were sealed* her¬ 
metically into glass tubes which just fitted into the coils 
LL, projecting about 2 cm. from each end. Table 11. 

Table II. 


Orga n i c. L i <j i u d s . 


Liquid. 


Formula. 

Galvanometer Deflexion 
in cm. (corrected for . 
effect of empty glass alone) 

Carbon Tetrachloride ... 

CCl 4 

17*2 

Chloroform .... 


OflClj, 

42*5 

Ether. 


C.H.oO 

32*3 

Amyl Alcohol . 


C,iT n OH 

c^r.OH 

23*7 

Butyl „ 


71*4 

Ethyl „ 


c 8 h,o h 

1 j 

77'2 

Pentane. 


C,H la 

8-8 

Hexane . 


c 0 h 14 

6-8 

Benzol . 


1 0„H ( , 

18*0 

Xylene (0. P.) 


1 0 8 H 1o 

f 15*3 

Xylol (Com.) ] 

r .1 

i 11*8 

Toluene (Com.) 1 
Toluol (O.P.) 1 

i i 

0,H e 

/14*0 

115*1 


^hows the results for a series of organic liquids chosen* 
vttiore or less, at random. 
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No attempt was made to measure the conductivity of the 
above liquids by any other method; these numbers are 
given merely to illustrate the way in which such slightly 
conducting liquids can be differentiated among themselves. 
Quantitative relations between the sensitivity of this arrange¬ 
ment and that used for results in Table I. were not obtained, 
as the purest water would have thrown the galvanometer 
image completely off the scale with the sensitivity used for 
organic liquids. 

Remarks . 

The purpose of the present paper is merely to draw 
attention to the occurrence of a rather striking phenomenon 
which opens out great practical possibilities in the measure¬ 
ment or testing of very small conductivities; along these 
lines further work is being carried on. 

At the same time, the theoretical problems involved arc 
very interesting, and it is hoped to prosecute this feature of 
the investigation. At present the writers are not in posses¬ 
sion of sufficient data as to the influence of variation in the 
period of oscillations and other experimental conditions to 
justify embarking on this phase of the work here. 

After the phenomenon noted here was first observed, the 
paper by Belz (Phil. Mag/ (B) xliv. p. 479, 1922) on the 
magnetic effects of insertion of samples of various salts in 
coils of similar circuits was noticed. The conductivity 
effect seems to have escaped him, except for metallic wires, 
which, of course, also show a large effect in the above 
apparatus. 

Summary . 

A primary valve oscillating circuit and subsidiary measur¬ 
ing circuit have been developed which enable one to obtain 
remarkable indications of the conductivities of very dilute 
aqueous solutions and of various organic liquids. 

The writers desire to express their thanks to the Director 
of the Physical Laboratory* Professor J. C. McLennan, for 
his generous support in the course of this work. 

Department of Physics, 

University of Toronto, 

Toronto, Canada. 
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XOVI. The Ultra-violet Absorption Spectrum*of Cod-Liver Oil . 
By Jay W. Woodrow, Ph.D * 

S CHULTZ and his co-workers f have found absorption 
bands for a thin film of cod-liver oil at about 328 pp 
and 279 pp. Heilbron, Kamm, and Morton J, using a 
quartz spectrograph and rotating sector photometer, found 
three regions of abnormal absorption in the ultra-violet 
spectrum with a film of cod-liver oil about 0*1 mm thick. 
Almost complete absorption occurred for wave-lengths less 
than 260 pp, while a band was observed with its maximum 
at 320 ftp, and another in the region from 270 ftp to 200 pp. 
The latter was attributed to the small amount of ergosterol 
present. II. Poll I §, using a special type of photoelectric 
photometer lias observed an absorption band at 280 pp for 
cliloresterol dissolved in alcohol. 

In the experiments to be described briefly here, a photo¬ 
electric spectrophotometer was used to investigate the 
absorption spectrum of cod-liver oil between the wave¬ 
lengths 255 pp and 320 pp . 

The photoelectric cell was made of pyrex glass with a 
quartz window sealed in by means of a graded quartz- 
to-pyrex seal. The cathode consisted of an aluminium 
cylinder with an opening immediately back of the quartz 
window, while the anode was a silver wire at the centre of 
this cylinder. The air-pressure within the cell was reduced 
until the maximum photoelectric current was obtained with 
a potential difference of about 350 volts between the wire 
and the cylinder. This gave a high sensitivity, as the current 
was large, due to ionization by collision. The current was 
measured by means of a quadrant electrometer, using an 
electrostatic balance with a potentiometer and a condenser. 

The spectrometer was specially constructed in the labora¬ 
tory for these experiments. It had a large quartz prism and 
a pair of large quartz lenses of long focal length, giving 
rather large dispersion in the utra-violet. It was calibrated 
by means of a small direct-reading ultni-violet spectrometer. 
A spark between molybdenum terminals was used as the 
source of light, since this arrangement gave very strong 

♦ Communicated by Prof. J. 8. Townsend, F.R.S. 
f Schultz & Morse, Amer. J. l)is. Child, xxx. p. 199 (1925); Schultz 
& Ziegler, J. Biol. Chem. lxix. p, 415 (1926). 

% Jleilbron, Karatn, & Morton, Biochem. J. xxi. pp. 78 Sc 1279(1927)* 

§ R. Pohl , Nachrichten der Geselhchaft der Wmenschaften zu Got¬ 
tingen, Mathematiscke-Physikalische Klassej 1926, Hefte 2, p. 142. 



Ultra-violet Absorption Spectrum of Cod-Liver Oil . 945 

illumination in the region to be studied and remained very 
constant for the time necessary to take the readings. 

The absorption cell consisted of two thin fused quartz 
plates separated by strips of metal foil about 0’04 mm. in 
thickness. After considerable difficulty at first, it was 
finally found possible to fill such a cell with the oil and have 
it free from air-bubbles. Jn all the readings, the absorption 
due to this cell was compared with that of another cell made 
in exactly the same way except that it contained no oil. 
These two cells were mounted together in such a way that 
either one could be brought accurately into place before the 
slit of the photoelectric cell. Trials were also made with 
the absorption cells in front of the slit of the spectrometer, 
giving the same results as in the other position. 



250 260 270 280 290 300 310 320 

Wavelength in up. 


The results of the experiments are given by the curve 
in the accompanying figure, where I and I 0 represent the 
currents obtained for the cod-liver oil and the empty 
absorption cells respectively. It is seen that almost com¬ 
plete absorption occurred for wave-lengths less than 250 pp. 
As the photoelectric cell was not very sensitive for wave¬ 
lengths greater than 290 pp, the measurements were not so 
accurate in this region, and this part of the curve is shown 
by a broken line. However, the experiments indicated very 
definitely rather strong absorption in the neighbourhood of 
320 pp* There are also three narrow absorption bands with 
Phil . Mag . 8, 7* Yol, 5. No* 31. Suppl . May 1928. 3 P 


946 Dr. E. K. Sandemnn on 

maxima near 270, 280, and 290 lift respectively. These 
coincide almost exactly with the absorption bands of ergo- 
sterol which Heilbron * and his co-workers place at 270, 
281 - 5, and 293*5 up. The magnitude of these absorption 
bands is not great, as is to be expected, since the amount of 
ergosterol present is small, but its effects are much larger 
than the experimental errors for the apparatus used. 

Absorption cells of greater thickness were also tried, but 
it was found that the experimental errors were too great 
with the larger values of the ratio I 0 /I for the absorption 
bands to show up clearly. 

Summary . 

It has been shown that the characteristic ergosterol 
absorption bands can be observed in a thin film of cod-liver 
oil by means of a sensitive photoelectric spectrophotometer. 

In conclusion, I wish to express my gratitude to Professor 
J. S. E. Townsend for furnishing the equipment for this 
investigation and for many helpful suggestions made during 
the progress of the work.* 

Electrical Laboratory, 

Oxford University, 

Oxford. 


XCVII. Multiple Reactive Gears . By E. K. Sanpeman, 
PhJ). (. London ), B.Sc. n A.C.GJ.f 


T HE Multiple Reactive Gear follows as a logical outcome 
of the particular u Theory of the Torque Converter/ 1 
which appeared in the October number of the Philosophical 
Magazine. In explaining the present modification of the 
principles, the same conventions and notation will be em¬ 
ployed. It was there mentioned that certain advantages 
might result from employing, instead of a single mass, 
a mechanical reactive network containing a number of 
elements of mass or stiffness. Such a network can be 
made to have a reactance which changes with frequency 
{e.y. engine speed), in a much more flexible manner than 
the reactance of a pure mass ; the use of a multiplicity of 
elements enables several performance conditions to be 
satisfied in the same gear. 

In fig. la are shown two mechanical networks of the 

* Heilbron, Kamm, & Morton, Biochem. J. xxL pp. 78 & .1279 { 1987). 
f Communicated by the Author. 
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Fig. 1 a. 



cwr.*K 


Fig. 1 1 . 



type contemplated, together with their equivalent electrical 
circuits. These networks are intended to have their driving- 
points connected to B (fig. 16). If and l c =li, then 

3 P 2 
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in order that the impedances of the mechanical networks in 
pounds per foot per second shall be represented by the same 
numbers as the impedances of the electrical networks ex¬ 
pressed in ohms, the equations relating the equivalent 
elements must be as below, where masses are expressed in 
pounds, stiffnesses in pounds per foot, inductances in heiirys, 
and capacities in farads. 


Case A : 


M-tf. 

Case B: 

Sl = 4(V 

M -sh- 
M 2 - 4 • 

„ l 

„ 1 

S *“4lV 

4C 2 


where ^ = the acceleration of gravity in feet per second per 
second. 

The networks in fig. 1 are only types, it being possible to 
construct 2 two-element networks, 4 three-element networks, 
11 four-element networks, etc. The values of the elements 
constituting one of these networks may be determined as 
follows :— 

In equations (1), (11), and (13) of the above-mentioned 
paper the required resistance towards the engine is 

11 *=the real part of 

.(i) 

\h±lj Za % 


-where Z„ is the load impedance and Z 6 is the impedance 
presented by the network N at B (fig. 1 ). 

Putting 



let 


Z„=C+/D, 


<3; 


since the load resistance may be complex owing to the shunt 
stiffness ; and let 


Z 


• ( 4 ) 
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since the network impedance is a pure reactance ; then 

1 


R e = real part o£ 


- A 
C+./L) 


. (5) 


, . , /CX-DX 

-real part ot ;A x+ BC-;BD 

-real part o£ (i^X-DXHBC-iAX-/BD) 
-real part ot B*0 2 +(AX + BD) 2 

(LAX 2 


B 2 C 2 + A 2 X 2 + B 2 D 2 + 2ABDX ’ 


(5 a) 


(CA —R 0 A 2 JX 3 —2R e ABDX—R,B 2 (C 2 + D 2 ) = 0 . 

- _ 2R. ABD + v /4R e 2 A 2 B 2 l3 2 + 4 K e B 2 ((J 2 + D^CA - R^ 2 ) 
*• " ~2(CA-R,A 2 ) 

• • • ( 6 ) 

If li e >Z a , then O must divide AB (fig. lb) internally, 
and the 4- signs in equation (2) are applicable. If R e <Z tt , 
then O divides AB externally, and the — signs in equa¬ 
tion ( 2 ) are applicable. 

1 f R e > Z tf , then 

B=rl-A.( 7 ) 

Then from equation (5 a) 

p ___ CAX 2 

(1 —A) 2 (J 2 + A 2 X 2 + (1 - A) 2 D 2 + 2A(1 - A)DX * 

( 1 - 2 A+A 2 )C 2 4- A 2 X 2 4- (1-2A 4-A 2 )D 2 

+ (2A-2A 2 )DX= j^-CAX 2 . 

C 2 - 2 AC 2 + A 2 C 2 +A 2 X 2 + D 2 - 2 A D 2 

4 - A 2 D* + 2 ADX— 2 A 2 DX — i-OAX s =0 

R« 

(C* + D* + X 2 — 2 DX)A* 

+ (2DX—20* - 2D 2 —~ CX 2 )A + CM- D*= 0. 
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20 2 +2D* + — 2DX 

Jtl, 


A= 


± /(2DX-2C*-2D* - 

y_ _-4(0* + D 2 ) (0* + D*+ X 2 - i 


2C* + 2D* + 2X*-4DX 


Similarly, if R ff >Z«, then 

B = A—1 

and 

2C*+2D*f ^+2DX 


*DX) . 
( 8 ) 

(9) 


A*. 


± / (2DX+ 20 * + 2D* + ^) 

V —4(C* + D*Hf , * + D 


-4(0* + D*) (0* + D* + X*+ 2DX) 
20* + 2D* + 2X* + 4DX 

. . . ( 10 ) 


For the present purpose the positive value of the root will 
be taken. 

Equation (6) gives the value of the impedance of the 
reactive network at any one power in order that a load 
resistance Z a shall present a required impedance R« towards 
the engine. 

At any one power the values of R, and Z a are read 
respectively from the engine and load-resistance diagrams 
(figs. 2 and 3). 

The value of R« at each power is, on the engine diagram, 
the resistance corresponding to the point of intersection of 
the power line for the power concerned, with alternatively— 

(а) The upper curve of the limit of commercial per¬ 
formance when maximum car speed is required (i. 
the engine delivers maximum power). 

(б) The curve of maximum economy when maximum 
economy is required. 

The value of Z a * at each power is, on the load diagram, 
the resistance corresponding to the point of intersection of 

* In the presence of shunt stiffness Z rt will he modified, as in 
equation (18) of previous article. 
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the power line for the power concerned, with alternatively— 

(< c ) The maximum gradient curve if maximum efficiency 
on hills is required. 

(d) The average resistance curve if the best average 
performance is required. 


Fig. 2. 



The above are chosen as examples of the type of criteria of 
performance which might be chosen, but other types can be 
chosen if desired. 

Having chosen the type of engine performance required 
and the type of car performance (load performance) required, 
it is only necessary to adjust the lever ratio l^/l 2 and the 
reactance X so that at a number of chosen powers under load 
conditions specified by (c) or (d) the engine shall give a per-? 
formance as specified by (a) or (ft). 
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The value of may be determined as follows 
a a a a 

Let It* and Zo = 0+/D be the values of R« and Z a at 

R 

power p when the value of y is a maximum. The shunt 

"a 

network is arbitrarily given a value which is as large as is 
practicably possible ; let this value be X. The corresponding 


FI 


3. 


B.h.P. 



value of A = 


r iT ls given by substituting R„ Z a , 

_/1A\ _■»•- i t il • 


and X in 


aquations (8) or (10), according to whether w is greater 


or less than unity. The value of B then follows from 
equation (9). Then by choosing suitable finite values of X 
at suitable powers other than p, exact impedance matching 
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at these powers mny be obtained tor conditions of load and 
engine performance corresponding alternatively to (a) or 
(6) and (c) or (d) above. The necessary value of X is given 
at each power by inserting the value of Z« and li e at that 
power, together with the values of A and B, in equation (0). 
The frequencies (engine speeds in revolutions per minute 
X 60) at which these powers are delivered are the frequencies 
corresponding to the points of intersection of the power¬ 
lines on the engine diagram with the curve of maximum 
economy, or the limit of commercial performance curve. 

It is therefore required to construct a mechanical network 
which shall have certain known values of reactance X at 
a number of known frequencies. Formulae for constructing 
an electrical network to accomplish this are given in 
‘Transmission Circuits for Telephone Communication,’ by 
K. S. Johnson (van Nostrand Company), Appendix E, 
p. 296. 

If the values of X calculated from equation (6), which are 
actually in pounds per foot per second, are imagined to be 
electrical ohms, then the Johnson formulae will give a solution 
in terms of inductance L henrys and capacity C farads. 

The type of formulae to be used for conversion to masses in 
pounds, and to stiffnesses in.pounds per foot, were given at 
the beginning of the present article. 

In general, the network must be so constructed that while 
one effective network anti-resonance may occur at the limit 
of the range of frequencies (i. e. engine speeds) of importance, 
no resonance must occur in that range, or the load will be 
completely short-circuited. 1 n particular cases this condition 
may be violated, since in practice, with the throttle open, the 
engine will rapidly accelerate from a speed at which network 
resonance occurs. 

The networks shown are intended to have the driving- 
point connected to B (fig. 1) and the other end to the frame 
of the car, but networks may be used where no connexion is 
made to the frame of the car. 

Conclusion . 

The Multiple Reactive Gear affords, among others, the 
following possibilities:— 

If n elements are used in the network, by suitable 
adjustment of the fixed gear ratio (including the lever ratio), 
when the throttle is suitably adjusted, the engine may be 
made to give its most economical performance under average 
load conditions at (n-f 1) chosen powers ; or the engine may 
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be made to give its most economical performance nnder 
average load conditions at n chosen powers, and to deliver its 
maximum possible power on the heaviest gradient, or the 
engine may be made to give its maximum power under 
average load conditions at (n -h 1) chosen engine speeds; or 
the engine may be made to attain any predetermined speed 
before it begins to exert an appreciable torque on the load* 
This las* performance condition can be realized very simply 
by making the network anti-resonant at an engine speed just 
above the speed at which the engine is required to run. It 
is evident that the number of performance conditions may be 
multiplied indefinitely. 

A number of modifications naturally suggest themselves 
which enable the impedance of the load to be further modified. 
Among these are the use of non-linear stiffnesses, i. e. springs 
whose stiffness increases as they are compressed ; by this 
means the increasing stiffness brought into play by the large 
velocities flowing, as resonance is approached, may be made 
to prevent a condition of resonance ever being reached. 
Another device is a mechanical network presenting an 
impedance in series with the load. 

Appendix. 

Solution of the Impedance looking into the 
])oublt-acting Ratchet . 

In the “ Theory of the Torque Converter,” published in the 
October number of the Philosophical Magazine, it was shown 
that Rje, the real part of the impedance looking into the 
double-acting ratchet, is approximately a pure resistance equal 
to the resistance looking into the ratchet-driven rotor. 

It will now be shown how, in practice, an exact solution 
may be obtained. As a preliminary the case will be con¬ 
sidered where a special type of ratchet is employed which is 
double-acting, and which maintains contact at each stroke 
during the whole time that the force in the rod between A 
(fig. 1) and the ratchet, e.g . compression or tension, is in the 
same sense. This is equivalent to a synchronous commutator 
in which commutation occurs at the time when the voltage has 
fallen to zero. In practice such a condition would be hard 
to realize exactly, but the results obtained from such an 
assumption indicate the magnitude and the type of the effect 
to be expected in the practical case, and, what is more 
important, it indicates how certain simple measurements can 
be made in practice to determine exactly the resistance to be 
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expected looking into any type of ratchet used, whether 
automatic or clutch-controiled. 

It will now be shown that under the above conditions if 
R L is the continuous velocity resistance of the ratchet-driven 
rotor then the resistance looking into the ratchet is practically 
given by 

and that other effects introduced by the non-harmonic 
nature of the load are negligible. 

In fig. 1 b is shown the general arrangement of the 
multiple reactive gear, which is identical in principle with 
the torque converter except that the mass M attached to B 
is replaced by the network N. 

In fig. 4 is shown an equivalent* electrical circuit for the 


Fig. 4 . 



part of the gear to the right of A. Zx is the impedance 
looking back from A towards the engine, Me is the mass of 
the car in pounds, and Rl is the load resistance. 

Ah e»m.£.,as at A in fig. 5, occurring across 1,1, therefore 
gives rise to an e.m.f. V*, as at B in fig. 4, occurring 
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across 2, 2. By means of a Fourier expansion it may be 
shown that 

A A A 

2 V 4 V 4 V 

Vr= — — T —cos cot — - - — cos \ cot — etc. 

7T O 7T 15 7T 

If Z 2 has a very large impedance to alternating currents, 
as is the case in practice, then no alternating current flows 
through Z 2 , but only direct current of magnitude 




A 

2V 

ttUl 


where Rl is the resistance component of the load defined by 
550 W 

— , W being the transmitted horse-power and x the 


peripheral speed of the ratchet-driven rotor. 

The current through Z x is therefore of the form shown at 
C in fig. 5. This is of the form 


where 


Ij = A sin cot 4- £ A sin 3a )t 4- J-A sin 5 oit 4* etc., 

A A 

,4 2V 8 V 

IT X 7rR L - 7T* li L 


= the amplitude of the cnrrent of fundamental frequency. 
The resistance, looking into the ratchet, is therefore 


7T 


Rl- 


It is necessary here to show how the above condition of 
affairs (in Zj) can be imitated ; in particular is this desirable 
in order to justify the use of an initial fictitious assumption 
of a sinusoidal voltage V across the output of Zj, 

If a circuit is set up, as in fig. 6, with two generators of 
e.rn.f. as shown, the current in Zj will be Ii as above, where 
the voltage of fundamental frequency across Z x will be 


^ e Re sin ait. 


There will be a series of voltages of multiple frequency across 
Zi, but since Z 1 is a pure reactance, no power will be 
delivered to it, and all the power generated by e will be 
absorbed in Be. . It can be imagined that part of the power 
delivered to Be is used to drive a generator of e.m.f. 
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It therefore follows that one effect of the double-acting 
rectifier is to increase the effective load resistance presented 

9 9. 

towards the engine by the factor 0 * This follows from 

o 

consideration of the forces of fundamental frequency. 

The multiple frequency forces produce velocities which 
flow through the two alternative paths provided by the engine 
and the shunt network. In order that the engine speed shall 
not be appreciably altered by these velocities, and the wave¬ 
form of the velocity of the point D caused to depart very 
much from a sine-wave, the impedance looking into the engine 
must be large compared with the reactance network. In 


Fig. 6 . 



practice this condition must also be satisfied in order that the 
reactive forces due to the network do not introduce undue 
fluctuations in engine speed. It is therefore true to say that 
the only appreciable effect of the forces of multiple frequencv 
due to the ratchet is to cause relatively small velocities olE 
multiple frequency to flow through the network. 

Measurements to be made in Practice . 

If it was not previously apparent, it is evident from the 
foregoing that by measuring at A (fig. 1) the force-wave in 
pounds and the velocity-wave in feet per second as functions 
of time, the impedance looking into the ratchet follows as 
the ratio 

Force component of fundamental frequency 
Velocity component of fundamental frequency* 
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Fortunately, the measurement of both these quantities is 
very simple. Two moving coils situated in radial magnetic 
^fields are coupled through suitable mechanical reducing 
mechanisms, the one to the point A (fig. 1) and the other to 
point B (fig, 1). The two coils are connected through two 
resistance coupled amplifiers to the two ribbons of a t^win 
oscillograph. The coils, amplifiers, and oscillographs are 
previously calibrated for velocity by being connected to 
a reciprocating part of known velocity. In this way the 
velocities of the points A and B are measured. 

If at any frequency the reactance of the network is 
positive and = Mo>, 

M .. 

the force at B= -* a 5 *, 

9 

the force at A = - x the force at B. 

*2 

Hence by multiplying the slope of the velocity-curve for B by 
Z M 

1 - the force-curve for A may be obtained. When the 
*29 

network reactance is elastic it may similarly be shown that 
the force is given by the product of the effective stiffness and 
the integral of the velocity-curve. 

Fourier analysis then gives the force and velocity 
amplitudes of fundamental frequency. An alternative 
method, which is only practicable at high engine speeds 
(circa 2000 r.p.m.), is the use of amplifiers containing low 
pass filters to suppress all forces except those of. fundamental 
frequency, this obviates the use of Fourier analysis. . 

It is evidently not practicable to make such measure¬ 
ments on a running car, but the inertia of the load may be 
simulated by a heavy flywheel and its energy dissipation by 
brake bands, or, better still, by the use of an hydraulic 
accumulator. 


XCVIII. On the Capillary Action of Mercury in the Absence 
of Gas-Grown Skins . By J. J. Manley, M.A . ( Research 

Fellow , Magdalen College , Oxford) *. 

[Plates XU.-XIV.] 


XTTHILST removing the gas-grown skin from within a 
fT charged barometric tube, it was found that the 
•curvature of the mercury lessened* First the normal 


* Communicated by the Author* 
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convexity dwindled until the surface appeared as a perfect 
plane : then as the skin became highly attenuated, the plane 
surface gradually gave place to one purely concave. Photo- + 
graphs of the unaided mercurial surface fail to show this 
progressive change with the requisite clearness. This 
difficulty was met by first attaching a strip of paper p to 
the posterior surface of the tube and directing the camera 
obliquely. As p was thus seen by reflexion, the form of its 
image at once revealed the form of the mercurial surface. 
The initial or normal curvature of the surface together with 
three successive phases in the transition, are respectively 
shown in a, /3, y, and 8 of fig. 1 (PI. XII.) *. The experiment 
by which this complete inversion of curvature was effected 
was as follows :— 

.Experiment A. —First, the barometric tube was made 
chemically clean and dry and then highly evacuated. Next, 
its lower and sealed end was opened under pure mercury 
contained in a deep cistern and the tube thus charged. The 
tube was then set up between rotatable guides and rapidly 
driven up and down by a motor. During the ascent of the 
tube a feeble electric glow was produced within, and this was 
accompanied by a slow destruction of the gas-grown skin. 
At the conclusion of the experiment, when the mercurial 
surface was concave, the tube was inclined and a very small 
but quite appreciable bubble of gas representative of the 
destroyed and normal skin discovered. Other methods 
successfully used for the destruction of a gas-grown skin 
were the following :— 

Experiment B .—The first additional experiment was made 
with a stationary barometric tube prepared and charged as 
for experiment A. Upon the upper portion of this tube was 
wound a spiral of wire the free end of which was joined to a 
coil yielding a 1 inch spark. The second terminal of the coil 
communicated with the mercury in the cistern. On activating 
the apparatus the vacuous space at first remained dark ; but 

* These changes in curvature were, as will be seen from the following 
quotation, known to Young, who wrote :—“ Professor Casbois, of Metz, 
has shown, that the depression of mercury in glass tubes depends on the 
imperfection of the contact, and when it has been boiled in the tube long 
enough to expel all foreign particles, the surface becomes concave and 
the depression becomes an elevation. Perhaps this change may be the 
effect of the commencement of chemical action between the mercury 
and the component parts of the glass.” (Thomas Young's Collected 
Works, vol. i. p. 426.) For this extract I am indebted to Prof. W. 
Bamsden. Since Young's day others have doubtless observed the same 
phenomena: but the explanation offered in this paper has not, I believe, 
been previously given. 
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after a short time a dull thud** was heard, and this was 
instantly followed by a glow-discharge of the usual intensity. * 
The discharge having been established, the mercurial surface 
soon lost its convexity, first becoming flat and then concave. 
The change in form was complete within 20 minutes. As in 
experiment A, free gas appeared in the tube; but in.this 
instance the bubble was distinctly larger. 

Experiment C .—The next experiment, (J, was made with the 
apparatus shown in fig. 2 (PI. XII.). The unseen portion of 
the barometric tube T was narrow; but the attached cylindrical 
vessel V had a diameter approximating 28 mm. After the 
latter had been more than half filled with pure mercury, it 
was placed in a sand-bath and enclosed with asbestos : the 
mercury was then boiled and so distilled. During the 
distillation, the apparatus functioned as a Sprengel pump 
and quickly produced a high vacuum. When but little 
mercury remained, the distillation was arrested and V 
allowed to cool. Finally, the mercurial surface was photo- 
graphed, the result being that shown in 6 X ( fig. 2). For 
illustrating the entire reversal of the curvature .of the 
surface, a photograph of a second tube 0 2 having the same 
diameter as 0 lf but containing mercury in the presence of 
air, is also shown in fig. 2. 

Experiment J)• —The final experiment, J), was made to 
determine what effect the removal of the gas-grown skin might 
have upon the capillary height of the mercury. Accordingly 
the apparatus shown in fig. 3 (PI, XIII.) was constructed. 
It differed from that of fig. 2 in that it possessed a narrow 
side-tube t . As for the preceding experiment C, so. here 
pure mercury was introduced into the chemically clean and 
dry apparatus and then photographed (X 2 , fig. 3). Next 
the mercury was for a time rapidly distilled and a high 
vacuum produced. This done the flame was removed, the 
apparatus allowed to cool and a second photograph <X 2 , fig. 3) 
obtained. In \ x we note the usual capillary depression 
of the mercury in the side-tube t . The internal diameter of 
t was 3 mm., and the measured depression 1’8 mm. After the 
distillation, both the wide and the narrow mercurial surfaces 
had, according to cathefometer measurements, one and the 
same level, the mercury in t being, as is clearly shown in 
A*, fig. 3, neither depressed nor elevated. The concavity of 
the surface of the residual mercury is demonstrated in fig. 4 
(PI. XIV.). A numerical value for the actual capillary effect 

* It would appear that the thud indicated a sudden and more or less 
complete rupture of the normal and resistant gas-grown skin. 
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common to both limbs of the apparatus was found by compar¬ 
ing the corrected length of the mobile mercurial column in 
the tube T with the mean of the reduced readings of two 
standard barometers. It was thus found that the mean 
standard barometer reading differed from that of the tube T 
by —3*12 mm. Hence the ordinary and negative capillary 
effect of 1“8 mm. for the narrow limb t became, on the 
removal of the gas-grown skin, a positive one of 3*1 mm., a 
change totalling 4'9 mm. We conclude with some remarks 
upon the results obtained in the several experiments. 

Remarks .— Elsewhere* I have shown that at air-tem¬ 
perature a glass cylinder, even when maintained in a highly 
exhausted state for prolonged periods, still retains a gas- 
grown skin of unchanging density. Such a skin, which may 
quite appropriately be termed normal and permanent, is 
equivalent to an infinitely thin-walled tube which, as in the 
case of a standard barometric column, is interposed between 
the glass and the mercury. From the experiments A-0 
(vide supra), it seems abundantly clear that this barrier skin 
or film is initially responsible for the usual capillary 
depression of mercury. In general, liquids other than 
mercury instantly dissolve the skin and so come into 
intimate contact with and wet the glass : hence the familiar 
capillary elevation. Mercury, as we have seen, exhibits the 
same phenomenon so soon as the barrier skin has been either 
electrically erupted (exps. A & B), or destroyed by beat 
(exps. O & D). It will, however, be observed that the 
44 wetting” of glas>? by mercury differs from that produced 
by other liquids : for on raising the tube S of fig. 1, the 
mercury drains completely from off the receding surface; 
with other liquids the glass retains a covering film. 

The destruction of a gas-grown skin is gradual rather than 
instantaneous. This fact may be viewed in two ways :— 

(1) Jf, as Langmuir and others have contended, the depth 
of the skin is represented by one molecule only, we reach 
the conclusion that upon tne eruption of some of the 
molecules those remaining are re-arranged and form a more 
open type of skin or network. As the eruptive action pro¬ 
gresses, the meshes of the molecularly constituted net 
continue to expand until, finally, the whole of the surface 
under consideration is left utterly bare. 

(2) In opposition to Langmuir’s views regarding the depth 
of the skin, we have the result of the preliminary measure¬ 
ment of a normal gas-grown skin alluded to above. That 
measurement appears to show quite conclusively that th«* 

* Proc. Phy. Soc. vol. xxxvi. pp. 288-290. 

Phil. Mag . 8. 7. Vol. 5. No. 31. Suppl. May 1928. 3 Q 
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depth of a skin permanent at air-temperature and persisting 
in a high vacuum for nearly three years is most nearly 
represented by at least twenty strata of molecules. Under 
these circumstances it is reasonable to suppose that the 
destruction of the skin is commenced by the ejection of the 
upper stratum, and that the gradual attenuation is accom¬ 
plished by the eruption of successive strata, the last to be 
thrown oft’ being that nearest the glass. But, whatever view 
be accepted, the variations in curvature and also the growth 
in the capillary attraction of mercury observed during our 
experiments, are evidently largely dependent upon the mean 
thickness of the skin covering the glass. 

The positive capillary attraction of 3*1 mm. obtained for 
mercury in experiment D is, when expressed in terms of 
water, approximately equal to 42 mm. This height is four 
times greater than that actually attained by water in a tube 
having a bore of 3 mm. 

In conclusion, it may be stated that, with the object of 
still further testing the influence of a gas-grown skin, some 
measurements were made of the capillary attraction of 
“ conductivity v water— (a) under usual conditions and (/>) 
with tubes freed from gas-grown skins and situated within 
the highest attainable vacua. The differences noted in the 
two sets of data were negligible. Whence it appears that 
for liquids capable of dissolving gas-grown skins positive 
capillary attractions must invariably obtain. 


XUIX. Apparent Irregularities in Experiments with hetero¬ 
geneous X-ray Beams , with special reference to the J- 
Phenomenon . By R.*T. DuNBAIt, M. APh.I) .* 

Introduction, 

1. ^<INCE 1916, a number of papers have been published 
O by Barkla and his collaborators, dealing with the 
results of their experimental researches on the properties 
of heterogeneous X-ray beams +• These papers deal with 

* Communicated by the Author, 
t (1) Barkla <& Janette Dunlop, Phil. Mag., Mar. 1916. 

(2) C. G. Barkla, * Bakerian Lecture/ 1916. 

(3) Barkla <fc Margaret White, Phil. Mag., Oct. 1917. 

(4) Barkla & Rhoda Sale, Phil. Mag., April 1923. 

(5) C. G. Barkla , 4 Nature/ Nov. 17th, 1923. 

(6) „ „ Nov. 22nd, 3924. ' 

(7) Barkla Sc Khastgir, Phil. Mag., Jan. 1926. 
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anomalies which the authors attribute to the existence of 
anew group of phenomena, to which they have given the 
name “ J-Phenomena.” For a full account of these the 
original papers must be consulted. For the present it will 
be sufficient to indicate their nature. They possess one 
remarkable property, that of appearing or not appearing 
under precisely the same physical conditions, so far as the 
observers have been able to discover. For example, Barkln 
writes [(8) p. 1036] : “ We do not propose to give a descrip¬ 
tion of the apparatus used in nil experiments—they are far 
too numerous. And it is not easy to see that much would 
be gained, for the apparatus and arrangement used in experi¬ 
ments showing the d-phenomenon are identical with those 
in which the J-phenomenon did not occur.” In one case, no 
fewer than three alternative results are to be expected : the 
experiment consists in comparing the X-radiations scattered 
at two different angles, by the method of observing the rela¬ 
tive ionizations produced by the beams when successive equal 
sheets of A1 (or other absorbing substance) are placed in 
their path. [(13) p. 350] “ We have more recently obtained 
series of experimental results of both kinds—those showing 
a difference between the two beams by discontinuities and 
those showing a difference continuously, in addition to those 
showing no difference whatever between the two scattered 
beams.” 

2. To explain the phenomena. X-radiation is invested 
with certain new properties : heterogeneous beams are no 
longer to be looked upon as mere sums of harmonic con¬ 
stituents— they must be regarded as possessing other 
additional properties, which do not belong to any particular 
constituent or constituents, but to the beam as a whole. 
The beam is capable of suffering Absorptions (additional to 
those associated with the photoelectric effect, and with 
scattering) in which every constituent loses the same frac¬ 
tion of its intensity. Such an absorption, it is clear, would 


(8) C. G. Barkla, Phil. Mag., May 1925. 

(9) Barkla & Gladys Mackenzie, ‘ Nature,’ June 20th, 1925. 

(10) Barkla Sc Khastgir, Phil. Mag., Nov. 1925. 

Ill) „ „ „ ‘Nature,’ Feb. 13th, 1926. 

(12) C. G. Barkla, * Nature,’ March 27th, 1926. 

(13) Barkla <& Gladys Mackenzie, Phil. Mag., Feb. 1920. 
(H) Barkla Sc Khastgir, Phil. Mag., Sept. 1926. 

(15) Barkla & Gladys Mackenzie, Phil. Mag., Nov. 1926. 

(16) Barkla Sc Watson, Phil. Mag., No*. 1926. 

(17) G. G. Barkla, ‘Nature/ May'28th, 1927. 

<18) Barkla Sc Khastgir, Phil. Mag., Oct. 1927. 
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not modify the relative intensities of the components. 
Further, this J absorption, as they call it, may or may not 
take place—the deciding conditions have not been discovered, 
—and if it does, it may take place continuously or discon- 
tinuously, the total absorption in a sufficiently thick layer 
being the same in either case. The discontinuous condensa¬ 
tions of energy are considerable, amounting to about 5 or 
10 per cent, of the incident intensity, the thickness of the 
layer receiving the energy being, in the case of aluminium, 
probably considerably less than one-tenth of a millimetre. 

8. To discuss whether these new hypotheses will fulfil 
their purpose, explaining the many irregularities and 
apparent inconsistencies observed, would be premature ; for 
it is not yet clear, as it is hoped in this paper to show, that 
any modification of the well-established theories is required : 
much that has been described as conflicting with the existing 
theories is actually demanded by them. For the purpose* of 
specifying the “quality 99 of a heterogeneous beam, the half¬ 
value mass-absorption coefficient *, invariably used by experi¬ 
menters in this field, must be described as quite inadequate and 
misleading, unless the radiations are well filtered ; for, as 
will be illustrated in the sequel, different heterogeneous 
beams possessing the same iljp will, according to the accepted 
theories, not necessarily give anything like the same experi¬ 
mental results when examined by JBarkla’s methods. Conse¬ 
quently, such experiments are not only incapable of testing 
existing theory, but are liable to produce results which dis¬ 
agree among themselves. Barkla’s standpoint is different: the 
“ irregularities 99 observed by him, assuming that pip defines 
the properties of the beam, have exhibited so pronounced a 
regularity that he has been led to conclude that he has been 
observing phenomena which depend only upon pip (rate of 
absorption as a whole), and not upon the constituent 
frequencies [(8) p. 1055]. The question of the existence 
of the J-phenomena is seen, therefore, I o be concerned, not so 
much with the fact that discontinuities have been met with, 
but with the fact that the discontinuities have consistently 
appeared at the same points, and have exhibited other 
regularities. 

4. The present paper contains an account of two experi¬ 
ments carried out by the author since his previous paper on 

* By trial a thickness x of substance, usually aluminium, is found 
which, when placed in the path of the radiation, absorbs 50 per cent. 
If I 0 is the incident intensity, and I the transmitted intensity (Isb0‘6 I 0 
approx.), fi is calculated from I=I 0 «-**■*, and if p is the density of the 
aluminium, ju/p is called the half-value mass-absorption coefficient of 
the heterogeneous beam in aluminium. 
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the J-pheuomenon *. Following this, an attempt is made to 
derive from theory the types of irregularity which are to be 
expected when working with heterogeneous beams as if 
they were nearly homogeneous; these show some resemblance 
to results which have been described as J-phenomena. 

Expekiments. 

5. The writer’s experiments on the J-phenomenon com¬ 
menced under the direction of Professor Barkla at Edin¬ 
burgh, in 1919. At that time [see (2) and (3)], the anomalies 
were attributed to the existence of a J-series of characteristic 
radiations, for all the evidence was, without exception, in 
good agreement with this view. Experiments of another 
kind, conducted elsewhere, however, had begun to throw 
some doubt on Professor Barkla’s interpretation of the 
results. Duane and Shimizu +> for example, were unable to 
find any evidence for the existence of J-characteristic rays 
using an anticathode of aluminium. The writer’s experi¬ 
ments were therefore directed to extending the evidence 
already obtained for the existence of the J-series. 

6, In these early experiments of the author’s, the X-ray 
outfit provided consisted of a gas-filled tube, a 10 in. 
induction coil, and a mercury-gas interrupter. The tube 
was (apparently) self-rectifying, and the gas pressure within 
it was regulated by adjustment of the wires leading to the 
“softening” side-tube. Ionizations were measured by 
means of gold-leaf electroscopes of the well-known cubical 
box type. All the experiments which so far had given 
J-effects in the laboratory were performed with similar 
apparatus, except that the hammer-break replaced the 
mercury interrupter. After several months* experience 
with this simple apparatus, I had failed to obtain any 
reliable or satisfactory results from it. Irregularities were 
found, but could not be found consistently. The obser¬ 
vational points when plotted bad the appearance of being 
subject to an experimental error decidedly larger than 
could be accounted for by errors in reading the electro¬ 
scopes. I suspected that the cause of the trouble was 
either that the rays were insufficiently filtered (L e too 
heterogeneous) or that the tube’s variations were more rapid 
than could be followed by the means at my disposal. To 
remove the latter possibility, the gas tube was replaced 

* R. T. Dunbar, Phil, Mag., Jan. 1925. 

+ Duane and Shimizu, Phys, Rev. xiii. p. 288 (1919), and xiv. p. 389 
(1919). 
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by a Coolie]go tube, with tungsten anticathode ; but the 
trouble persisted, suggesting that it arose from the radiations 
being too heterogeneous. The amount of filtering possible is 
limited in practice by the intensity of the rays and the 
sensitivity of the electroscopes. It was necessary, therefore, 
to increase one or both of these if comparatively homo¬ 
geneous beams over the desired range of hardnesses were 
to be obtainable. The intensity was multiplied many times 
by the substitution of a Mammoth 16 in. coil for the small 
10 in. one. With this apparatus consistency appeared for 
the first time. With the disappearance of inconsistency, 
however, all evidence of J-effects disappeared also, showing 
that the conditions necessary for the appearance of J-effects 
were removed by filtering in this particular set of experi¬ 
ments, and that it would be necessary to revert to the use of 
thin filters. I preferred to persist with the well-filtered 
beams, as more likely to give definite results, and with a 
view to finding whether any irregularities of any kind could 
be found with them. Some were found in ionization and 
scattering experiments, but they subsequently received a 
very satisfactory explanation when the Compton effect was 
discovered. These later experiments have already been 
described and discussed *. That Barkla required hetero¬ 
geneous beams to obtain his J-effects is indicated by the 
following quotation [(8) p. 1038]: “ In many of the 
following experiments no attempt was therefore made to 
produce even approximately homogeneous beams, for these 
heterogeneous radiations provided us with the phenomenon 
which we wished to examine." It is to be noted that the 
facts mentioned in this paragraph are not inconsistent with 
the view that the effects arise from an inadequate description 
of the heterogeneous beam, for (1) only well-filtered beams with 
the same p/p are sufficiently nearly alike to make a knowledge 
of the intensity distribution among the wave-lengths, for 
most practical purposes, superfluous, and (2) it is only with 
well-filtered beams that the J is definitely absent. So far 
as the writer's own experience is concerned, every shred of 
evidence favours this view ; at no time has the radiation 
ever evinced any of the properties mentioned in § 2. 

7. The last experiment carried out in Professor Barkla’s 
laboratory by the author was a scattering experiment. This 
has been described elsewhere (loo, cit . p. 228 et seq.). In 
this experiment some 5 or 6 observations showed a departure 
from Compton's theory sufficient to indicate the possibility 


* Loc, eit. 
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of some J or other unrecognized effect being present. The 
indication was so slight that in ordinary circumstances it 
would probably have been either unobserved or put down 
to a result o£ some slight imperfection in the apparatus or 
method of measurement. Its possible association with the 
J-phenomenon was the only reason for drawing attention to 
it. The curve is reproduced here (fig. 1). The feature of 
the curve is an apparent u step ” form, unduly emphasized by 
the drawing of lines through the observations. Without 
the lines (as frequently elsewhere) the pattern disappears. 





These steps are, according to Barkla and Watson *, J-discon- 
tiuuities. “ In Dunbar's experiments .... the discontinuities 
certainly appeared, but the conditions were not sufficiently 
controllable, nor was the experiment itself of the kind which 
was later found most suitable to exhibit the phenomenon.’' 
The two experiments about to be described consist of 
(I.) a repetition of the above experiment under much improved 
conditions, (II.) an experiment of the kind which in Barkla 
and Watson’s opinion is more suitable for exhibiting the 
J-phenomenon. 


# (16) p. 1122. 
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Experiment I. 

8. Owing to the discrepancies which have appeared 
between the results of different observers, and even between 
the results of the same observer with the same apparatus, in 
experiments upon the J-phenomenon, rather a detailed 
description of the apparatus and procedure will be expected, 
and will therefore be given without apology. As the first 
experiment is merely a repetition of a previous one, and the 
latter has already been fully treated, it will be necessary to 
give only the points of difference between the two. For 
convenience the two experiments will be referred to as 
A and B, A being the one carried out at Edinburgh in 
1923-24, and B recently at Cardiff. The changes adopted, 
which are for the most part refinements, are given in 
Table I. 


Table I. 


Lxperimkkt A. 

Oooiidgc tube without rectifier. 


^Sanax*’ mercury - paraffin inter¬ 
rupter. 

Simple, untilted, gold-leaf electro¬ 
scope on Secondary. 

Secondary X-ray pencil about 4 cm. 
diameter. 

Diameter of ionization - chambers, 
10 cm. 

Saturation potential on Primary 
ion.-cbr. 200 volte. 

Runs of tube from 3 to 15 minutes’ 
duration. 

Recovery interval between readings 
(allowing tube to cool), 3 to 5 
minutes. 

Readings were seldom repeated. 


Expxkimisnt B. 

Coolidge tube with mechanical recti¬ 
fier on interrupter. # 

Gras-mercury jet interrupter. 

String electrometer on Secondary. 

Diameter reduced to 2 cm. 

Diameter increased to 12*5 cm. 

Increased potential to 350 volts. 

Runs were from 2 to 9 minutes. 

Recovery interval 5 to 10 minutes. 

Initial reading was, as a rule, re¬ 
peated after every third or fourth 
reading, the absolute as well at 
the relative rates of leak being 
. determined. 


9. The method of measuring the relative ionizations in the 
primary and secondary ionization chambers in the repeated 
experiment (Expt. B) demands a more extended description. 
The feeble secondary requires a really sensitive electrometer. 
Also, the use of deflexion methods for both primary and 
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secondary is not to be recommended, for obvious reasons, if 
accuracy is aimed at. A string electrometer was used on 
the secondary, the connexions being depicted in fig. 2 (the 
Townsend method). The leak is determined in terms of 
a potentiometer reading. The insulated system of the 
secondary ionization chamber is connected to one plate of a 
small air-condenser of capacity 1 cm., approx., the other 
plate of which is connected to a Varley-Tnomson potentio- 

Fig. 2. 



C * /lir-Condenser, Capacity about I cm. 

E “ String Electrometer, 
i - Secondary IoniscTlon Chamber. 

K” Earthing Key 

P* Var ley-Thomsen Potentiometer. 

W“* Water Resistance. 

meter. During the incidence of the X-rays, the string of 
the electrometer is kept on the zero murk (zero potential) 
by adjusting the potentiometer. Thus, an equal charge to 
that picked up by the electrode is attracted into the condenser, 
and its magnitude, being accurately proportional to the 
change of potential of the other [date, is obtained from the 
initial and final readings of the potentiometer in arbitrary 
units. The arrangement was found to be remarkably simple 
to manipulate, and both sensitive and accurate. It possesses 
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all the advantages of a null method : (a) the readings are 
independent o£ the sensitivity and calibration curve of the 
electrometer: consequently, errors due to accidental variations 
in the field battery, tension o£ the fibre, etc., do not come 
in; (/>) the sensitivity (i. <?., deflexion sensitivity) can be 
increased up to the limit of stability without in the least 
impairing the accuracy ; (<•) the insulate 1 system is main¬ 
tained, as nearly as may be, at zero potential, and leaks 
over insulating supports are therefore negligible ; (<i) tlm 
accuracy is much higher and the readings are dependent on 
the steadiness of fewer factors than in any deflexion method. 
In the actual experiment, the readings were estimated to 
be correct to at least one part in 1000. The error in 
measuring S/P (i. e. } secondary ionization/primary ionization ) 
arose almost entirely from the reading o£ the primary 
ionization, for which a less accurate instrument was used. 

10. A gold-leaf electroscope of the 3 in. cube type, care¬ 
fully mounted and shielded from temperature changes, was 
connected to the primary 1 ' ionization chamber. Tk$ reading 
microscope was mounted on a travelling carriage, which 
permitted an exact, coincidence of the edge of the leaf with 
a scale division at the beginning of each run ; the X-ravs 
were switched off when the leaf was exactly coincident with 
another scale division, 12 removed from the first; the same 
pair of scale divisions was used for every run of the tube. 
This procedure entirely avoided errors due to (a) estimation 
of fractions of a division, (/>) calibration of the eye-piece 
scale. The error in measuring the ratio S/P was calculated 
from some 40 determinations of the ratio with unintercepted 
radiations. By the method of least squares the probable 
error of a single determination was found to be one in 350. 
This accuracy is distinctly better than in Expt. A, in which 
two simple electroscopes were used, and the ratios determined 
by timing the “ transits’* of the leaf-edges across the scale 
divisions, using a split-seconds stop-watch. The accuracy 
in the corresponding experiments carried out by Professor 
Barkla’s observers does not appear to have been stated, but 
from the graphs, and particularly from the information 
given by Barkla and Khastgir [(10) pp. 1131-2], the 
accuracy of measurement of ratios of ionizations in single 
experiments appear to have been approximately the same as 
in the author’s present experiments. 

11. The results of the experiment are shown in Table EL 
and in fig. 3. A comparison of figs. 1 and 3 will show that 
what has been described as a J-effect has been eliminated. 
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Table II. 
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Observed differences in the half-value mass-absorption co¬ 
efficients for Aluminium, between Primary X-rays and 
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An examination of the differences between the two experi¬ 
ments, however, does nofc bring us any nearer to the origin 
of the J-phenonienon ; it merely indicates that the effects, 
whatever the]y are, are removed by refining the measure¬ 
ments and the experimental procedure. The radiations 
were apparently quite as heterogeneous in the second as in 
the first case, judging by the thickness of the filters and of 
the scatterer. The whole point of repeating the experiment 



was to verify the existence of the irregularities, which, if 
found again, would be a definite starting-point for an 
investigation of J-effects. Refinement was aimed at, 
without altering the conditions except in so far as to make 
them less variable. The negative result^ very strongly 
favours the view that the effects in the previous experiment 
were not fundamental. In the writer’s opinion they arose 
from prolonged exposures and the presence of inverse 
current. 
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Experiment II. 

12. The second experiment, which is now about to be 
described, is one in which the two radiations, primary and 
secondary, are compared with each other, not by observing 
their half-value coefficients of absorption as in Experiment I. 
(which is done by intercepting the radiations with a single 
sheet), but by what would appear to be a more thorough 
method, namely, by observing the relative rates of extinction 
of the beams as a result of interposing a gradually-increased 
thickness of filter. This method was introduced by Barkla, 
and the experiment is one which has been repeated so often 
in his laboratory (altering the radiator, material of the 
absorbing sheets, angle of scattering, etc.) that it appears to 
represent something like half of the published experimental 
work oil the J-phenomenon. It is the method which Barkla 
and Watson consider the most suitable for exhibiting the 
J-phenomenon. 


13. The procedure is obvious and the theory (for homo¬ 
geneous radiations) simple. Let S 0 and P u be the intensities 
of the unintercepted secondary and primary radiations, as 
measured (the only convenient way, though liable to mis¬ 
interpretation) by ionization. If the same gas is used in 
the two ionization chambers, and they are identical in every 
respect and placed at the same distance from the scatterer, 
if, also, the gas has no characteristic radiation of wave¬ 
length in the neighbourhood of the wave-lengths used, nor 
any very appreciable amount of b6 recoil ** ionization, it has 
been shown both by Compton's theory and by experiment 
(see, for instance, Dunbar, loc. (it. p. 233) that S<>/Po is a 
constant, independent of the wave-length *. If S and P 
are the intensities (ionizations) when a thickness of alu¬ 
minium or other substance, equal to#, intercepts both beams, 
we have at once, assuming exponential absorption and that 
the radiation is completely modified in scattering. 


S _S 0 

p-Po‘ 


e —6ix.z 


(i) 


for a single frequency constituent, the increase of whose 
absorption coefficient in the aluminium or other substance 
associated with the Compton effect is For a continuous 


* To the first order of small quantities. 

Consider only the radiation scattered at 90° here as elsewhere 
throughout the paper. 
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heterogeneous beam, ifc can V>e easily shown that the result is 

i(X) 

( 2 ) 

^ T> > * ’ * * W / 

i{X) e~ IL,T d\ * 

o 

where i(\)d\ is the intensity distribution of the primary 
beam and p is the absorption coefficient in A1 of radiation 
of wave-length \. For a beam consisting of lines of wave¬ 
lengths •• > of intensities i l9 i 2 ... , respectively, the 

corresponding result is 

S_8 0 

P~ JV “ “. ( • 

For unmodified scattered radiation—that is, if the radiation 
is scattered according to the classical theory—the relation 
between S/P and x degenerates into 



8 

P 


8n 




I t. The curves obtained by experiment are to be compared 
with the above four theoretical relations. (1) is evidently 
a ratio which falls steadily (exponentially) with increasing x : 
(4) will give a constant ratio—that is to say, a horizontal 
straight line—if the ratio is taken as ordinate and x as 
abscissa. The relation (2) I have been unable to work ont, 
even for simple laws of distribution. (3), which is*for a 
line-spectrum, is simple but lengthy in calculation, and a few 
examples have been worked out with a view to obtaining 
first approximations to the solutions for continuous distri¬ 
butions, which are, of course, the type of radiations we 
experiment upon. Rough solutions of the relation (2) have 
been arrived at in this way. These calculations will be 
discussed later. 


15. The results obtained in Professor Barlda’s laboratory 
are of: three types, those in which 8/P is constant for all 
values of x, indicating, as the authors presume, unmodified 
scattering ; those in which the. ratio falls steadily with 
increasing x, resembling relation (l^j, which is for homo¬ 
geneous beams and Compton scattering; and, finally, an 
apparent combination of these two—the ratio is constant up 
to a certain value of x and then suddenly makes up for lost 
time, as it were, by falling to a lower value, at which it 
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remains constant for further increases of x, and so on 
[see fig. 4, reproduced from (16)]. The discontinuous 
changes in the third type are of the order of 5 to 10 percent. 

16. The first and second types (continuously constant and 
continuously falling) will he shown later to he both in 
conformity with the Compton effect, although the former 
has been very naturally interpreted as evincing unmodified 
scattering. It will appear that when the heterogeneous beam 
contains both very hard and very soft radiations of approxi¬ 
mately equal intensities, the relation (2) (or more accurately 
(3)) shows that the ratio is almost accurately constant over 
a considerable range of values of x, in spite of the full 
Compton change of wave-length. The unexpected result is 
accounted for by the fact that filtering, which invariably 
transmits a more penetrating beam hardens lip the secondary 



(with heterogeneous rays) more rapidly than the primary, 
till, with certain beams at least, the secondary, originally 
the more absorbable, is more penetrating than the primary : 
this state of affairs does not persist however, for the primary 
in the long run is the more penetrating. For a considerable 
range of values of the two beams are almost exactly of 
the same penetrating power (though differently constituted). 
The third (discontinuous) type of result is in quite a different 
category. Discontinuous absorption of a heterogeneous beam 
cannot be accounted for on any theory which assumes that 
the beam is merely the sum of its constituents. This type 
will be considered later. 


17. The author’s experiment was carried out with exactly 
the same apparatus as in Experiment I. The procedure in 
taking the observations is the only point of difference. 
The interpretation of the results is not, however, quite so 
simple as would at first sight appear. The following 
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points are evidently to be considered before observations 
are taken :—v 

(1) The assumption is made that the same heterogeneous 
beam can be maintained unvaried for an hour or two. The 
21 observations in fig. 4, for instance, taken from Barkla and 
Watson's paper, must have required from one to two hours 
of actual running of the tube. The intensity distribution in 
the X-ray beam depends on the temperature of the cathode 
if a Coolidge tube is used, and on the temperature of the tube 
itself if a gas-tube. It varies to a certain extent also as the 
coils of the transformer become warm. Variations are 
therefore to be expected, and some method of watching for 
changes devised. In the author's experiment, each reading 
was timed with an accurate stop-watch, and certain readings 
were repeated at intervals. Column 2, in Table III., gives 
the time in seconds for a leak of one division on the primary. 

(2) The gas must be the same in both ionization chambers, 
and conform to the conditions stated in para. 18. Air must 
be ruled out as unsuitable, for this gas has been observed by 
the author to be subject to a marked increase of ionizatibn 
relative to intensity of X-rays when the radiation is shortened 
in wave-length through the region of 0*4 A ( loc . (At. p. 227), 
the increase being due to the recoil electrons. Such a charac¬ 
teristic would naturally produce a fold on the curve for S/P 
if the Compton modification were present—a fold, in fact, 
should appear for both oxygen and nitrogen, but the two 
would probably run into one. Sulphur dioxide would give 
a similar result on account of the oxygen it contains, but, as 
the latter gives only some 8 percent, of the ionization of S0 2 ,* 
the effect is negligible. The recoil ionization from sulphur 
does not appreciably affect the results within the range of 
these experiments, consequently SO* was selected. That 
this selection was justified was proved by a control experiment 
in wlncli the secondary from copper (almost entirely copper K, 
as tested by absorption in Al) was compared with the primary 
over the whole range of radiations to be used, the intensity 
being measured by S0 2 ionization. The curve was smooth 
and only slightly sloped, showing that the primary (in which 
alone the wave-length was changing) was smoothly repre* 
sented iu intensity by the ionization it produced in SO 3 . 

(3) If any irregularity in the ratio S/P is observed, it 
must be possible to say whether it arises from a change in 
S, or in P, or in both. This can only be provided for by 
timing all observations. This was done. Actually no 
irregularities were observed which would not be covered by 
Observational error and slight variations in the radiation. 
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In Barkla’s experiments ali irregularity is ascribed to the 
secondary, but it is not clear how this conclusion was 
arrived at. The point is of considerable consequence, for if 
the observations were timed, and the secondary was found to 
vary suddenly by some 5 to 10 per cent., by time , while the 
primary remained perfectly regular, the origin of the 5 to 
10 per cent. J-discontinuity would justifiably be ascribed to 
some “ post-scattering ” process. Without the experimental 
data, however, the possibility must still remain that the 
irregularities arose from the source of most irregularities 
in X-ray work, the X-ray tube. A change in the incident 
X-rays would affect both P and S, but in general to 
different degrees. Such changes could be detected at 
once from the absolute rates of leak. 

18. Table III. and fig. 5 contain the result of the author's 
experiment. The curves exhibit no discontinuities such as 
have been found in Barkla's experiments. There are minor 
irregularities in curvature, but these will be seen to be 

Table III. 

Comparison of Primary and Scattered (90°) by progressive 
absorption with.aluminium sheets. 



Time 
per div. 

(P). 

X 

(Filter). 

S/P. 


see. 

mm. 



*71 

nil 

101*0 

1 . 

46*2 

(0-88) * 1-000 ; 

ii/o 

? 

0*19 

•071 | 

(Al) 

28*5 

0*39 

•940 

4*7 

35*4 

0*58 

■93.) 


170 

nil 

1*000 


J3*2 

nil 

1*000 


22*5 

0*46 

*950 

2. 

34*0 

0*91 

*905 

7*/f> 

(Al) 

34*6 

(0*91) 

•990 

4*2 

34*5 

0*91 

*907 


22*5 

0*46 

*940 


13*5 

nil 

1*000 



Time 
per div. 

(P). 

X 

(F ilter). 

8/P. 

! 

i 


13*3 

nil 

1*000 


23 0 

0*46 

■948 i 


24 6 

055 

•933 ? 

i 3. 

13*0 

nil 

1000 ! 

i*/(> 

(Al) 

27*0 

0*65 

•920 

t 

4-3 

29 7 

0*75 

*923 | 


13*6 

nil 

*998 [ 


30*8 

0*75 1 

•923 i 

I 

28*8 

0*65 

*938 ; 

1 


39*3 j 

nil 

1-000 ! 

4. 

p/o 

(AJ) 

3*7 

21*5 

0*10 

•978 | 

23*4 

0*19 

•966 | 

25*8 

0*29 

•962 1 

28*2 

0*39 

•954 


18*5 

nil 

1-002 


* Filters in braekets were placed in the path of the incident beam, otherwise 
they were in the paths of secondary and primary after incidence on the 
radiator, which consisted of 50 sheets of filter-paper. 

Phil. Mag. 8. 7, Vol. 5. No. 31. Suppl. May 1928. 3 R 
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Table III. ( continued ). 

Comparison of Primary and Scattered (90°) by progressive 
absorption wtth aluminium sheets. 



Time 
per div 

(P). 

1 

X 

\' Filter). 

8/P* 


sec. 

mni. 



140 

tiil 

1*000 


16*8 

0*19 

*994 


?. 

.039 

•900 

6. 

24-1 

0*58 

*958 | 

Ip 

13*6 

nil 

1*003 j 

(Al) 

23*7 

0-58 

*947 ! 

3*4 

19*3 

039 

•907 i 


10*3 

0*19 

*978 | 


13*5 

nil 

1003 ! 


V 

nil 

1000 1 


18*8 

0*40 

942 i 


11*7 

nil 

•990 i 


19*5 

(046) 

*987 : 

0. 

204 

0*55 

934 

p/p 

219 

0*05 

929 ' 

(Al) 

23'3 

0*75 

*921 

3-4 

12*0 

nil 

•995 

i 

27*5 

0*91 

•914 ! 

1 

30*5 

1*10 

•898 | 

I 

i 

29*8 

(M0) j 

•992 j 

! 

j 

12*8 

nil J 

1000 


19*3 

0*46 ! 

•953 j 

m 

12*7 

nil 1 

•988 : 

7. 

i*f° 

21*8 

0*05 i 

•929 

20*2 

0*91 | 

•908 ; 

(Al) 

30*4 

1*10 

; *903 

j 3 0 

12 7 

nil 

•990 : 

| 

30*2 

(M0) 

1*36 

i *990 1 

j 

35*1 

•890 ! 

j 

? 

nil 

*993 

i 

10*5 

nil 

1*000 


17*7 

0*46 

*960 


19*6 

0*05 

•945 

8. 

21*9 

0*91 

•928 

i*lp 

10*6 

nil 

1017 

(Al) 

23*3 

1*30 

•924 

3 0 

26*8 

l 30 

•925 


27*4 

(1*36) 

1*008 

, / 

V''" 

J 11-0 

nil 

1*008 



Time 
per div. 

( p ). 

X 

(Filter). 

S/l\ \ 


sec. 

mm. 



10*4 

nil 

*997 


154 

0-40 

*945 1 


9*7 

nil 

*997 i 

9. 

19*5 

0*91 

*905 ; 

p/p 

(Ai) 

25*0 

1*36 

*808 i 

32*8 

1*82 

*845 j 

3-0 

9*7 

nil 

1006 


35*4 

1*82 

•859 


2«-9 

ISO 

*890 


22*7 

0*91 

*914 


120 

nil 

1-000 


10-7 

0*46 

•900 

10. 

20 5 

0*05 

•946 

ft h* 

17*7 

0*46 

905 

(Al) 

24*7 

0 91 

920 

2*9 

10*9 

nil 

1-008 


21-4 

0*91 

•923 


27*3 

1*30 

•908 


118 

nil 

1000 


27*2 

(1*30) 

•998 


254 

1 *30 

•884 

11. 

22*3 

110 

•910 

h/P 

20*4 

0*91 

*924 

(Al) 

23 

17*5 

005 

•936 


15*2 

0*40 

•935 


20*4 

1*30 

*890 


10-8 

nil 

*989 
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perfectly accounted for by the Compton theory in a later 
paragraph. Curves such as these are found amongst Barkla's 
results, and are not excluded by his “laws of the J-Phe- 
nomenon/* Barkla, however, has hinted that where conti¬ 
nuity is observed it is probable that the result is a statistical 
mean of discontinuities. Thus [(16), p. 1126], “ . . . . it 
would be expected that under variable conditions these 


Fig. 5. 



discontinuities would be spread out and, would show an 
apparently steady higher absorption of the scattered than of 
the primary radiation, such as has frequently been found in 
experiments on the progressive absorption of both beams. 
This suggests that all the apparent differences between 
scattered and primary radiations as shown by some absorption 

3R2 
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experiments may be fundamentally made up of such discon¬ 
tinuities.^ ' A comprehensive survey of the results obtained 
by all his observers, however, shows, on the average, a 
pronounced tendency for the results to be either a or b — 
i. e. t either obviously smooth or obviously discontinuous. 
We cannot suppose that the conditions of running may be so 
neatly divided into two—that the steady can be differentiated 
from the unsteady with such certainty. In the author's 
curves. Nos. 1 to 7, fig. 5, the average difference between 
repeated readings in the rate of leak was only about two 
and one-half per cent., although the set of readings in each 
case was spread over a period of about two hours. It 
is hardly credible that there was sufficient unsteadiness 
present to mask so completely what with steady conditions 
would have been a set of “ stepped*’ patterns, like (Barkla 
and Watson's) fig. 4. Curves 8, 9, 10, and 11, fig. 5, were 
obtained under much less steady conditions, the time variations 
between some of the repeated readings being as great as 
15 per cent. The curves are arranged in the order of the 
absorbabilities, not in the order of observation. The •un¬ 
steadiness is to be attributed therefore to some effect which 
appears when the penetrating power of the radiation exceeds 
a certain value. It will be shown later that there is some 
evidence that the tungsten K-lines were excited to an 
appreciable extent in these unsteady radiations, but not in 
the other cases. This would account quite naturally for the 
instability. It is worthy of remark that the curves include 
examples for both very steady and very unsteady conditions; 
nevertheless, there is little if anything to distinguish the 
smoothness of one set of curves from that of the other. It 
appears to be clear that the step pattern was not simply 
obscured—it was entirely absent. 

19. The only other published results, outside of Professor 
Barkla's laboratory, on the examination of scattered radiations 
by the method of progressive absorption are, so far as I have 
been able to find, those of B. L. Worsnop*, at King’s 
College, London, and those of 0. Gaertner f, at the Rontgen- 
Forschungsinstitut der Universitat, Bonn. In both cases, in 
spite of the care and skill with which the experiments were 
evidently carried out, the discontinuities failed to appear. 
The fact that, with Barkla's observers the search for J-effects 
has, more often than not, been successful while others have 

* B. L. Worsnop, Proc. Phys. Soc. xxxix. p. 805. 

t O. Gaertner, Phys . Zeit., 16th July, 1927. 
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consistently failed, is one for which a simple explanation 
ought to he forthcoming. Barkla has suggested that, if the 
J does not appear, one ought, to keep on modifying the 
apparatus till it doe-s appear (Brit. Assoc. 1927). Con¬ 
sidering that his observers have found the J with almost 
every conceivable combination of apparatus, and that others 
have used transformers, induction-coils, and hot cathode 
tubes of different kinds without success, the necessary 
modifications would appear to be in the lesser details of 
apparatus regarding which we have so far received little 
information. 


Theoretical. 

20 . The comparison of scattered and primary radiations 
by the method of progressive absorption gives a relation 
between the ratio, S/P, and the thickness of filter, x 9 placed in 
the path of both beams. If the object of the experiment is to 
find out which of the two processes of scattering is operating, 
the classical or the quantum, the theoretical consequences 
of both theories have to be calculated and the observed 
results compared with the theoretical. The method breaks 
down if the observed result is in agreement with both 
theories ; and this appears to.happen if the very absorbable 
components in the heterogeneous beams are incident upon 
the radiator and form an important part of the scattered 
intensity (as measured by ionization). 

21. The theoretical result lor heterogeneous beams in the 
case of classical scattering is simple ; the ratio S/P is a 
constant independent of x, so long as the scattering coefficient 
of the material of the radiator is the same for all the wave¬ 
length constituents. The quantum theory (Compton) has 
been shown to give the results expressed in the relations (1), 
(2), and (3), in para. 13. Before applying these it has to 
be remembered that a certain amount of absorption subse¬ 
quent to scattering is present even wl»en x is zero—absorption 
by the radiator itself, by the atmosphere, and by the windows 
of the electroscopes. Allowance has to be made for this in 
calculating the Ji/p which would be observed for the uninter¬ 
cepted radiation—the effect on the S/P curve is merely a 
slight shift of origin. It has been assumed in the following 
that the equivalent thickness of aluminium absorbing the P 
and S radiations, additional to the sheets, x, is 0*2 mm. 

22. Assuming the relation + where <r is 

independent of \, and a is a constant for the absorbing 



982 Dr. R. T. Dunbar on Apparent Irregularities in 

material, equal to about 38*34 cmf 4 for aluminium if the 
wave-lengths are in Angstrom Units, I have calculated results 
for six cases, with each of which the p/p to be observed is 
exactly the same, making a comparison of the results all the 
more easy to interpret. The constituent radiations and their 
relative intensities are given in Table XV. and the curves for 
S/P appear in fig. 6. With each of these beams the/i/p to be 


Table IV. 

Wave-length Components and their Relative Intensities, 
from which the curves in fig. 6 were calculated. 


No. of 
Curve. 


T 

T 

T 

T 

T 


per cent. 

per cent. 

per cent. 

per cent. 

per cent-. 

| percent. 

i. 

32*9 


— 

— 

— 

071 

2 . 


39*7 

— 

— 

60-3 


3 .! 



405 ! 

j 53*5 

— | 

4 

4 .! 

1 

22*25 

— 

i 

77*75 

— ! 

— 

5 .! 

j 

i 

— 

598 

— 

— J 

402 

«.! 

I 

30 

— 

— 

25 

i 

- ! 

45 


observed (with Al) is 3*2, which is the mass-absorption 
coefficient of homogeneous radiation of wave-length 0*6 A. 
The results are obtained by using relation (3) in para. 13. 
They show at once that the result to be expected on Compton's 
theory depends very much on how the intensity is distributed 
amongst the wave-lengths. Curves 1, 2, and 3 give a first 
approximation to results for beams which are very broad, 
broad, and fairly narrow, respectively, for the wave-lengths 
they contain are far separated, well separated, and rather 
close together, respectively. The curves are seen to be 
intermediate between the classical and the Compton results 
for homogeneous radiation—1 is scarcely distinguishable from 
the classical result over a considerable range, while 3 is very 
nearly the Compton result for a single constituent. Curve 4 
is for a beam with one constituent slightly more absorbable, 
and the other considerably more penetrating, than the pair 
together, while curve 5 is for the converse, one component 
ttwre penetrating and the other very absorbable* 
The latter is scarcely distinguishable from 3 and the curva 
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for homogeneous radiation. 4, however, after dropping 
regularly, rather suddenly changes its direction and runs 
horizontally. [This feature can be observed in some of the 
author’s experimental curves in fig. 5. It possibly arises 
from the presence of K-tungsten radiation, from the anti¬ 
cathode, superposed on the general radiation. That the ratio 
S/P should tend to become constant after falling steadily 
was so unexpected a result that it caused considerable trouble 
at the time, repeating observations, and testing to see if 
anything had altered. It was only after these calculations 


Fig. 6. 



Each beam has the same fi/p for A1 (see Table IV.), the curve marked 
“ HM.” being for a homogeneous beam. 

had been completed that it was seen that the reeult was quite 
in keeping with theory.] 

23. It must be clear that by a proper selection of wave* 
lengths and intensities, not restricted to two components only, 
it is possible to build up synthetically any curve whatever, 
within reason, lying between the classical and the quantum 
result for homogeneous rays. Curve 6 is a simple example. 
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It consists ot‘ three components: 0 2, 0*7, and 1*0A, with 
intensities* in the ratio 6:5:9. It is a combination of 
curves 1 and 4 in the proportion of 2:1, very nearly. The 
values of S/P to be observed, as the thickness of absorbing 
aluminium is increased bv steps of 0 2 mm. up to 3 8 mni., 
are, respectively: 0*975, 0*963, 0*959, 0*959, 0*959,0*960* 
0*961, 0*961, 0*962, 0 962, 0*961, 0*961, 0*960, 0*959,0*958, 
0*956, 0*954, 0*953, 0*951, 0*949. This constancy of ratio 
must be described as remarkable, for the rates of absorption 
of the corresponding constituents are very different, and it 
is only by a complicated process of compensation that the 
rates of absorption of the beams as a whole are so very nearly 
indistinguishable. Further, by adding more constituents in 
the proper proportion, the result may clearly bo indefinitely 
improved upon. It seems possible that for a continuous beam, 
sufficiently broad, the result would be so perfect that absorp¬ 
tion by aluminium subsequent to scattering would be quite 
incapable of distinguishing between classical and quantum 
scattering. [If this is true, and it has the appearance of 
being approximately so, it seems worthy of remark that-this 
is a second, and independent, respect in which compensation 
appears to prevent absorption from distinguishing between 
quantum theorv and classical theory ; for , as pointed out 
originally by A. H. Compton, and frequently verified by 
experiment, the ratio of primary to secondary ionizations 
(for 90°, at least), with unintercepted radiations, is indepen¬ 
dent of wave-length whether the scattering is classical or 
quantum, the falling off of the absolute intensity of the 
secondary beam in the latter case wiih decrease of wave¬ 
length being, to the first order, exactly compensated for by 
the increased absorption by the gas, arising from the Compton 
increase in wave-length.] 

24* The general conclusions to be drawn from fig. 6 are : 

(a) The Compton effect, which requires an exponential 
fall in S/P with increasing *r, for homogeneous beams, does 
not require such a fall if the beam is heterogeneous* 

(5) The more widely the intensity is spread through the 
scale of absorbabilities—that is, the more heterogeneous the 
beam in the sense of absorbability (not. necessarily in that of 
wave-length)—the closer apparently will the curve resemble 
that for classical scattering, a horizontal straight line. 

(c) Yery absorbable elements of the beam tend to produce 
an early flattening out of the curve, less absorbable elements 
produce the same effect later, while the presence of elements 

all absorbabilities over an extended range* in the proper 
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proportion, would seem to give a horizontal curve over a 
correspondingly large range of values of 

(d) The rate of fall of the curve is, on Compton's theory, 
influenced more by the degree of heterogeneity (in the 
absorbability sense) of the beam than by the half-value 
absorption-coefficient. 

25. These conclusions invalidate a good deal of evidence 
that has been cited as disproving the existence of the 
Compton effect. For example ((17) paragraph 3), a syste¬ 
matic examination of the radiations scattered by difterent 
thicknesses of radiator showed that the difference in 
absorbability between secondary and primary was steadily 
diminished as the radiator was made gradually thinner. 
From this it was inferred that the change in absorbability 
was a gradual one brought about by the passage of the 
radiation through matter (the material of the radiator), and 
not a sudden one as visualised in the Compton effect. 
This, however, is exactly the result which the consider¬ 
ations above would lead us lo expect. The incident 
radiation is, on the average, filtered by half the thickness of 
the radiator before it is scattered; consequently, a thick 
radiator would be expected to give a curve like 3, fig. (5, 
a thinner one a curve like 2, while a very thin radiator 
would give rise to a curve resembling 1, provided the X-ray 
beam in each case contained a considerable proportion of 
very soft elements. If for some reason the soft elements 
were absent—as, for instance, by wandering of the focal spot 
from an excrescence to a pit, and consequent filtering by 
the target—the Compton modification would appear to 
approximately the same extent, independent of the parti¬ 
cular thickness of the radiator. This effect was observed 
by the same author, but was accounted for in a different 
way ( loc . cit .). 

26. A further illustration of how heterogeneous beams 
may give results which at first glance appear to contradict 
theory is afforded by the experiments described in (18), 
p. 738. A scattered radiation when tested by aluminium, 
copper, or gold was found to he a “modified” radiation, 
while the same scattered beam when tested by silver or tin 
(both of which substances have their K-absorption edge 
within the limits of the spectrum of rays tested) was 
found to be “unmodified”; that is, the former elements 
perceived a Compton change in the scattered beam, 
while the latter (silver and tin) found the scattered and 
primary radiations equally absorbable. This interesting 
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observation turns out to be a natural consequence o£ con¬ 
clusion (1 b ) arrived at above (paragraph 24), and is readily 
understood so soon as we perceive that the heterogeneity 
which masks the Compton effect is a heterogeneity in 
the sense of absorbability with respect to the testing sub¬ 
stance, not necessarily in the sense of wave-length. What 
would be a comparatively homogeneous beam to Al, Cu, 
and Au, might well contain extremes of absorbability 
with Ag or Sn, if the bulk of the intensity were situated in 
the region of the K-absorption edge. In such a case, 
Compton's theory would predict that Al, Cu, and Au would 
find full modification, while Ag or Sn would show little if 
any evidence of modification. Now, let the intensity distri¬ 
bution be disturbed slightly—the proportion of intensity on 
the two sides of the absorption edge may well be sufficiently 
upset to give a u modified *' curve with silver or tin. Sucn 
a change was observed by these authors. 

27. The stepped curves obtained by Barkla and his 
observers will now be considered. A typical example is 
reproduced in fig. 4. The steps are from 10 to 20 times the 
probable error of experiment. This is not an isolated case : 
a considerable number of similar curves will be found in the 
works cited at the beginning of this paper. It must be clear 
that, although the curves in fig. 6 could account for irregu¬ 
larity in an observational curve as arising from slight 
variations in the X-rays delivered by the tube, the 
regularity exhibited by fig. 4 is not to be explained by 
such a fortuitous source of change. There can be but *two 
possible explanations—either systematic error, arising from 
apparatus or procedure, or the existence of a new pheno¬ 
menon ; no very obvious explanation in terms of systematic 
error seems to offer itself : an interpretation in terms of 
a phenomenon seems to present considerable difficulty also. 
Barkla’s hypothesis of sudden condensations of radiant 
energy upon the absorbing sheets in the case of the scattered 
radiation seems to disregard the fact that the gas in the 
ionization chamber is also a 44 thin absorbing sheet/* and 
that, according to his own observation in other experiments/ 
the ratio S/P ought, therefore, to exhibit rising as well as 
falling steps on account ©£ “ sudden increases in ionization/* 
associated with J-absorption by the gas ((12) para. 3). 
For this reason, an explanation in terras of an absorption 
process, subsequent to scattering, seems to be ruled out. 

28. Finally, attention must be briefly directed to the 
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original J-experiments—those w hich indicated that there was 
a new series of characteristic radiations. It appears more 
than likely that the ionization irregularities [(2) p. 350] 
arose from “ recoil ” ionization, associated with the Compton 
effect. The results of the scattering experiments need 
not be considered [see (2) pp. 355—6]. The absorption 
experiments [see (3)] have been interpreted without taking 
into account the fact that the beams were not homogeneous. 
A 50 per cent, absorption of a heterogeneous beam by a 
light substance, such as aluminium or paper, gives a trans¬ 
mitted beam different to that which would be obtained by 
a 50 per cent, absorption by copper, for in the previous 
case a great part of the absorption is by scattering , which 
has little effect in quenching the longer wave-length con¬ 
stituents. In other words, the lighter substance collects its 
50 per cent . in a different tvay from the constituents to copper , 
and therefore the absorptions are not comparable . In the 
case of homogeneous beams this objection does not arise. 
The magnitude of the error arising when absorption 
coefficients are compared, using heterogeneous beams and 
Barkla’s 50 per cent, test, will depend on how hetero¬ 
geneous the beams are, and the disparity between the 
two absorbing substances as regards the relative values of 
scattering and true absorption. The error is invariably in 
the direction of giving the lighter relatively ioo high an 
absorption coefficient. The following calculated examples, 
using, as in a previous section, two wave-lengths instead 
of a continuous beam, will show that the error in practice 
is not one which may be ignored unless the radiations 
are well filtered. Here, as elsewhere, irregularities are to 
be expected, if the radiations are not well filtered. Irregu¬ 
larities have been found by Barkla, using lightly filtered 
beams ; no irregularities were found by the author when 
thick filters were used (Dunbar, loc . (it. p. 217). 

29. Each of the following pairs of wave-lengths, when 
taken in the proportions given, will, as a combined beam, 
have the half-value mass-absorption coefficient in copper, 
6*0 *. If heterogeneity did not matter, the corresponding 
p/p to be observed for aluminium would be 0 673 in 
each case. Calculation on the accepted views, that the 
phenomena of scattering and fluorescent absorption are 
concerned with the harmonic constituents only, and not 

• For these calculations, the numerical values have been taken from 
A. H. Comptons * X-rays and Electrons/ 1927, p. 185. 
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with the beam as a whole, gives the following very different 
values for )a/p in A1 :— 

43*2 per cent, of 1*1 A 
with 

56*8 „ „ 0175 

31*3 per cent, of 0 9 A 
with 

687 „ „ 0*25 

31 45 per cent, of 0 7 A 
with 

68*55 „ „ 0*25 

32‘45 per cent, of 0*60 A 
with 

67-55 „ „ 0*25 

54*69 per cent, of 0*40 A 
with 

45-31 „ „ 0*25 

Now, the value 6’0 for the /x/p, Cu, was selected because 
it was at this point that Barkla and Miss White (8) observed 
a step in the curve, comparing the coefficients of 0u and Al. 
The extreme values of p/p, Al, observed by them were 0’707 
and 0766. It is suggested that the step corresponds simply 
to a marked difference in the degree of heterogeneity in the 
two cases, and that the irregularities in all the absorption- 
coefficient curves, ascribed by Barkla to the existence of a 
J-series at one time and to a J-transformution later, ar& 
intimately bound up with the fact that a heterogeneous 
beam is insufficiently specified by the half-value absorption 
coefficient. 

Summary* 

(1) Two experiments are described which aimed at dis¬ 
covering the J-discontinuities in the absorption of scattered 
X-radiation (heterogeneous). The results were negative. 

(2) The results obtained by Barkla and his collaborators 
are discussed. It is shown that much of the irregularity they 
observe is only apparent, that it possibly arises largely, 
if not altogether, from the assumption that a heterogeneous 
beam should give sufficiently nearly the same results as a 
homogeneous beam, the latter having an absorption-coefficient 
equal to the half-value absorption-coefficient of the former. 
The progressive absorption method, for instance, frequently 
used by them to test for the Compton effect, is not suitable 


j- gives p/p , Cu=6 0; p/p, Al=l*26 

0*807 

0*798 

0 769 

0-684 
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2he Cause of the Loss of Thermionic Activity. 

unless the radiation is homogeneous, or nearly so ; for very 
heterogeneous beams it is unable to distinguish between 
classical and Compton scattering. It is suggested that the 
pronounced irregularities observed by the above authors 
are associated with the varying amounts of extremely soft 
radiation which may succeed in reaching the electroscopes. 

In conclusion, I wish to thank the Royal Society for a 
grant towards the purchase of apparatus required for the 
experiments. I gladly take this opportunity also for ex¬ 
pressing my great indebtedness to Profossor H. Robinson, 
who has been keenly interested in this research and has 
been most helpful in many ways. 

Viviainu Jones Laboratory, 

University College, Cardiff. 


C. On the Cause of the Loss of Thermionic Activity of 
Ihoriated Tungsten Ti laments under certain Voltage 
Conditions. By Ann Catherine Davies, I). Sc., and 
Rhopa N. Moss, Al.Sc.* 

I EXTENSIVE investigations of the thermionic emission 
J from thoriated tungsten filaments have been carried 
out by Langmuir f, whose conclusions in regard to the 
behaviour of such filaments may be briefly summarized as 
follows :— 

The electron emission from a tungsten filament which 
contains a small amount of thoria and which has not been 
heated above a temperature of about 2600° K, is almost 
identical with that of a pure tungsten filament under similar 
conditions. Heating at temperatures above about 2600° K, 
however, reduces some of the oxide, and when the filament 
is subsequently maintained at lower temperatures the reduced 
thorium diffuses to the surface and, provided the tempera¬ 
ture is not so high that the rate of evaporation of thorium 
from the surface exceeds the rate at which it diffuses to the 
surface, it accumulates until there is a complete layer of 
thorium of atomic thickness. 

The thermionic emission at any temperature from such 
a filament is greater the greater the fraction of the surface 
covered with thorium, and when the emission at any 

* Communicated by Prof. Frank Horton, F.R.S. 
t I. Langmuir, Phys. Rev. xxii. p. 360 (1923). 
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temperature has reached the steady state, there is a balance 
between "the number of thorium atoms arriving' at the 
surface per second from the interior (which depends on the 
coefficient of diffusion, and the radial concentration gradient 
of thorium in the wire), and the number of thorium atoms 
leaving the surface per second by evaporation. Langmuir 
distinguishes two types of evaporation, namely, ordinary 
temperature evaporation and u induced ” evaporation. The 
latter type is explained as occurring because the thorium 
atoms in the surface are more loosely held by underlying 
thorium atoms than by tungsten atoms, so that a thorium 
atom diffusing from the interior and arriving just under a 
surface thorium atom causes the latter to leave the surface. 
He has shown that, in general, the condition of a thoriated 
tungsten filament can be expressed by the relation 

N o j* = DG/(0)-E.(1) 

where 6 is the fraction of the filament surface which is 
thorium covered, N 0 is ihe number of thorium atoma per 
cm. 2 in a complete monatomic adsorbed film (0 = 1), t denotes 
time in seconds, D is the diffusion coefficient of thorium 
through tungsten at the particular temperature of the 
filament at any stage, G is the radial concentration gradient 
of thorium, E denotes the number of thorium atoms 
leaving a square centimetre of the surface per second, at 
the existing temperature of the filament, due to ordinary 
temperature evaporation, and /(O') is equal to 1 — 0'82 0 
— 018 # 3 . The last two terms in this expression represent 
the effect of induced evaporation. At temperatures above 
about 2200° K the rate of evaporation of thorium from 
a nearly complete^ covered surface exceeds the rate at 
which thorium atoms arrive at the surface, and the equi¬ 
librium condition corresponds to a surface only partially 
covered with thorium— i . e ., not fully activated. For this 
reason temperatures above about 2200° K are referred to as 
deactivating temperatures, while temperatures between 
1900° K and 2200° K, at which for most values of Q 
DG/ (d) exceeds E, are known as activating temperatures. 
It is clear from equation (1) that, since D and E vary in a 
definite manner with temperature, while G depends on the 
previous history of the filament, there is some iudefiniteneas 
as to the dividing line between activating and deactivating 
temperatures. 

Langmuir found that the large emission of an activated 
thoriated tungsten filament could only be maintained, at 
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any particular temperature, in a high vacuum. The presence 
of oxidising gases destroyed the activity, and in the presence 
of inert gases the application of large voltages caused the 
emission to fall off. This was attributed to the removal of 
thorium atoms from the surface through bombardment 
of the filament by positive ions *. 

In the use of thoriated tungsten for the filaments of dull- 
emitter valves it has been observed that the filaments only 
behave satisfactorily provided the voltage between the 
various electrodes, encouraging emission from the filament, 
is not made too large. The maximum safe voltage in each 
case differs in different types of valve, hut four or five 
hundred volts or less applied for a few minutes at any 
of the ordinary working temperatures is, in general, sufficient 
to cause a considerable decrease in the maximum emission 
obtainable at such temperatures. The emission can, how¬ 
ever, be restored to its normal value (corresponding to a 
completely thorium covered surface) by subjecting the 
filament to the usual heat treatment described by Langmuir, 
namely, by maintaining it for about half an hour or more 
at an activating temperature, i.e., between 1900° K and 
2200° K. 

The object of the present investigation was to inquire more 
closely into the cause of' the deactivation of thoriated 
tungsten filaments, in a high vacuum, by the application of 
voltage encouraging emission, at temperatures well below 
the minimum necessary to cause any decrease of emission 
due to the temperature alone. To this end a thorough 
investigation was first made of the way in which the 
emission from an activated thoriated tungsten filament 
varied with time during the application of various different 
arrangements of electric fields, at a series of different 
filament temperatures and concentration gradients of thorium 
in the filament. Valves of the type V. S. 8 B. were employed 
for this purpose. These are triode valves with cylindrical 
electrodes, the filament being enclosed by an open spiral 
grid cf about 3 mm. diameter, and a cylindrical anode of 
about 1 cm. diameter and 2 cm. length. 

Method of estimating filament temperatures and relative 
concentration gradients. 

For many of the experiments accurate determinations of 
the actual temperature of the filament were not essential, 

* K. H. Kingdon & I. Langmuir, Phys. Rev. xx. p. 108 (1922): ibid. 
Xjdx* p. 148 (19z3). 7 
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and it was sufficient to ascertain by trial what ranges of 
heating current corresponded to Langmuir’s “ activating , 99 
“ deactivating ” and “ reducing” temperatures. The re- 
attainment of any particular temperature was effected by 
adjusting the heating current to the particular reading on a 
sensitive ammeter, the necessary fine adjustment being 
made by means of a suitable arrangement of rheostats in 
parallel. In some of the later work, however, it was 
necessary to have a fairly accurate estimate of the tempera¬ 
tures corresponding to particular heating currents. This 
was achieved by measuring its resistance when various 
heating currents were passing through the filament in 
question, and estimating the corresponding temperatures 
by reference to the results given by Jones * showing 
how the resistance of a tungsten filament varies with 
temperature. This was done most satisfactorily by using 
the preliminary tests of activation, deactivation, and re¬ 
ducing heating current ranges, to locate approximately the 
correspondence between heating current and temperature 
for two or three definite temperatures. A check on # these 
estimates was then obtained by comparing the ratio of the 
resistances at the heating currents corresponding to these 
temperatures, with the ratio of the resistances at the same 
temperatures in Jones’s tables. At these relatively high tem¬ 
peratures the effect of the resistance of the leads to the 
filament was comparatively negligible, and sufficiently 
accurate estimates of corresponding temperatures and heat¬ 
ing currents could be made without taking this into 
account. Though it is not claimed that the temperatures 
corresponding to different heating currents, thus estimated, 
have an accuracy greater than about ± 20°, the authors 
believe that the increment of temperature increase, produced 
by a given increment of heating current, cannot differ by 
more than a few per cent, from the values stated in the 
course of the paper. 

A measure of the radial concentration gradient of thorium 
was obtained from observations of the rate at which the 
emission increased during the process of activation at the 
standard activating temperature employed in these experi¬ 
ments (1900° K). According to Langmuir, if i is the 
emission at any temperature when a fraction 0 of the 
surface is thorium covered, i x the emission at the same 
temperature from a fully activated surface, and i 0 the 

* H. A. Jones, Phys. Rev. xxviii, p, 202 (1920). 
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corresponding emission from a pure tungsten surface, then 

g_ logi —logic 
log?', — logic’ 

whence l-0=log0). logQ-“). 

The value of log A 1 ) at 1900° K is 3 7275*. Langmuir 

found that tho activation curves fitted a formula of the typo 
log (1-0) = — kt 9 and he showed that the constant k is 
directly proportional to the concentration gradient. Hence 

by plotting log [■»«?] against the time a straight line is 

obtained, the slope of which to the time axis is proportional 
to the concentration gradient, if the activation observations 
are always taken at the same temperature. The relative 
values of the different concentration gradients employed in 
our experiments have been determined in this way, and 
similarity of the curves of emission against time, during 
activation, has been taken as the criterion for equal con¬ 
centration gradients at different times. 

Statement and Discussmn of Results of Preliminary 
Experiments . 

Most of the tests of the effects of the application of 
electric fields between the filament and the other electrodes 
were carried out at temperatures too low for any appreciable 
activation to occur. The condition of the filament after 
being subjected to any particular treatment was determined 
by measuring the emission which was obtained under 
arbitrary standard test conditions, namely, with a heating 
current corresponding to about 1700° K and with 40 volts 
applied between the filament and the other two electrodes 
joined together. The results of these preliminary experi¬ 
ments may be stated briefly as follows :— 

1. The application of a potential difference of a few 
hundred volts between the filament as negative electrode, 
and either of the other electrodes, causes partial de¬ 
activation of the filament, the emission at once beginning to 

* This value is calculated from the values of the constants A and b of 
the equation AT a <r* 6/T for pure tungsten, and for a fully activated 
themated tungsten surface, given by Dushman & Ewald, Phys. Rev. 
**&> p.857 (1927). 

Phil . Mag* S. 7. Vol. 5. No. 31. SuppL May 1928. 3 S 
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fall, and eventually becoming constant at some lower value 
than that obtained at the instant of application of the 
voltage. The emission under the test conditions falls also. 

2. The extent of the deactivation, and the rat© at which 
it occurs, for a given temperature and concentration 
gradient, increase with increase of applied voltage. 

3. The extent of the deactivation, and the rate at which it 
occurs at a given voltage, increase as the temperature of the 
filament increases. 

4. For a given voltage and a given temperature, the 
extent of the deactivation and the rate at which it occurs 
increase as the concentration gradient decreases. 

5. For a given total electron emission, the extent of the 
deactivation for a given plate voltage is less the lower 
the grid voltage. 

These results are in accord with equation (1) if we take 
into account an additional deactivating factor dependent on 
the number and energy of the thermionic electrons. If we 
assume that this factor causes P thorium atoms to be 
removed per second, per cm. 2 , the equation becomes 

n 0 ^ = dg/w-e-p.(2) 


At the temperatures at which the experiments were 
carried out, DG/(0) — E, for a fully activated surface, is 
zero, and for a partially activated surface is very low. 

<W 


Hence P would be the main factor controlling 


dt 


Starting 


with the filament at any particular degree of activation, the 
emission continues to increase slightly as the potential 
difference increases, owing to the Schottky effect, and the 
energy of each electron increases also. Hence any factor 
to which the electron current gives rise, and consequently 
the deactivation caused by this factor, would he expected to 
increase as the voltage increased. Hence results 1 and 2 
would follow immediately as soon as P became appreciable. 
So long as DGy(0) —E is very small it is clear that, in 
accordance with equation (2), the extent and rate of any 
deactivation caused by the extra factor must increase as 
the temperature increases owing to the increase in the 
thermionic current itself. Hence result 3 is accounted for. 
The fact that in these deactivation experiments the emission 
ultimately becomes constant and does not continue to fall 
until the pure tungsten value is reached, is accounted for 
because, as the emission decreases, P also decreases, and 
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1)Qf(0) increases slightly, while E tends to decrease as 
0 decreases. For high concentration gradients, an appreci¬ 
able rate of activation occurs at temperatures which are not 
normally considered to be activating temperatures. This 
follows at once from equation (1) since the value of 
DG/(0)—• E for given values of 6 and the temperature 
must depend upon G the concentration gradient. Bearing 
this in mind it becomes at once clear that result 4 quoted 
above is in accord with equation (2). 

As regards the influence of grid-voltage upon deactivation, 
this is readily explained if we suppose the deactivating factor 
to be pDsitive ion bombardment of the filament, for it follows 
that the lower the grid-voltage the greater the proportion of 
any positive ion current which must originate on the side 
of the grid remote from the filament, and the greater the 
proportion of this which will be stopped by the grid from 
reaching the filament. Hence the results of all the prelim¬ 
inary experiments on deactivation by voltage admit of 
explanation on the view that the thermionic electrons 
give rise to positive ions which in their turn bombard the 
filament, thereby removing thorium atoms and decreasing the 
fraction 6 of the filament surface which is thorium covered. 

Positive Ion Currents and the Setting in of Deactivation. 

It seemed desirable to make a direct determination of the 
order of magnitude of any positive ion currents which might 
be produced in the valves in circumstances similar to those in 
which deactivation tests had been made. This was done 
in the two following ways :— 

(a) By making the plate sufficiently negative to the 
filament to prevent any thermions from reaching it, 
thus causing it to collect any positive ions produced 
in the space between it and the grid. 

(?>) By making the plate positive to the filament so as to 
cause a considerable thermionic current to flow, at 
the same time making the grid sufficiently negative 
to prevent any of the electrons from being collected 
by it, and enabling it to collect only positive ions. 

The positive currents were measured on a sensitive 
galvanometer, and by measuring the thermionic current 
simultaneously as the applied voltage was varied, it was 
possible to study the behaviour of the positive ion current 
at the stage when deactivation commenced; in this way 
some interesting points were revealed. With the fields 

3 S 2 
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arranged as in (a) a positive current was first detected when 
the grid potential was between 30 and 40 volt's, and this 
increased as tbe voltage was increased. Ultimately a stage 
was reached when the rate at which the positive current 
increased with the voltage became much larger (fig. 1, 
curve A), and a few volts beyond this stage both the emission 
current and the positive ion current began to fall off rapidly 
with time (fig. 2, A). With this arrangement, when the grid- 
potential had reached about 90 volts, and the emission 
current was 26 milliamperes, the positive ion current was of 
the order of 10~ 7 amp. This is of about the same magnitude 
as the positive ion currents employed by Kingdon and Lang¬ 
muir in their experiments. 

With the fields arranged as in (b) much larger voltages 



had, of course, to be employed to obtain thermionic currents 
of the same order of magnitude, and deactivation did not 
begin to be appreciable until much higher voltages than with 
the other arrangement, on account of the negative grid- 
potential. The positive ion currents were rather smaller in 
this case and increased much less rapidly with increasing 
potential difference, though the occurrence of a much 
augmented rate of increase of positive current just preceding 
the stage at which deactivation commenced was $gvtin 
consistently observed (fig. 1, curve B). With either arrange¬ 
ment, if the conditions corresponding to any stage beyond 
the bend in the positive ion current curve are establi^d 
straight away, and readings of positive and negative curi^ta 
taken at successive intervals, it is found that a cer|atti 
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amount o£ deactivation occurs, a decrease in both currents 
taking place (tig. 2, A and B). 

The question of the origin of the positive ions arises at 
this stage, and whether they can be accounted for bj r the 
ionization of residual gas distributed throughout the volume 
of the valves. The final stage of evacuation of the valves 
employed had been accomplished by using a magnesium 
getter, and under such conditions a pressure permanently 
less than 10“ 7 mm. can be maintained *. Some idea of the 
order of magnitude of the positive ion current to be expected 


A. 


Fig. 2. 


B. 



at such a pressure in valves of the type employed can be 
obtained from a consideration of the results yielded by 
certain forms of ionization gauge f* in which the dimensions 
of the electrodes and containers were comparable with those 
of the valves used in this research. It has been found that 
with an electron current of about 25 milliamps., with an 
anode voltage of 250, a positive ion current of about 10~ 8 amp. 
can be obtained in argon when the pressure is 7*5 x 10~ 8 mm. 
of mercury, whence for pressures less then 10~ 7 mm. the 
positive current for the same emission and the same voltage 

* N. R. Campbell, Phil. Mag. vol. ii. p. 369 (1920). 

t S. Bushman & C. G, Found, Phys. Itev. vol. xvii. p. 7 £1921). 
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would be 1*33 x 10“ 8 amp. If the residual gas were air or 
carbon dioxide, the ionization current at this pressure would 
be correspondingly lower. In our experiments with an 
electron current of 24 milliamps. and an anode voltage of 200, 
a positive ion current of 2*1 x 10~~ 6 amp. was measured. 
Hence we cannot straight away attribute the observed effects 
to the presence of residual gas distributed throughout the 
volume of the bulb. 

The variation of the positive ion current obtained in the 
present experiments, with variation of electron current at a 
constant anode voltage, and with variation of the anode 
voltage for a constant electron current, was investigated to 
see if it were in accordance with the variations to be 


Fig. 3. 



O to 20 30 

TIME - MINUTES 


The curve for the plate 33 volts positive to the filament so nearly 
coincides with that for 120 volts, that to avoid confusion it has not been 
included in the figure. 

The grid was 120 volts positive to'the filament throughout the series. 

expected if the positive current were due to ionization of 
residual gas. This was found not to be the case, the ionization 
current for a given emission increasing at a gradually 
increasing rate with increase of voltage, while the ratio of 
the positive current to the thermionic current increased 
steadily with increase of the latter instead of remaining 
constant, thus suggesting that there is some source of 
positive ions other than residual gas. This view obtains 
support from a consideration of the results represented in 
fig. 3. These curves show the variation with time of the 
logarithm of the emission current from a filament at a definite 
temperature, and concentration gradient of thorium, with a 
potential difference of 120 volts between the grid and the 
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filament, hut with different voltages on the plate. The curves 
in the figure are typical of those obtained in several series 
of investigations of this kind. The potential difference of 
120 volts between grid and filament was about the minimum 
voltage which produced appreciable deactivation in these 
valves. The logarithm of the emission current is plotted 
because, as has already been shown, this bears a linear 
relation to the fraction 6 of the filament surface which 
is thorium covered *. The plate voltages employed in the 
investigations represented were such that in one case the 
grid and plate were at the same potential, in another 
the plate was negative to the filament, while in the third it 
was positive to the filament hut negative to the grid. If 
positive ion bombardment of the filament is the sole cause of 
deactivation, and if residual gas distributed throughout the 
whole space between the electrodes were the main source of 
positive ions, one would expect the curves to be much the 
same for all cases in which the plate was at a negative 
potential with respect to the grid, because in these circum¬ 
stances the positive ion current to the filament would be due 
to ionization of gas between the filament and the grid only, 
as all the positive ions produced between the grid and the 
plate would be urged by the electric field towards the plate. 
It is clear from fig. 3, however, that this is not the case, the 
deactivation being greatest when the plate is negative to the 
filament, and least when the plate is at a little lower 
potential than the grid. 

Such a result can readily be explained if we assume that 
the positive ions, instead of being due mainly to residual gas, 
originate at the surfaces of the bombarded electrodes. In 
such a case one would expect the positive ion bombardment 
of the filament to be greatest when the largest proportion of 
the thermionic stream hits the inner surface of the grid, for 
the positive ions resulting from these impacts will travel 
directly to the filament. This occurs when the plate is 
negative to the filament. When the grid and plate are at 
the same potential, or when the plate is positive to the grid, 
the greater part of the electron current is to the plate, and 
of the positive ions originating from the bombardment of 
this, a certain proportion, depending on the grid potential, 
will be stopped by the grid. We have, therefore, to con¬ 
sider the factor P as consisting of P^ + Pa where P^ denotes 
the part of P which is due to positive ions originating at 
the surface of the grid, and Pa that part of P which is due to 


* Tiie corresponding logarithm for pure tungsten (0=0) is —2*0. 
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positive ions originating at the surface of the plate. When 
the plate is negative to the grid becomes zero, since the 
electric field would draw positive ions back to the plate. 
We have seen that we should expect to be greater the 
lower the plate potential. Hence we should expect least 
deactivation when the plate potential is less than that of the 
grid, but is considerably positive to the filament, and greatest 
deactivation when the plate is negative to the filament. The 
curves in fig. 3 show this to be the case and thus afford a 
certain amount of evidence in favour of the suggestion that 
positive ions are produced which have their origin in the 
bombardment of the surfaces of the electrodes. 

The question now arises as to whether what occurs is a 
liberation of occluded gas due to heating up of the electrodes, 
under bombardment, or some more fundamental action. 
Suppose for a moment that liberation of occluded gas 
occurs. One would expect the amount of gas liberated to 
increase as the energy of bombardment of the electrode 
increased, i. e. to increase with the voltage for a gi\en 
emission, and with the emission for a given voltage.* Since 
the amount of ionization produced from a given quantity of 
gas will increase as the voltage increases, and also as the 
emission increases, it is clear that if liberation and subse¬ 
quent ionization of occluded gas takes place under the 
electron bombardment, the positive current for a given 
voltage will increase more rapidly than in proportion to the 
emission,while the current fora given emission will increase 
more rapidly than in proportion to the voltage, i. e, the 
current will be expected to vary with these factors in much 
the manner it has been observed to do in practice. As the 
filament can be restored to give its original emission without 
difficulty, any gas evolved under bombardment of the 
electrodes can have no deactivating influence except when it 
exists in the form of positive ions which bombard the 
filament surface. When the emission has been restored the 
variation of positive ion current with voltage is found to 
agree with the variation obtained in the first place, showing 
that no permanent increase in residual gas pressure has 
taken place# 

, connexion with the increased positive ion current at the 
deactivation stage the following considerations are of interest. 

filament hot a voltage large enough to cause con~ 
si durable deactivation is applied suddenly* the positive 
current obtained immediately is not as large as it eventually 
becomes, though the emission current at once attains a large 
value. It is found that 20 or more seconds after the voltage 
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has been applied, the positive ion current increases very 
considerably—up to 4 or 5 times its initial value—and 
either simultaneously, or immediately afterwards, the 
emission falls off rapidly, and the positive current then 
decreases rapidly too. This admits of explanation if the 
warming up of the electrodes under bombardment in any 
way facilitates the liberation of positive ions. That some¬ 
thing of this kind occurs is borne out by the fact that if the 
voltage is switched off and on alternately, at suitably short 
intervals, even over such a period that the total time of 
application exceeds that in which very extensive de¬ 
activation occurs with continuous application, it is possible 
to maintain the large emission from the filament un¬ 
diminished, while the positive current remains at a value 
comparable with that obtained when the voltage was first 
applied. If the electrons are being collected mainly on the 
grid, and if a sufficient voltage is applied between the 
filament and tho grid to give, temporarily, a reasonably 
augmented positive current, the final equilibrium emission 
of the heated filament is fairly low and the ultimate positive 
ion current is always fairly small. If, however, the grid is 
made negative, and the plate 600 or 700 volts positive, the 
processes occur much more slowly and it is possible to 
maintain an augmented positive ion current for an appreci¬ 
able interval. This is illustfated by the values given in 
Table I. below, in which the emission current and the 


Table I. 


Plate 

voltage. 

Thermionic 
current 
10~ 3 amp. 

Positive 

current 

14.1 0 amp. 

Time 

Minutes. 

Thermionic 
current 
10~ 3 amp. 

Positive 
current 
10— 11 amp, 

580 

7*4 

125 

0 

12*0 

250 

GOO 

8*8 

14*5 

1 

11*8 

32*5 

620 

96 

160 

2 

11*6 

50*0 

640 

100 

19*0 

4 

110 

600 

660 

10*7 

200 

6 

JOT 

55*0 

680 

11*3 

210 

8 

9*2 

50*0 

7! 10 

120 

25*0 

j 10 

8*2 

50*0 




15 

7*9 

49*0 




1 20 

7*2 

45*0 


positive ion current for gradually increased plate voltages 
set ont. When the applied voltage reached 700, it was 
Observed that the emission current began to decrease. The 
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conditions were therefore kept constant and readings of the 
currents taken at regular time intervals. It will be seen 
that the positive ion current in these circumstances con¬ 
tinued to increase for some time after the emission had 
begun to fall off. It would appear that the beginning of 
deactivation is to be attributed 10 the positive ions produced 
before the warming up of the electrodes had had time to 
augment the positive ion current, and that the subsequent 
increased rate of deactivation is to he attributed to the 
influence of the warming up of the electrodes in making 
possible the production of a larger positive ion current in 
spite of a smaller emission. 

The possibility must, however, be borne in mind that 
positive ion bombardment may not be the main cause of 
deactivation of the filament, and that the peculiarities 
observed in the behaviour of the positive ion current at the 
stage when deactivation sets in may be merely the accom¬ 
paniment, of some other occurrence and not the primary 
cause of the reduced emission from the filament. A sugges¬ 
tion has been made that the reduced emission at. large 
voltages is to be traced to an increased rate of evaporation 
of thorium from the surface of the filament, brought about 
in some way by the action of the electric field, this 
increased rate of evaporation causing the steady state of the 
filament to correspond to a surface less completely covered 
with thorium. Such an effect, if it occurred, would be 
expected to vary with different arrangements of electric 
fields in very much the manner in which the observed 
deactivation has been found to vary, and in many cases 
would account for the observed results equally well with the 
positive ion bombardment view, though it is difficult to see 
how the differences in the curves of fig. 3 could be explained 
on this view. However, if such an effect occurred, the 
increase of positive ion current immediately preceding 
deactivation might conceivably be a secondary considera¬ 
tion. 

Experiments with Two Filament Valves. 

To test the possibility of such an effect as this contributing 
to the observed deactivation, we had some valves specially 
constructed to be as nearly as possible the same as those 
hitherto employed, except that they contained two thoriated 
tungsten filaments instead of one, these being placed as close 
together as whs consistent with there being no risk of 
contact between them, and as near as possible to the axis of 
the concentric grid and plate. In many of the experiments 
with these valves, the grid and plate were connected together 
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and various differences of potential were applied between 
this combined electrode and the filament which was heated 
to give the emission, the other filament being left unheated. 
Various electric fields were applied between the two filaments, 
the cold one being always negative, and the emission from 
eacli filament under the standard test conditions was 
measured at intervals during the application of the other 
electric fields. It was found that it was possible to arrange 
either so that both filaments became deactivated, or so that 
the cold one alone became deactivated while the hot one was 
unaffected. If the two filaments were at nearly the same 
potential, and if three or four hundred volts were applied 


Fig. 4. 



between the emitting filament and the grid and plate, the 
filament being negative, a reduction in the emission obtained 
from either under test conditions took place, the deactivation 
of the hot filament being more rapid and more extensive 
than that of the cold filament during the first few moments, 
though, eventually, an equilibrium condition was attained for 
the hot filament emission corresponding to a rather less 
completely covered surface, whereas the deactivation of the 
cold filament continued, the emission from it approaching 
more and more to the pure tungsten value. This is well 
illustrated by the curves 1 (A) and 1 (B), respectively of 
fig. 4. By having a potential difference of 150 volts or 
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more between the two filaments, and a potential difference 
not exceeding 120 volts between the emitting filament and 
the other two electrodes, it was possible to arrange so that 
the emission from the hot filament tinder working conditions, 
or under test conditions, remained unaffected, while the 
emission from the cold filament gradually fell off. This is 
illustrated by curves 2 (A) and 2 (B), .respectively, of fig. 4. 
By # a judicious selection of the electric fields any of the 
intermediate stages could be attained. 

Observations were taken of the variation of the emission 
fiom the cold filament under test conditions, at intervals 
during the application of 120 volts between the hot filament 
and the grid, with the cold filament 320 volts negative to the 
hot filament, for the two following cases :— (a) with the 
plate at the same potential as the grid, ( b ) with the plate 
at the same potential as the cold filament. The total 
thermionic current was the same in the two cases, but in 
case (6) more electrons would strike the inner surface of the 
grid. The observations showed that the deactivation of the 
cold filament was very much more rapid in case ( b ) than in 
case (a), which agrees with the results obtained with the 
single filament valves, and therefore suggests that the main 
factor operative in causing deactivation is the same whether 
the filament is hot or cold. 

It is clear that in these circumstances the deactivation of the 
cold filament cannot be due to an increased evaporation from 
the surface of the filament caused by a redistribution of the 
thorium vapour round it, brought about by the electric field, 
because the rate of evaporation is quite negligible in these 
circumstances. Hence the variation of the condition of the 
cold filament in these circumstances gives us a measure of 
the effect which can be definitely attributed to positive ion 
bombardment. The curves 1 (A) and 1 (B) of fig. 4 at 
first sight suggest that some other factor is operative as 
well, in the case of the hot filament, but it must be borne 
in mind that we do not know how the positive ion current 
directed towards the filaments divides itself between the 
two. It is quite possible, and even probable, that the hot 
filament receives more positive ions in these circumstances 
than the cold one does. Moreover, there exists the possibility 
that a given positive ion bombardment of a hot filament is 
more^ efficient in removing thorium atoms than the same 
positive ion bombardment of a similar cold filament* 

Filament Temperature and the Deactivation Efficiency 
of Positive Ton Bombardment * 

It was possible to make a test of this point by taking 
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series of observations for arrangements similar to those of 
carves 1 (A) ami 1 (B) ot fig. 4, for different temperatures of 
the hot filament. It was found that the ultimate steady 
value of the hot filament emission was lower, and that the 
deactivation of the cold filament occurred more rapidly, 
the higher the temperature of the hot filament. The follow- 
ing considerations show how the observations obtained 
from these experiments were utilized to test the point in 
question :—The condition of the filament at any instant is 
given by equation (2). The temperatures corresponding to 
the various heating currents employed were estimated 
in the manner already outlined as 1800° K, 1850° K„ 
1900° K, and 1950° K. At these temperatures E can be 
considered as negligible in comparison with DG* * ••• , ami with 
DG/(0) ? so that tlie equation becomes 

N o ^ = DG/(0)-P.(3) 

When the steady state under positive ion bombardment is 
reached, P=DG/’(0), and using the observed final steady 
value of the hot filament emission under test conditions to 
calculate 6, the final value of P can be obtained in terms of 
DG for the particular temperature and state in question. 
By taking observations of the rate of increase of the 
emission at a standard activating temperature, immediately 
after the completion of the particular deactivation obser¬ 
vations in question, the value of corresponding to the state 

INq 


* From data given in Langmuir’s paper (loc. eit .) we have the follow¬ 
ing relations :— 


and 


log 10 E=31-434- 
logio I) = ‘044 - 

••• loff 10 J- =31-39- 


from which we obtain the following :— 

at 1800° K, logio = 18*08, 

at 1900° K, log l0 -0=18-78, 

at 2000 ° K, log )O 0 =19-41. 

Now O is the order of 10 s ". Hence ^ at temperatures from 
1800° K-1060° K is negligible. 
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of the filament at the activating temperature can be calculated, 
and by using Langmuir’s equation log 10 D = # 044 — —— 
DGr 

the value of — in the actual deactivation experiment can 
JN 0 

P 

be obtained. Hence the value of at the final stage of 

IN o 

the hot filament is known, and the value at any stage during 
the decrease can be calculated from equation (3) using the 
relation 


d$ 

dt 


= loj 


r l 9 d 
' dt 


(log *)» 


A 


and obtaining j- (log?) from the slope of the deactivation 


curve at the stage in question. For the cold filament, since 

d0 p 

DGr and E are both negligible, P = N 0 ,r , and hence 

at # iN 0 

for any stage in the deactivation of the cold filament can be 
found from the slope of the curve for this filament. The 
actual observations obtained showed that by the time the 
emission from the cold filament under test conditions had 
reached the same value as the final emission from tile hot 
filament under test conditions, the actual working emission 
from the hot filament in the deactivating experiment bad 

p 

reached a constant value. XT was therefore worked out 

JN 0 

for both filaments for this stage in each of the series of 
observations at different beating currents. The results 
of the calculations are given in Table II. The final column 
P 

gives the values of ^ for the hot filament divided by the 
actual working emission. The numbers show that in the 




Table II. 



"Temperature 
during 
deactivation. 
Degrees K. 

—• for hot . 

filament. 

for cold 

filament. 

Thermionic 
current«. 
10"“ 8 amp. 

for hot 
N 0 t 

filament. 

1800 

1-97 Xl<r-‘ 

1*93 X10““® 

7*6 

2 59x10“* 

1850 

2-88x10-* 

5*76 X10T* 

8*8 

3 27X10“* 

1900 

4-44x10“* 

5-47X10T* 

8*7 

5-11 xi<r» 

1950 

986 Xl0“ 5 

1709 X10T* 

10*0 

0-80X10 » 
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temperature region investigated, there is a rapid increase 
in the number of thorium atoms removed per unit emission 
as the temperature increases. The fact that the effects at 
1850° K and 1900° K are as 3 : 5, although the thermionic 
currents are the same, shows that the increased effect with 
increasing temperature is not due mainly to the fact that the 
positive ion current increases more rapidly than in direct 
proportion to the thermionic current. In these two cases, 
the observations showed that the final rates of deactivation 
of the cold filament were practically the same, whence it may 
be concluded that the positive ion bombardment of the coll 
filament was the same in the two cases. As the actual final 
emission during the deactivation was the same for both, it is 
reasonable to suppose that the total positive ion current to 
the two filaments was equal in the two cases, and hence that 
the hot filament received the same final positive ion bom¬ 
bardment in these two cases. It therefore seems justifiable 
to conclude that the greater rate of removal of thorium 
atoms from the surface of the hot filament at 1900° K 
was due to its higher temperature. This may mean either 
that a given positive ion bombardment is more effective in 
removing thorium atoms the higher the temperature, or that 
there is some other factor contributing to the deactivation 
which increases with temperature, while the positive ion 
effect remains more or less constant. 


Some evidence, which seems to show that the first-mentioned 
alternative cannot be ruled out, was obtained from experi¬ 
ments in which the cold filament was subjected to a definite 
treatment—first, with no current passing through it (the 
temperature therefore not being very different from, say, 
35(r K), and then with a current passing through it such as 
would raise it to a temperature of about 900° K. In every 
such case it was found that the rate of removal of thorium 


atoms at the higher temperature was about twice as great as 
at the lower temperature. At neither of these temperatures 
does any appreciable evaporation occur. Considering these 

results in conjunction with the variation of in the region 

1800° K —1950° K, and the relative magnitudes of ^ for 

the hot and cold filaments set out in Table II., it seems 
reasonable to conclude that all the observed deactivation 


could be accounted for on the theory of positive ion 
bombardment. 


The objection might be raised that the comparison of 

-JL. at different temperatures has been made for the final 

•Nq* * 
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equilibrium condition of the hot filament, i. e . the state 
after deactivation has taken place, and that thfr arguments 
put forward do not therefore prove that no other factor 
contributes to the deactivation of the hot filament which 
occurs in the first few moments of application of the voltage. 
By carrying out certain experiments with the two filament 
valves, it was possible to obtain information which enables 
this contention to be met. The experiments referred to 
were based upon the fact that it Was possible to arrange so 
that during the intervals when the deactivating factor was 
operative upon the cold filament, the positive ion current to 
this filament was measured. Then by switching over to test 
conditions at definite time intervals it was possible to observe 


Fig. r>. 



O 5 lO 15 O 6 10 16 

time - MINUTES TIME - MINUTES 


directly the effect of a known positive ion bombardment. 
With 120 volts applied between the grid and the plate joined 
and the hot filament, and with 200 volts between the two 
filaments, no deactivation of the hot filament occurred, and a 
steady positive ion current to the cold filament of 10~ 8 amp. 
was measured. The resulting deactivation curve for the cold 


filament showed that this positive ion current gave a value 
P 

of of about 3 x 10~ B . 

No 

With the electric fields arranged a little differently, 
and with a larger thermionic current, deactivation of both 
filaments took place, and the curves in fig. 5 show the 
variation with time, of the positive ion current to the cold 
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filament, and the variation in the cold filament emission 
under test conditions. It may be observed that the positive 
ion current shows the initial increase to a larger value 
(about 7 x 10~ 7 amp.) which we associate with considerable 
deactivation of the hot filament. In many experiments the 
plate, instead of being connected to the grid, was maintained 
at the same potential as the cold filament, and the positive 
ion current to each was measured simultaneously. It was 
always observed that the two currents varied in a similar 
fashion, and the current to the cold filament was of the same 
order of magnitude as that to the plate, but was generally 
slightly smaller. 

The mean values of v T - for the hot and cold filaments 
N° 

during the first minute of application of the deactivating 
conditions in each of the series of observations at the four 
temperatures, 1800° K, 1850° K, 1900° K, and 1950° K, 
have been calculated, and are tabulated in Table III. The 

values are calculated from i. e. log ^ ~ (logi), the 

D dt *i dt 

values —being negligible in comparison at this stage. 

IN o 


Table III. 


Temperature 

during 

deactivation. 

p 

—- for cold 

No, 

filament. 

for hot 

filament. 

1800° K 

5-55 XlO- 5 

9*50 XlO- 1 

18, r )0° K 

4-90 X10-‘ 

27*43 X lO-* 

1900° K 

1009x10- 

25*78 X 4 

1950° K 

8-52 X10“ 1 

39*36 X 1C- 4 


If we assume, as seems justified by Langmuir's experiments, 
that the rate of removal of thorium atoms is proportional 
to the bombarding positive ion current, we see that since 

1CT 8 amp. gives ~~ = 3 x 10~ 5 , the maximum value of 

positive ion current required to account for any of the 
above effects is about 1*3 x 10“ 6 amp. The curve in fig. 5 
shows that it is not unreasonable to suppose that a curreut 
of this order of magnitude occurs for a short interval of time. 
Hence, bearing in mind the evidence already produced of 
the greater efficiency of a given positive ion bombardment 
of a not filament, it seems clear that the positive ion currents 
Phils Mag. S. 7. Vol. 5. No. 31. Suppl. May 1928. 3 T 
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to the filaments are sufficient to account for all the observed 
deactivation, and that the agency of no other factor need be 
evoked. 


Tests for other Deactivating Factors . 

A direct attempt to test the extent to which afty other 
factor might be operative in causing deactivation was made 
by arranging so that the positive ion current should be as 
small as possible, so as to reduce the removal of thorium 
atoms brought about in this way. This was done by 
arranging the electric fields so that the thermionic current 
from the hot filament could flow to the cold filament only. 
This being of much smaller surface area, and having 
previously been made very hot, it seemed likely that the 
yield of positive ions from it for a given electron bombard¬ 
ment would be much smaller than that obtained from the 
grid for the same bombardment. The actual thermionic 
current measured for a given applied accelerating potential 
difference was much smaller in these circumstances, doubt¬ 
less on account of the repelling action of the field between 
the grid and the hot filament. Nevertheless, between the 
two filaments there should exist an electric field at least as 
intense as any existing with the other arrangements, and if 
this caused any increased evaporation of thorium to occur 
from the part of the filament subjected to it, one would 
expect to be able to detect it by a decrease with time in the 
emission measured in these circumstances. No such effect 
was observed, however, and the emission from each filament 
under test conditions remained unaffected even after the 
filaments had been subjected to this treatment for prolonged 
periods. There does not, therefore, appear to be any neces¬ 
sity for attributing any appreciable part of the observed 
deactivation to any factor other than bombardment of the 
filament by positive ions which originate in their turn from 
the electron bombardment of the grid and plate. 

The authors desire to express their thanks to Professor F. 
Horton for his kind interest and advice throughout the course 
of this investigation, and to the Department of Scientific and 
Industrial Research for permission to publish this account of 
work which was carried out as part of the programme of the 
Radio Research Board, 
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jN otices respecting New, Books. 

Cl. Notices respecting New Books. 

X-rays and Electrons — An Outline of ltecent X-ray Theory . By 
A. H. Compton, Professor of Physics in the University of 
Chicago. (Macmillan Co., St. Martin’s Street, London. 
Price 25s.) 

N UMEROUS books on the subject of X-rays and atomic 
structure have appeared in recent years. Prof. Compton’s 
work deals specifically with those aspects of the subject related to 
his own researches—the structure of the atom as deduced from 
the study of X-rays, their nature and properties. Evidence of 
this can be found in many of the chapters of the book; the 
investigations of other workers in this branch of physics are also 
recorded. ‘X-rays and Electrons’ gives a comprehensive and 
up-to-date account of the subject in two sections : the first dealing 
with X-rays and Electrodynamics, X-ray scattering, reflexion, 
refraction, and absorption; the second with X rays and the 
(Quantum theory, including the Photo electric effect, X-ray spectra, 
and the Quantum theory of X-ray scattering, diffraction, and 
absorption. There are many valuable tables of indices of refraction 
and other data, and several appendices giving the results of the 
special theory of relativity, tables of wave-lengths of X-ray 
spectrum lines, and atomic and electronic constants. 

Kinetic Theory of Gases . -By L. B. Loeb. (McGraw Hill 
Publishing Co., 6-8 Bouverie Street, London, E.C. 4. 
Price 27s. 0d.) 

Pkof. Loeb has rendered signal service in placing his volume on 
this important branch of physics in the hands of students both 
elementary and advanced, serving the purpose of an introduction 
to the subject and a preparation for the study of the more 
advanced treatises and original papers. 

The greater part of the volume gives a very complete and clear 
account of the Kinetic Theory : the equations of van der Waals, 
Dieteriei and Reinganum ; the relation of the theory to coefficients 
of viscosity, heat conduction and other problems; low-pressure 
phenomena and specific heats. Perhaps the two most important 
and interesting chapters are those having reference to the 
application of the Kinetic Theory of Gases to electrical and 
magnetic properties of molecules, especially the beautiful theory 
of Debye on the temperature variation of the dielectric constant 
with its experimental verification, the Bohr magueton and the 
classical experiments of Gerlach and JStern, and, fiually, the 
relation to the conduction of electricity in gases, with Prof. Loeb’s 
ovrn contributions. At the end of each chapter there are 
references to original papers and treatises dealing with the special 
section o£ the subject: two useful indexes of authors and subjects 
are also given. Like Prof. Jellineck’s 4 Lehrbuch,’ Prof. Loeb’s 
volume is a mine of information aud one likely to be accepted as 
a work of first-rate importance. 



1012 Geological Society: — 

Oil. Proceedings of Learned Societies . 

GEOLOGICAL SOCIETY. 

[Continued from p. 672.1 

December 14tli, 1927.—Prof. E. J. Garwood, Se.D., F.E.S., 
Vice-President, in the Chair. 

r jpHE following communication was read 

‘The Lower Carboniferous Rocks of the Menaian Region of 
Carnarvonshire: their Petrology, Succession, and Physiography.’ 
By Dr. Edward Greenly, V.P.G.S.; with Palaeontological Notes by 
Dr. Stanley Smith, M.A., P.G.S. 

The term Arvon is a convenient designation for the Menaian 
region of Carnarvonshire. 

The Lower Carboniferous rocks of Arvon, like those of Anglesey, 
consist in the main of a limestone series with many beds of sand¬ 
stone and shale. At the top of the series there is, as in Anglesey 
a series of bedded cherts ; but the Millstone Grit and Coal 
Measures are absent, being cut out by the unconformity at the 
base of the Red Measures. There is a Basement Conglomerate of 
the normal type, with rolled pebbles of the Mona Complex. 

In Arvon, however, this is underlain by a singular formation, 
composed of yellow and red loams and breccias, which are studded 
with pisolites of gOtliite and kaolinite. The blocks in the breccias 
are angular, and the loams are unstratified. The loams are of 
alien, the blocks of local, derivation, the blocks not being derived 
from the same horizon of the Mona Complex as those in the 
overlying conglomerate. The extent of this formation seems to 
have been less than G square miles. 

The limestones are rich in corals and brachiopoda, and are all 
in the Zone of Dibunophyllum , every division of which is present. 
The sandstones and shales of the Basement Series have yielded plants. 

The structure is that of an asymmetrical synclinal infold, trun¬ 
cated by a great boundary-fault. 

The Series rests with complete unconformity upon the Mona 
Complex and the Ordovician rocks ; and there is rapid overlap in a 
west-north-westerly direction. From the direction of the overlap, 
and from the contents of the conglomerates, it is inferred that the 
region which is now Snowdonia was completely submerged in 
Lower Carboniferous times. The pre-Carboniferous land, which 
was a branch of the ancient uplands of Anglesey, was lofty. On 
its south-eastern slope, it steepened into a crag, against which the 
breccias accumulated. This ancient upland was largely composed 
of Ordovician shales, with a large inlier of rocks of the Mona 
Complex. Owing, however, to its height, combined with the 
effects of the tectonics of the Complex, the outcrops on the inlier 
were quite different from those on the Menaian Platform of the 
present day. During the subsidence, different horizons were pre¬ 
sented to waste, thus accounting for the contrast between the 
breccias and the conglomerates. 
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The Geology of South-Eastern Arabia . 

At first, the climate seems to have been arid, with a large 
diurnal range of temperature • but, as the subsidence advanced, 
moist and genial conditions began to set in, persisting throughout 
the remainder of the period represented by the limestone series. 

January 11th,. 1928.—Dr. F. A. Bather, M.A., F.R.S., 
President, in the Chair. 

The following communication was read :— 

* The Geology of South-Eastern Arabia.’ By George Martin 
Lees, M.C., D.E.C., F.G.S. 

South-Eastern Arabia consists of two separate tectonic and 
stratigraphic provinces:—(1) A foreland where, as at Dhofar, 
ancient gneiss is overlain b} r a ‘ Nubian ’ type of desert-sandstone. 
The first marine transgression took place in the Cenomanian ; 
(2) An orogenetic zone of typical Alpine character. The presence 
of nappes is indicated by great overthrusts, klippen, and by the 
stratigraphic differences between adjacent units. The movement 
is of pre-Gosau age. Upper Cretaceous and Tertiary strata lie 
with strong, often vertical, unconformity on the older Mesozoic and 
Palaeozoic rocks. 

The stratigraphy of the orogenetic zone consists of : 

(i) A Hories of pre-Permian formations of unknown age. 

(ii) Permian dark-blue and black fossiliferous limestones. Near Jebel 
Rais limestones of a different facies appear as tectonic klippen ; they 
are Crinoidal, Coral, Bryozoonal, and Neoschxvagerina limestones. 

(iii) Upper Triassic limestones, sandstones, and shales. The fauna consists 

of lamellibranchs and gasteropoda ; no ammonites have been found. 

(iv) Jurassic to Lower Cretaceous massive limestones. 

(v) ? Upper Jurassic to Lower Cretaceous shales, sandstones, and red 

and gTeen radiolarites. This group probably belongs to a different 
tectonic unit from (iv). 

(vi) Hatat Schists. A series of calc- and sericite-phyllites of unknown age, 

probably Mesozoic, which appear as a tectonic window at Saih Hatat. 

(vii) Basic igneous series—lavas and intrusive rocks. 

(viii) Uneonformable Upper Cretaceous to Miocene conglomerates, lime, 
stones, and marls. The Maestrichtian is exceptionally fossiliforous- 

The relation of Oman to the Zagros are is discussed. The 
characteristic zone with red and green radiolarites and shales 
and basic igneous rocks occurs again in Persia, and forms great 
tracts of country south-west of Kerman. Here also Upper 
Cretaceous rocks are strongly uneonformable. One great branch 
of the Cretaceous orogenetic zone of Central Persia must, there¬ 
fore, have passed southwards into Oman. The Upper Cretaceous- 
Tertiary geosyncline broke down across the older strike, and 
pursued an independent direction parallel to the present Persian 
Gulf-Mekran coast. The late Pliocene movements also followed 
this trend, the influence of the older tectonics only being shown in 
the marked swing of the strike between Bandar Abbas and Jaslik. 
Such a complete independence of these two phases of Alpine 
movement is unique. 

The Oman orogenetic zone maybe followed through Masirah 
Island to Ras Madhraka, where it passes southwards into the 
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Arabian Sea. The Kuria Muria Islands belong already to the 
foreland. 

A further movement, though of much less intensity, took 
place in Oman in post-Miocene time. South of Sur these folds 
strike north-west and south-east, and appear to pass out to 
sea at Has al Hadd, independent of, and across, the older 
structures. Perhaps these folds form a continuous loop with 
the Kirthar Range of Sind, but no connexion can have existed 
between the latter and the Cretaceous orogen of Oman. 

The Triassic, Lower, and Upper Cretaceous fossils are described. 
They include twelve new species. 

Jaimaiy 25th, 1U28.—Dr. F. A. Bather, M.A., F.R.S., 
President, in the Chair. 

Tup follow mg c ntmication was read : — 

‘The Glacial Retreat from Central and Southern Ireland.’ By 
Prof. John Kaye Charlesworth, D.Sc., Ph.D., M.R.T A., F.G.S. 

The Newer Drift of Ireland is bounded on the south by a 
broad and well-developed kettle-moraine- the ‘ South Irish End- 
moraine ’—which runs from the vicinity of Wexford round the 
northern Hanks of the Dublin hills and by way of Baltinglass, 
Bennettsbridge, Cahir, Tipperary, Charleville, and Newcastle West 
to the mouth of the Sliannon, a distance of BIO miles from coast 
to coast. 

Contemporaneous with this stage of the Ivernian lee and the 
Irish-Sea lee were the independent ice-centres in uhe Kerry and 
Wicklow Hills, the Comeraghs, Galtecs, Knockmealdown, and 
other mountain-clusters of the south. Their extent is likewise 
indicated by well marked outer moraines, and corresponds to a 
snow-line on northern and eastern slopes of about HXXJ feet and 
on other slopes of approximately twice that altitude. 

The Irish glacial fauna is restricted, with but few exceptions, to 
the region outside these moraines. 

The ice-recession from the Dublin and Wicklow Hills is clearly 
shown by moraines and marginal drainage-features. These prove 
a pivoting of the ice on the northern slopes of the hills, immedi¬ 
ately south of Dublin, and the sweeping of the ice-fronts to east 
and west, at successive stages of the retreat, in a series of curves 
which swing out of each other tangentially and northwards. 

The dissolution of the Ivernian Ice-sheet caused the emergence 
of the higher hills, such as the Castlecomer Plateau, the Sieve 
Bloom and Keeper Hills, and the formation of large lobes 
traded southwards down the intervening valleys. The moraines 
of the Barrow, Nore, Suir, Shannon, and other lobes are mag¬ 
nificently displayed, making possible the correlation from lobe to 
lobe and the delineation of the successive positions of the ice- 
margin across the country from coast to coast. The festooning of 
the moraines in the southern part of the country is governed by 
the relief, while their sinuous form in the northern region is to Mr 
ascribed to the break-up of the ice-sheet into separate lobes,, 
flowing on roughly parallel lines. 
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The ice-sheet in its recession over Southern Ireland remained 
pivoted on the Dublin hills, and retreated over ever-widening 
strips of country as the ice-front is followed westwards; a with¬ 
drawal of 65 miles in the west is represented south of Dublin by 
but a few hundred yards. 

The ice retreating over the Central Plain was dissected into 
three perfectly distinct lobes, which centred upon the mountains of 
Donegal, Leitrim, and Galway respectively. Their stages of 
recession are indicated by countless moraines, the ‘eskers’ of Irish 
Glacial literature. True osar occur subordinately, transversely 
within, and as integral parts of, the kettle-moraines. 

February 22nd.-—Prof. J. W. Gregory, D.Sc., President, 
in the Chair. 

The following communication was read :— 

‘The Pre-Cambrian Complex and Associated Hocks of South- 
Western Lleyn (Carnarvonshire).’ By Charles Alfred Matley, 
D.Sc., F.G.S. With a Chapter on the Petrology of the Complex, 
by Edward Greenly, D.Sc.. F.G.S. 

The pre-Cambrian Complex of Lleyn occupies the coastal strip 
from Nevin to Aberdaron and Bardsej' Island, the geology of 
which was described by the Author in 1913, and is a detached 
‘region’ (the Mainland Kegion) of the Mona Complex of 
Anglesey. Its age is definitely pre-Cambrian, and its special 
structures and metamorphism were impressed on it before Cam¬ 
brian times. It is bounded on the east by a great thrust which 
has driven it over Ordovician strata and the Sarn granite. 

Its members are now correlated with those of Anglesey. The 
Gneisses, several members of the Bedded Succession, the Plutonic 
Intrusions, and the ‘ Penmynydd Zone of Metamorphism ’ are all 
represented. The Holyhead Group is absent. 

The Gneisses are always found near the boundary-thrust. 
Both their basic and their acid members are almost identical with 
those of Anglesey. Their crystallization and foliation are older 
than the deposition of the Bedded Succession. 

Most of the region is occupied by the Gwna Group. On a 
low horizon of this are the laminated Abergeirch Phyllites, above 
which come alternating grit and phyllite, quartzites, and lime¬ 
stones. There is a strong development of ellipsoidal spilitic lavas, 
with tuffs, limestone, and jasper, and sills of albite-dolerite. All 
members of the group, except the Abergeirch Phyllites, are 
mostly in the condition of a schistoseautoclastic melange. Part 
of the group is in the anamorphic condition known in Anglesey as 
the Penmynydd Zone of Metamorphism, being now mica-schists, 
some of which may, however, be metamorphosed Fydlyn Beds. 

Besting on Hie Gwna Beds are some BOO feet of quartz-albite 
dust-rocks (Gwyddel Beds). They may be a special facies of the 
Slimes Group of Anglesey, with a representative of the Tyfiy 
Beds at their base. 

, t^e gehbros are akin to those of Anglesey, and are regarded as 
jlatonic intrusion* belonging to the Complex. 
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Arabian Sea. The Kuria Muria Islands belong already to the 
foreland. 

A further movement, though of much less intensity, took 
place in Oman in post-Miocene time. South of Sur these folds 
strike north-west and south-east, and appear to pass out to 
sea at Has al Hadd, independent of, and across, the older 
structures. Perhaps these folds form a continuous loop with 
the Kirthar Range of Sind, but no connexion can have existed 
between the latter and the Cretaceous orogen of Oman. 

The Triassic, Lower, and Upper Cretaceous fossils are described. 
They include twelve new species. 

January 25th, 1H28.—Dr. F. A. Bather, M.A., F.R.S., 
President, iu the Chair. 

The following c >in nunication was read: — 

4 The Glacial Retreat from Central and Southern Ireland.* Bv 
Prof. John Kaye Charlesworth, D.Sc., Pli.D., M.R.I.A., F.G.S. 

The Newer Drift of Ireland is bounded on the south by a 
broad and well-developed kettle-moraine—the ‘ South Irish End- 
moraine ’—which runs from the vicinity of Wexford round tlu; 
northern Hanks of the Dublin hills and by way of Baltinglass, 
Bennettsbridge, Cahir, Tipperary, Charleville, and Newcastle West 
to the mouth of the Shannon, a distance of 310 miles from coast 
to coast. 

Contemporaneous with this stage of the Ivernian Ice and the 
Irish-Sea. Ice were the independent ice-centres in the Kerry and 
Wicklow Hills, the Comeraghs, Gal tees, Knockmealdown, and 
other mountain-clusters of the south. Their extent is likewise 
indicated by well-marked outer moraines, and corresponds to a 
snow-line on northern and eastern slopes of about 1000 feet and 
on other slopes of approximately twice that altitude. 

The Irish glacial fauna is restricted, with but few exceptions, to 
the region outside these moraines. 

The ice-recession from the Dublin and Wicklow Hills is clearly 
shown by moraines and marginal drainage-features. These prove 
a pivoting of the ice on the northern slopes of the hills, immedi¬ 
ately south of Dublin, and the sweeping of the ice-fronts to east 
and west, at successive stages of the retreat, in a series of curves 
which swing out of each other tangentially and noi*thwards. 

The dissolution of the Ivernian Ice-sheet caused the emergence 
of the higher hills, such as the Castlecomer Plateau, the Slieve 
Bloom and Keeper Hills, and the formation of large lobes pro¬ 
truded southwards down the intervening valleys. The moraines 
of the Barrow, Nore, Suir, Shannon, and other lobes are mag¬ 
nificently displayed, making possible the correlation from lobe to 
lobe and the delineation of the successive positions of tfee ice- 
margin across the country from coast to coast. The festooning of 
tbe moraines in the southern part of the country is governed by 

Relief, while their sinuous form in the northern region is to be 
ascribe4 to the break-up of the ice-sheet into separate lobes, 
4b«ruig on r Roughly parallel lines. 
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The ice-sheet in its recession over Southern Ireland remained 
pivoted on the Dublin hills, and retreated over ever-widening 
strips of country as the ice-front is followed westwards; a with¬ 
drawal of 65 miles in the west is represented south of Dublin by 
but a few hundred yards. 

The ice retreating over the Central Plain was dissected into 
three perfectly distinct lobes, which centred upon the mountains of 
Donegal, Leitrim, and Galway respectively. Their stages of 
recession are indicated by countless moraines, the ‘ eskers ’ of Irish 
Glacial literature. True osar occur subordinately, transversely 
within, and as integral parts of, the kettle-moraines. 

February 22nd. —ProF. J. W. Gregory, D.Sc., President, 
in the Chair. 

The following communication was read :— 

‘The Pre-Cambrian Complex and Associated Rocks of South- 
Western Llevn (Carnarvonshire).’ By Charles Alfred Matley, 
D.Sc., F.G.S. With a Chapter on the Petrology of the Conmlex, 
by Edward Greenly, D.Sc.. F.G.S. 

The pre-Cambrian Complex of Lleyn occupies the coastal strip 
from Nevin to Aberdaron and Bardsey Island, the geology of 
which was described by the Author in 1913, and is a detached 
‘region’ (the Mainland Region) of the Mona Complex of 
Anglesey. Its age is definitely pre-Cambrian, and its special 
structures and metamorphism were impressed on it before Cam¬ 
brian times. It is bounded on the east by a great thrust which 
has driven it over Ordovician strata and the Sarn granite. 

Its members are now correlated with those of Anglesey. The 
Gneisses, several members of the Bedded Succession, the Plutonic 
Intrusions, and the 4 Penmynydd Zone of Metamorphism ’ are all 
represented. The Holyhead Group is absent. 

The Gneisses are always found near the boundary-thrust. 
Both their basic and their acid members are almost identical with 
those of Anglesey. Their crystallization and foliation are older 
than the deposition of the Bedded Succession. 

Most of the region is occupied by the Gwna Group. On a 
low horizon of this are the laminated Abergeirch Phyllites, above 
which come alternating grit and phyllite, quartzites, and lime¬ 
stones. There is a strong development of ellipsoidal spilitic lavas, 
with tuffs, limestone, and jasper, and sills of albite-dolerite. All 
members of the group, except the Abergeirch Phyllites, arc 
mostly in the condition of a schistoseautoclastic melange. Part 
of the group is in the anamorphic condition known in Anglesey as 
the Penmynydd Zone of Metamorphism, being now mica-schists, 
some t>f which may, however, be metamorphosed Fydlyn Beds. 

Resting on the Gwna Beds are some 300 feet of quartz-albite 
dust-rocks (Gwyddel Beds). They may be a special facies of the 
Skerries 43xoup of Anglesey, with a representative of the Tyfry 
Beds at their base. 

r The gabbros ere akin to those of Anglesey, and are regarded as 
plutoaic intrusions belonging to the Complex. 
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The tectonics and foliation of the Complex resemble in almost 
every detail those of the Complex in Anglesey. On the working 
hypothesis of recumbent folding adopted for Anglesey, Dr. 
Greenly is inclined to regard the Mainland Region as the lower 
uninverted limb of a recumbent fold (a Lleyn Fold) belonging 
to a higher tectonic horizon than those now found in Anglesey. 

The Arenig rocks at Aberdaron form a faulted syncline over¬ 
ridden on the west and north by the Complex, and faulted against 
it on the east. They probably occur as a ‘ window About 
1000 feet of sediments belonging to the D.-extensus Zone and 
200 feet of D.-hirundo Beds are exposed. They contain a thick 
sill of albite-dolerite, which transgresses a zone of fine-textured 
pyroclastic cherts containing abundant sponge-spicules. 

Many basic dykes are exposed in the Complex, of which the 
great majority are Palaeozoic (post-Llandovery and probably post- 
Silurian), but earlier than the great thrusting movements which 
took place after the close of Silurian time. Three Tertiary dykes 
have been found. 

Many thrusts and shear-planes later than the Complex are found 
in the Complex itself, cutting across the foliation and the auto- 
clastic melange, and disrupting the Paleozoic dykes. They were 
produced by minor movements during the general movement which 
drove the Complex of Lleyn over the Ordovician strata. The 
boundary-thrust is certainly a great rupture, which shows no sign 
of dying out at either end of the exposed part of the Complex. 
The extent of its overdrive cannot be determined, but it should 
probably be measured in terms of miles, and may have been 
sufficient to sever the whole plexus of Palaeozoic dykes in the 
Complex from their roots. 

Dr. Greenly compared the petrological characters of the 
several members of the succession in the Mona Complex with 
those found in Anglesey, showing that the correspondence, despite 
the distance, is singularly close. The Gwna Beds belong to the 
eastern facies. The fact that, despite the cover of Drifts and of 
frequent decomposition, the Acid Gneisses had been detected, was 
due to the minute mapping of Dr. Matley. 

This region of the Complex does not appear to correspond to 
any of the region of Anglesey, and its prolongation is more likely 
to be buried beneath the Palaeozoic formations between Bangor 
and the mountains. 

The theory of recumbent folding has justified itself by furnishing 
consistent explanations of a number of anomalies, but ought not 
to be regarded as more than a good working hypothesis. The 
complexities of the visible structure are astonishing; and the 
speaker often wondered whether the key to these wonderful 
regions of crystalline schists might, after all, prove to be some 
principle whereof we have at present no idea whatever. 

[The Editors do not hold themselves responsible for the 
r views expressed by their correspondents 
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CIIL On the Purification of Radon. By L. WETITENSTEIN, 
Professor of Radiology at the Free Polish University , 
Warsaw *. 

I T is often necessary in medical applications of radio¬ 
activity, and also in purely radioactive work, to prepare 
very small strong sources of radon. In order to compress 
100 millicuries into a volume of 1 mm. 8 , which is a typical 
case, the preparation should contain 6*5 per cent, radon, and 
even this is not as easy as it would seem at first sight. 
For any work devoted to investigation of physical and 
chemical properties of radon, a much higher degree of purity 
is necessary. 

During the course of some work on the determination of 
the volume of 1 curie of radon I hate studied some methods 
of its purification. 

My experiments were restricted to the case when radon is 
extracted from a solution of radium kept in an air-tight 
vessel and when at some stages of purification the contact of 
radon with organic substanoes is not excluded. The method 
of extracting radon from a finely-divided powder containing 
radium, described by Herschfinkiel f and Hahn J, seems 
very promising, and it is possible that it would, if properly 
used, yield radon of a hign initial purity. 

On the other hand, the purification of radon extracted’ 
from solutions could be made much easier if no organic 

♦ Communicated by Sir E. Rutherford, 
t H. Herschfinkiel, C. JR. cxlix. p. 276 (1909). 

% Hahn u. Heidenhain, Ber. d. £>. Chem. Ges. fix. p> 287 (1926). 

Phil• M&g* 6. 7. Voi. 5. No* 32* May 1928* 3 U 
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substances were used in transfer pumps, etc*, by means of 
which the operations with radon were performed. Owing 
to the fact, however, that in most laboratories radon is 
extracted under similar conditions to those mentioned in this 
paper and that a radical change in the method of storing 
radium is a very delicate operation, I think that the follow¬ 
ing remarks may be of some general interest. 

The usual impurities of radon extracted from solutions by 
means of transfer pumps are * hydrogen, oxygen, carbonic 
dioxide, mercury, and water-vapour. The presence of 
hydrocarbons has not been definitely proved, but their 
formation under the influence of «- and y8-rays on organic 
substances is not unlikely. The removal of all these 
impurities is in principle very simple. In presence of 
heated copper amd copper oxide, oxygen would combine 
with the copper, and hydrogen and hydrocarbons would 
burn to water-vapour and carbonic dioxide. With phos¬ 
phorus pentoxide and potassium hydroxide used for ab¬ 
sorbing these gases, the only impurity remaining would 
be the mercury vapour. This is immaterial in most cases 
and can be removed if necessary by the use of a convenient 
low temperature. In practice, however, things are not 
•quite so simple. For ordinary chemical work the removal 
of gases b} r the use of convenient reagents may be considered 
as perfect. But it must be remembered that in a volume of 
ab. 50 c.c. the pressure due to 100 millicuries of radon is only 
1*3 bar, so that, in order to obtain a good purification, the 
pressure of impurities should be brought down to a small 
fraction of 1 bar. In reality it is very difficult to reduce 
this pressure within a reasonable time to less than 20- 
50 bars, and in most cases the pressure, after the extracted 
radon has remained for one or two hours in presence of re¬ 
agents, would be of the order of 100 bars. In some cases 
sparking instead of copper oxide is used, and then the 
residual pressure would be certainly much higher. 

The incomplete purification of radon by chemical process 
is in itself no difficulty, provided the remaining gases do not 
-condense at liquid-air temperature. A part of the purifica¬ 
tion apparatus may be cooled by liquid air and the 
uncondensed gases removed by putting the apparatus for 
a short time in connexion with a quickly working pump 
-and repeating this operation four or five times. 

The cooled part may be a slightly sloped tube of about 
5 mm. inner diameter extending into a capillary tube. It 
should be made possible to separate this tube by mercury 
from the remaining apparatus. In this case the purified 
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radon, when released after removal of liquid air, can be 
compressed into the capillary tube. This tube sealed off 
through the mercury thread could constitute an appropriate 
source of radon. In some laboratories the cooled tube itself 
is sealed off while surrounded with liquid air, and radon is 
subsequently distilled into the capillary extension, which 
is sealed off in its turn. From the practical point of view 
both methods are equivalent, but if it is essential to know 
the degree of purity of radon, the first only can be used. 
Slight modifications of the above-described chemical methods 
have been used by different workers. Ramsay * found that 
heated lime was more effective than potassium hydroxide for 
removing C0 2 . Debiernef has used heated lithium, which 
seems to remove even the last traces of gases. Rutherford J 
obtained very good results by sparking the gaseous mixture 
and submitting it to the action of KOH and P 2 0 5 . Lind 
used lead chromate instead of copper oxide for the oxidation 
of hydrogen and hydrocarbons. All those physicists have 
succeeded in preparing very pure radon, as was proved by 
determinations of its volume and spectrum. 

My experiments were in principle similar to those of 
Rutherford, with the difference that I have used copper 
oxide instead of sparking and that communications in my 
purification apparatus were obtained by means of mercury 
forks in order to avoid the evolution of C0 2 from the tap 
grease, while in Rutherford's work this difficulty was over¬ 
come by greasing the taps with phosphorus pentoxide. In 
my first experiments roughly purified radon was introduced, 
by means of an ordinary gas transfer pump (provided with 
greased taps), into the apparatus, which could be evacuated 
by a Toplcr pump and charcoal tube. 

These experiments were unsuccessful, my preparations 
containing only 17 to 24 per cent, radon. It appeared 
evident that, in spite of a detailed description of the purifica¬ 
tion technique contained in the quoted papers, there were 
still some doubtful points left, and I decided therefore to 
study the details of the purification process. 

As mentioned before, the pressure of radon is generally 
very small, and I have endeavoured, therefore, to build 
my purification apparatus according to the principles of 
high vacuum technique, and, in particular, to avoid the use 
of the transfer pump. 

* Ramsay and Gray, Trans. Chem. Soc. xcv. p. 1073 (1909). 
t Debieme, C. R, p. 1264 (1909). 
j Rutherford, Phil. Mag. xvi. p. 800 (1908). 

3 U 2 
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The purification apparatus based on these considerations is 
shown in fig. 1. Its essential part is a horizontal glass 
tube A of about 10 mm. diameter, ab. 40 cm. long, which 
could be evacuated through the fork f by means of a diffusion 
pump backed by a Tbpler pump. The gases pumped off 
during purification could be collected in a tube over mercury, 
which was useful for testing loss of radon and for avoiding 
radioactive contamination of the laboratory. To the vertical 


Fig. 1. 



tube Y of ab. 30 cm. long leading to the fork was sealed a 
small tilted side tube S extending into a calibrated capil¬ 
lary C, into which the purified radon could be compressed by 
means of mercury. 

The tube h contained the purifying agents. KOH and 
P*0* were introduced in glass boats. Copper oxide activated 
by heating to a high temperature with a few drops of 
palladium nitrate and copper gauze reduced by heating in 
a hydrogen stream were contained in a pyrex glass tube* 
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which communicated to the tube r by means of a ground 
joint surrounded with mercury. 

Tube l is used for condensing radon in liquid air. GG is 
a calibrated Knudsen gauge of low sensitivity. Its moving 
part is an A1 leaf of about 4 fi thickness hanging between 
flat parallel surfaces. These surfaces form the ends of two 
vessels sealed into the tube g, which has the form of a double 
Dewar glass. The one vessel is closed by a cork provided 
with a thermometer and inlet and outlet tubes i and o. The 
inlet tube communicates to a funnel, and so the vessel can be 
filled alternatively with hot or room temperature water. 
In order to avoid electrostatic forces it was found sufficient 
to put a copper spiral in the empty vessel, a copper wire in 
the other vessel, and to connect spiral and wire with the leaf 
and the earth. The deflexion of the leaf is measured by a 
microscope with an eyepiece scale giving *1 mm. per division. 
The sensibility is about 2 divisions for 1 bar when the 
temperature of water is changed from t , the room tempera¬ 
ture, to £+10°. This gauge is very convenient for the 
region of pressures used, and the readings can be taken very 
quickly. 

Radon is admitted into the apparatus in the following way. 
A tube of about 5 mm. diameter, drawn at one end into a 
thin-walled capillary, was filled with partly purified radon ; 
the total quantity of gas was *1 to *3 cm. 8 at atmospheric 
pressure. This tube was introduced into the tube h so that 
the tbin-walled part lay over the tube m, which contained 
a cylindrical piece of iron in a sealed glass cylinder. After 
thorough evacuation of the purification apparatus and its 
separation from the diffusion pump, the capillary was broken 
by approaching an excited electromagnet to the part of h 
just over the tube m. 

In order to find out the best conditions for using this 
apparatus, different gases which might be supposed to form 
an impurity of radon were introduced, and operations exactly 
identical to those used in purification of radon performed. 

If the purification is efficient, these gases ought to dis¬ 
appear and give, after introducing and compressing them 
into the capillary, a negligibly small volume. 

The quantity of each gas was of the order of a few tenths 
of 1 cm. 3 at atmospheric pressure. The investigated gases 
were : hydrogen, introduced by heating in a gas flame a 
palladium tube, not shown in the figure ; carbonic dioxide 
prepared by heating pure magnesium carbonate, and coal- 
gas, whiclf formed an extreme case of impurity owing to 
the large amount of hydrocarbons and carbon monoxide 
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contained in it. The coal-gas was introduced through a 
transfer pump sealed between the Topler and the diffusion 
pump. 

The operations were performed in the following order :— 

1. The apparatus was thoroughly exhausted, the Knudsen 
gauge baked out, and other parts bombarded by an 
electrodeless discharge. The final pressure indicated by the 
Knudsen gauge was of the order of the vapour pressure of 
mercury. 

2. Communication with the diffusion pump was cut off by 
raising mercury in the fork. 

3. The gas to be investigated was admitted in the way 
described above (in the case of radon the thin-walled tube 
was broken magnetically). 

4. Copper oxide was brought to about 600° for $ hour. 

5. Gas was allowed to stay in presence of reagents # for a 
given time, one of the objects of the experiments being to 
find the shortest time necessary for an efficient purification. 

G. Liquid air was put on tube L 

7. IJncondensed gases were pumped off by lowering 
mercury in the fork for a short time (ca. 10 secs.) and repeat¬ 
ing this operation three or four times. The removal of these 
gases was considered as complete when the gauge showed a 
pressure of 2 bars, half of which at least was due to mercury 
vapour. The volume of the part into which condensable 
gases were to be transferred was about 2 cm. 3 , so that at a 
pressure of 1 bar the amount of uncondensed gases con¬ 
tained in this part corresponded to *002 mm. 3 at atmospheric 
pressure—a very small quantity compared with the amount 
of radon usually dealt with. 

8. Liquid air was taken off and the tube reheated to room 
temperature. 

9. Condensed gases were distilled into tube *3 by wrapping 
it with cotton-wool soaked in liquid air. The tube S was 
allowed to communicate with the remaining apparatus for 
5-10 minutes. 

10. Mercury was raised in the tube V separating gas 

collected on S. ^ . 

11. Cotton-wool was taken off and the tube warmed up* 
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12. Released gas was compressed by raising mercury still 
higher into the capillary, its volume and pressure determined 
in the usual way allowing for the capillary correction. 

Hydrogen was tried first. Its disappearance was quick 
and practically complete, as was to be expected. But 
carbonic dioxide gave some unexpected results, which it is 
worth while to describe in detail, because its behaviour 
explains all the difficulty of obtaining a good purification of 
radon. 

When pure (X) 2 is admitted at an initial pressure of a 
few millimetres into the apparatus, its pressure, owing to 
absorption by the KOH, falls within 10—20 minutes to a 
fraction of a bar. If, however, we try to determine its 
residual amount by distilling the gas into the side tube and 
compressing it into the capillary, it will generally be found 
that its mass, measured by the product of volume and 
pressure, is many times greater than calculated. For 
instance, in one experiment I obtained, after 10 minutes’ 
condensation, 1 mm. 8 C0 2 under a pressure of 200 mm. Hg. 
( j pf>=s25()cm. 3 x bar), while its original pressure in a volume 
of ab. 50 cm. 3 was *5 bar. 

When expanding the .compressed gas in the purification 
apparatus, its pressure drops instantaneously to a value 
somewhat above the original and seems to diminish slowly 
afterwards. If we repeat in equal successive intervals the 
determination of C0 3 by the capillary method, we shall find 
each time smaller values, but, as a rule, many hours are 
necessary before we get a “ pv 99 of the order of 10 cm. 3 X 
bar. When we remember that the pressure of *1 curie 
radon in 10 cm. 8 is ab. 6*5 bars, we realize at once that 
effects of this kind may result in a complete failure of a 
purification expertment. 

The only possible explanation of this curious behaviour of 
0O 3 is that it is very strongly adsorbed by glass. During 
condensation gas is permanently given up by the glass walls, 
and the amount of it collected in the capillary in a given 
time depends on the rate of flow of C0 2 and its pressure in 
the purification apparatus. Experiments have shown that 
this amount increases in the first half hour nearly linearly 
with the time, which proves that the free pressure of C0 2 , 
and consequently the quantity adsorbed, diminishes very 
slowly during the distillation. It has been found in one 
experiment that the quantity of distilling gas was about 
20 cm. 8 x bar per minute, the rate of flow through the tube 
being about 100cm. 8 /sec. as calculated from its dimensions. 
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It results that the pressure of C0 2 during distillation was 
about 3.10“ 3 bar. These figures illustrate well the import¬ 
ance of adsorption of C0 2 in glass and the difficulty of 
getting rid of it. It is interesting to give an approximate 
evaluation of the total amount adsorbed. This amount 
could be estimated to be about 2000 cm. 8 X bar, £. e ., 
ab. 5.10 16 molecule. The total area of the walls of the 
purification apparatus amounted to about 200 cm. 2 , so that 
we get 2*5.10 u molecules per cm. 2 or 25 per cent, of the 
amount necessary to form a mono-molecular layer. The 
above figures are given, of course, only as an estimate. 
Their order of magnitude is, however, surprising. From 
Langmuir’s data wo infer that an adsorption layer of C0 2 , 
equivalent to the one found in my experiment, exists on 
mica at —80° and at a pressure of 172 bars ! * 

The adsorption effects on glass and on mica being of the 
same order of magnitude, we may safely deduce from 
Langmuir’s experiments with mica at —80 u , that the 
equilibrium pressure for the same adsorption layer on glass at 
room temperature would be superior to 172 bars. In my 
experiments the pressure during the distillation was 3.10~ ; * 
bar, and before distillation, m 5 bar. 

The contradiction between mine and Langmuir's results is 
very striking. It is true that in Langmuir’s experiments 
glass and mica were baked out completely and water-vapour 
kept off the adsorbing vessels, while in the experiments just 
described parts of the apparatus only could be heated to 
a really outgassing temperature, and some water-vapour, 
evolved by KOH and P 2 0 5 , was always present. But 
similar results, to be described more in detail in another 
paper, have been obtained with an apparatus which could be 
completely outgassed. It seems that the diftererice of 
results is rather due to the sensitivity of my method for 
detecting adsorption layers which give a very low equi¬ 
librium pressure. 

It has been found recently + that glass treated by acids 
does not possess a smooth surface, so that its adsorbing area is 
certainly many times greater than calculated from its 
dimensions. Moreover, the corrosion products formed by the 
action of acids on glass form capillary spaces, and, therefore, 
the exchanges between the gas and the adsorbed layer take 
place more slowly than would be expected in a simple 
adsorption phenomenon. The behaviour of 00 2 on glass 
can be easily explained on these assumptions. The sharp 

* Langmuir, Journ. Am. Chem. Soc. xl. p. 1361 (]93i). 

t Fraseri Patrick, & Smith, Joum. Pbys. Chem. xxxi. p. 807 (192Z> 
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fall of pressure when distillation sets in (from ’5 to *003 bar) 
shows that gas is given np very slowly by the adsorbing 
layer, so that probably the rate of outgassing is given by the 
rate of escape of CO* from the complicated capillary inter¬ 
stices on the glass surface. The partial irreversibility of 
the effects observed when the 00 2 is expanded into the 
original volume is another proof that the effects cannot 
be due to an adsorption on a smooth surface, in which case 
a perfect reversibility is to be expected. 

It would certainly be interesting to repeat these experi¬ 
ments with freshly blown glass, carefully kept out of contact 
with water-vapour, for in this case, according to the work of 
Fraser, Patrick, and Smith, the surface of the glass ought to 
be smooth. 

This would be, of course, impossible in the purification 
work, owing to the formation of large quantities of water- 
vapour by the effect of OnO on hydrogen. It seems that 
a radical way of getting rid of the disturbing adsorption 
effects would be to keep the whole apparatus at a high 
temperature, except the part containing KOH and l^Os. 
This, however, would make the experimental arrangement 
very complicated. 

It is much simpler and quite sufficient for purposes of 
purification to leave the gaseous mixture for a long time in 
contact with KOH. It will be remembered that this 
solution was found long ago by Rutherford, who stated that 
24 hours were necessary for KOH to absorb tlie last traces 
of C0 2 . 

In this case KOH is acting like a pump which is ex¬ 
tracting 00 2 from the glass walls. As in the above 
condensation experiments, the rate of this extraction is 
really the rate of what could be called diffusion of (?0 2 
through the adsorbing products of glass corrosion, and a 
period of the order of one day is just wlmt would be expected 
for a process of this kind. 

In comparing KOH to a pump for C0 2 it is important 
to say a few words about its 44 efficiency ” and its 44 limiting 
pressure.” 

Theoretically the limiting pressure is the dissociation 
pressure of K 2 C0 3> which is negligibly small, and the 
efficiency, i. e, the number of 00 2 molecules absorbed per 
unit time, is of the order of £ NftS, where S is the total area 
of KOH,N is the number of molecules per 1 ctn. 3 , and fi the 
mean velocity of C0 2 molecules. But this is true only for 
.a fresh KOH surface. If the u area ” is to be taken in 
the macroscopic sense it would be generally of the order of 
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10 cm 2 ., and a continuous layer of COsK 2 would.be formed 
on it after absorption of 10 16 molecules (*3 mm. 3 at 
atmospheric pressure). The amount of GO* introduced with 
radon is certainly many times more than this. We are led 
to expect that the process of removal of C0 2 would be very 
quick at first, being given by the rate of collisions of C0 2 
molecules with KOH, and very slow at the end, being given 
by the rate of diffusion of C0 3 K 2 into KOH. This expecta¬ 
tion is supported not only by my experiments, where it was 
found that, after a sharp fall in pressure below 1 bar tho 
further fall went on very slowly, but also by Debierne, who 
states that “ apparently chemical reactions are extremely 
slow at very low pressures/’ 

All the above considerations clearly point to the conclu¬ 
sion that it is impossible to obtain absolutely pure radon by 
use of chemical reagents only. All authors who have 
described the purification process state that the volume of 
radon immediately after compression into the capillary is 
generally greater than the one theoretically expected. The 
volume undergoes in most cases a marked contraction in 
the first few hours, remains afterwards stationary, and it is 
its final value which is assumed to be the volume of pure 
radon. These results will be discussed in another paper in 
connexion with my own results obtained by the same 
method. For the present it will be sufficient to say that the 
chemical method, at least in the form described in this paper, 
is not absolutely efficient in removing C0 2 . 

When working with a quantity of radon of the. order 
of *50-100 millicuries, the amount of 0O 2 found with radon 
after a carefully conducted experiment will be, in general, 
about 20 to 50 per cent, of the total quantity of gas. 

The important question is to know if 00 2 is the only 
impurity left with radon (with the exception of traces 
of water-vapour and of mercury-vapour, the presence of 
which is immaterial in capillary tubes when gas is com¬ 
pressed at atmospheric pressure, and also of traces of 
uncondensed gases, mostly hydrogen, due to an incomplete 
evacuation). A 'priori it does not seem improbable that 
some heavier hydrocarbons would behave in a similar way. 

As it would be very difficult to investigate all hydro¬ 
carbons, I performed some experiments with coal-gas, which 
contains them in a great quantity and variety. The result 
was. that, with an initial volume of about 5 cm. 8 , the volume 
imfmediately after oxidation by copper oxide was about 
; 1 mm. 3 , but when gas was allowed to stay overnight with 
KOH this volume fell to about ’005 mm. 8 (equal to ther 
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volume of 8 millicuries of radon). As hydrocarbons are not 
absorbed by KOH this behaviour is obviously to be ascribed 
to the presence of C0 3 formed by the combustion of the coal- 
gas. We can conclude with some certainty that, in the 
method described in this paper, the only permanent 
ga9 which is concentrated with radon by use of liquid 
air is carbon dioxide. 

[This work was performed during the years 1925/1926 
and 1926/1927 in the Cavendish Laboratory. 

It is a great pleasure for me to express my best thanks to 
Sir Ernest Rutherford for his kindness in receiving me in 
the Cavendish Laboratory, in placing at my disposal the 
large quantities of radon, and in showing a permanent 
interest in the progress of my work. 

1 am grateful to Dr. Chadwick for his help and interest. 

I thank Mr. Crowe for the preparation of sources. My 
stay in England was made possible bv a fellowship granted 
by the International Education Board. I wish to express 
my thanks to this Board.] 


CIV. Ranges of the Alpha-Particles of Uranium /. and II *. 
By George C. Laurence, Department of Physics , Dal- 
housie University , Halifax, Canada f. 

I. Introduction . 

N EARLY all the ranges of the alpha-particles emitted by 
the radioactive elements have now been measured 
accurately. The values, however, for uranium I., uranium 
II., and thorium may be considerably in error due to 
experimental difficulties resulting from their low activity. 
An accurate knowledge of the ranges of the latter elements 
is desirable for several reasons. Among these is the 
establishment of the validity of the Geiger and- Nuttall Curve 
for elements of small decay constant. Apparent disagree¬ 
ment, moreover, between the ranges, as measured by Geiger 
and Nuttall in 1912 and as calculated from pleochroic 

* Carried out with the aid of a National Research Council of Canada 
Bursary. 

t Oommuuicated by Prof. G. H. Henderson, Pb.D. 

J II. Geiger and J. M. Nuttall, Phil. Mag. xxiii. p. 439 (1912). 
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bale data *, has led to a suggestion that there has been a 
gradual change in their ranges and decay constants through¬ 
out geological time. 

A new determination of the ranges of uranium I. and II. 
has therefore been made, using the Wilson Chamber Method, 
which appeared likely to yield higher accuracy than the 
usual ionization and scintillation methods. The method 
consists essentially of photographing the tracks produced by 
the alpha-particles in a Wilson expansion chamber and 
measuring the photographs. The extremely small activity 
of the radioactive material made it necessary to make special 
modifications in the method, namely, to use a source of 
large area, to open the camera shutter by hand, and to 
operate the chamber without shutters to cut oil* the radiation 
before the completion of expansions. 

II. Apparatus. 

The Wilson expansion chamber had a diameter of 6 cm. 
and a maximum depth of 1 cm. Its piston was operated by 
a lever, cam, and spring mechanism, so arranged that by 
turning a crank the piston was raised slowly and then 
quickly lowered, producing a practically adiabatic expansion. 
A fine bore mercury manometer connected to it provided 
for the measurement of the pressure inside, and a thermo¬ 
meter inserted between projecting flanges on the chamber 
indicated the temperature. The usual gelatin film kept the 
air in the chamber moist and served as an electrode for the 
field of 200 volts across the chamber. 

The chamber was lighted from the side by a 10-ampere 
d.c. arc, the light from it passing through condensing lenses, 
and water to absorb heat radiation. 

The camera had an f. 4*5 lens of focal length 7*5 cm., and 
was mounted 20 cm. above the chamber. Kodak Super- 
Speed Cine Filin was used, being carried on reels in a box 
detachable from the back of the camera. Exposures of 
*4 to *6 sec. were used. 

Although an electric device to operate the shutter auto¬ 
matically at the end of each expansion was made, it was 
found that the shutter could be operated by hand before the 
tracks diffused enough to affect results. Considerable saving 
of time and film was thus effected, as, on the average, only 
one expansion in eighty produced a track suitable for 
photographing. 

* J. Joly, Trans. Boy. Soc. A, 551. p. 51 (1917); B. Gudden, Z*. 
'JPXjfs. xxvi. p. 110 (1924). 
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III. Source . 

The radioactive source had to be such as to provide as 
many tracks as possible and at the same time cause little 
absorption of the alpha-particles. It had, therefore, to be 
of large area and very thin. The preparation of this source 
offered some difficulty, but it was finally accomplished by 
subliming uranium vapour on strips of mica. Small lumps 
of metallic uranium, supported on the ends of tungsten wires, 
formed the electrodes of an electric arc. The arc was struck 
in a pressure of a few millimetres of air, which was just 
sufficient gas to maintain it. The vaporized uranium 
deposited in a thin uniform film on the mica strips which 
were placed around the arc. A current of 10 amperes for a 
minute produced a film of the required thickness, 8 mg. per 
sq. cm., equivalent in absorption to 2 mm. of air. A strip 
thus prepared, 10 cm. long by *7 cm. wide, fastened to the 
side wall of the chamber with soft wax, served as the uranium 
source. About one-third of the glass wall remained bare to 
admit the light to illuminate the tracks. 

The size of the source practically prohibited the use of 
shields and shutters to cut off the radiation before the 
expansions were complete. This difficulty was overcome by 
making the expansions very rapid. Thus more than 98 per 
cent, of the total number of tracks seen are formed at 
constant density after the expansion is complete and while 
the chamber is warming up to the temperature above which 
the vapour will no longer condense on the paths of the 
alpha-particles. The remaining, less than 2 per cent., which 
occur at slightly lower pressures, introduce a quite negligible 
error in the result. The fraction of the tracks which occur 
before the completion of expansion was here calculated from 
an approximate comparison of the time interval during 
which the expansions continue beyond the minimum value 
necessary to produce condensation on the tracks with the 
time it takes the average temperature in the chamber to rise 
until the condensation will no longer occur. 

IV* Preliminary Experiments with Polonium . 

Tiros modified, the method was applied to the alpha- 
particles of polonium as a check. For a source, small pieces 
of glass tune which formerly contained radium emanation 
wsfce used, being stuck to the walls of the chamber with, 
wttite* The photographs of the tracks were measured, cor¬ 
rected for the magnification of the camera, temperature, air 
vapour pressure, and the obliquity of the tracks, as will 
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be described later. The range of polonium at 15° C. and 
760 mm. was thus found to be 3*84 cm. The best recent 
values are : 

Mile I. Curie *, 3*92 cm. 

11. Geiger t 5 3*925 cm. 

The fact that our value is somewhat smaller than these is 
probably due to the penetration of the radioactive material 
into the glass by the recoil of Rn, RaA, and RaC\ A rough 
application of the correction for finite thickness of source 
(see subsequent section), to correct for the resulting absorp¬ 
tion, brings the range up to 3*90 cm., in good agreement 
with the accepted value. The results of 164 tracks are 
shown in fig. 1, curve a , where the number of polonium 
tracks of length between *5 mm. less than and *5 mm. more 


Kg. 1. 



than the abcissa is plotted. Mile Curie’s curve is given 
for comparison (curve b). The fact that the straggling 
shown in our curve is not very much greater than in hers, 
obtained under the most favourable conditions, justified 
proceeding with the method. 

Y. Uranium Measurements . 

The experimental method was as follows: holding the 
cable shutter release in one hand and turning the orank 
which operates the piston with the other, the chamber was 
watched for the appearance of a cloud track. When a 
track was seen the camera was immediately snapped. The 
stop-cock connecting the manometer with the chamber was 
then opened, air-pressure and tempei'ature read and recorded. 
The stop-cock was then closed and the film-reel given a turn 

* 1. Curie, Ann. de Phys. iii. p. 299 (1926). 
t H, Geiger, Zs. f. Phys . viii. p. 46 (1922). • ' 
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ready for the next exposure. # About 1620 photographs 
of uranium tracks were taken. This required over 120,000 
expansions. Poor photographs, ancK photographs of tracks 
whose length was less than 1*5 cm. or whose ends were 
indistinct, were discarded. The remaining 900 photographs 
of tracks were measured with the aid of a transparent scale 
and a small magnifying glass, and the lengths so obtained 
were multiplied by the magnification of the camera, which 
was determined by photographing lengths of fine glass 
tubing placed in the chamber. As the length of a path 
varies inversely as the density and the square root of the 
atomic weight of the gas, it was corrected for temperature, 
air and vapour pressure, to obtain the path-length in dry 
air at standard conditions. 

The lengths of the tracks are plotted in figs. 2 and 3. 
In fig. 2 the ordinates represent the number of tracks having 


Fig. 



a length lying between *05 cm. less than and 0*5 cm. more 
than the length indicated by the abscissa. In fig. 3 the 
ordinates represent the number of tracks of length greater 
than the abscissa. Only one track of length greater than 
3*40 cm. was obtained. Its length, 3*67 cm., indicated it to 
be due to polonium contamination and it was therefore dis¬ 
regarded. The corrections discussed in § YI. and § VII. 
were applied in plotting fig. 2 and fig. 3. 

It will be seen that Curve 3 falls off rapidly to zero as the 
end of the range of uranium II. is reached. The range of 
uranium II. is obtained in the customary manner by 
extending the slope at the end of the curve to intersect the 
range axis. Superimposed on the curve representing the 
uraairitp II. tracks is another similar curve corresponding 



1032 Mr. G. C. Laurence on the Ranges of the 

to the shorter range uranium I. Producing the slope at the* 
end o£ this curve to intersect the uranium II. curve extra* 
polated back (along the dotted curve in the figure) gave the 
range of uranium I. 

While the photographs were being taken the source was 
changed, the apparatus taken apart and cleaned, and the 
gelatin layer renewed several times, and the pressure varied 
from 570 to 770 mm. of mercury. That such changes had 
practically no effect on the results was shown by dividing 
the tracks into groups representing different conditions and 
comparing the corresponding curves. These resembled each 
other as well as would be expected with such small groups 
of tracks. 


Fig. 3. 



VI. Correction for Absorption by Source . 

The range as determined in the manner described above 
depends slightly on the absorption of the radiation by the 
source itself. As it was not practical, because of the email 
activity of uranium, to use a source so thin as to cause 
negligible absorption, the effect of the absorption on the 
range will now be calculated and added as a correction to 
the range obtained from the curve. 

Bohr * and Flamm f have shown theoretically^fainl 

* Bobr, Phil. Mag. xxv. p. 10 (1918); xxx p. 581 (1915). 

t Flamm, Wien* Ber . cxxiii. p. 1393 (1914); cxxiv, p. Sw (19J$* 
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I. Curie *, Mercier Meitner and Freitag t, and others 
have verified experimentally, that the lengths of the tracks 
emanating from a very thin source are distributed about a 
mean value R according to the error law. That is, the 
fraction dz of the total number of tracks which has a range 
differing from this mean value by a distance is given by 

1 

dz = —-- e~aidx y . (Fig. 4, Curve a) 
a \ir 

where a is a parameter determining the extent of the 
straggling. The fraction of the tracks which are longer 
than R-f x is therefore 

1 i*® 

z =-—- I e^azdx. . (Fig. 5, Curve a) 

a v ttJ x 


Since we are using a source of finite thickness, equivalent 
in absorption to w cm. of air, the measured ranges of those 
particles which come from a layer of the source at a depth t? 
below the surface and of thickness dv (where v is measured 
in equivalent cms. of air) are shortened by a distance ik 
The fraction of the tracks having a range longer than R-f^ 
is therefore 


dv 

m 


1 

-^ € 

a y/ir 


(x+v )- 
a* d.V. 


v is so small that the change in a resulting from it may bo 
neglected. So the fraction of the total number of tracks 
having a measured range greater than R-far is 


dzi = 


dx 


ma VttJo 
dx 


m 0H-r)2 

e a* dx\ 


ma 


IxC 

VttJj 


X+1H £2 

e~**dx. 


(Fig. 4, Curve b) 

Hence the fraction of the number of tracks whose measured 
length is greater than R 4- x is 


1 00 1* Z+m x2 

=- 7 ^ 1 dx 1 e~ <** dx, 

ma Virj o J * 


* 1. Curie, Ann. de Pkys. iii. p. 299 (1925). 
t I. Curie and P. Mercier, Joum. de Phys. (6), vii. p. 289 (1926). 
% L. Meitner and K. Freitag, Ze.f. Phys . xxxvii. p. 481 (1926). 

Phil Mag. S. 7* Vol. 5. No. 32 May . 1928. 3 X 
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This may be integrated by parts, yielding 

r- +m x* n 00 ar2 

z l as- —x 1 da? -I- m 1 e~ dar 

///aV^ L J* • *4» ~ 

/ * a (^4m)2 \n 

+ g i«* JJ. (Fig. 5, Curve b) 

It is evident that if the tangents to the points of inflexion 
d and / (fig. 5) are produced down to intersect the range 
axis in the manner usual in determining the ranges, they 
will do so in two separate points, g and h. To obtain the 
ranges for a very thin source the distance gh must therefore 
be added to the measured range. 

Fig. 4. 



Thejpointjof inflexion is found by equating the second 
derivative of z x to zero in the usual way. This gives 
x= which, when substituted in the equation of the 

■curve, gives 

The slope at the tangent at this point is 


fjf i 

dx 


_Ur 

may /7r J _ 


4 

e~ dx*m 



m 

2a’ 


where ert — represents the expression 


VlJ. * dy - 

Hence the intersection'of the tangent with the X-axis is 
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When m approaches 0, as in Curve 51 a, this expression 
reduces to %Jtc. So the required distance between 

the intercepts g and h is 

ia Vw+ Jrm — m/(2 erf (m/2a)). . . . (1) 

As m increases, the value of this expression approaches 
i®\/w and differs very little from ^a for m greater 

than 2a, and therefore need be known very accurately. 
This does not imply that m might just as well be quite large. 
Increasing it has the effect of flattening the slope of the 
curve and thereby making its intercept more difficult to 
determine accurately. It also causes the slopes corresponding 


Fig, 5. 



to the two uraniums to overlap, making them difficult to 
distinguish. 

Putting in the value of m and the value of a for the two 
uraniums, the corrections are calculated to be 4 -*040 cm. 
for uranium I. and 4**045 cm. for uranium II. 

VII. Other Corrections . 

Small corrections for the apparent shortening of the rays 
due to their obliquity to the photographic mm must be 
added to the ranges. These corrections are derived as 
follows:— 

Let * be the average length of the tracks and c the depth 
of the chamber. OF the tracks whose angle of inclination 
to the horizontal is 0, only those coming from a strip of 
yfidth b =ss c—ssin$ along the bottom of the source will 
geeape hitting the top or bottom of the chamber before the 
9 pd of tbeir path. Their number is therefore proportional 
to c ■—j sin 0. Their apparent length is s cos 0. See fig. 6. 

> 3X2 
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Their average length is 

/’ sin “le/s 

2 1 (c — ssin 0)scos Odd 

Jo_ 

7* sin icfs 

. 2l (c—ssin#)rf# 

Solving and filling in the numerical values it is found that 
the ranges of uranium I. and II. are shortened by ’016 cm. 
and *018 cm, respectively. 


Fig. 0. 



About 20 per cent, of the tracks have struck the top or 
bottom of the chamber. Their distribution is such, however, 
that they produce negligible effect on the range as determined 
above. Starting at 2*1 cm. from the source, we .see from 
fig. 3 that there are 802 particles which travel farther than 
this. These all pass between a and b , fig. 7. Of this number. 


Fig. 7. 

TOP OF CHAMBER O 



only those passing between a and tn and between n and b 
strike the top or bottom in the next half millimetre. Their 
number is proportional to the angle subtended at c, and since 
the angles are small, the fraction of the total number which 
strike the walls in the next half millimetre is (am + nb)/ab). 

Continuing in this manner the number which strike the 
walls in each half millimetre is determined, and from these 
figures the dotted curve of fig. 3 is obtained, indicating the 
number of tracks of range greater than the abscissa which 
hit the top or bottom. Subtracting the ordinates of thi 
curve from those of the solid line curve we get the cur ye o 
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fig. 8* showing the number o£ the tracks which have not hit 
the walls that are longer than the abscissa. If this curve is 
nsed in determining the ranges, the intercepts are found to 
fall on the same points as those of fig. 3 within the possible 
accuracy of plotting. 

It may be noticed that in fig. 8 there are more uranium I. 
than uranium II. tracks. This is due to the shape of the 
chamber ; short range particles have a larger solid angle in 
which they may be projected without hitting the walls. 

The heating of the chamber by the radiation from the arc 
light was investigated by using the chamber and manometer 
as an air thermometer. Comparisons of the temperature 
measured in this manner with the reading of the thermometer 


J*K. 



showed that the temperature of the chamber averaged *5 
degree above the thermometer daring the time taken for a 
series of expansions. The corresponding correction of 
•005 cm. was therefore subtracted from the ranges. 

Possible sources of error not considered above are : the 
obliquity of the rays of light from the ends of the tracks to 
the axis of the lens, errors in measuring pressure, and in 
measuring the tracks themselves. These probably total less 
than *02 cm. for most of the tracks. 

VIII. Results . 

Applying the corrections discussed above the ranges in 
dry air at 150° C. and 760 mm. of mercury are 

Uranium 1. 2 # 73 cm. 

Uranium II. 3*28 cm. 

The error in these is probably less than 1 per cent. 
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Applying Geiger and Nuttnll’s law to the range 3*28 cm. 
gives for the decay constant of uranium It., which has never 
been measured, 

1*7 X 10“ 12 reciprocal seconds, 

making the half-life 13,000 years. 

The range of uranium I. is about intermediate between 
Geiger and Nuttall’s value and Gudden’s value obtained 
from pleochroic halo data. Assuming that it has a half-life 
of 4*67 x 10 9 years, the range of uranium I. calculated from 
the Geiger and Nuttall relation is 2*67 cm., slightly smaller 
than the present value. The range of uranium II. is 
considerably longer than the older values. 

In a preliminary report on this work *, based on less data, 
comprising 370 tracks, the ranges were given as 2*72 and 
3*29 cm. respectively, differing very little from the final 
values. 


IX. Summary. 

The ranges of the alpha-particles of uranium I. dnd II. 
were determined bj' the Wilson Cloud Chamber Method, 
with modifications made necessary bv the small activity^of 
the radioactive material. 

The method was satisfactorily checked by its application 
to the range of polonium. 

The ranges at 150° C. and 760 mm. of mercury were 


found to be 

Uranium 1. 2*73 

Uranium II. 3*28 


with a probable error of less than 1 per cent. From the 
range of uranium II. its decay constant was calculated to be 
17 x 10"" 12 sec' 1 , or a half-life of 13,000 years. 

The uranium metal for the source was kindly furnished 
by Dr. G. M. J. MacKay, of the General Electric Co.,. 
Schenectady, N.Y. 

The author is gratefully indebted to Dr. G. H. Henderson 
for suggesting this problem and for his encouragement and 
advice. Mr. R. H. Fowler very kindly checked the calcu¬ 
lations contained in Section VI., and the adoption of hie 
suggestions added considerably to the clearness of that 
section. 

* G. C. Laurence, Trans. Nora Scotia Inst. of Sci. xvii. p. 108(1927). 
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CV. On the Primary Dark Space of a Geissler Discharge . 
Sy K. G. Emeleus, Ph»D, 9 Lecturer in Pliysics 9 

and Nora M. Carmichael, J3.Sc,< Musgrave Demonstrator , 
Queen's University of Belfast *. 

1. Introduction • 

TTHE cathode dark space of a glow discharge, although 
only relatively noil-luminous, is actually separated from 
the cathode in some instances by a thinner intensely dark 
layer. This “ primary dark space” was first noticed by 
F. W. Aston on an aluminium cathode in helium, hydrogen, 
and mixtures of helium with oxygen (1) , and the same appear¬ 
ance was subsequently found by Aston and Watson to be 
presented by discharges through all the inert gases, being 
clearest in helium and xenon (2) . Kossel made a detailed 
study of the primary dark space on an electrode of potassium 
in helium <3) , whilst Holst and Oosterhuis examined certain 
features of it in neon (4) . The present writers have observed 
it on a nickel electrode with argon containing some hydrogen. 
It does not appear to have been recorded up to the present 
in gases other than those mentioned. 

Aston also found that stria? were present beyond the first 
dark space in helium (1) ; these became less distinct as the 
negative glow was approached, but the differences in poten¬ 
tial between them were approximately constant, so far us 
could be judged from rough estimates of the electric intensity. 
In neon, the primary dark space replaces the first of the 
dark negative striae characteristic of the transition region 
between the normal glow discharge and simple ionization by 
collision, when the current is increased (4) . The difference in 
potential between the negative striae is about the ionization 
potential of neon <4) , and the number of ions in the luminous 
parts is almost doubled at each fresh striation towards the 
anode w . By analogy, the fall of potential across the primary 
dark space snould be the ionization potential of the gas, but 
this cannot be verified from the distribution of the electric 
field, which is unknown for the conditions under which the 
primary dark space can be seen. These are not much 
different from those occurring with a normal cathode fall of 
potential* for which a theory has been given by K. T. Comp¬ 
ton and Morse <6) , but this again cannot be applied with 
cprtainty to the immediate neighbourhood of the cathode. 

* Communicated by Prof. W. B. Morton, M.A. 
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A theory of this dark space was proposed by Aston (1) , in 
which electrons from the cathode were supposed to move 
outwards to the negative glow, but to produce no visible 
effect until they hud sufficient energy to ionize. The 
presence of striae is an immediate consequence of this. It 
whs shown subsequently by Giintherschulze (7) that it. is also 
possible to explain in this way the apparent absence of the 
primary dark space in other gases, since, if the distribution 
of electric intensity found from the Stark effect for a strongly 
abnormal cathode fall is taken as an approximation to the 
state of affairs near the normal cathode fall, an electron 
starting at rest from the cathode would first produce radiation 
at a distance too small to be observed directly. The initial 
velocities of the electrons are probably small compared with 
the velocities required for ionization of the gases in question. 

The experiments of Kossel, on the other hand, are not in 
complete agreement with this view. In helium, the main 
cathode dark space is blue-green, and the positive boundary 
of the primary dark space has a red rim. A closely similar 
light-structure can be produced within a hollow cathode 
built of mutually insulated sections, whose outer gauze sur¬ 
face is the main cathode of an ordinary glow discharge. 
The red rim can only be produced internally by an auxiliary 
electron-accelerating potential of not less than 21 volts. 
This is very close to a resonance potential of helium, 
which Kossel therefore concluded was the difference of 
potential between the faces. The energy of the electrons 
employed may, however, have been somewhat greater, since 
it had been shown that under somewhat similar conditions 
in hydrogen they left the cathode with initial energies 
equivalent to a maximum of about 2 volts, which has here to 
be diminished by the unknown work-function of the emitting 
surface. Moreover, the positive column of the main dis¬ 
charge was striated, which indicates that, although mercury 
was absent, other impurities may have been present, so that 
primary excitation of helium could have produced ionization 
by collisions of the second kind. In addition, the phenomena 
when hydrogen was used were less simple, and can be 
accounted for better on the ideas elaborated in § 2. How¬ 
ever, even if Kossel’s conclusion is correct, the general 
theory of the following section is not affected substantially, 
since the resonance potentials vary in much the same way as 
the ionization potentials. 

It is not certain, nevertheless, that the relatively sharp 
outer boundary of the primary dark space is entirely due 
to the fact that the electrons lose practically no energy 
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until they make inelastic collisions. A cushion of light to 
the positive side of the primary dark space—the “ cathode 
glow”*—often persists even when the primary dark space 
cannot be detected, and exhibits certain features which seem 
to differentiate it from the remainder of the cathode dark 
space. The most obvious of these are :— 

(1) With strongly abnormal cathode fall, if not under all 

circumstances, some sections of it are electrically 
neutral or negative <8> 9) . 

(2) In hydrogen and oxygen, part of its light is due to 

positive rays u0) . 

wl) It is little affected by magnetic fields. 

Experiments are in progress here on the characteristic 
curves of a collector in this part of the tube, and on the 
light from it, which it is hoped will give further information 
on this point, but it appears that the cathode glow is more 
nearly like the negative glow than is that part of the cathode 
dark space between the two glows. In the present paper, 
we propose to examine the consequences of supposing that 
the primary dark space is a positive ion sheath of the type 
studied by Langmuir in connexion with the use of cold 
exploring electrodes (ll) . On this view, the flow of positive 
ions between the cathode and cathode glow is limited, us 
indeed elsewhere in the cathode dark space, by the positive 
space-charge which they produce, hut a contributory cause 
to the absence of radiation will be that which is active at 
the surface of a negatively charged exploring electrode, in 
this case the cathode of the main discharge, rather than a 
specific inhibitory effect of free electrons, such as has been 
suggested by J. J. Thomson (12) . A simple theory of this type 
has already been tried by Ryde for the whole of the cathode 
dark space (13) . If this theory is correct, all the lines of force 
ending at the cathode start on positive ions in the primary 
dark space, and there must be a negative space-charge in 
part of the cathode glow to act as an effective negative 
electrode for the main cathode dark space, in agreement with 
Brose’s observations, as far as the later can legitimately he 
applied here (8 * 9> . It may be significant that the outer rim of 
positive ion sheaths in regions of feeble ionization has an 
appearance very like the cathode glow, being markedly 
brighter than the main discharge, which is possibly partly 
•due in both cases to a local accumulation of electrons repelled 
£rom the sheath. 

* Referred to in German literature as “ Erste Kathodenschicht.” 
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The facts which have to be accounted for are (1> 

(а) That the primary dark space appears in only a limited 

number of gases. 

(б) That fid is approximately constant, where i is the 

current density, and d the thickness of the primary 
dark space. 

(c) That d is independent of the pressure of the gas. 

(d) That Yd/D is constant for any one gas, where V is 

the cathode fall of potential, and D the thickness 
of the cathode dark space. 


2. Space-Charge Theory . 

The difficulties that have been encountered in attempts to 
form a theory of the cathode dark space, which arise chiefly 
from incomplete knowledge of the origin and paths of the 
cathode rays, are less important in the limited region now 
under consideration. In particular, the appearance of the 
primary dark space strongly suggests that ionization only 
occurs beyond its boundary, whilst relatively few collisions 
are made by electrons and ions in traversing it. The contri¬ 
bution of the electrons to the space-charge in the primary 
dark space will be neglected, but their contribution (i e ) to 
the total current density (i) must be taken into account. If 
i p is the current density of positive ions, 

ie + ip=*i .(1) 

The maximum thickness of the primary dark space is 
about 0-1 cm., and the pressures at which it can be seen’are 
of the order of 1 mm. Hg, so that the number of collisions 
made by an ion in traversing it will usually be decidedly 
less than 10. Their effect will be neglected, and Langmuir's 
solution of space-charge limited conduction for a plane 
electrode used <14) . This takes the form 


2*34 10-« V t */«{ 1 + O- OaSCT/Vj)*} 

V1834M d* 


• • ( 2 ) 


whore V* is the ionization potential of the gas (§ 1) and M is 
the molecular weight of the positive ions. The numerical 
constants correspond to current densities in atnps./cm.* 
potentials in volts, and distances in cms. With sheaths of 
comparable thickness, it has been found that the most con¬ 
sistent results are obtained if the effects of collisions are 
completely ignored <15) . There is uncertainty as to the value 
of T, the temperature of the positive ions when they enter 
the sheath ; Aston has given reasons for supposing that most 
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of the positive ions at low values of the cathode fall of 
potential should reach the neighbourhood of the cathode 
with approximately the energy obtained since the last col¬ 
lision with a gas-molecule but the electric field at the 
outer boundary of the primary dark space is unknown. If, 
however, the correcting factor in equation (2) is taken to be 
approximately constant, the formula contains the experi¬ 
mental relation ( b ) between current density i and thickness 
on the additional plausible assumption that the relative con¬ 
tributions of i e and i p to i are independent of the exact value 
of the latter. The fact that d is independent of pressure (c) 
is implicit in the assumption that the effect of collisions can 
he neglected. 

The connexion between the thickness d and the nature of 
the gas is more complicated, liquation (2) shows that d is 
inversely proportional to M*, so that hydrogen, where the 
mass of the positive carriers may be 1(11*), 2(H a + ) or 
3(H 8 + ), and helium, where it is 4, are the only two substances 
specially favoured by this factor. The distance d is also 
proportional to V t *, if the factor in brackets is neglected, 
which should single out from other gases helium, with an 
ionization potential of 24*6 volts, and neon, with one of 21*5 
volts. Measurement of d in the case of neon is also facili¬ 
tated by the peculiar ease with which optical phenomena 
can be seen in discharges through it, whilst the same is 
probably true of xenon, and to a less extent of argon and 
krypton. 

These considerations alone are, however, inadequate to 
account completely for the failure of the primary dark space 
to appear in other gases, to do which the magnitude of 
i p , equation (2), must be taken into account. ^The total 
current density across the primary dark space is the same 
as that across the cathode dark space, so that i p enters into 
the equation as an empirical quantity dependent on f, which 
in turn has to be found by experiment in each case. The 
general nature of the variation of i from one gas to another 
will be seen from Table I M taken from Giintherschulze’s data 
for a cooled platinum cathode (,7) , i n being the normal density 
at a pressure of 1 mm. Hg. 

It will be seen that the current densities are smallest for 
the first four gases, and since d is inversely proportional to 
t* (fe), this factor, taken in conjunction with those already 
mentioned, can be taken to show that d should be particularly 
large in helium, neon, and hydrogen. The differences 
between the various gases will be less at lower pressures, 
since vis proportional to the square of the pressure, but the 



1044 Dr, K. G. Emelins and Miss N. M. Carmichael on the 

primary dark space is then more diffuse and difficult to 
detect. Argon should be more comparable with the poly¬ 
atomic gases so far as the data of Table I. go. 


Table I. 


Gas. 

He. 

Ne. 

A. 

H s . 

O a . | N a . 

? n wA/cm. 2 

001 

0*02 

0*14 

009 

0-55 0 38 

1 v/fA/cni. 2 

V j 

0-7 

0-25 

0-1 

0*6 

014 010 

;_ l _ 

D n »m. 

160 

0*77 

036 

090 

1 0*31 ! 0-42 

1 I 


Krypton and xenon have been examined separately by 
Giintherschulze (l8) , and the normal current densities for these 
gases, obtained with a massive iron cathode, are shown in 
Table II. Both values of i n are small, which will* partly 
compensate for their large atomic weights. 

Table II. 


Gas. 

Kr. 

Xe. 

1 mAJc m. 2 

n 

0-04 

0*02 

/p vtA f cm. 2 

005 : 

003 

D w cm. 

20 

i 

2*3 


An exact quantitative test of equation (2) does not appear 
to be possible at present, both because of incomplete data 
in the literature on the primary dark space, and because of 
uncertainty as to the value of the bracketed factor. For 
the purpose of calculation, we shall assume that the latter 
has a constant value of 2, which is about what could be 
expected from Aston’s analysis <l8) . The current densities of 
positive ions against i p in Tables I. and II. have been 
obtained in this way, and correspond to a primary dark 
space 0 # 1 cm. in thickness. In the case of nitrogen, where 
the positive ions are either N + or N 2 + , with masses of 14 or 
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28, a mean value has been taken, A similar procedure has 
been adopted with oxygen. For hydrogen, M has been 
taken to be 1*5. The values of Vi for the diatomic molecules 
have been used. 

For the last two gases of Table I. and argon, i n and i p are 
of the same order, the former being the larger of the two, in 
general agreement with the facts that the positive ions trans¬ 
port a considerable fraction of the current to the cathode, 
and that for these gases d is certainly less than 0*1 cm. 
The agreement in Table II. is closer than could be expected, 
as there is great latitude in the choice of current densities. 
For hydrogen, i n is definitely less than i p , which might be 
explained, following Kossel, as due to the presence of mer¬ 
cury, which would lower the value of V 3 / 2 from about 64 to 
36. In addition, no special precautions were taken to cool 
the cathode in Aston’s experiments, and a rise in temperature 
has been shown to increase the value of the normal current 
density. It is unlikely, however, that these considerations 
explain the large values of the ratio found for helium 
and neon, or that it is due to incomplete electrostatic 
shielding of the cathode by the primary dark space in these 
gases, and not in others. We would tentatively suggest 
that some such action as^the following occurs. 

If the current of positive ions is greater than the total 
current, a current of electrons must he flowing across the 
sheath against the electric field. This could take place 
either because of diffusion in a concentration gradient, or 
more probably because of the presence in the cathode glow 
of swift electrons moving in more or less random directions, 
and able to penetrate the sheath. We do not wish to lay 
stress on this point, because of the absence of exact data in 
support of it, but such electrons might give the secondary 
emission of electrons from the cathode which is usually 
attributed to impact of positive ions or a photoelectric effect, 
and so bring the discharge phenomena in line with the 
absence of secondary emission from outgassed electrodes 
bombarded with slow positive ions (l9) . It would also partly 
explain why so great a fraction of the energy expended in 
the cathode fall space appears ns heat at the cathode, by 
recombination of positive ions and electrons at the surface of 
the latter. It has been found by Mr. W. L. Brown and one 
of us (K. G. E.) in this laboratory, that electrons of the 
requisite energy are present in the negative glow, and cer¬ 
tainly persist for some distance into the cathode dark space. 

Given sufficient data, equation (2} gives ideally a means of 
fluffing the number of electrons which leave the cathode for 



1046 Dr. K. G. Emelyas and Miss N. M. Carmichael on the 


each positive ion received, by comparison of i with i, equa¬ 
tion (1) < 20 >. 

The relation (d) was used by Aston to calculate the ioni¬ 
zation potentials of hydrogen and helium. This leads to 
certain discrepancies which have been pointed out by Kossel, 
and in addition Vd/D increases with atomic weight amongst 
the inert gases, whereas V* decreases. The present theory 
is not concerned with V and D, but Aston’s relation can be 
shown to be in agreement with another semi-empirical formula 
that he established, viz., that if p denotes the pressure, 

iD s pV“ 2 = const.(3) 

to a degree of approximation dependent on the gas used. 

This can be regarded as derived from 

Vpi-ime const.. . (4) 

and 

Dp = const.(5) 

which are approximate forms of the empirical relations 

Y=const. + K iip" 1 , .(6) 

and 

D = K 2 p~ 1 + K 3 i-*.(7) 

where K 1? K 2 , K a are constants. 

If p is eliminated between equations (4) and (5), on the 
grounds that the thickness of the primary dark space is 


independent of the pressure, we obtain, 

= const.(8) 

Both from the theory, equation (2), and experiment (6), 

const.(9) 

and hence from equations (8) and (9), 


VdD" 1 *® const..(10) 

It is impossible to predict the relative accuracy with which 
equations (3) and (10) would be expected to be true. 

Somewhat similar conditions determine both d and D, and 
t£ie values of the latter at normal cathode fall on iron, at a 
gas pressure of 1 mm. flg., are shown against D* in Tables 
I. and II. The data are taken from various publications of 
GiintberschulzeThose gases showing a primary dark 
space have in general the greatest values of D n . 
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3. General Considerations . 

The genesis of the primary dark space from the low 
current striae has been mentioned in § 1 * and its intimate 
connexion with the latter is indicated by the presence of 
striae in the cathode dark space in helium. There is evidence 
that the space-charge is negative between the luminous 
parts of a low current discharge, but there is instability in 
tjie transition to the normal glow, both in appearance and in 
the characteristic curve <4 * 23) which may well be associated 
with a change in electrical conditions similar to that which 
accompanies “ blueingin a thermionic diode containing 
gas ( ‘ i8) . The disappearance of the striae at higher current 
densities may be due to causes similar to those which govern 
the transition from a striated positive column to the unstriated 
form. When the current density is so high that the primary 
dark space itself is not visible, it need not, nevertheless, be 
actually absent. On the contrary, it may play an important 
partin the change from a glow to an arc, since there is strong 
evidence that the cathode of the latter is covered with a 
sheath of positive ions (24 » 25) , which may be generated from 
the primary dark space, rather than from the whole of the 
cathode dark space. 

The discussion of § 2 is incomplete in several respects. 
In particular, it does not explain satisfactorily why a pri¬ 
mary dark space is apparently absent in oxygen and nitro¬ 
gen. It should be possible to detect it with more refined 
means of observation, if it is present, but very thin. It is 
possible that its presence is masked by radiation from 
excited molecules that have diffused into the sheath, although 
this is not the case with hydrogen, and with the mixtures of 
monatomic and diatomic gases in which it can be detected. 
Our main object has been to call attention to the fact 
that if the outer boundary of the primary dark space is 
at a definite potential relative to the cathode, then, on certain 
assumptions, space-charge equations of a simpler type than 
those holding in the main part of the cathode dark space can 
be applied to it, and that the results obtained in this way are, 
on the whole, consistent with those obtained by other means. 

4# Summary . 

The primary dark space on the cold cathode of a Geissler 
discharge is similar in appearance to the positive ion sheaths 
present on negative exploring electrodes. A number of its 
properties can oe accounted for by application of the equations 
developed by Langmuir for the latter, but there are discrep- 
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aqces between the observed and calculated current densities 
which indicate that the cathode is receiving fast electrons 
from adjacent parts of the discharge, which, in turn, could 
produce a secondary emission of electrons from the metal* 
The primary dark space may be the analogue in a glow dis¬ 
charge of the cathode sheath in an arc. 
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CVr. Magnetism and the Structure of some Simple and 
Complex Molecules . By D. M. Bose, Ghosh Professor of 
Physics , Calcutta University *. 

I N the present paper it is proposed to discuss some recent 
theories on the structure of some simple and complex 
molecules in light of their magnetic properties* Before we 
can proceed further with our discussion, it will be necessary 
to give a short account of these theories. 

Structure of diatomic molecules . 

The nature of the bond between the atoms of a diatomic 
molecule, pan be of two kinds, viz.: polar and non~poIar or 

* Communicated by 1 the Author* ' 
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contravalent and covalent. In the former by the trails* 
ference of one or more electrons from one atom to the other, 
each is left with an outer configuration of eight electrons, 
with an excess of deficiency of negative charge. The two 
ions so formed are held together by electrostatic forces, and 
can be ionized in solution. In the case of the union of two 
atoms of the same type and other non-ionizable molecules, 
the nature of the forces holding the two atoms of the 
molecule is obscure, but it is assumed that two atoms, each 
of which is a few electrons short of a stable number, can 
share electrons in such a way that each of the latter is 
considered to be constituent of both the atoms, and thus 
form links which are not entirely due to electrostatic 
attractions and so cannot be ionized. Lewis showed that 
in a large class of nun-polarizable compounds, the total 
number of electrons in the outer shells of the atoms taking 
part in them is even. 

From this the conclusion is drawn that the chemical bond 
in them is due to pairs of electrons moving in binuclear 
orbits. Such bonds are known as covalent bonds. Recently 
a new theory of the distribution of valence electrons in 
diatomic molecules has been proposed by Mulliken, Birge, 
and Mecke *, from their study of the band spectra of 
diatomic molecules. 

The total energy of a molecule is made up of the electronic 
energy of the radiating electrons, the oscillatory energy of 
the atomic vibrations, and the energy of rotation of the 
molecule as a whole. We have now a more or less complete 
theory of the band spectra so far as the rotational and 
oscillatory energies of the molecule are concerned. In recent 
years a great deal of attention has been directed to the 
interpretation of that part of the band spectra which is due 
to the quantum jumps of the radiating electrons. From the 
recently acquired insight into the relation between spectral 
terms and the number and distribution of the emitting 
electrons in the different quantum orbits in an atom, it has 
been possible by the analysis of the electron part of the band 
spectra of molecules, to assign spectral terms to them, and 
from that to deduce the distribution of the electrons 
responsible for these terms, in different quantum orbits. 
Thus it has been found that spectra of diatomic molecules 
like BeF, BO, ON, show great similarity to that of Na, 
while CO gives a spectra similar to Mg, and so on. The 

* For references see Mecke and Guillery, “ Report on Band Spectra,”* 
Phys. Zeit. xxviii. pp. 479, 614 (1927). 

Phil . Mag , S. 7. Vol. 5. No. 32, May 1928. 3 Y 
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total number of electrons in the first group of diatomic 
molecules is thirteen, which, according to the hypothesis 
put forward by Birge and Mulliken, are distributed as 
follows—each of the nuclei retains its two K-electrons, of 
the remaining nine outer electrons, eight form an octet shell 
enclosing the two nuclei, while the ninth electron moves in 
a 3-quantum orbit, giving rise to a 2 S term. 

Thus we can arrange these diatomic molecules, according 
to the total number of outer electrons found in them, as 
follows (Table I.) :— 


Table I. 



Total No. 
of Outer 
Electrons. 

No. of Electrons 
outside octet shell. 

Expected 

Molecules. 

1=0 . 

1 = 1 . 

ground terms. 

BF, BeO, ON 

9 

1 

— 

a S 

♦ 

N 2> CO 

10 

2 

— 


WO 

11 

2 

i 

ap 

o 2 

12 

2 

! 2 

i 

n P, J D, *s 


If the analogy between these diatomic molecules and the 
corresponding atoms is to be maintained, it has to be shown 
that these molecules are capable of entering into chemical 
combination with a valency proportional to the number of 
electrons which lie outside the common octet shell. It will 
he seen later in what sense this expectation is realized. 

When one of the combining atoms is hydrogen the 
molecules form non-metallic hydrides, the total number 
of electrons in their outer shell can be eight or fewer. These 
hydrides have been termed by Grimm* as pseudo-atoms, 
with chemical properties similar to the atoms having the 
same number of electrons in the outer shells, as can be seen 
from the following Table II. 

Band spectra of these hydrides show that round each 
hydrogen nucleus two electrons move in a closed orbit witli 
.zero impulse moment. 

* Geiger and Scheel, Handbuch der Pkysik , vol. xxiy. Grimm. 
4 Atombau u. Chemie, 1 p. 512. 
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Table II. 

i 

I Hydrides. 

No. of Outer 
Electrons. 

Corresponding 

Atoms. 

OH, NH 2 

7 

F 

FH, OH 2 , NII 3 | 

8 

'! Ne 

cir, J 


! 


Coordinatton Conipounds . 

The second class of molecules with which we have to deal 
are the so-called coordination compounds of Werner*. A 
typical example is Pt(NH 3 ) 6 . Cl 4 . Here the Pt atom is 
capable of holding, not only the four Cl atoms by its electro¬ 
valency, but it can also further combine with six of such 
apparently stable molecules like NH S . In solution all the 
four 01 atoms are found to be ionized, while the six 
ammonia molecules are found to be attached to the central 
atom by non-ionizable bonds. The characteristic properties 
of such complexes have been summarized by Sidgwiclc as 
follows :— 

(1) Their structures appeared to be quite independent of 
the rules of valency, according to which the numerical value 
of the valency of an atom element was primarily determined 
by the group in the periodic table to which it belonged. In 
these compounds the structure was determined rather by the 
tendency of four or six atoms or groups to arrange them¬ 
selves round a central atom. 

(2) In them a univalent atom or group of atoms, such as 
Cl or NO, could be replaced by apparently saturated 
molecules like H 2 0 or NH 3 , without affecting the stability 
of the complex. 

(3) Such replacements are always accompanied by a 
change in the ionization of the molecule. Thus, taking the 
above complex compound Pt(NH 3 ) 6 Cl 4 , we find that the NH 3 
molecules can be replaced one by one, until Pt(NH 3 ) 2 Cl 4 is 

* I am indebted for the following account of Werner’s theory of 
coordination compounds and Dr. Sidgwick’s explanation of the origin 
of coordination links to the very interesting and suggestive address 
delivered by Dr. Sidgwick as President of the Chemistry Section of the 
B.A. Meeting, held at Leeds in September 1927. See * The Advance¬ 
ment of Science, 1 1927. 
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reached, which is not ionized at all. Here every molecule- 
of NH 3 in the complex group Pt(NH 8 ) e ++++ is replaced by 
a 01 atom with a consequent diminution of its positive 
charge. If, now, more NH 3 are replaced ionization occurs 
again, but the complex has received a negative charge, and 
we finally have the double salt K 4 Pt01 6 . 

Werner proposed to explain these phenomena by assuming 
that round the central atom of the complex there is a 
tendency for groups of atoms or molecules to attach them¬ 
selves in definite numbers (usually six, sometimes four or 
eight). These groups occupy the first coordination sphere 
of combination of the central atom, and together with the 
latter form a coordination complex ; the complex molecule 
might also contain other atoms or groups occupying a second 
sphere, which are less firmly attached, e . < 7 ., in the above- 
mentioned compound, the NH 3 molecules are attached to the 
first sphere of platinum and satisfy the coordination number 
six, while the four 01 atoms are attached to the second 
sphere. Experimentally the groups attached to the second 
sphere were distinguishable by the fact that they were 
ionized by water, while those forming part of the co¬ 
ordination complex were not. Recent X-ray analysis of the 
crystalline structures of some of these coordination com¬ 
pounds of platinum have confirmed Werner’s theory of 
their structure *. 

Werner himself has not given any picture of the nature 
of the forces which held the groups of atoms to the first 
coordination sphere. Kossel, who had successfully explained 
the formation of polar compounds by electrical forces,’tried 
tc apply the same ideas to explain the formation of complex 
molecules. But his views have not been generally accepted 
and we will not therefore go into the details of his theory. 

Recently Sidgwick f has given a new interpretation of 
the nature of the bonds which hold atoms or atomic groups 
to the first coordination sphere of the central atom. Accord¬ 
ing to modern electrical theories only two kinds of bonds 
are possible, viz., electrovalent and the covalent, the one due 
to the transference and the other due to the sharing of 
electrons between two atoms—the former is ionizable, the 
latter is not. Sidgwick supposes that the coordination bonds 
being non-ionizable belong to the latter type. But they 
must arise in a way different from the ordinary covalent 
bonds, since their number is not related to the periodic 
grofip of the central atom, and they can combine with atome 

♦ See Wycolf, 4 The Structure of Crystals. 1 

t Loc. cit. 
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{like N in NH 3 or O in OH 2 ) which have already completed 
a stable number of electrons. In the normal covalency it is 
assumed that each of the two atoms contributed an electron 
to the link. Sidgwick extends the idea by supposing that 
both the electrons may be provided by one of the atoms. 
According to him the conditions for the formation of a 
coordination link are that we should have : (i.) one atom 
which has a pair of valency electrons to offer ; and (ii.) 
another which has room for one or more pair of electrons in 
its valency group. He calls the former atom which lend a 
pair of electrons the donor and the latter atom the acceptor. 
As an example of such formation he considers the combin¬ 
ation of NH 3 with RC1 3 . In the former the N atom, which 
has five electrons in its valency group, of which three are 
shared with the three H atoms, leaving a pair of electrons 
to share, is the donor ; in the latter the B atom which has 
all its valency electrons shared with the three Cl atoms, and 
has two vacant places in its valency group, is the acceptor. 
Their combination is represented as follows : 

Cl H Cl H 

Cl :B + :N: II = Cl :B:N: H 
Cl .H Cl H 

In this compound the atoms B and N assume a maximum 
covalency or coordination number of four, and round each 
an octet valency shell is completed. 

Sidgwick extends this reasoning to the case of a regular 
coordination compound like [Cr(NH 3 ) 6 ]Cl 3 . Here the Cr 
atom stripped of its three valency electrons forms the ion 
Cr" 1 ’*"*' with a stable core of 21 electrons (of which three are 
in the M 8 shell). It has no valency group left and the core 
is stable, as proved by the stability of the chromic salts. 
This ion can form a series of coordination links with NH 3 
molecules, by sharing the lone pair of electrons of the 
N atom. It is assumed that in the case of these types of 
compounds the stable size of the valency group is 12 , as 
opposed to 8 in the previous case considered, and therefore 
6 molecules of NH 3 will be taken up. In case of one of the 
NH 3 molecules being removed from the first coordination 
sphere, it takes away with it the two shared electrons which 
it contributed ; the Cl atom which replaces it moves from the 
second to the first coordination sphere. It can only supply 
one electron to the link, the other has to be supplied by the 
oentral atom. Thus the electro valency of the latter is 
reduced by one, giving instead of [Cr(NH 8 ) 6 ] +++ > the ion 
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[Cr(NH 8 ) fi Cl] ++ , or the salt [Or(NH 8 ) 5 ]Cl 2 . The same 
change will occur for every replacement of a wh6le molecule 
in the complex by a univalent radicle. Thus the peculiar 
change of electrovalency noted by Werner in this class of 
compounds is explained. The chief assumption in the above 
theory is of the existence of a stripped atom with a stable core 
round which a new valency shell of 12 electrons can be 
formed by six stable molecules sharing pairs of electrons 
with it. In case one of the latter is replaced by a univalent 
radicle, one of the shared electrons is supplied by the central 
atom. 

Besides Cr +++ other ions of elements belonging to the 
first transition group like Fe ++ Fe +++ Co' f ' M ‘Ni +;f , etc., 
form stable coordination compounds. In all of them the M 8 
shell is incomplete, and the interesting question arises 
whether the 12 electrons which, according to Sidgwick, 
form a new valency group, lie entirely outside this M 3 shell 
or some of them occupy vacant places in it. As these ions 
are paramagnetic and their moments depend upon the 
number of electrons in their M 3 shell, it will be seen later 
that some definite information can be obtained by con¬ 
sidering the magnetic moments of this class of coordination 
compounds. Further, in this class of compounds some of 
the groups of atoms or molecules which enter into co¬ 
ordination bond with the central atom are the following: 
Cl, OH, OH 2 , NH 3 , ON, CO, NO, 0 2 , and N 2 H 4 —they 
represent types of molecules whose structures we have 
discussed in the first portion of this paper, in light of 
evidence obtained from band spectra. It will be seen from 
evidence presented later that 01, OH, and ON contribute 
only one electron to a coordination link, OH 2 , NH 3 , and 0 2 
contribute two, NO contributes one or three, and N 2 H 4 
contributes four. We shall see later what relation there 
exists between the numbers of electrons contributed by these 
molecules, and their structures which have been suggested 
by the theories of Mulliken and Birge. 

We will now proceed to test the above theories of Mulliken 
and Birge on the structure of diatomic molecules, and of 
Sidgwiek on the nature of coordination links, by considering 
the magnetic properties of coordination compounds in which 
the central atom belongs to the first transition group of 
elements. It will be necessary here to interpose a short 
account of a theory of paramagnetism recently proposed by 
the writer *, to account for the behaviour of atoms and iofts 
at this group of elements. 

* Zeit.f. Phys. xliii. p. 864 (1927). 
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Hund * has given a method of calculating the magnetic 
moments of atoms and ions from a knowledge of the number 
of electrons contained in any incomplete shell in the latter, 
and their quantum numbers. Every electron moving in a 
closed orbit is characterized by four quantum numbers, n, /, 
mi, and m 9 . For electrons belonging to the same shell, the 
values of n and l are the same, while the mi and m.* are 
different. Here —If: mifl represents the orbital moment of 
an electron, and — represents its spin moment. 

If there are r electrons in any incomplete shell, we have to 
take the sum of the orbital and spin moments separately, 
and thus get two numbers s = 2m s and 1= 2mi. The inner 

z X 

quantum number j is the vectorial sum of these two 
resultants, where 1 1 —s (fj fl + s. The largest number of 
electrons which can occupy any shell is 2 (2/+ 3), and when 
C.5 2/ + 1, the value of j corresponding to the ground term 
is equal to j/ — sj, and for z>2l+l the corresponding value 
of j is l 3. 

The magnetic moment /jl of an ion with s electrons is 
given by where 

^ , i /O’ + l) + *(* + 1) —/(J+1) 

^ ~ " iO’+i) 

is Lande’s anomalous Zeeman effect factor. On going 
through the calculation it is found that if the magnetic 
moment of the ion is expressed in terms of Weiss's 
magnetons then 

u w = 4*97^ %/j(j +1).(1) 

As has been shown in my paper f, that though Hund ? s 
formula gives a very good representation of the magnetic 
moments of the tri- and tetra-valent ions of the rare earth 
groups of elements, it fails entirely to account for the ions 
of the iron group. It has been shown there that a much 
better agreement with the experimentally determined values 
can be obtained, if in Hund's formula we put /==0, which 
interpreted physically means that only the spin moments of 
the electrons contribute to the magnetic moment of the ion* 
On making this substitution we get j=s and <? = 2. The 
value of now comes out to be 

* Loo . cit. xxxiii. p. 861 (1926). 

+ Loc. cit 
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*n w =4‘97 V^TT) for z< 21+1 .(2) 

and =4*97 V?7 7+2) for ?>2Z + 1 wherer f = 2(2Z +l)-r. 

‘ . . (3) 

The physical interpretation of the last formula is as 
follows: the maximum number of electrons which can 
occupy a shell with the azimuthal quantum number 1 is 
2 ( 2 Z-rl). Of these the first 21+1 electrons are free to 
align themselves in an external magnetic field. When the 
number of electrons z exceeds this value, then only 
z' = 2(2l +1 )— z of them are free to align themselves, while 
the rest equal to z—z'1 + 1 ), mutually neutralize one 
another in pairs and therefore are not influenced by any 
external field. 


Table III. 




w 

(obs.) 


7i w (calc. 

Simple salt. 

♦ 

4-fold coord, comp. 

1. 

8-6 

V»* 8-9 i 


2. 

141 

v + + + ]2 . 6 a 


3. 

192 

Cr + + + 18-3 


4. 

24*4 

Cr ++ 24 
Mn +++ 25 


! 5. 

29-4 

Mn + + 29 

Fe + + + 29 


6. 

24*4 

Fe ++ 26-27 

24*1 

7. 

19-2 

0o ++ 25 

21*3 

8. 

14*1 

Ni ++ 16-17 

14-8 

9. 

8*6 

Cu ++ 9-1 



1 Perrakis, Compt. Rend, clxxxv. p. 110 (1927). 

2 Bose and Bbar, to be published shortly. 


In Table III. are given the calculated and experimentally 
determined values of n w corresponding to the different 
number of electrons z in the M 8 shell of the ions belonging 

* If the magnetic moments are expressed in terms of Bohr's mag¬ 
netons then 

» B =8 for * 

s=2(2Z+l)~* for *< s=2M-l* 
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to the elements of the first transition group. The theoreti¬ 
cally calculated values o£ n\y are obtained by means of 
equations (2 & 3) proposed by me. The experimentally 
determined values are mostly taken from Stoner’s book. In 
the last column are given the values of nw for the fourfold 
coordination compounds of these elements, and are taken 
from some recent measurements made by Messrs. P. Hay 
and H. G. Bhar. On looking through the table it will he 
found that there is fairly satisfactory agreement between 
the calculated and experimentally determined values of n w 
for ions in which the number of electrons z in the M s shell 
is less than or equal to 21 ■+■ 1, viz. (5). But for values of 
z greater than this, there is serious discrepancy between the 
two sets of values; there is considerably better agreement, 
however, between the calculated values of and those found 
for the fourfold coordination compounds of these ions. 

In Table IV. I have given the number of magnetons 
contained in certain fourfold compounds of Fe, Co, JNi, and 
Cu, and compared them with the values to be theoretically 
expected from the number of electrons in the M 3 shell of the 
central atom of the complex. 


Table IV. 


Compounds. 

(ob«.) 

• ■ ~ . 

n vf (calc.) 

[Fe(N a H 4 ) a ]01 a 

24*1 

24*4 

[Co(K 2 H 4 )g]S6 a , H.O 

21-3 


[Oo(N a H 4 ).J(CH 3 COO) a 

22-6 


[Co(N a II 4 ) a ]Cl a 

244 

19*1 

[Co(O a H s N) 4 ](SON) a 

240 


; [Ni(N a H 4 ) a ]SO a 

14*96 


i [Ni(N a H,) a ](NO a ) a 

14*76 

14*1 

: [Ni(NH a ) 4 ]S<V 

13*00 


[Ou(NH 8 ) 4 ](NO,) a 1 

9*00 

8*6 


Bo sen bob m loe, cit> 


All these compounds with the exception of the last two 
have been prepared in the Science College by Messrs. P. Ray 
and H. G. Bhar, with whose permission their results are given 
here. It has been found that the Hydrazine compounds give 
values for the magnetic moments which approach most 
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closely the theoretically expected values. That the agree¬ 
ment is not always good is evident from the table/ In these 
fourfold compounds, each N 2 H 4 group is assumed to con¬ 
tribute two pairs of coordination Jinks to the central atom. 
Due to the presence of these four coordination links the 
magnetic moments of the central ion remain either unaltered 
or are brought up to values which we should expect when 
the spin moments of the electrons on the M 8 shell are 
alone effective. I have taken this as a magnetic test of a 
satisfactory coordination linkage, viz., when the magnetic 
moment of the complex compound—corrected for dia¬ 
magnetism—approaches very nearly the value to be expected 
from the number of electrons on the M g shell of the central 
atom. We conclude therefore that in a fourfold coordin¬ 
ation compound the central atom, stripped of its valency 
electrons, is attached to the atomic groups forming the 
complex by four pairs of coordination electrons. These 
electrons form an octet shell which lies outside tile M 8 shell 
of the central atom. The structure of these compounds is 
similar to that of the CH 4 molecule. 

Sixfold Coordination Compound . 

We proceed next to consider the six-fold coordination 
compounds—which differ from the fourfold compounds in 
having two extra pairs of coordination bonds of four 
electrons. We shall show that these four extra electrons 
can under circumstances occupy, either the vacant places 
in the M s shell of the central atom, or orbits which lie quite 
outside the latter. 

In Table V. are given a number of sixfold compounds of 
Or, Fe, Co, and iSi. In columns 2 and 3 are given the 
principal valency of the central atom and the corresponding 


TA11 Lie V. 


Complex oompouDd. 

Simple ion. 

*1* 

n w (obs.) 

n B (calc.) 

* a . 

[Cr + + + (NH,) 0 ](NO,) 2 

Cr + + + 

3 

20-0 

3(19*2) 

7 

K 1 [F e + + (CN)„] 

Fe + + 

6 

dia. 

0 

10 

K J [Fe +++ (CN) ll ] 

Fe +++ 

5 

10 

1(8-6) 

9 

£Co + + + (NH s ) 0 ]01 I , 

Co + + + 

6 

dia. 

0 

10 

[Ni+ + (N a H 1 )s]01 a 

Ni + + 

8 

13 97 

2(14-1) 

8+4 

[Ni ++ (N s H t ) 3 ]SO„H a O 

Ni + + 

8 

18*6 

2(14-1) 

8+4 
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number o iz x of electrons in their M 3 shells. In column 4 the 
experimentally determined number of Weiss’ magnetons 
contained in these compounds are given, the corresponding 
number of Bohr’s magnetons ?ib are to be found in column 5. 
Knowing the value of ??b the number of electrons actually 
present in the M 3 shell of the central atom is calculated 
according to the formula 

= 2(2/-f 1) —2 2 =10— z%, ... (3) 

their values are given in column 6. From the above we 
see that in every sixfold compound, with the exception oi 
those of nickel, the number of electrons in the M ;J shell of 
the coordinating atom is greater by four than that in the 
corresponding simple ion. Ni ++ has already 8 electrons in 
its M 3 shell and there is no room for four extra electrons 
which we assume to move in orbits lying entirely outside 
the M 3 shell. This keeps the magnetic moment of the 
nickel salt unaltered by the addition of six coordination 
bonds. Another such example of a cobalt compound is 
given in Table YI. We therefore conclude that in a sixfold 
compound, four pairs of the electron links form an octet 
shell whoso orbits lie entirely outside the M 3 shell of the 
central atom ; the four electrons of the remaining two links 
may occupy the M 3 shell or not, according as there is room 
for all of them there or not. The results we have obtained 
confirm on the whole Sidgwick’s theory of the formation of 
a fresh valency group by the coordination electrons, but 
give a more detailed picture of how they are distributed, 
viz., eight of them form an octet shell round the central ion 
and the remaining four try to fit themselves in the M R shell 
of the latter, if there is room for all of them ; otherwise 
they move in orbits outside the M 3 shell and their resultant 
magnetic moment is null. 

Structure of .Diatomic Molecules. 

We now turn to the second part of our investigation, 
which is to find out what information we can get from a 
study of these coordination compounds, of the structure of 
diatomic and similar molecules. 

A number of coordination compounds, in which the 
atomic groups NH 3 , N 2 H 4 , OH, OH 2 , ON, 00, and 0 2 are 
attached to the primary coordination spheres, are given in 
Table VI. In columu 2 are given the number of Bohr’s 
magnetons contained in them. In column 3 are given the 
atomic groups whose contribution of coordination electron 



1060 Prof. D. M. Bose : Magnetism and the 

are placed in the last column. Every one of the coordin¬ 
ation compounds satisfies our magnetic test, viz., they have 
magnetic moments which are very nearly multiples of Bohr’s 
anagnetons. Wherever possible only such compounds are 

Table VI. 


Coordination Comp. 

"w 

Atomic group. 

Contribution to ! 
coordination, j 

[Co(NHA']Cy 

0 

NH, 

J 

2 | 

[0o(NH s ) 5 C1]01 2 i 

0 

Cl 

i i 

[Co(NH 3 ) 3 (NO)]01 2 = 

0 

NO 

1 

[Oo(NH.,) 6 (NO)](NO a )- 2 

2 

NO 

3 

[Oo(NH s ) 4 (OH)(OH a )]S(V 

0 

oh 2 

2 

[Oo(NH 3 ) 4 (OH)](NO ;) V 

0 

OH 

1 

/Co(NH 3 ) 3 ) 

3 




1 

SO* 

0 

o. 

2 

4 

'Oo(NH 3 ) 5 , 





[Ni(NH 3 )i]Cl 2 ‘ 

•> 

NH, 

2 

[Ni(N a H 3 ) 3 ]Cl 2 

•> 

N a H 4 

| 4 

Fe(OO),/ 


0 

CO 

2 

[Pe(ON) 0 ]K 

5 

4 . 

0 

CN 

1 

[Fe(ON) B (NO)]Na. 2 ‘ 

“ 

NO 

3 


1 Rosenbohm, Zcit.f. phya. Chem. xciii. p. 693 (1919). 
' P. Ray & H. Bliar to be published shortly. 

3 Feytis, a li. clii. p. 708 (1911). 

4 Oxeley, Prot\ Carnb. Phii. Sou. xvi. p. 102 (1911). 

6 Welo, ‘Nature,* exvi. p. 359 (1925). 


selected for which nB = 0, i. e. they are diamagnetic. From 
the value of wb it is at once possible to find out what is the 
number of electron links supplied by each of the atomic 
groups. 

Starting with a hexamine compound of* cobalt, we find 
that each NH g molecule supplies two electrons to the central 
atom. In the next compound, a NH 8 molecule has been 
replaced by a 01 atom without altering the magnetic 
moment of the compound ; the electrovalency of the com* 
plex has been reduced by unity, from which we conclude 
that the 01 atom contributes only one electron to a co¬ 
ordination link, the other is supplied by the 0o atom. In 
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the third compound the Cl atom inside the complex has been 
replaced by a NO molecule without in any way disturbing 
the complex. We thus conclude that here the NO molecule 
supplies only one electron to a coordination link. The 
fourth compound, though exactly similar to the third, 
contains two Bohr's magnetons. This behaviour can only 
be explained on the assumption that here the NO molecule 
supplies three electrons to the coordination links instead of 
one, as in the previous case. This can be explained as 
follows :—The central atom Co is divalent in this compound, 
and therefore contains 7 electrons in its M 8 shell. The five 
Nil 3 molecules associated with it contribute 10 shared 
electrons and if the NO molecule only contributed one electron 
there would altogether be 7 + 10 + 1 = 18 electrons moving 
in the outer orbits of which 10 would be in the M 3 shell and 
the other 8 would form into an octet shell. Such a distri¬ 
bution would make the complex diamagnetic, which it is 
not. On the other hand, if NO contributes three electrons, 
the total number of outer electrons becomes 7 + 3 + 10 = 20, 
which can only be distributed in the following way :— 
8 electrons on the M s shell, and the remaining 12 electrons 
in 6 pairs of orbits which lie outside the latter. With such 
a distribution the magnetic moment of the complex conies 
out to be 10 —r 2 = 10 —8 = 2, as is found experimentally. 
This conclusion is supported by considering tlie nitroso- 
compound of iron which is placed last in the table. To make 
a compound like K 4 [Fe)CN) 6 ] diamagnetic, it is necessary 
to assume that each CN group contributes one electron each 
to a coordination link, the other six are made up by the 
central atom contributing two, and the four K atoms con¬ 
tributing one each. On replacing a ON by a NO group 
inside the complex, it is found that the magnetic moment of 
the latter remains unchanged, while its electrovalency is 
reduced by two, which can only be accounted for by supposing 
that the NO molecule contributes three electrons to the 
coordination links. Thus we see that a NO molecule can 
contribute either one or three electrons to coordination links. 
The contributions to coordinate links made by the remaining 
atomic groups like OH, OH 2 , CO, 0 2 , and N 2 H 4 , can be 
inferred without difficulty from the table. 

The relation between the structure of these molecules and 
the number of coordination links they contribute is sum¬ 
marized in Table VII. In column 2 the total number of 
electrons in the outer shells of the combining atoms are 
shown distributed amongst the different quantum levels 
according to the structure of such molecules proposed by 
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Mulliken and Birge. In column 3 are given the distri¬ 
bution of the actual number of electrons which are available 
for the formation of coordination links; we obtain this 
number by subtracting from the number of electrons in the 


Table VII. 


1 

No. of 
electrons in 
outer orbits. 

No. of electrons available 
for sharing. 

Actual con- 

Atomic 

groups. 

— 

— 


= 2. 

— •- 

=3. 

tri buttons 
to coord. 

n=2. 


n- 

n- 

links. 

| 

n — o. 

1=0. 

1=1. 

1=0. 

1=1. 



i 01 

7 

— 

2 

f> 



1 

OH 

7 

— 

2 

3 



1 

nh 2 

7 

— 

2 

1 




n 2 h 4 

7-1-7 

— 

2+2 

— 



4 , 

Off, 

8 

— 

o 

2 



2 

NH, 

8 

— 

2 




2 

CN 

8 

1 


1 

1 

— 

1 

CO 

8 

2 



<; 

— 

2 

NO 

8 

3 



2 

1 

3,1 

o 2 

8 

4 



2 

2 

2 


valency shell of the molecule, those which have already 
taken part in a covalent bond, e. g., in the case of NH a , the 
3H atoms form covalent bonds with three of the five outer 
N electrons, so that only two of the latter are available for 
coordination links. 

In the last column the actual contributions made by these 
atomic groups are given. Leaving for the present the N 2 H 4 
group, vve can divide the other atomic groups into the 
following classes :—(i.) Those in which the total number of 
outer electrons is less than 8, with them the tendency is to 
form covalent bonds with the central atom, so as to complete 
their own octet configurations ; (ii.) those in which the 
outer electrons form an octet, but some of the electrons 
have entered into covalent bonds, they contribute a pair of 
♦electrons to the central atom, all of which come either from 
the shell /= 1 or Z=0 ; (iii.) those in which the number of 
•outer electrons exceed eight; the surplus electrons are 
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assumed to move in three quantum orbits with Z = 0 and 
Z = l. Some or all of these electrons can take part in co¬ 
ordination links, so as to leave the number of unshared 
electrons in the shell Z = 0 either two or zero. 

We infer that besides the octet shell, the two electrons in 
the shell / = 0 form a stable configuration similar to what 
occurs in atomic distributions. There is, however, this 
difference that the valency electrons of such molecules are 
not detachable, and they cannot therefore give rise to polar 
bonds. Coming back to the consideration of the atomic 
group N 2 FT.i, it can be regarded as due to the combination 
of two NH 2 groups. The structure of the latter can be 

H 

represented graphically as follows :N*, a combination of two 

ii 

such groups will give rise to a new one 

H H H H 

:N- + : N * = :N:N: 

H H H H 

in which each of the N atoms has eight electrons in its 
valency shell of which six take part in covalent links. 
There are therefore 2 4- 2 = 4 electrons in the N 2 H 4 molecule 
available for taking part in coordination links, and this is 
the actual number of electrons they supply to a coordinating 
atom. 

We thus find that the model of diatomic and similar non¬ 
polar molecules inferred from the study of Band Spectra 
can satisfactorily account for the number of coordination 
links which these atomic groups can supply. 

In this connexion it will not be out of place to consider 
the criticism of the Birge-Mulliken structure ot* diatomic 
molecules which has recently been made by Stoner in an 
interesting paper * entitled “Magnetism and the Structure 
of Molecules/’ The principal point in Stoner’s criticism is 
the failure of these models to account for the experimentally 
determined values of the magnetic moments of NO and 0 2 . 
The following Table VIII., taken from his paper, 'gives a 
comparison between the calculated and experimentally deter¬ 
mined values of ww for these molecules based on Hund's 
theory. In the last line I have given the values to be 


* Phil. Mag. iii. p. 361 (1927). 
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expected on the modification of Hund’s theory which has 
been put forward by ine. 


Table VIII. 


Molecule. 

NO. 



o 2 . 



n w (ob«.) 

0-20 



14* 12 



Theoretical ground 

*P 


3 P 


ill 

LS 

terms. 



3 p„ 

S P, 

*P 2 

'I> 2 

’So 

w w (calc.) 

Kund 

20 

13*8 

0 

10-6 

18-2 

12*2 

0 

BO80 

8*6 

14-2 


The assumption that only the spin moment of the electrons 
in the outer valency shell of these molecules leads to values 
for their magnetic moments which are in excellent agree¬ 
ment with the experimental values. This furnishes another 
proof of the validity of this assumption. 

Discussion. 

It will be useful here to sum up the results we -have 
obtained up till now. We started with the assumption that 
the paramagnetic moments of the compounds of the elements 
belonging to the first transition group are due only to the 
spin moments of the electrons present in their incomplete 
shells. On comparing the values of the magnetic moments 
calculated according to this assumption with those found 
experimentally, it was found that up to manganese the 
agreement was satisfactory, but the simple salts of the ferro¬ 
magnetic elements gave values of magnetic moments con¬ 
siderably larger than the expected ones. This deviation 
seems to be associated with the addition of the sixth, seventh, 
and the eighth electrons to the M s shell of these atoms,, 
where, according to Pauli’s equivalence theorem, they begin 
to form neutral doublets with an equal number of electrons 
out of the first five already present on the shell. If it is 
supposed that the alignments of the newly added electron* 
to form neutral doublets is not perfect, then the deviations 
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noted cun be accounted for. This surmise is strengthened 
by the discovery that certain fourfold coordination com¬ 
pounds of these elements have magnetic moments which are 
in good agreement with the theoretical values. According 
to the conception of Sidgwick, in a fourfold coordination 
compound, a new octet shell of valency electrons is formed 
round the core of the central atom, and this helps to stabilize 
the electron orbits ou the outer core of the central atom. 
We are not in a position to say why all the fourfold co¬ 
ordination compounds of, say, cobalt, have not the theoreti¬ 
cally expected magnetic moments. Further investigations 
on this point are being carried out. 

In the case of the sixfold coordination compounds* 
according to Sidgwick, the size of the valency shell formed 
round the core of the central atom was increased to accom¬ 
modate twelve instead of eight electrons. Magnetic evidence, 
however, points to the interpretation, that where there is 
room for all the four extra electrons in the M 8 shell of the 
central atom, the octet shell is not disturbed but the extra 
electrons are accommodated in the M 3 shell. Where there 
is no accommodation for all of the four in the M 3 shell, these 
four move in orbits outside the latter, it is found,however* 
that in the latter case the compounds are not very stable. 

In connexion with the coordination compounds, two further 
questions arise to which no satisfactory answer can be given 
at present. The first is what limits the number of co¬ 
ordination groups that can be associated with a. central atom? 
Sidgwick seems to think with Main Smith that it is the 
quantum number of the outer electrons of an element is the 
determining factor, e . the maximum covalency of 
hydrogen is 2, of the elements of the first period (Li to F) 
is 4, of the elements of the second short period (Na to Cl) 
and of the first long period (K to Br) is 6, and of the later 
elements is 8. 

The other view is of Kossel who supposes that the number 
depends on the atomic volume and the charge on the central 
ion—these two determine the number of molecules which 
can cluster round the central atom. 

This brings us to the second question, viz., whenever a 
definite number of molecules cluster round the central core, 
is there a sharing of electrons between the latter and each 
of the former ? It can be shown that in certain cases no 
such coordination links exist, e . g the compound FeSO*, 
7H 2 0, has exactly the same magnetic moment as the 
anhydrous salt FeS0 4 . The former, which can be written 
as [Fa(HsO)a]S0 4 , H s O, was considered by Werner to be a 
PUL Mag. S. 7. Vol. 5. No. 32. May 1928. 3 Z 
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true coordination compound, and ns such it ought to have 
been diamagnetic; [Ni(NH s ) 0 ]Br 2 has been found by 
Rosenbohm to have 16 Weiss’s magnetons, the same as that 
contained in the simple salts. According to our theory the 
magneton number ought to have been about 14, as is the 
case with a similar compound [Ni(N 2 H 4 ) a ]0] 2 . Here it 
seems doubtful whether the NH 3 molecules are in coordin¬ 
ation link with the central atom. We can think of other kinds 
of forces which can hold the NH 3 molecules to the central 
atom, viz., the latter stripped of its valency electrons is left 
with a positive charge. Molecules with large dipole 
moments like H 2 0, NH 3 can be attracted to form clusters 
round such a charged ion, and the maximum number that 
can be attached depends upon the atomic volume of the 
latter. Blitz * has calculated the heat of reaction which is 
given out by the addition of a varying number of NH a 
molecules in the space lattice of a simple salt. The original 
salt lattice is expanded to accommodate nNH 3 molecules, 
and suppose E is the work done. It A' is the energy set 
free by the association of n molecules of NH 3 routid each 
salt molecule, then <£„ = A'—E, where <f> n is the heat oE 
reaction due to this process. It is found, for example, that 
A' 

the value of — for the association of NH 3 molecules to a 
n ' 

simple alkali-halogen compound with univalent cation and 
8 outer electrons is 14 calories per gm. mol. ; when the 
cation has a double charge it is 28 calories. On the other 
hand, for the small Li+ ion with two outer electrons, the 
value is 21 calories. These numbers give an approximate 
idea of the forces between dipole molecules and charged 
ions. It may be that forces of this type attract the atomic 
groups to cluster round the core of the coordinating atom, 
and later on, in certain cases, a further linkage is introduced 
by the sharing of electrons between the atomic groups and 
the core. 


Summary. 

1. In this paper the recent theories of the structure of 
diatomic molecules proposed by Birge and Mulliken, and of 
the nature of coordination links in Werner’s coordination 
compounds, proposed by Sidgwick, have been tested by the 
investigation of the magnetic properties of the coordination 
compounds of the elements belonging to the first transition 
i?raup. 

* Blitz, Zeit. f, anorg . Chemie , vol. cxxx, p. 93 (1923). 
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2. Sidgwick has proposed to account for the linkage of 
the six atomic groups to the central atom in a sixfold com¬ 
pound by supposing that in general each of the atomic 
groups contributes two electron orbits to the latter ; all of 
them taken together form a valency group of twelve 
electrons round the core of the central atom, which has been 
stripped of its own valency electrons. From magnetic 
evidences it is concluded that if there are vacancies in the 
M 3 shell of the central atom for four electrons, then four 
out of the twelve shared electrons occupy the M 3 shell, 
while the remaining eight form an octet shell round the core. 
When the M 3 shell of the core cannot accommodate all of 
the four electrons, they move in orbits outside the latter. 
In the case of fourfold compounds the valency shell of eight 
electrons contributed by the four atomic groups form an 
octet shell outside the core of the central atom. 

The atomic groups which are usually found in coordination 
compounds include, amongst others, the following : OH, 
OH 2 , NH 3 , ON, CO, NO, 0 2 , and N 2 H 4 . Birge and Mulliken 
have, from Band Spectra evidence, given a new theory of 
the structure of diatomic non-polar molecules like those 
included in the above group. It is shown that.the number 
of coordination bonds contributed by these groups can be 
satisfactorily accounted for on their structures proposed by 
the new theory. 

London, 

February 1928. 


CVII. On tke % Positions of X-Ray Spectra as formed by a 
Diffraction Grating . By Alfred W. Porter, D.Sc ., 
F.R.S., F.Inst.PProfessor of Physics in the University 
of London *. 

I N the calculation of the positions of X-ray spectra as 
formed by a diffraction grating, it is customary to con¬ 
sider them as Fraunhofer spectra, such as are obtained with 
gratings in ordinary spectroscopy. In such cases the 
incident light is a parallel bundle, and so also is the diffracted 
bundle which is afterwards brought to a point (or line) by 
a lens. But when X-rays are used, there is no means of 
producing this parallelism; the incident beam is always 
divergent, and the diffracted beam that reaches any one 

* Communicated by the Author. 

3 Z 2 
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point is convergent. For ordinary measurements this is of 
small importance; but when we consider the extreme 
accuracy with which X-ray spectral measurements are now 
being made, the question arises as to what will be the 
consequence of the lack of parallelism. 

The object of this paper is to find a first approximation to 
the correction which the usual formula needs. 

Let S be the source and Q the point on the screen on 
which the spectra will be formed. For simplicity (and to 
fit in with common practice) let SC = CQ, where 0 is the 
central point of the grating. The ray SAQ is a neighbouring 
ray reaching the same point. The phases of the effects 


Fig. 1. 



at Q can be obtained by calculating the sum of the lengths- 
SA = J and AQ=?'. Putting CA = &*, we have 

/ = y / 0 2 + # 2 4- 2/ 0 # cos 0 O 

and /' = VV + r-2/ o #cos0 o '. 

The sum l + V can be written approximately equal to* 

a 0 + bo* + c 0 x 2 + 

where 

bu~cos0 o -~co$0oi 
Co— (sin* 0Q + sin* 6 0 '), 

ffo— — [1—oos*^o~ocw^cc>s^ e '~cos , 0 9 ']. 


and 
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The range of retardations for the complete grating of 
length X is 

X(cos# 0 *~cos 6q) 

1— 1 ^ 2(1 — COS 2 0 O —COS0 O COS0 O ' —COS*0 O ')] > 

the range of phases is obtained by multiplying this by 27r/X ; 
the corresponding coefficients we will represent by a, b, c , 
and g. 

Now in the Fraunhofer case the maximum of order P 
occurs when 

~ (cos 0 0 ~ cos 0 o ') = PN • 

A, 

where N is the total number of u lines 99 on the grating ; 
or, if r is the grating-interval, when 

r (cos — cos <V) s= P\. 

We can get some idea of the correction required by calcu¬ 
lating also the factor in brackets. If the incidence is nearly 
grazing, we can write each of the cosines in the small term 
equal to unity, and consequently the range of phases becomes 

X (cos — COS <V)[l+ J • 

Fig. 2. 

B 


M 


A 

I£ we could still take a range of phases 2wNP as deter¬ 
mining a maximum, tlie correcting factor to the wave-length 

X s 

as usually calculated would be 1 +■ ■ 
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Although this must give the right order, it is in excess o£ 
the true value. Reference to a vibration diagram, in which 
AMB is the curve for the Fraunhofer case, with its maximum 
at B, shows that when the curve, such as ANG, is of 
increasing curvature from A to 0, the maximum chord does 
not correspond to a phase difference of i r, but is at a point 0 
such that the tangent thereat is at right angles to the radius 
vector AC. 

We will now obtain a more accurate value. 

Taking the middle point C of the grating as origin, the 
two halves of the grating lie symmetrically on the two sides 
if the centre of one opening coincides with C. With the 
exception of this one opening (which need not concern us 
when the number n on each side is large), the openings can 
be divided into pairs, so that the vibration due to the /rth 
pair is 

cos ( pt + a + tchr 4- K?cr 2 4 tc z gr 3 ) 

+ cos {pt 4- a — tcbr 4* K?cr 2 — K 3 gr 3 ) 

= 2 cos {tcbr 4- K z gr 3 ) cos ( pt 4- a+*k 2 er 2 ). 

This is very nearly (because k 2 cv 2 is very small compared 
with a) a simple vibration of amplitude 

2 cos (/cbr-t/e z gr z ), 

or approximately 

2 cos kIvi — 2 tc z gr z sin tcbr v . 

Summing for all the n pairs, the intensity is 

[ ie=n K=n 2 

2 cos Kbr— 2 . 

K= 1 K— 1 J 

The maximum occurs when the differential coefficient of 
this with regard to br is zero, or 

2 ft sin Kbr + gr 3 2 k* cos Kbr =0. 

We are only concerned with the value of br in the 
immediate neighbourhood of a principal maximum for which 
6r=27rP, where P is the order of the maximum. Put, 
therefore, 

br=2 7rP + «; 

then the condition becomes 

2 k sin ku 4- ffr*?z,K* cos «#■==(), 
or, because a is small, 


2 * s « 4 - gr z %K* = 0 , 
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i. e ., 

n(n + l)(2n + X) , 3 w.(/i + 1 ) (2n + 1)(3 » 2 + 3» —1) rx 

6 * + gV 30 


or, when n is large. 


3 pf* 2 3 3Xr2 

5 ~ u = - 20 ! '^ N - 




where N is the total number of elements. 
Now for nearly grazing incidence 

b 

/ 2 
L o 

and for a maximum 

&r = 27rP— ~~$fr 3 N 2 

3 NV 


and we obtain 


Or £l 


3 X s - 
20 < 0 


or 


\]=^r 

0 J 

r[cos 0 O -cos 0 O '] £l + ^ = PX. 


Assuming nearly grazing incidence, the wave-lengths, 
calculated in the usual way, require therefore to be 

3 x 2 

multiplied by the factor 1 + < 77 ;- 7-3 in order that their true 

values may be obtained. The following table shows the 
values of this correcting factor in various cases :— 


X. 

5 cm. 

10 cm. 

20 cm. 

1 mm. 

1‘00006 

1 000015 

1*000004 

5 mm. 

1-0015 

1000375 

1000094 

1 cm. 

1-006 

1 

1-0015 

1-000375 


University College, 

London, W.C. 1. 
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(JVIIL The Electronic Theory of Valency *. —Part Y. The 

Molecular Structure of Strong and Weak Electrolytes: 

(a) Complete Ionization . By T. Martin Lowry +. 

1. The Theory of Complete Ionization. 

rriHE theory o£ complete ionization had its origin in a 
JL physico-chemical study of the properties o£ solutions ; 
but it was very soon adopted by physicists as an explanation 
o£ the high symmetry o£ the crystal-structures revealed by 
the X-ray analysis of metallic salts, since this could not be 
accounted for on the traditional theory that the ions of the 
salt were united into molecules. The new theory has had a 
large measure of success in both fields of study, since, on 
the one hand, the conductivity of solutions of ordinary 
metallic salts has been calculated for the first time by means 
of a rationally deduced formula, which is valid up to a 
concentration of perhaps N/100 ; on the other hand, many 
of the physical properties of crystals, such as theij; linear 
dimensions and angles, heat of formation, elasticity, refractive 
index, and infra-red absorption, have been calculated success¬ 
fully on the assumption that the crystals are aggregates of 
ions of varying degrees of “ hardness, v which are drawn 
together by the electrostatic attraction between their opposite 
charges, but are also repelled from one another with a force 
varying inversely as (say) the 6th to the 35th power of the 
distance. On the other hand, the theory of complete 
ionization fails to cover the'behaviour of those weak elec¬ 
trolytes which obey Ostwald’s dilution law, just as completely 
as the latter law failed to cover the behaviour of highly- 
dissociated metallic salts. Again, although many of the 
properties of solid ionic aggregates, such as rock salt or 
calcite, have been predicted successfully from fundamental 
data, all attempts to predict the dimensions and behaviour 
of the carbonate ion itself have failed, since this does not 
behave as a mere aggregate of carbon and oxygen ions. 
The object of the present paper is therefore to determine the 
boundaries of the region within which the theory of com¬ 
plete ionization is valid, to find out the factors, which make 
it inoperative in so many cases, and in particular to study 
the chemical significance of the classification of electrolytes 
as “ strong” and “weak.” The applications of similar 

* Parts I., IL, aud III. Phil. Mag. xlv. p. 1105 ('1928), xlvb p. 946 
{1018); Part IV. Phil. Mag. xlvii. p. 1021 (1924). 

t Communicated by the Faraday Society. 
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-considerations to the study of crystal-structure will form 
the subject of a subsequent communication. 

In both cases the principal argument put forward will be 
that, although the ions of a salt are generally prevented 
from neutralising their opposite electric charges by factors 
which find their simplest expression in the u octet ” rule, 
there are many cases in which this inhibition does not 
operate, with the result that the ions can be converted into 
real molecules, as distinguished from mere aggregates of 
ions, by the neutralisation of their opposite charges with 
formation of a chemical “bond.” These two groups of 
compounds correspond broadly with the “ strong” and 
“ weak ” electrolytes; but the two methods of classification 
cannot he expected to lead to identical results. Thus, on the 
one hand, a salt which consists entirely of ionic aggregates 
may he placed under conditions which are so unfavourable 
to the independent migration of the ions as to bring it within 
the group oi “weak electrolytes” ; and, on the other hand, 
the bond which holds the positive and negative radicles 
together in a covalent molecule may be so weak as to 
interfere hut little with the disruption of the molecule into 
ions, with the result that a compound of the second type 
may exhibit the behaviour of a strong electrolyte. 

2 . Electrolytic Dissociation of Strong Electrolytes . 

A “ strong electrolyte ” means, in the first instance, 
nothing more than a substance which has a high electrolytic 
conductivity, e. </., in aqueous solutions. In the language of 
Arrhenius’s theory, such a substance was said to have a large 
“ coefficient of ionization ” ; hut this term has no longer 
any real meaning when applied to a salt which is 100 per 
cent, ionized even in the solid state. We can, however, 
still interpret the decrease of equivalent conductivity in 
strong solutions as being due, at least in part, to the forma¬ 
tion of electrically-neutral doublets, which play the part of 
molecules, just as in the vapour of the salt. We need, 
therefore, only modify Arrhenius’s equation to the extent of 
writing 

NaGl*=±Na + Cl instead of Na —Cl^±Na + Cl. 

The “ degree of dissociation ” of the doublets then has still 
a perfectly definite physical meaning, even if it cannot be 
calculated directly, as was formerly supposed, from the 
simple equation c « A/A^. Moreover, since the readiness 
with which neutral doublets of oppositely charged ions are 
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formed by the mutual attraction of their electrostatic charges 
must vary with the linear dimensions of the ion, with the 
dielectric constant and other properties of the solvent, and 
with the extent to which the naked ion becomes hydrated or 
solvated in solution, as well as with the temperature at which 
the association and dissociation of the ions takes place, there 
is ample scope, even in the theory of complete ionization, 
for variations in the “ degree of dissociation ” of different 
salts, either in solution or in the fused state. 

(a) Ionization of Strong Electrolytes in Solution. —Is it 
possible, then, for a completely ionized salt to behave as 
a ‘‘weak electrolyte” and exhibit a low “coefficient of 
ionization” or, more accurately, a low “degree of dis¬ 
sociation ” of the pre-existing ions ? The answer is 
undoubtedly “Yes,” provided always that the conditions 
under which this effect is theoretically possible can be 
realized in practice. 

Of these conditions the most obvious has reference to the 
nature of the solvent. Thus Hartley* has shown that, in 
the case of N/500 KI, the ratio A/A^ fulls from 0*98 in water 
to 0’90 in methyl alcohol, 0*81 in ethyl alcohol and 077 in 
acetone, although his solutions were all so dilute that 1— ot 
was still proportional to the square root of the concentration 
as required by the theory of complete ionization. If, then, 
we accept the general validity of Walden’s rule, that a 
dissolved salt gives a definite value for A/A^ at a dilution 
which is inversely proportional to the cube of the dielectric 
constant of the solvent , it follows that we should be able to- 
repress the dissociation of the ions to any desired extent by 
dissolving the salt in a medium of low dielectric-constant. 

At this point, however, a fresh difficulty presents itself, 
since the majority of metallic salts are insoluble except in 
media which possess marked ionizing properties ; in partic¬ 
ular, most of these compounds are completely insoluble in 
media, such as benzene or cyclohexane, where the dielectric 
constant is low enough to compel the salt to behave as a weak 
electrolyte. Walden has, indeed, put forward a definite rule, 
according to which the coefficient of ionization of a salt is 
approximately constant for saturated solutions in any anhydrous 
solvent. Thus in the case of tetraethylammonium iodide, we 
should not expect to find any solution in which the “ degree 
of dissociation ” is much below 50 per cent., since saturated 
solutions in a dozen different solvents (but excluding water 


* 4 Nature,’' cxix. p. 323 (Feb. 26, 1927). 
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and all other solvents in which the solubility is more than 
1 gram-molecule in 2500 c.c.) gave values tor a=A/A 00 which 
were almost constant at 0*48. Wo may therefore conclude 
that only in exceptional cases will it be possible to prepare 
a solution of a strong electrolyte in which the degree of 
dissociation is so small as to be negligible, and that this effect, 
when it occurs, will probably be due to some special chemical 
relationship between the solvent and the solute, which 
enables the solute to dissolve, but without any marked 
disruption of the ions. 

Such an effect might be looked for in Reychler’s trimethyl- 
cetylammonium cetylsulphonate 

Ci 6 H al .NMe 8 i 6.S0 2 .C 15 H sl , 

in which the single polar valency in the middle of so long 
a chain of atoms might very well remain almost undetected. 
Thus, whilst the 30 carbon atoms in the two hydrocarbon 
chains should suffice to make the compound soluble in hydro¬ 
carbon solvents, these solvents need not necessarily be so 
drastic in their action as to tear the two ions apart. 
Fortunately, however, this phenomenon can be observed in 
much simpler compounds. Thus, sodium oleate at a dilution 
of 100 litres gives the following equivalent conductivities in 
water and in methyl, ethyl, and amyl alcohols: — 

H a O OH.OH CUI..OH C,H ll .OH 

f=81-7 e=35-4 26*4 16*9 

30*09 A j 2 0 5 0 —0-0052 00018 0*0002 

When sodium oleate is dissolved in water , the “ hydrophilous ” 
sodium ion compels the u anhydrophilous 99 oleate ion to 
follow it into aqueous solution, where it functions as the 
u ionic micelle 99 of a “ colloidal electrolyte.” In the alcohols, 
on the other hand, and especially in amyl alcohol, the oleate 
radicle appears to drag a reluctant sodium ion into solution 
in an organic solvent , in which the salt behaves for all practical 
purposes as a non-electrolyte. 

Walden, however, has gone a great deal further in 
studying the abnormal conductivities of salts in hydrocarbons 
and in their halogen derivatives. Thus, by a suitable choice 

of radicles, in salts such as N(C 5 Hn) 4 I, he has been able to 
obtain solutions of reasonable strength in a dozen of the least 
promising solvents, including benzene and toluene, methyl 
iodide, methylene and ethylene chlorides, chloroform and 
carbon tetrachloride. In every case, the salt-solution 
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showed an appreciable conductivity, the values for vary¬ 
ing from 0*0140 in carbon tetrachloride to 1*57 in chloroform 
and 9’51 in methylene chloride ; but the equivalent conduc¬ 
tivities were abnormal in that they generally fell to a mini¬ 
mum value at some intermediate dilution, from which there 
was not only the usual increase on dilution, but an equally 
striking increase on passing to more concentrated solutions. 
The u degree of dissociation ” was obviously small and in 
some cases almost negligible, so that the u salt ” was behaving 
quite clearly as a, 66 weak electrolyte” in all these solvents. 
Neutralization of the ionic charges, however, would appear 
to be even more difficult than usual, in view of the fact that 
the positively-charged nitrogen of the tetra-amylammonium 
ion is separated from the negatively-charged halogen ion by 
a permanent hydrocarbon 64 atmosphere ” containing 20 atoms 
of carbon. The small conductivity of these solutions then 
suggests that the salt must he present predominantly in the 
form of neutral ionic doublets, rather than as freely 
dissociated ions. The formation of these doublets also 
appears to afford a sufficient explanation of the different 
absorption-coefficients which Hantzscli observed * when 
quaternary ammonium salts of this type were dissolved in 
organic solvents instead of in water, since we need not 
suppose that the absorption-coefficients of the ionic doublet 
must necessarily be identical with those of the aqueous ions. 

Attention may also be directed to the fact that, whilst 
solutions of phosphorus pent a bromide and antimony penta- 
bromide in liquid bromine exhibit a marked conductivity f, 
the equivalent conductivity decreasing with dilution just as 
in the case of the “ abnormal ” conductivities cited above, 
potassium bromide and tetramethylammonium iodide, as well 
as tribromacetic acid, behave as insulators in this solvent 
(Walden). 

(b) Ionization of Fused Salts —Since considerations of 
limited solubility do not apply in the case of fused salts, it is 
of special interest to inquire what is known in reference to 
the magnitude of the “ degree of dissociation” under these 
conditions. It has been generally assumed that the calcula¬ 
tion of these coefficients is impossible, since it cannot be done 
either by Arrhenius’s method, which depends on measuring 
the conductivity of the salt at different stages of dilution 
with a solvent, or by van’t Hoff's method, which implies 

* JBer, lii. p. 0444 (1919). 

t Plotnikow, Z. physikal. Chetn, xlviii. p. 228 (1904). 
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a knowledge of the osmotic pressure of the salt in solution. 
A formal solution of the problem is possible, however, in the 
case of fused silver chloride at 600° ()., for which the relevant 
data are all known, namely, 


Molecular weight . M = 143*34. 

Density. 5-267-0*0092*-4*715 at (W\ 

Specific conductivity . *=4*48 at 600°. 

Viscosity . 0*01606 at 603°. 


The normality of the fused salt is 4715-5-143*34 ==32*9N ; 
and the equivalent conductivity is therefore A = 4*48-r-0*0329 
s=136. The limiting value for the conductivity at infinite 
dilution in aqueous solution is given by the sum of the ionic 
mobilities as 54-f 65 = 119 ; if, therefore, a proportional 
allowance is made for an increase of viscosity from 0*01056 
to 0*01606, the corresponding limiting value for the fused 
salt would be = 119x0*01056-4-0*01606 = 78. The 
equivalent conductivity of a completely ionized salt can, 
however, also be calculated, without making use of the 
value for aqueous solutions, by means of Walden’s relation, 
A^*,\/M = H‘15, which has been verified for six salts in 
29 non-aqueous solvents, as well as for two u anhydrous” 
salts in aqueous solution.- For silver chloride this relation 
gives == 11*15-^0*01606-7-12=58. 

These two methods of calculation concur in giving a 
maximum conductivity for completely dissociated silver 

4- — 

chloride, AgCl->Ag4- Cl, which is only about half as great 
as the values found experimentally. It has been suggested, 
and the idea has found widespread acceptance, that the 

■ 4 - — 

exceptional mobility of the ions H and OH in aqueous 
solutions is due to the fact that they are the ions of the 
solvent . This idea is at least plausible in the case of water, 
where it might he supposed that the exceptional mobility of 

+ 4 - ^ + 

H (in the form of OH 3 , since H cannot persist as a separate 
entity), depended in part on the transfer of a naked proton 
from one complex to another, without necessarily involving 
the migration of the whole of the oxonium ion; but it is not 
valid, even in the closely-related case of liquid ammonia, 

4 " 4 ” — ' 

where H (in the form of NH 4 ) and Nilj are less mobile 

4* 4* 

than K and Tl ; and there is no reason why it should be 
true in the case of ,a completely ionized salt, where it is 
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difficult even to suggest a theoretical justification for it. 
It therefore appears more likely that the high conductivity 
of fused silver chloride may be due to the presence of 
something analogous to the “ionic micelle” in a colloidal 
electrolyte, ?. e., to complex aggregates of ions carrying 
multiple electric charges, since these would have the effect 
of increasing both the viscosity and the electrolytic conduc¬ 
tivity of the'inelt. Such aggregates might he formed by an 
incomplete destruction of the crystal lattice, and it may be 
supposed that the conductivity of a fused salt is determined 
very largely by the character of the aggregates that persist 
when the crystalline salt is melted. 

From this point of view it is of interest to nolice that all 
fused salts are not good electrolytes, even when the theory 
of valency indicates that they must be completely ionized. 
Thus, leaving out weak electrolytes such as Sn01 4 and 
H<v01 2 , where covalent molecules appear to be formed from 
the metal and the halogen, the values 

A 70 = 0-0009, A 100 = 0-0050 

recorded by Walden for the molten hydrobromide of 
dimethyl-aniline, present a remarkable contrast with the 
values 

A 600 = 4-48, A 800 =4*98 

for silver chloride. In this compound wc must either 
suppose that the fused solid breaks up into electrically 

neutral doublets, [NHPhMc a j Br], in which the oppositely- 
charged ions cling together, just as they must do in a 
salt-vapour of normal vapour-density, and, therefore, do not 
migrate in opposite directions under the influence of a small 
electromotive force ; or we must postulate the existence of 
some subtle type of bond, which binds the ions into a 
molecule of such an unstable character that it is unable to 
persist in aqueous solution *. Until, however, the existence 
of such molecules has been proved, it is simpler to admit that 
a salt, even if it is completely ionized in the crystalline state, 
will not become a good electrolyte when fused, unless the 
lattice is resolved into oppositely-charged fragments. If the 
cleavage of the lattice on fusion tends predominantly to 
produce neutral ionic aggregates like those which are formed 
on vaporization, the conductivity of the fused salt may be 
reduced to such an extent as to give rise to the properties of 

* Compare Hantzach’s hypothetical pseudo-ammonium halides; also 
Ulich, Trans. Faraday Soc, 1928. 
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a typical u weak electrolyte.” This effect, it is clear, is most 
likely to appear in salts which are easily vaporized, i. e ., which 
break down readily into volatile neutral doublets. 

3. Hydrolysis . 

It is an interesting and novel feature of the theory of 
complete ionization that it very largely destroys the meaning 
of the term “ hydrolysis.” Thus an equation such as 

NaCi + HOH^iNaOH + HCI 

becomes a mere paraphrase of the equation 
HOH^±H + OH, 

unless we admit that the theory of complete ionization breaks 
down in the case of one or both of the products. 

This can always be admitted in the case of the acid, since 
all hydrogen compounds exist predominantly in a covalent 
form. A more curious case is afforded by ammonium 
chloride, 

[NHJ Cl 4- HOH^±[NH 4 J OH + HOI, 

where the acid is so strong that the proportion of covalent 
hydrogen chloride is too small to produce an appreciable 
vapour-pressure, but where the base is quite weak, so that 
hydrolysis must depend on the conversion of ammonium 
hydroxide into a covalent compound. This may take place, 
as Latimer and Rodebush have suggested *, through the 
weak linkage of a bivalent hydrogen atom 

NH 4 + OH^NH s . H. 0. H. 

A more familiar, but less effective, method is by eliminating 
the hydroxyl ion as a covalent molecule of water, 

NH 4 +0H^NH 3 4-H 2 0. 

In the latter case the hydrolysis of the salt of a weak 
ammonium base (which would then be a thermal dissociation 
into which water does not enter directly, 

NH 4 C1 aq—NH 8 aq + HC1 aq) 

would actually depend on a dehydration of the hydroxide, 

* J. Am. Chem. Soc. x\\i. p. 1431 (1920); c/. Moore & Winmill, 
J. Chem. Soc. ci. p. 1675 (1912). 
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A similar example of 66 hydrolysis by dehydration ” is 
afforded by the quinquevalent compounds of phosphorus, 
arsenic, and antimony *. Thus trimethylstibine dibromide 
can be hydrolysed in two stages as follows:— 

SbMe 3 Br 2 ->SbMe s (0H)Br-^SbMe 8 0 

or [8bMe a Br]Br—^[SbMe 3 OH]Br—>[SbMe 8 Oj. 

In the first stage, hydrolysis can take place in the normal 
way, by an interchange of Br and OH, since the hydroxyl- 
ion of the base can be fixed by the quadricovalent antimony, 
giving rise to a product which can be isolated in the form 
\ + + 

of an oxy-bromide, Br[SbMo 3 . O . SbMe 3 ]Br ; but, since 
the equation 

[ SbMe 3 OH] Br + KOH^ [SbM e 8 OH] OH + KBr 

has no meaning, from the point of view of the theory of 
complete ionization, the second stage of the hydrolysis must 
depend on a direct removal of HBr, giving rise to dn oxide, 
which can be isolated without difficulty, instead of to a 
dihydroxide. 

Summary . 

(a) Compounds in which neutralization of the ionic chargee 
is prevented by the laws of valency generally behave as 
strong electrolytes ” in solution. Badly-conducting solu¬ 
tions can, however, be obtained by dissolving a salt in a 
medium with a low dielectric constant, when abnormal 
variations of conductivity with dilution are generally 
observed. 

. ( b ) Many fused salts are good conductors, giving values 
for the “ coefficient of ionization ” which may be above 
100 per cent., perhaps as a result of the formation of 
multiple-charged ionic aggregates. Other fused salts, how¬ 
ever, are poor conductors, probably because the crystal 
lattice breaks down into neutral ionic doublets on fusion. 

(c) The term “ hydrolysis has no significance, from the 
point of view of the theory of complete ionization, unless 
the hydrogen or hydroxyl ion of water can be fixed by 
one of the ions of the salt, with formation of a covalent 
compound. 

* Ilantzsch & Hibbert, Ber . xl. p. 1613 (1909). 

University Chemical Laboratory, 

Cambridge. 
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CIX. Note on the Diffusion of Hydrogen through Iron . 
By W. Edwards Demihg *. 


fTlHE diffusion of* gases through metals has called forth no 
II little theoretical and experimental work, chiefly since 
1904, with the impetus given by the brilliant papers of 
Richardson* 1 *, and Richardson, Nicol, and Parnell* 2 *. In the 
former is derived an expression for the rate of flow for a gas 
through a slab of thickness x and with gas pressures P x and 
P 2 on its sides. When the gas does not combine chemically 
with the material through which it is passing, this expression 
is the sum of two terms, one proportional to (P 2 —Pi)#” 1 ,, 
and the other to (P 2 1/n —P, 1 /*)#* 1 , i.e., to the concentration 
gradients of the undissociated and of the dissociated gas. 
(n is here the number of atoms into which one molecule 
of the gas dissociates, according to X n ^toX). It was 
expected that in metals the former term would be inappre¬ 
ciable compared with the latter, one reason being that in these 
substances dissociation of a gas into atoms is believed to be 
readily accomplished. An abundance of experimental work 
has confirmed this expectation ; for example, Richardson, 
Nicol, and Parnell (2) , and.more recently Lombard* 3 * 4 » 6) found 
that the diffusion rate of hydrogen through iron and other 
metals is proportional to P* (the pressure being zero on the 
low-pressure side). Substantially the same is concluded by 
Borelius (6) , whose work will be mentioned later in another topic. 
But through rubber and fabric, Edwards and Pickering* 7 * 
found the rate of diffusion of any gas to be proportional to 
its partial pressure if the total pressure remains constant. 

The conclusions of experimenters, that the amount m of 
hydrogen passing through an iron (or other metal) slab of 
thickness x in a time t is proportional to P$, are quite unani¬ 
mous, but, owing to the fact that the pressure on the low- 
pressure side has in every experiment (as far as the writer 
can ascertain) been zero, it is impossible to tell whether their 
data confirm 


m = KiA£ 


(P s v«_p x v*) 

* * 


( 1 ) 


or 


m 


K S A t 


( Pg-pl) 1/n 


• • ( 2 ) 


because both of these reduce to m 'ocP 1/n when P, = 0 ami x is 
kept constant. 

* Communicated hy the Author. 

Phil. Mag. S. 7. Vol. 5. No. 32. May 1928. 4 A 
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Nearly all experimenters on the subject have investigated 
the variation of the diffusion rate with pressure and 
temperature, few its variation with thickness. The writer 
wishes to show that experiments on the variation of diffusion 
rate with respect to thickness of a metal will enable us to 
decide between these two equations, for, as will be proved 
shortly, ui must be unity and <* 2 niust be 1/n. Hence the 
fact that Lombard (4) found the diffusion rate of hydrogen 
through metals to vary inversely as the thickness is experi¬ 
mental proof not only that m oca?” 1 , but also decides in 
favour of ??ioc(P 2 3 /*—P] 1/w ) rather than m «(P 2 —Pj) 1/n . On 
the other hand, the fact that Edwards and Pickering (7) found 
m'oc# -1 for hydrogen passing through rubber was to be 
expected, because if n=l, as their conclusion m ocP for 
rubber indicates, then (1) and (2) become identical. 

To investigate and « 2 , imagine a plane slab of homo¬ 
geneous material of thickness a with pressures P 1 and P 2 on 
its sides. Let the two faces of an infinitesimal slice be 
distant x and x + dx from the side whose pressure is P 1? and 
let the pressures with which these two faces are in equilibrium 
when the steady state is reached be y and y + dy> (1) 
demands that 

(?/ - 4 - dy ) 1 / n — y l y l /n — Pj 1/n 
(dx) a ^ x 

d(y) lin _ y ,/n —P t V n 

\dx) ai x a i 


Clearly a x must be unity, because dy 1/n and dx are the same 
order of infinitesimals. With a x = 1, this integrates to 

y/n = (P 2 l/n _ l/n) tr / a + p^/n . 

and, more important, (1) yields for the amount dm of hydro¬ 
gen diffusing through an area A of thickness dx, with 
pressures P and P-f dP. 

.(3) 


in time dt. So, if experimenters using Pi#0 and P a ^0 find 
either m oc(P 2 Vw—Pi 1/n ) or mxxx~ l for a plane slab, then (1) 
is established and (3) would be the differential equation to 
be applied to any problem of diffusion through walls of any 
shape, plane slab, cylindrical shell, spherical shell, etc., in 
the steady state. 

By similar reasoning with (2), « 2 must be 1/n, and at any 
point x in the slab 


*(2) yields 


y*(P 2 —Pi>/a + Pi, 


dm«K 2 A(VP) 1/n *. • . . 


. . (4) 



1083 


Diffusion of Hydrogen through Iron. 

Now if it is found either that moc(P 2 — Pj) 1 /" or 
that m oca?” 1 / 71 , then (2) would be established and (4) would 
be the proper differential equation for the steady state. 

Borelius (tf) finds the amount of hydrogen absorbed or in 
solution in metals to be proportional to the square root of the 
pressure to which the metal is subjected. He substantiates 
this with some theory. If his result is correct, then equation 
(3) means that the amount of hydrogen diffusing normally 
through any (small) area would be proportional to the 
concentration gradient at that point, a logical supposition. 
Lombard (5) , working with a slab of electrolytic iron at 
300° C., thickness 0*0162 cm., P 2 = l atmosphere, P 2 = 0, 
found dmjdt to be 5*62 c.e. of hydrogen (S.T.P.) per hour, 
whence Kj =0*091, and K 2 = 0*715 in the same units. Dr. 
E. P. Bartlett, of this Laboratory, has recently extended his 
pressure, volume, and temperature relations (8 Ho 400° C. For 
this work he employed a chromo vanadium steel pipet seven 
inches long and having internal and external radii £ inch 
and $ inch. At P 2 = 1000 atmospheres and P x = 0, he 
observed 0*5 c.c. of hydrogen (S.T.P.) diffusing through 
the walls per hour. Equation (3) applied to a seven-inch 
portion of an infinitely long cylinder (the end correction 
being an unnecessary refinement) yields the result 2*5 c.c. of 
hydrogen (S.T.P.) per hour, and equation (4) yields 25 c.c. 
per hour, using K^O’091 and K s = 0*715. Naturally one 
would expect the Kj or K 2 to be several times less for chrome 
vanadium steel than for electrolytic iron, so it may be con¬ 
cluded from this that equation (3) gives fairly good results 
up to very high pressures, and that equation (4) is not valid. 

Adopting (3), and with Borelius taking the solubility pro¬ 
portional to the square root of the subjecting pressure, it is 
easy to extend the equation to apply at any time, whether 
the steady state obtains or not. 


dPV* 
dt 


— 1 v 2 pi/**, 
c 


■ • (5) 


c is the amount of gas absorbed per unit volume under unit 
pressure. In the steady state, dP l/n /dt = Q , and under this 
condition, equation (3) is a first integral of (5). 

In dealing with the conduction of heat, we write 

d0/dt = h*\7*e, 

which is exactly in the same form for 6 as (5) is for P 1 '". 
Thus problems in the diffusion of a gas through metals 
become the problems in the conduction of heat, whose 
solutions are now classic. 


4 A 2 
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It is a pleasure to thank Dr. P. H. Emmett, of this 
Laboratory, for several suggestions for the presentation of 
these ideas. 
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CX. The Emission of Particles from Hot Platinum in Air 
at Atmospheric Pressure. By William I). Flower, 
B.Sc. *. 

[Plate XV.] 

M EASUREMENTS of the mobility of ions emitted by 
hot wires at atmospheric pressure have disclosed that 
the emission consists initially of normal ions and uncharged 
nuclei. Since in the presence of ions these nuclei can pick 
up charges, the nature and rate of their growth is a matter 
or some interest, as it might lead ultimately to information 
on the variation of mobility with the size of the ion. It was 
felt that an ultra-microscopic survey of air containing these 
nuclei might throw, some light upon the problem. Such a 
study of the large ions from a bunsen flame had already 
been made by De Broglie (2> , who described the sample as 
nearly optically empi^. Nolan and Enright (s) , however, 
were led to the conclusion that the radius of large ions from 
a flame is greater than 1-0 x 10~ fi cm., and De Broglie <4) 
himself, from his measurements of Brownian motion in gases, 
deduced a value of the order 0*5 x 10~ fl cm. 


* Communicated by Prof. A. M. Tyndall, D.Sc. 
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Particles of this size should be visible in the ultra-micro¬ 
scope. While it is conceivable that the reason for the 
approach to optical emptiness of the sample was that the 
large ions consisted of a loose grouping of molecules too 
diffuse to give an ultra-microscopic image, yet it might be 
possible to detect a greater number by improvement of the 
optioal system. For this reason, as a preliminary, some 
experiments on the gases from a bunsen flame were carried 
out, using the ultra-microscopic method developed by 
Whytlaw-Gray w for the examination of aerosols. The 
apparatus used was essentially the same as that described by 
him, except that bilateral illumination from two 1000-c.p. 
pointolite lamps was used. To obtain a supply of large ions 
and nuclei a bunsen burner was placed in the large chamber 
and the atmosphere in the latter was then rendered dust free. 
The bunsen was lighted by an incandescent platinum spiral 
placed above it and allowed to burn for a few minutes. 
A sample of the dispersoid was then drawn off and examined 
in the ultra-microscope. A large number of particles, 
exhibiting violent Brownian movement, were observed. The 
same result was obtained when the coal-gas supplied to the 
bunsen was filtered. It was reasonable to conclude from 
this that with the optical arrangements described large ions 
were visible in the ultra-microscope. 

The apparatus was then adapted for examining the 
emission from a hot wire by replacing the bunsen flame by 
a spiral of platinum wire which had been previously cleaned 
in acid, washed in distilled water, and dried. After the 
wire had been heated to a dull red heat for twenty minutes 
the examination of a sample showed the existence of particles, 
smaller in number, however, than in the preceding case. 

It might be expected that the phenomenon of coagulation 
in aerosols would have a counterpart in these systems. To 
test this the following procedure was adopted. The nuclei 
were generated by passing a known current through the 
spiral for four minutes. In later work this time of generation 
was varied to other values and in some cases was reduced to 
twenty seconds. The current was switched off, the air in 
the chamber kept in constant circulation by a small pro- 
pellor, and a very slow flow of dispersoid maintained through 
the observation chamber. Coun ts in uninterrupted succession 
were made of the number of particles seen through the eye¬ 
piece stops. Some typical results are shown in fig. 1 of the 
variation of number with time over a period of about two 
hours for two different values of the heating current and 
therefore of the temperature of the wire. 
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As will be shown later, the numbers recorded must be 
corrected because of the possibility of the inclusion in the 
counts in certain cases of particles lying outside the beam, 
but sufficiently illuminated by light scattered from particles 
inside the beam to be recorded as present. This, however, 
does not alter the general shape of the curve with its definite 
rise to a maximum at about one hour and its subsequent fall. 
The higher the temperature of the wire, the higher the maxi¬ 
mum value becomes. It was found, however, that successive 

Fig. 1. 



curves for the same temperature did not repeat one another, 
but progressively decreased in height, indicating that the 
ability of the wire to emit these particles decreased with use. 
Further, after prolonged heating for about twelve hours, the 
appearance of the particles in the field of view was different 
from that after initial heating. The brightness of the disks 
decreased with succeeding curves until eventually only faint 
points in intense Brownian movement were observed and 
even these only under the best conditions. By passing 
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through the wire a current higher than that previously 
used or by heating the fatigued wire in a bunsen flame 
for a short time, its power of emission was temporarily 
restored. 

This effect is analogous to the behavour of the positive ion 
emission from a hot filament, but as the two phenomena 
were not studied simultaneously, it is not possible to say 
whether they are in any way related. 

It is possible to explain the general form of the curve in a 
simple manner. It may be assumed that at emission the 
particles, whether they are atoms, molecules, or minute par¬ 
ticles of metal, are too small to be seen at all and therefore 
nothing countable is perceived in the ultra-microscope at the 
time when a heating current of short duration is cut off. 
By coagulation with one another with time they grow in 
size and become visible. Some grow more rapidly than 
others and these are seen first. At the same time it should 
be mentioned that the actual process of collision and coal¬ 
escence of two particles was never visually observed in the 
field of view of the microscope. 

From the quantitative side there seemed to be little hope 
of carrying the matter any further on these lines unless it 
was possible in some way to make all the particles visible at 
all times. If, however, one assumes that each of the par¬ 
ticles, whatever its age, can act as a nuclei for condensation 
when supplied to a Wilson expansion chamber this result 
can be achieved. 

The form of apparatus used was such that the observation 
cell formed part of the expansion chamber and is shown 
diagrammatically (fig. 2). A given height of the piston 
corresponded to a certain expansion ratio which could 
be determined by calibration. It. was found unnecessary to 
use an expansion ratio greater than 1*3, since there was no 
increase in the number ol particles seen when a greater ratio 
than this was used. 

In the following experiments the nuclei were produced in 
exactly the same manner as before. In order to determine 
the number of nuclei per unit volume the number of particles 
seen in the eyepiece stop of the microscope, directly after 
producing an expansion, was noted. Owing to the fact that 
the cloud formed fell rapidly, under the action of gravity, 
considerable practice was required in estimating the number 
of particles seen. Typical results obtained by this method 
are shown graphically in fig. 3 for two experiments. 

It will be seen from curves Ai, A 3 , that the number of 
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particles is now shown to be a maximum at zero time and to 
diminish subsequently along a hyperbolic curve. This is 
shown by plotting the particulate volume with time, curves 
Bi, B$* 

Fig. 2. 




It would appear at first sight that it would be a simple 
matter to express these results quantitatively in terms of 
the number of particles per unit volume, provided that the 
depth of the illuminated beam is known, but, as Whytlaw- 
■Gray has pointed out, the difficulty is found in this form of 
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observation cell * in making accurate measurements of the 
depth of the beam since the edges of the beam were not 
clearly defined owing to the light scattered or reflected from 
particles inside the beam illuminating them outside. An 
error was thus introduced in calculating the absolute number 
per unit volume. Further, as the system aged, the number 
of particles in the field of view decreased and it became 
necessary to change from one eyepiece stop to another. 
It was found that the number counted was not proportional 
to the change in area, the number with the larger stop being 
smaller in proportion than with the smaller one. 

At this stage the writer was brought into touch with 
Mr. Green, who was working on similar lines on the coagu¬ 
lation of smoke particles, and from this point the work was 


Fig. 3. 



continued in consultation with him. He had experienced 
the same difficulties on the quantitative side and in order to 
overcome them had developed a photographic method in con¬ 
junction with a continuous action Wilson apparatus (7> . In 
this method a photograph was taken of the contents of the 
cell immediately after an expansion and the resulting 
negative counted under a reading microscope. Mr. Green 
kindly allowed his apparatus to be used by the writer and 
with it a series of experiments was carried out. The results 
for two experiments are collected below, Table I., and shown 
graphically in fig. 4. 

* la later work by Whytlaw-Gray< c) this has been avoided by using 
;a different type of cell. 
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Table I. 


Heating 

Experiment B3. 
Current . 

. 6*53 amp. 

Duration of Heating Current. 

. 2*0 min. 

Tim© 

No. of Nuclei 

Particulate 

T 

per c.c. 

Volume 

min. 

N. 

I/N. 

1*50 

30-80 x HH 

3-25 x 10-6 

4*25 

28-55 

352 

8*25 

25-10 

3-98 

13*()0 

24-30 

412 

15-20 

21-30 

4*59 

1720 

22 18 

4*54 

20*75 

21-70 

4-61 

29*25 

19-20 

5-21 

3300 

1800 

5*56 

86-50 

15-92 

6-30 

40-20 

1710 

5-85 

44-50 

15-32 

6-54 

48*25 

14-73 

6-82 

50-50 

14-49 

6*99 

56-36 

14-20 

7*04 

59*35 

12-90 

7*75 

63-40 

11-33 

8-87 

66-00 

11-70 

8-55 

71*50 

11*33 

8-87 

74-80 

10-33 

9-73 

7900 

9-52 

10-50 

8110 

10*55 

9-57 

89-00 

9-32 

10-72 

Experiment B4. 1 
Heating Current . 

7*0 amp. 

Duration of Heating Current. 

2*0 min. 

4*5 

15-10 

6*6 

8-0 

14-50 

6*9 

140 

1308 

7*6 

220 

12-50 

8*0 

36*0 

9-78 

10*2 

68*5 

7-95 

12*6 


1 Enlargements from photographs taken during Experiment B4 
are given on Plate XV. 


To test whether these nuclei were charged a cylindrical 
ionization chamber was introduced between the observation 
cell and the metre chamber. The electric field and the rate 
of flow through the ionization chamber were so adjusted 
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that only ions of mobility less than 3*5 X 10~® cm./sec./ 
volt/cm., could pass through to the cell. It was found that 
in an aerosol of nuclei emitted from a hot platinum wire the 
majority of particles were initially uncharged but that more 
charged particles made their appearance during the stages 
of coagulation so that after a period of about sixty minutes 
half of the total number of nuclei present were charged. 


Fig. 4. 



The Accuracy of the Observations. 

The question of the probable error in the observations has 
been considered on the same lines as has been done by 
Green, and suggests that the irregular variations shown 
by the departure of many of the points from the mean 
straight line is consistent with a random distribution of the 
nuclei. 

Discussion of Results. 

The number-time curves showing the variation of the 
total number of nuclei with time, for both the visual and 
photographic methods, exhibit certain characteristics in 
common. They all show a decrease in number of nuclei 


* \o 6 - 
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with time in accordance with a hyperbolic law., This may 
be clearly seen by plotting the reciprocal of the number of 
nuclei with time when a straight line is obtained. If n 0 = 
number of nuclei present initially, n=* number of nuclei 
present at any subsequent time t , the following relation 
must hold :— 


1/n — l/n 0 =skt or 



where k is a constant. 

This relation has the same form as that found by Kennedy (8> 
to apply to the decrease in number of large ions and nuclei 
from a bun sen flame. 

The values of the constant k deduced from the results 
obtained by the photographic method are given in Table II. 


Table II. 


Duration of 
Emission in 
minutes. 

Heating 

Current 

amp. 

Number of 
particles perc.c. 
initially. 

k cm. 3 /sec. 

i 

Mean 
k cift. 3 /see. 

20 

57 

04)8 X 10 s 

015 X 10- • 


20 

70 

HO 

0*16 


2 0 

6*5 

3*28 

0-14 


2*0 

70 

102 

0-16 

015 X 10 8 

40 

50 

2*78 

0*13 


20 

4-8 

1*88 

013 


40 

(V4 

1*79 

016 



If in the visual method the assumption is made that the 
depth of beam through which observations are made is 
actually the “depth of focus 99 of the viewing microscope, 
and from this calculate the number of particles per unit 
volume it is found that the value of k by this method is 
0*10 x 10~ 8 cm. 3 /sec. Since this number is of the same 
order it may be regarded as a reasonable confirmation of the 
value given by the photographic method. 

It is interesting to compare this value with that obtained 
by Kennedy for the decrease in number of large ions 
and nuclei from a bunsen flame with time. Kennedy 
used an Aitken Dust-Counter and obtained the value 
0*13 x 10~ 8 cm. 3 /sac. The agreement for these two sources 
is satisfactory. 

The only theoretical formula relating to coagulation appears 
to be the one derived mathematically by Smoluchowski w £ or 
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the coagulation of sols. In this formula n = n 0 /(l + ht) 
where n, w 0 , t , and k have the same meanings as before. 
Also k = 4irDR a , where D and R* are respectively the 
diffusion constant and radius of the sphere of action for the 
same particle. 

The application of the formula to the problem is only 
strictly justitied if k is independent of /i () . Evidence of this 
is given in fig. 4, where the values of the particulate 
volume, 1/n, are plotted against time for two experiments 
and the two straight lines are seen to be approximately 
parallel. 

Whytlaw-Grray has shown from the formula that 
A = 1*46 X 10“ 1,5 (1 + 9 X 10“ 6 r“ 3 ) R a r~ l cm. 8 /sec. It is 
necessary to apply the Cunningham correction to the term 
for the mobility of the particles involved in the diffusion 
constant, though this makes k a function of the initial radius 
of the particle. No evidence of this exists in the present 
experiments, though it might appear if it had been possible 
to study the coagulation over shorter and longer time: while 
therefore there is no real justification for deducing the 
radius of the initial nucleus from the above expression and 
the observed value of k, it may be of interest to note that 
the radius obtained in this way, 2*2lx 10~ 6 cm., lies between 
the value suggested by De Broglie (4) and that suggested by 
Nolan and Enright (3) . 


Summary . 

An ultra-microscopic study of air containing large ions 
and nuclei emitted by a hot platinum wire has been made. 
After the source of nuclei had been removed the number 
visible increased to a maximum and then diminished. This 
is explained if at emission the nuclei are too small to be seen 
but subsequently coagulate. 

Reliable results on the rate of coagulation of these nuclei 
were obtained by using them as nuclei for condensation and 
photographing the droplets formed. 

The equation of the coagulation time-curves are hyperbolic 

and is given by = — kn* where n is the number present 

and A* is a constant equal to 015 X 10“® cm. 8 /«ec. This 
value is in reasonable agreement with the value 0*13 x 
10~ 8 ctn.Vsec, obtained by Kennedy for large ions and 
nuclei from a bunsen flame. 

The application of the coagulation theory of Smolucliowski 
to these results is discussed. 
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In conclusion I wish to express my indebtedness to 
Professor A. M. Tyndall both for proposing the research 
and for the interest he took in the progress of the work, and 
to Mr. H. L. Green for the use of his apparatus in the latter 
part of the investigation. 
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OXI. A Note on the Predicted Ionization Potential of Niton. 
By Sushil Chandra Biswas, M.Sc.* 

I ONIZATION potentials of elements of the same family 
are in general found to diminish almost in a linear way 
with progressing atomic number. On a closer scrutiny, 
however, it is found that elements in the P-shell, viz. 
(79) Au, (80 (Hg, (81) Tl, (82) Pb, etc., indicate an appreci¬ 
able increase in their ionization values. This is sho\frn in 
Table I. 

Table I. 

Ionization Potentials (Volts) f. 

N Shell. O Shell. P Shell. 


29. Cu—7*091 

30. Zn — 9*35 

31. Ga-5-8 

32. Ge- 

33. As -11-54 


47. Ag—7*542 

48. Cd — 8*95 

49. In-5*76 

50. S» — 

51. Sb—8*0 


79. Au —9*25 

80. Hg-10*39 

81. Tl -6*08 

82. Pb —7*93 

83. Bi-8*0±*6 


36. Kr—15*3 54. Xe-ll*5 86. [Nt-14*0±0*5] (cal.) 


* Communicated by Prof. S. N. Bose, M.Sc. 

t Fuote & Mohler, ‘Origin of Spectra/ 1922. Franck & Jordan, 
* Anregung Von Quantensprungen,’ 1926. 
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It thus seems that Glockler’s * and Struwe’s + extra¬ 
polated value of (86) niton (8-10) volts, calculated on the 
assumption that the same relation which holds for the first 
five rare gases may be extended to all six of them, and thus 
the ionization potential of niton must be less than that of 
xenon (54), may be far from truth. 


Calculation of the Ionization Potential . 


Moseley's Law 


v 

R 



can be written as 


I 

In 



(i) 


where I represents the ionization potential of an element, 
I H that of a hydrogen atom, “ n ” representing the total 
quantum number, and s' effective nuclear charge for the 
given element. 

As, according to Sommerfeld, the energy of an electron 
orbit can be determined by two quantum numbers n and k 
(radial and azimuthal quantum numbers respectively), such 
that the ratio between the semi-major and semi-minor axes 


a 

h 


n 

V 


it can be shown that the radius of a hydrogen-like (w, k) 
orbit (circular) about an effective nuclear charge z' 


n 


2 


a = T, • 

V 


where an represents the radius of a (1, 1) hydrogen orbit. 
Thus 





. c*h. 


Now, following as according to Stoner (‘ Magnetism and 
Atomic Structure/ pp. 97, 304, 1926), the mean areal 
velocity of the elliptic orbit • 

7T . ab _ 7r . r 2 

T T 

or .n . (a H )*=0*283 .k .n. Qf , . . (2) 

where r*. (A.U.) 2 represents the mean square radius o£ (n, k ) 


* Glockler, Phil. Mag. 1. p. 997 (1925). 

t Struwe, Zeits. f. Fhys. xxxvi. p. 410 (1926) ; xxxvii. p. 859 (1926). 
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orbit and (a H =0 - 532 A.U.) as the radins of the normal atom' 
of hydrogen has been substituted. 

By combining (1) and (2) and substituting for Ih = 13 - 54 
volts, 

W)=^x3’83.(8) 

For elements of the same family of Mendeleef’s Table, 
remains the same, and hence it follows that the 
ionization potentials of elements of the same family will be 
inversely proportional to the square of the radius and directly 
to the quantum number “ n.” 

Table II. contains atomic radii as determined from their 
crystal data. These indicate for elements in P-shell a 
noticeable diminution in their values of radii. It may also 
be seen that the radii of elements of the same series in Gl¬ 
and P-shells are very nearly the same. 

Table II * 


Atomic radii (A.U.). 


N Shell. 

O Shell. 

P Shell. 

On-1*42 

Ag—1*62 

Au—1*60 

Zn —1*33 

Cd —1*52 

Hg—1*41 

Ga—1*26 

In-1*46 

Tl—1*42 

Ge — 1 *21 

Sn —1*36 

Pb—1*36 

As-1-251 

Sb —1*44 1 

Bi — 1 *55 5 

Kr —1*985 |i 

Xe—2*07 || 

Nt—2*05 |j 


The radii for the rare gas elements are those as obtained 
by A. F. Scott ||, who, according to Simon IF and Yon 
Simson’s determination of solidified argon structure to be 
face-centred cubic, assumed all other inert gases to have the 
same structure and then computed their atomic volumes 
from the densities at absolute zero according to Hertz’s ** 
calculation. 

* Huggins, Phys. Rev. xxviii. (ii.) p. 1024 (1926). 

t Brandt, Phil. Mag, xlvih p. 657 (1924). 

J James and Tunsfcall, ibid. xl. p. 233 (1920). 

5 James, ibid. xlii. p. 193 (1928), recalculated by McKeehan, Journ. 
Frank. Inst, cxcv p. 159 (1928). 

J| A. F. Scott, Journ. Phys. Chem. xxx. (i.) p. 580 (1926). 

% Simon and Yon Simson, Naturwia&emchaftcn, xi. p. 1015 (1923). 

'** Hertz, Zeits. Anorg. Chemie , cv. p. 171 (1919). 
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Predicted Ionization Potential of Niton. 

Rad ins of Niton . 

From the well-known ionization potentials of rare gases, 
the radii as calculated by equation (3) are entered in 
column ii. Table III. For comparison, atomic radii, deter¬ 
mined by Rankine * from viscosity measurements, and those 
of Chapman f from van der Waals’ a 6,” after correcting 
for the recent value of Loschmidt number (2*705 X 10 1,9 ), 
are given in columns iii., iv. Radii from crystal data are 
also included in column v. 


Table III. 


Radii (A.U.). 


r. ii. 

Ionization 
Gases. volts. 

ni. 

Viscosity. 

IV. 

Van der 
Waals’ “ hr 

V. 

Crystal 

data. 

VI. 

Differences 

(v.-n.). 

Mo . 

084 

MB 

1*188 

._ 

_ 

A . 

1-20 

1 43 

1*42 

1-89 

0-67 

Kr . 

1-52 

1*6 0 

1 62 

1*99 

0*47 

Xe . 

1-83 

1-70 

177 

2-07 

0*24 

Nt . 

(1*81 ±-03) 

(1*81~1*84)+ 1-84 

2*05 

0*24 


Indefiniteness as to the nature of the term atomic radius 
even for such simple monatomic gases, becomes apparent as 
a comparison is made of the radii for these gases by different 
methods. Though the radii by any two methods are not 
found to agree for any element, there is in general an 
agreement in the results of the same series by the same 
method, and one series of results offers parallelism with 
those of other methods. 

The radius of niton, as calculated by Rudorf § from the 
critical temperature and pressure of the gas, indicates an 
increase in its value from that of xenon. On the other hand, 
the radius of niton (column v., Table III.) determined from 
crystal data gives a value less than that of xenon. 

Though it may thus appear doubtful to extrapolate the 
radius of niton which may fall along the radii of other rare 
gases calculated from their ionization values, clearly enough 
the radius of this element cannot lie very far from that of 
xenon. It has already been noted that the radii for elements 

* Rankine, Proc. Boy. Soc. A, xcviii. p. 860 (1920). 

t Chapman, Phil. Trans. A, ccxvi. p. 279. 

t Sfcruwe, loc . cit. 

§ Budorf, Zetts. f. Electro-Chemie, xv. p. 748 (1909), 

Phil. Mag. S. 7. Vol. 5. No. 32. May 1928. 
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in 0- and P-shells are very nearly the same, which means 
that, according to equation (3), the ionization values of 
chemically similar elements in 0- and P-shells will bear 
a ratio as the ratio of quantum numbers 5 : 6. This is 
approximately satisfied from the data oE ionization potentials 
Table I. More than that, the radius of niton is expected to 
be smaller than that of xenon, even from a superficial study 
of the radii and ionization potentials of elements in 0- and 
P-shells (vide columns ii. and iii. of Tables I. and IT.). 

If the radius of niton is taken as 1*81 A.U., the error 
cannot exceed 0*03 A.U., as appears from viscosity or 
from critical data. Hence the calculated ionization potential 
of niton, taking the external electron at (6, 2) orbits is 
(14*0 ± *5) volts. 

Turner *, on the assumption that linear relationship 
subsists between the atomic numbers and quantum defects 
when Bohr’s quantum numbers are increased by integral 
amounts, calculated the ionization value of niton to be 
(27*5 + 1*5) volts (given the quantum number 10), but taking 
(n=ll) ; the value turned so low as (4*66+ *11) volts. 
Though no satisfactory purpose is served by Turner's enumer¬ 
ation of quantum number, it may be seen that for (n=]0), 
the ionization value of niton does not exceed (24*0) volts, and 
goes on increasing with the increase of quantum number. 

Physics Department, 

University of Dacca, 

Bengal, India. 


OXIL The Shadowgraph Method as applied to a Study of the 
Electric Spark . By Harvey A. Zinszer, M.A., Ph.D., 
Professor of Physics, Hanover College , CJ.S.A. f 

[Plates XVI. & XVII.J 

Introduction. 

I ^VER since Henry {1) prophesied the oscillatory character 
-i of the leyden-jar discharge, a great deal of work has 
been done with regard to the. electric spark, both from 
a theoretical and an engineering standpoint, and various 
theories of the phenomena involved in the electric spark 
resulting from a condensed discharge have been propounded. 

* Turner, Phil. Mag. xlviii. p. 1010 (1024). 
t Communicated by the Author. 
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Apart from the work of Fedderson <2) and Boys (8) , who 
succeeded in photographically showing the actual oscillations 
in an electric spark discharge—the former by means of 
a rotating mirror, the latter by the use of a rotating lens 
system,—little work has been reported on instantaneous 
photographic studies of the electric-spark discharge. But as 
early as 1867, Toepler <4) devised the so-called “schlieren 
methode,” a method of instantaneous photography by which 
he and, later, Mach (r,) and Wood (6) made kinematographic 
demonstrations of the evolution of reflected wave-fronts 
resulting from spark-discharges. While their work involved 
the photographing of the spark itself, they were more 
concerned with the sound-pulse than a life-history of the 
spark. Moreover, their method called for a lens system 
which tends to mask some of the finer details of the spark 


Fio. 1. 



owing to the smallness of the image and the concentration of 
light upon the photographic plate by the lens system. In 
view or these facts, it was thought worth while to make 
a further investigation of the electric-spark discharge in 
order to obtain, if possible, a more complete life-history of it, 
and to compare the more recent theories of the spark-dis¬ 
charge with the photographs thus obtained. 

Apparatus . 

The apparatus employed in this investigation, and the 
operation thereof, was essentially the same as that devised by 
Foley and Souder (7) in their work, “ A new Method of Photo¬ 
graphing Sound-waves.” The general arrangement of the 
apparatus in this experiment is shown in fig. 1. 

The charge which produced the electric spark was gener¬ 
ated by a Wagner static induction machine consisting of four 

4 B 2 
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mica plates, 77 cm. in diameter, driven by a variable-speed 
motor. Three leyden-jars of about two gallon capacity 
were used on each side of the static machine. The spark- 
gap, 0, under investigation was located in a long, collapsible, 
light-tight wooden box, one end of which contained the 
illuminating gap, I, and the other the plate-holder, P.* The 
overall length of tlie box was about 3 metres and the middle 
section measured 40 x 40 cm. in cross-section. It was con¬ 
structed of inch boards and painted black inside. Numerous 
tin vanes, V, about 3 cm. wide and 28 cm. long, were pro¬ 
vided to eliminate reflexion. 

The spark-gaps, O and I, were connected in series with 
a variable inductance, L, through a reversing switch, M, to 


Fig. 2. 



the terminals, T, of the static machine. A retarding capacity, 
0, was connected in multiple with the illuminating gap, I. 
A temporary micrometer gap, S, in multiple with the object 
gap, 0, was located outside of the dark-box. The system 
was earthed as shown in the figure. 

Fig. 2 shows a sectional view of the illuminating gap, I. 
In this figure, D is a cadmium cylinder, into one end of which 
is wedged a short piece of. #24 magnesium wire, the latter 
forming one of the terminals of the illuminating gap, L The 
cadmium cylinder is in turn fastened to the end of a hard 
rubber rod, R. The rod, R, slides snugly in a 2 5 cm. glass 
tube, G, which is held in the wall, B, of the dark-box by 
means of a cork support, £L The gap distance of I is 
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adjusted from the plate end of the dark-box by means of 
a long lever, H, shown in fig. 1. 

The capacity of the leyden-jars used in this work was 
found to be approximately 1430 o.s.u. The inductance con¬ 
sisted of a helix of 25 turns of #00 copper wire wound on 
a framework 25 cm. in diameter and 35 cm. in length ; its 
resistance was 0*0131 ohm and its self-inductance measured 
approximately 340*5 inicrohenrys. 

The theory of this method, which is sometimes called the 
point-source shadow method, is based on the phenomenon of 
refraction. The light from a point-source is allowed to fall 
directly upon a photographic dry plate several metres distant 
from the source. About half-way between the illuminating 
source and the plate-holder is placed an object consisting of 
a fluid stream or an electric discharge. The object differing 
in density from the air about it causes the light from the 
point-source to bo refracted, with the result that a shadow of 
the refracting object is cast upon the photographic dry plate. 


Observations. 

The following photographic investigations were made of 
the electric-spark discharge at 0, using the arrangement 
of apparatus as exhibited in fig. 1 :— 

(a) Variable Capacity .—With no inductance, L, in the 
circuit and with the side-gap, S, eliminated, the effect of 
varying the retarding capacity, 0, was investigated. The 
latter was varied two leyden-jars at one time, going from 
one to fifteen jars inclusive for all values of the gap- 
distance, I. Whenever good shadows appeared on the 
ground-glass at P, a dozen plates were exposed for a single 
adjustment of the apparatus. With this disposition of 
apparatus, it was found that foi* low values of C a shadow 
showing the spark in its streamer or brush stage was 
obtained, while for high values of C the later stages of the 
spark appeared. 

(b) Variable Inductance .—The second part of this investi 
gation involved the introduction of inductance, L, into the 
circuit as showm in fig. 1. The inductance was varied 
five turns at one time for constant values of retarding 
capacity, 0. Hence a considerable number of adjustments 
were necessary to adequately cover this field. The induct¬ 
ance was inserted between the static machine terminal, T, 
and the retarding capacity, C, as shown in fig. 1. Here it 
ivas found that for relatively low values of inductance a 
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large part of the life-history of the spark could be satis¬ 
factorily obtained. The capacity, C, was varied four 
leyden-jars at one time through a range of one to thirteen 
jars inclusive, and for any one value of C the inductance, L, 
was varied throughout its entire range, five turns, or^ about 
70 microhenrys, at one time. 

(c) Parallel Gap .—Since some of the shadowgraphs 
representing the spark in its infancy showed streamer effects 
resembling a heavy brush discharge, it occurred to the 
writer that, by arranging a temporary micrometer gap out¬ 
side the dark-box, as shown in fig. 1, extremely early 
sparking conditions might be photographed, from the 
faintest spark discharge to probably a very late stage. This 
supposition was not unfounded, as the plates of this paper 
will show. In this particular phase of the study the 
retarding capacity, C, was again varied from one to thirteen 
leyden-jars, four at one time. Furthermore, various types 
of object-gaps were constructed and used in this particular 
phase of the work. The gaps were: (i.) point "to point; 
(ii.) point to vertical wire, #30; (iii.) point to disk; 
(iv.) disk to vertical wire, #30 ; and (v.) blade to blade. 

(d) Air-Draft .—Having read with interest the work done 
by Hemsalech (8) on an electric spark taking place between 
two electrodes inclined one to the other while a strong air- 
blast was directed into the gap-space, it was thought that 
instantaneous shadowgraphs of a similar arrangement might 
disclose some new results. The air-preesure was- varied 
from four to ten pounds per square inch in steps of two 
pounds at one time. The orifice of the air-tube projecting 
through the base of the object-gap, O, had an inside diameter 
of 8 mm., and extended to within 5 cm. of the gap-space. 
The air-draft yielded the best results when used in connexion 
with the parailel gap, S. 

Discussion of Results • 

Of the 1264 photographic dry plates exposed to the spark 
discharge during this investigation, 886 have been catalogued. 
Four prints of the latter appear herewith showing various 
possible stages of exceeding interest through which a spark 
discharge may pass. However, it is net to be supposed that 
any one spark will necessarily pass through all these stages. 
Baaed upon Professor Foley's (0) figures for velocities of 
sound near its source, the exposures of these prints have been 
calculated to approximate 3 microseconds. 
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Fig. 3 (PI. XVI.) represents a brush discharge of a weak 
spark. Apparently the energy of the spark has been spent. 
The configuration near the negative terminal most probably 
represents diffusion of hot air through which the discharge 
previously took place. A brush and a glow discharge persist 
at the positive terminal. 

Fig. 4 (PI. XVI.) represents the u pilot ” spark of Trow¬ 
bridge (10) . According to Schuster and Hemsalech <n) , the 
air lines are now being replaced by metallic lines, the vapour 
of which is beginning to diffuse into the gap-space. 

Fig. 5 (PI. XVII.) may represent the breaking-up of Trow¬ 
bridge's (12) “ charred hole,” or, perhaps, the projection of 
globules or molecular aggregations (ls) from the electrodes 
into the gap-space. 

Fig. 6 (PI. XVTIJ represents the striation stage of the 
spark discharge. Paalzow (14> discovered that when an electric 
discharge took place under reduced pressure, striations would 
result for critical values of resistance. A lantern-slide of 
this print shows the striations most beautifully. 

Summary . 

1. Optimum conditions for studies of the early stage of 
the spark discharge and also of sound-pulses were discovered, 
the former by the use of an auxiliary gap, the latter by the 
use of a low variable inductance. 

2. The findings of Trowbridge <lft) and of Schuster and 
Hemsalech (16) as to the diffusion of metallic vapour into the 
gap-space are verified by instantaneous photography. 

3. Photographic life-histories of various spark discharges 
have been obtained, parts of which are reproduced herein. 

4. A new method for determining the lag of a needle-gap, 
for the study of steep wave-front impulses, for the study of 
vortex rings and explosions is herewith suggested. 

This investigation was carried out in the physical laboratory 
of Indiana University under the direction of Prof. A. L. 
Foley, to whom the author wishes to express his gratitude 
for the aid extended and for the facilities placed at his 
disposal. 
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OX IT!. On the Presence of Charges at an Electrode Surface . 
By W JLI.IAM CLARKSON, Ph.B., M.Sc , A.Jnst.P., inter¬ 
national Education Board Eellow , Physical Institute of the 
University of Utrecht *. 

1. Introduction. 

fPTIE paper describes experiments made to determine 
JL whether at any time after an electrical discharge 

(1) an electrode gives up a charge ; 

(2) there is an electric field within some distance of the 
surface. 

They form part of a series of experiments on electrode 
surface effects as demonstrated by “build-up” lag variations, 
contact potential variations, and variations of the sparking 
potential. These effects are invariably present in discharge 
systems, and are of great significance in their study. 

The particular phenomena being heterogeneous, many 
explanations have been advanced. The changes selected for 
investigation here maybe shown to occur under pure as well 
as impure conditions, to be reversible and to decay with time. 
They are ascribable to temporary unstable modifications of 
the gas-electrode interface; this suggests a change in the 
work of extraction of an electron. 

The most generally applicable hypothesis will be shown 
to be that of double layers—a potential introduced at the 
electrode surface ; but other explanations deserve considera¬ 
tion. As direct experiments on residual charges might be 
expected to throw light on this problem, even negative 
results being of significance, the following experiments 
were made. 

* Communicated by Profeasor Omstein. 
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IT. Preliminary Experiments. 

1. General Methods. 

The following description of experiments made to deter¬ 
mine whether a charge is given up by an electrode shows the 
development of the problem. 

Condenser discharges in discharge-tubes of great purity (1) , 
and later unidirectional sparks in air, were employed. The 
effects of merely applying a field were also studied. 

The general experimental scheme was as follows: one 
electrode, X, was connected to a charge-measuring device ; 
this system could be (a) earthed or ( h ) insulated. The other 
electrode, Y, could be (a) connected to a suitable source of 
potential, or (/>) earthed, in conjunction with this source. 
A switch permitted the rapid performance of the following 
sequence of operations : (a) X to earth, Y to voltage supply, 

1. e. a discharge, (//) Yand potential source earthed, Le. entire 
system at earth potential, and (c) X released. If X now 
acquired a charge, this must have been derived from some 
part of a metal system initially at the one potential. 

The whole system was screened as completely as possible 
from all additional influences likely to cause deflexions. 

An electroscope proving unsuitable a string-electrometer 
was employed. It exhibited no appreciable leak and had a 
limit of sensitivity consistent with stability of 1/100 volt. 
It capacity was some eras. 

2. Discharge-t nhes. 

In the case of discharge-tubes the electrometer showed a 
deflexion when insulated any time within a minute or two 
of a discharge. It was equivalent to several volts when the 
time-interval was of the order of 1/5 sec., and decreased as 
the time-interval was increased. The sign of the charge was 
opposite to that of the electrode, and was determined by the 
direction of the last discharge preceding observation. 

It was found, however, that these effects were not due to 
the electrodes themselves, but to the leakage of charge from 
the insulating walls of glass ; any electrode effects were 
completely masked. (See Section IVJ 

The alternative was to discard discharge-tubes in favour 
of a spark system in air, as this permitted the problem of 
insulators to be attacked, but in so doing the advantage 
of working under pure conditions was lost. 

3. Spark-Gaps. 

* Work on spark-gaps with a wide variety of arrangements 
merely showed that all observable effects could still be 
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attributed to charges induced on the insulators,; radiations 
from the discharge were particularly troublesome. 

These effects being eliminated, no residual charges could 
be detected. 

4. Improvements . 

These were directed to the following ends: (1) to attain 
maximum sensitivity—this meant minimising the capacity ; 
(2) to screen all insulators completely; and (3) to minimise 
the time-interval between the discharge and release. 

(1) Instead of small pieces of metal, the mounts of the 
electrometer wire were made of a minimum length of fine 
wire mounted in glass. The lead was reduced to 3 cm. of 
1/lOth-mm. wire. All contacts were soldered. 

It was necessary to keep the electrometer system easily 
accessible so that frequent calibration was possible. 

(2) With small light electrodes the insulator was corre¬ 
spondingly small ; screening was thus greatly facilitated. 

(3) The cycle of operations was made automatic. It was 
necessary to avoid the transmission of vibrations* to the 
electrometer, these tending to cause a shift in zero. 

III. Final Methods. 

1. Charye given up by an Electrode . 

By offeciing the refinements suggested, the time-interval 
bet ween discharge and release was reduced to 1/1000 sec. 
without loss of sensitivity. 

A. Apparatus .—The electrode was a fine needle mounted 
in well-screened amber. Hinged, interlocking jaws of brass 
gave perfect earthing and completed the screening of the 
insulator. The needle-point was situated within a thick 
brass screen at the other side of which was the second 
electrode. A brass slide could be drawn before the hole, 
«. e . between the electrodes, to complete the earthed screening. 
A projecting lug was so attached to this that on the hole 
being covered the jaws were wedged open just sufficiently 
to release the needle. 

The slide was attached to a sliding contact actuated by a 
falling weight. The impact of the weight occasioned the 
following sequence of events : (a) the contact was made for 
a short time ; ( b ) it was then broken and the slide drawn,, 
the needle now being quite isolated ; and (c) the needle was 
released. 

B. Observations .—With the time-interval small appre¬ 
ciable deflexions—up to 1/20 volt—were generally observed. 
They were very erratic in value and were always negative. 
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They were not due to vibrations or insulation, and were 
not associated with the discharge, as they occurred in its 
absence with an average value the same as that when the 
needle was anode or cathode. Further, sensitizing (2) or 
fouling the needle was without influence. 

Previous experience suggested the cause, the release of 
the needle bv the jaws* With needle and jaws freshly 
cleaned the effects were negligible. 

The results of the experiment thus were entirely negative. 

2. Field near Electrode Surface . 

A. Method .—A circular disk electrode rotating at high 
speed was employed. The discharge passed at a point on 
the edge, and a collecting needle was placed as near as was 
practicable to the opposite end on the diameter. With the 
needle at the potential of the electrode the presence of a 
field—presumably attendant on a surface-charge—would be 
detected by a charging-up of the needle, i. e . the electro¬ 
meter string. Rotation would provide for maintenance of 
the field. 

R. Apparatus .—The electrode consisted of a knife-edge 
ridge round the middle of a light, hollow, brass cylinder, 
3x2| cm. This revolved axially, without vibration, in a 
metal frame. The side of the drum nearest the discharge 
was earthed along its whole length by stranded brushes, and 
the spindle and frame were also earthed. The whole system 
was then connected to the electrometer case. The drum also 
served as an earthed screen between the discharge and the 
collecting point. 

The air-gap between the needle and the electrode was 
1/10 mm. Tests under working conditions showed that the 
needle rapidly acquired the potential of the revolving drum. 

Speeds up to 200 revs, per second were attainable, i. e. 
1/400 sec. between discharge and needle; since the discharge 
was drawn out by the rotation, this figure may be reduced 
to 1/600 sec. 

A continuous discharge not being attainable, a transformer 
fed by an alternative source of 520 periods per second was 
used ; the discharge lasted throughout most of each period. 
Generally, unidirectional sparks some 4 mm. long were 
employed. The electrodes were made symmetrical. 

C. Observations . —It was found that inconstant deflexions 
of about 1 volt, positive or negative, were obtained, the 
positive being about 10 per cent, the greater. The sign was 
opposite to that of the rotating electrode. 

Apart from the effects sought for, these possibly could be 
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due to two other causes : (1) imperfect earthing of the drum, 
(2) charged gas being carried round from the discharge. 
They could not be traced to insulators. 

It was sought to remove (2) : firstly, by blowing a jet of 
air across the electrode between the discharge and the 
collecting needle, and, secondly, by inserting metal or other 
screens between them. On this being done, it was found that 
(a) the positive and negative deflexions were now equal at 
about the mean of their former values ; (/>) they were inde¬ 
pendent of whether the screening was a strong or weak 
current of air, a metal plate or a pad of felt, bearing on the 
electrodes ; and (c) they occurred independently of the kind 
of spark or whether it passed at the middle or the edge of 
the drum, hut increased with the discharge intensity and 
when the drum contacts became worse. Impurities had no 
effect. 

Prom this it was concluded that the deflexions were 
certainly not due to a residual charge on the electrodes, but 
were attributable to a fall of potential in the drum contacts. 
The former negative results were thus fully confirmed. 

IV. Experimental Conclusions. 

The results of the foregoing series of experiments may be 
summarized as follows : with (a) a detecting system of some 
few cms. capacity and a sensitivity of 1/100 volt; (b) dis¬ 
charges in air from brush-discharges to sparks of several 
mm. or alternating fields ; and (c) electrodes, polished or 
rough, sensitized, clean or impure, it is found that 

1. No detectable charge is given up by a steel needle after 
a 1/1000-sec. interval ; and 

2. No field can he detected by a point 1/10 mm. distant 
from a sharp hruss edge after a l/G00-sec. interval. 

These results show that there is no appreciable free charge 
persisting at an electrode surface for a longer period after a 
discharge than that stated. 

.Charges amounting to several volts, even with large elec¬ 
trodes, were recovered, however, when the insulator was 
exposed to the slightest influence of varying fields or of 
radiations from the discharge. The effect depended on the 
time-interval, but might last for minutes. Breaking contact 
might also give rise to a charge. 

Results neglecting these possibilities must be received with 
caution as, in general, the effects are identical with those 
sought for. In discharge-tubes the effects are great and 
inevitably present, but it has yet to be shown that they need 
necessarily help to determine the conditions of discharge. 
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Discussion . 

A general idea of the phenomena of temporary polarization 
may be derived from a study of preceding work. Further, 
the results will be applicable to the present case, even though, 
as just stated, some experiments are open to criticism. 

Contact-potential measurements show that polarizations of 
several volts are detectable in an X-ray dischargcf-tube 
several seconds after the cessation of a discharge, or even an 
applied lield <3> . Spark-gaps exhibit similar phenomena (4> . 
It is stated that a residual charge corresponding to a large 
fraction of the quantity transferred by the discharge is 
recoverable (4) . 

Sparking-potential measurements show that effects of 
similar magnitude are observable even in pure discharge- 
tubes (5 * J) ; in spark-gaps 10) and a-particle counters (7 * 10) they 
are many times greater. 

A lag of several per cent, of the applied voltage (400) 
with a life of at least 1/50 second lias been recorded for the 
mass-spectrograph (8) . 

Without claiming any relation between these effects, or 
proving that they are due to surface-charges, it may certainly 
be stated that if in any way charges wore involved, they could 
not have failed to be defected in the present experiments, 
save on one condition that , icith respect to electrical charges , 
the system responsible for polarization , whether reversible or 
irreversible , must be a closed one. 

By assuming that reversible polarization is due to a 
charged layer at the cathode surface , however, we are provided 
with an explanation not only of contact-potential variations (4) , 
but of sparking-potential variations (r,) , build-up lag varia¬ 
tions (1) , and the effect of radiations on these (5 » 3) , for all these 
may be correlated with variation of the emissivity of the 
cathode surface. 

Grease layers (8 \ layers of oxide (7) or chemical com¬ 
pounds (2 * 8) , thick (10) or monomolecular (4 ' 5) layers of condensed 
gas, whether native or an impurity, may all be postulated 
for particular cases. Temporary, reversible, polarization, 
however, would appear to be a general property of all 
discharge-systems irrespective of conditions ; and if, as has 
been shown, a closed system of charged layers must be 
postulated, we must conclude that reversible polarization is a 
manifestation of “ double-layers ” at the cathode surface . The 
phenomena mentioned in the preceding paragraph will be but 
other manifestations of the same influence. 

Such layers, whatever the actual mechanism involved, 
represent dynamic equilibrium of the gas and electrode at 
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their interface. They will be influenced by electric fields, 
radiations, and particularly by such an active process as a 
discharge, where radiations are intense and the gas is 
abnormally active. On the active agent being removed or 
reduced, they will be left in unstable equilibrium ; their 
recovery could conceivably be slow enough to account for 
the facts cited above. 

Summary . 

The possibilities of a charge or field existing at an electrode 
surface after a discharge are investigated. 

It is shown that with brass in air no field greater than 
1/100 volt was present 1/10 mm. distant after a spark, and 
no charge as great as 1/100 volt for a capacity of some cms. 
was given up by a steel needle after 1/1000 second. Impuri¬ 
ties etc. caused no appreciable change. 

A rSsume is given of related work, and it shows that if 
charges actually are involved they must be immeasurably 
greater than those detectable here. From this it is CQncluded 
that, with respect to electrical charges, the system responsible 
for polarization, whether reversible or irreversible, must be 
a closed one. 

When this conclusion is applied to the charged cathodic 
layers which are shown to correlate and explain contact 
potential, sparking potential, and lag variations, it follows 
that reversible polarization, like them, is a manifestation of 
“ double-layers 99 at the cathode surface. 

Such layers may be expected to attend dynamic. equi¬ 
librium of the gas-electrode interface. 

“ Wall ” and insulator effects are discussed. 

The writer has pleasure in expressing his great obligation 
to Professor Ornstein and to the International Education 
Board. 
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OXIV. On the Fine Structure of the Spectrum Lines of 
Thallium in the Ultra-violet . By Wali Mohammad, 
M.A . (Punjab), 13. A. ( Cant ah .), Ph. 1). ( Gottingen), Pro¬ 
fessor of Physics , Lucknow University > and S. B. L. 
Mathuk, M.Sc. * 

I. Introduction . 

ri^HE work under report forms the third instalment of 
.I. the investigation undertaken by the authors on the 
fine structure of the spectrum lines in the ultra-violet. 
The authors’ results on cadmium have been published in the 
Phil. Mag. of July, 3 927 while those on zinc are under 
publication. 


II. Previous Work . 

Some of the thallium lines appear to have been among 
the first to be investigated for fine structure. 

Michelson \ Fabry and Perot 2 , and Janicki 3 determined 
the structure of \ .5351, while Barnes 4 investigated A 5439. 
Back 6 , in course of his researches on the Zeeman effect of 
certain lines, has dealt with the structure of the lines \5351, 
A 3776, and X2767. These appear to be the only four lines 
of thallium of which the tine structure has been attempted. 

III. Experimental Arra?igement . 

The experimental arrangement was the same as described 
previously. Briefly stated, light from an arc in vacuum 
consisting of a Welmelt oxy-cathode of platinum and the 
anode of thallium was rendered parallel by means of a 
quartz lens, and allowed to fall on a Hilger Quartz Lmmner- 
Gehrcke plate (13 cm. long, 0*46 mm. thick). The inter¬ 
ference fringes from the upper face of the L -G. plate were 
focussed on the slit of a Hilger quartz spectrograph and 
photographed on Ilford Special Rapid plates. The wave¬ 
length of the satellites was calculated from von Baeyer's 
formula. As a control the cadmium line A, 4800, which has 
been examined by several investigators, was photographed 
and its structure determined. The agreement between the 
observed values of other experimenters and our own was 
sufficiently close to show that the Lummer plate was giving 
satisfactory results. 

* Communicated by the Authors. 
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IV. Difficulties . 

Among the difficulties met with in working out the 
photographs, the following are worth mentioning :— 

(а) Absence of a means of eliminating a ghost if one is 
present. The performance of the given plate showed it to 
be almost free from ghosts, but another plate or, still better, 
a crossed plate arrangement would have been more desirable. 

(б) The fringes are not always sharp—some components 
are well defined, while others are somewhat diffuse. This 
makes accurate measurement difficult. 

V. Results . 

The results of the investigation are given below. The 
wave-lengths are taken from Exner and Haschek, and the 
figures in brackets indicate the intensity as estimated from 
the photographs. 

(1) Line 3775-89 (500). 

This line shows six satellites as follows :— 

+ 0-054 (5), +0-042 (5), +0*017 (9), 0*000 (10), 

—0 020 (91, -0-035 (6), -0*052 (5). 

It will be noted that the satellites are situated more or 
less symmetrically about the principal line. 

This is an interesting line, as the recent experiments of 
Grotrian 6 and Carroll 7 have indicated that the ground orbit 
of the valence electron is 1, tt orbit and not 1, cr orbit as in 
the case of other metals. Narayan 8 and his co-workers 
found that the absorption band X 3775 is distinctly asymmetri¬ 
cal, being sharply defined on the wave-length side, but with 
increasing density of the vapour gradually spreads out 
towards the red end. They concluded that this line shows 
the existence of anomalous dispersion. Back, using a concave 
grating, found the following structure :— 

+ 0-058 (3), 0*000 (10) double?, -0*101(8). 

It should be noted that Back suspects the principal line 
itself to be double, but gives no clue to its structure. 

(2) Line 3529-52 (100). 

The line appears to have the following structure : — 

0-000 (10), -0*027 (6). 

There is some doubt about the sign of this satellite. In 
some photographs the satellite appears to be negative, while 
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in others it appears to be positive. In two o£ the photo* 
graphs a very faint satellite appears at +0*044, and in four 
others another satellite at —0*047. Combining all these 
values, we get the following structure :— 

+ 0-044, 0*000, —0*027, -0*047. 

(3) Line 3519*38 (500). 

This line shows the following structure 

+ 0*043 (8), +0*026 (6), 0*000 (10), -0*015 (9), 
-0*029 (6), -0*044 (6). 

(4) and (5) Lines 3229*89 (20) and 3230*7 (1). 

This is a doublet consisting of two lines of unequal in¬ 
tensity, the one of longer wave-length being very faint 
indeed. Its close proximity to the line 3229*89 makes it very 
difficult to differentiate a satellite from the weak principal 
line. The structure of line 3229*89 is as follows :— 

0*000 (10), -0*019 (5). 

There is a suspicion of another satellite at —0*038, but it 
may be due to a ghost. 

(6) Line 2921*66 (20). 

This line shows only one satellite :— 

+ 0016 (9) ; 0*000 (10). 

(7) Line 2918*42 (100). 

This line also only shows one satellite :— 

+ 0*027 (9); 0*000 (10). 

Two photographs on two different plates show another 
satellite situated at —0*019. 

(8) Line 2826*45 (10). 

This line also shows one satellite :— 

+ 0*023 (5) ; 0*000 (10). 

(9) Line 2767*87 (20). 

This line was found by the authors to possess three 
satellites clustered together about the principal line. But 
the satellites were not well resolved and could not be 
measuied. Back gives the following structure of this line:— 

2767*913 (5), 

*882 (4), 

*852 (3), 

•833 (3;. 

Phil Mag . S. 7. Yob 5. No. 32. May 1928. 
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(10) and (11) Lines 2710*74 (5) and 2709*33 (20). 

This again, is a close doublet. Both the lines appear to 
be simple, but, on account of the faintness of the images on 
the photographs, this cannot be decided with certainty. 

(12) Line 2580*25 (3). 

This line appears simple. As in the former case, on 
account of the faintness of the image, the conclusion is not 
definite. 


VI. Summary . 

Thallium is not very rich in lines. According to Exner 
and Haschek there are 21 lines between 6550*15 and 2580*25. 
Out of these, 11 are very weak, having an intensity less 
than 4 (maximum intensity 500) and thus, except 2580*25, 
these could not be photographed. The structure of the 
remaining lines has been determined for the first time. 
Further work on the structure and the energy-levels is in 
progress. 
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CXV. On a Curious Optical Theorem and its Geometrical 
j Basis. By Alfked A. Robb, Sc.D. 9 F.R.S.* 

riTHE following curious theorem, though purely geo- 
JL metrical in its character, is most simply understood 
from an optical illustration; and, indeed, it was from this 
standpoint that the writer originally arrived at the result. 

Let us imagine a shell exploding in free space into 
n particles, which fly off in various directions witn various 
velocities, and suppose that, after the explosion, a flash of 
light starts out from particle 1 at any instant P and goes to 
particle 2, thence to particles 3, 4... n in succession, and 
finally back to particle 1, where it arrives at an instant Q. 

* Communicated by the Author. 
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Further, suppose a second flash of light starts out from 
particle 1, also at the instant P, and makes a circuit of the 
particles in the reverse order ; that is to say, it goes first to 
particle n, thence to particle n —1, tuid so on in succession 
back to particle 1 ; then the theorem asserts that it will also 
arrive at the instant Q. 

The assumptions are that the n particles start from simul¬ 
taneous contact and move with uniform velocities. 

The result is very simply deduced on the basis of the 
author’s ‘ Theory of Time and Space/ but may also be 
proved in other ways. 


Fig. 1. 



Let CA and CB be two intersecting inertia lines, and let 
AB be an optical line intersecting both, so that B is after 0 
and A is after B. 

Let the second optical line through A in the plane of 
ABC intersect CB in B', and let the second optical line 
through B in the plane intersect CA in A'. 

If M be the centre of an optical parallelogram of which 
A', B, and A are three corners, we know that BM is normal 
to A'A. 

Similarly, if N be the centre of an optical parallelogram 
of which B, A, and B' are three corners, we have AN normal 
to BB\ 


4 C 2 
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Let us denote the lengths : CB by a, CA by b, MA by g, 
BN by h, and let the hyperbolic angle BCA be denoted by 0. 
Then we have : 

= coshC = ^?. 
b a 

Thus 

h = 6 cosh C —a 
and g = b—a cosh 0. 

Also, since A'B and AB' are parallel, we have : 


Thus 


Thus 


2 g _ b--2g * 
2h a 


b — a cosh C 2 a cosh 0 — b 

b cosh C — a a 

or a 2 4- b 2 —2 ab cosh C = 0. 


cosh C = 


a* + P_l(b a\ 
2ab 2 \a + b) 


Comparing this with the formula 

cosh C = i(e c 4- e ”°), 
we find for the absolute value of 0, 


0= log , 
° a 


since b(b-~2g)=a 2 , 

and therefore b>a. 

Thus, if we have two particles separating from contact, 
and moving with uniform velocity with respect to one 
another, and we measure “ local times 99 from the instant of 
contact; then, if a flash of light starts out from the one at 
64 local time a, and arrives at the other at “ local time ” 6, 
we shall have 

U<=log~, 

CL 

where C is what I have elsewhere called the “ rapidity ” * 
of the one particle with respect to the other. 


* The rapidity is defined thus: 

t? 

rapidity = tank*" 5 y , 

where y id the velocity of the one particle with respect to the other 
and V is the velocity of light. 
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In order now to prove the theorem, let Ou?, Oa, Ob, O c ,... 
be a set of inertia lines all intersecting in O. 

For the sake of definiteness suppose that we have just 
four, though the method of proof obviously applies to any 
nnmber. 

Take any element P in 0 w which is after O. 


Fig. 2. 



Let A x be the first element in Oa which s after P, 

,, Bx „ 99 06 „ , P &-i, 

99 0, 99 99 Oc 99 99 ^19 

„ Q 99 ,} Ow 99 99 Oi. 

Similarly, 

let C 2 be the first element in O c which is after P, 

„ Bj 99 99 06 „ 99 C 2 9 

„ Aj 99 99 Oa ,y 99 B S , 

„ Q' „ 99 Om? ,9 99 A S * 

Then PAx, A x Bx, BxCx, CxQ are all optical lines. 
Similarly PC 3 , C 3 B 3 , B 2 A 3 , A a Q f are all optical lines. 
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Thus, using our formula for the hyperbolic angle, we see 
that 

OAx OQ’ 

OP ““ O A 2 ’ 

OB t OA* 

OAx OB 2 7 
OCx OB 2 
OBxOC 2 ’ 

OQ OC 2 
0( 1 “ OP ’ 

Thus, multiplying corresponding sides, we get 

OQ _ OQ' 

OP ~ OP 

or OQ ss OQ', 

and, since Q and Q' are each after 0, it follows that Q' must 
be identical with Q, as was to be proved. 

A similar result will obviously hold if we suppose that the 
particles are all approaching simultaneous contact and the 
flashes of light start out before the instant of contact. 

Apart from Time-Space theory, the theorem has an inter¬ 
pretation in ordinary three-dimensional geometry and also 
in Euclidean geometry of any higher number of dimensions. 
We shall state the theorem as it holds for the case of three 
dimensions. 

Referring to fig. 2, suppose that we have any number n 
of straight lines all intersecting in a point O, and such that 
they all lie inside a certain quadric cone having O as vertex. 

Now if, for convenience of reference, we call one half of 
the cone the “ upper half” and the other the " lower half,” 
and, taking a point P on the first of the set of straight lines 
and lying (say) inside the upper half of the cone, let the 
upper half of a similar and similarly situated cone having 
P as vertex intersect the second line in a point Ai. 

Again, let the upper half of a similar and similarly situated 
cone having Ax as vertex intersect the third line in a 
point B x . 

Proceeding thus round the whole set of straight lines, we 
arrive at last at a point Q in the first line. 

The theorem then asserts that, starting again at P, and 
making the circuit of the lines in the reverse order, we 
arrive again at the same point Q. 
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Any line passing through the origin and whose equations 
are 

* _ V _ * 
l m n ’ 

will lie within the cone 


provided that 


z 2 a ? 3 y 2 

c* a 2 ~ /> 2 


= 0 , 


n* 


/ 2 m 2 
a 2 “ 6* 


> 0. 


• • ( 1 ) 

• • ( 2 ) 


The cone (1) is asymptotic to the system of hyperboloids 
of two sheets : 


_ ?! _ sL 

c 2 « 2 I s ; 


K 2 . 


(3) 


I£ now we consider the region inside one half of the 
cone (1), the position of any point in the region may be 
determined if we know the direction cosines of the radius 
vector from the origin through the point, together with the 
value of K for the particular hyperboloid of the system 
which passes through the point. Thus, if the point lies in 
the line 


we shall have 


x y _c _ 

l m n 9 



• • (4) 


for the point in question. 

Consider now any two lines passing through the origin 
and satisfying condition (2), say 


x y z _ 

/j ~~ m, ni 

and 

*_JL 

1$ m 2 n 2 9 

and let (aq, ri) be any point on the first line which 

lies within the selected half of the cone (1). 

The equation of a cone similar and similarly situated to 
cone (1), but having its vertex at this point, will be 


(z — »!»-,)* (#-Z,r,) 2 (y —m^,) 2 

c* " a* ~ 6* U 


(5) 
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If this cone intersects the second line in a point 
(ar a , y 2 , s a , r a ), we shall have 

(ra 2 r 2 —w^) 2 ( 4r s — (m 2 r 2 —wir,) 2 _ 

c* — a* i* ~ U> 


This may be written in the form 


/ n a S 4 2 »V\ 8 9 /w 2 »h 44 m s m,\ 

r 2 _2 ~«* — Try^ 


+ 




W \ 

») 


r, 2 =0. 


If now Kj and K 2 be the values of the Ks for the points 
(*i, y\, *u ft) and {x a , y a , s a , r 2 ) respectively, this last result 
may be written in the form 



^sK,K 1 + K 1 »=0. 
6 s ; 


Now it is to be observed that this equation is symmetrical 
with respect to the two lines (4, m lt r tl ) and (4, m 2 > « 2 ), so 

that we can make the subs Htution /4 m s n a 4 m i n i\ w ;tb ou t 

\4 m 1 nj 4 n 2 / 

altering it. Also we can interchange K s and K without 
altering the equation. 

It may be proved that, under the conditions 



^-)>0 and 



4 2 m 2 *\ 

a 2 6*"/ 


> 0 , 


the roots of this equation (regarded as an equation for K 2 in 
terms of Kj) are always real, and only become equal when 
the lines (4, m u n{) and (4, m 2 , n a ) coincide. 

Further, if K/ and K 2 " be the two roots, we have 
K 9 'K 2 ''=K, 2 , so that one of them (say K a /f ) is greater than 
K|, while the other (say K a ') is less than Kj. 

But we know that a line which is parallel to any line 
which would lie within a cone will itself intersect the cone 
in two points, one of which lies on one half of the cone and 
the other on the other half; so that K 3 " will correspond to 
a point on one half of cone (5), while K* # will correspond 
to a point on the other half. 

If, then, for convenience of reference, we refer to the 
halves of these similar and similarly situated cones as 
** upper 99 halves and “ lower 99 halves, and suppose that the 
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point (.*?!, y u r,) lies inside the upper half of cone (1), 
then it is easy to see that the point corresponding to K 2 ;/ 
lies on the upper half of cone (5), while the point corre¬ 
sponding to Kj lies on the lower half of cone (5). 

K n 

Thus the ratio will be the larger root of the equation 

(!:) +i=o 

... ( 6 ) 

Fig. 3. 




and this is a perfectly definite number which s independent 
of the actual position of the point fa, y\, ~i» r i) on the line 

^^I^the'sarae way, if we take a cone similar and similarly 
situated to cone (i), and having its vertex inside the selected 
half of cone (1) on the line (i„ m 2 , w 2 ), we shaU arrive at the 
same quadratic equation for the ratio of the K of a point of 
intersection of this cone with the line (l u to the K °* 

the vertex of the cone. , ,, ,. 

Also the larger root of the equation will be the ratio 
-of theK of the point of intersection of the line (ji, m u n x ) 
with the upper half of the cone to the K of the vertex. 
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Thus, provided we confine ourselves to the upper halves 
o£ the cones, we get the same ratio for the K of the point 
of intersection to the K of the vertex, no matter which of 
the two lines the vertex lies in, and no matter where it lies 
in either line. Thus, if we denote the K coordinate ql a 
point A by K(A), our results, as illustrated in the figure, 
are as follows :— 

K(B") K(A") 

K(A) - K(B) ’ 

no matter where A may be situated on the line (l u mj, »!) 
or where B may be situated on the line (Z 2 , ra 2 , n 2 ), provided 
that A and B lie inside the upper half of the cone whose 
vertex is 0. 

Also 

K(B') K(A') 

K(A) “ K(B) • 

Further, 

K(B'). K(B")={K(A)}* 
and K(A') .K(A") = {K(B)}*. 

Similar results hold, of course, if A and B lie inside the 
lower half of the cone whose vertex is 0. 

Making use of these K coordinates, we are now in a 
position to prove the theorem in a manner exactly analogous 
to that in which we proved it for the Time-Space case. 

Thus, referring again to fig. 2, we have 

K(A t ) _ K(Q') 

K(P) ”K(A t )’ 

K(B,) K(A 2 ) 

K(Aj-K(B s )’ 

K(C,) K(Bj) 

K(B t ) “ K(C S ) ’ 

K(Q) K(0 f ) 

K(C 1 ) = K(P) * 

Thus, multiplying corresponding sides, we get 

K(Q)_K(Q0 
KTP) ~ K(P) 
or K(Q) as K(Q'), 

and therefore Q' and Q lie on the same hyperboloid and on 
■fhe same sheet of it. 
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But Q r and Q also lie on the same line through the origin, 
and so it follows that Q' must be identical with Q, as was to 
be proved. 

It is clear that a similar result holds if, instead of taking 
the points of intersection of the various lines with the 
upper halves of the cones, we always take the points of 
intersection with the lower halves. 


In considering the extension of this theorem to space of 
more than three dimensions, there are several points which 
have to be observed. 

In the first place the equation of any proper cone in three 
dimensions may always be put in the form 



If we make a second square negative, we get a cone of 
the same general type. If, on the other hand, we consider 
cones in more than three dimensions, things are rather more 
complicated. 

Thus in four dimensions we should have two essentially 
different types of cone whose equations might be put in one 
of the forms 

a a + b* + c* “ d‘ ’ 

and 

jc 2 i / 2 vr 0 

d* + A 2 ~ ~ d* 


Only the first of these can be divided into two halves by 
a single point, and this is the type of cone to which the 
theorem directly applies. 

In general, for a larger number of dimensions than three, 
say for m, the equation of the cone, when expressed as the 
sum of m squares equated to zero, must be such that all the 
squares with one exception are of the same sign. 

Under these circumstances it may be proved that the 
roots of the quadratic equation for K a in terms of Ki are 
always real under conditions analogous to those which we 
gave when considering the three-dimensional case. 

There is a limiting case of this theorem in which the 
n straight lines are all parallel instead of meeting in a point, 
but are such that any one of them wonld lie witnin a 
quadric cone of given form and orientation, having its vertex 
on the line. It may hardly be regarded as necessary to give 
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a separate proof of this, since we have proved that it must 
holu for the case of lines all passing through one point, 
however distant the point may be and however small the 
angles between them. As, however, the actual method of 
proof breaks down for the case of parallel lines, the following 
hints as to the mode of procedure may prove useful. 

Let the system of lines be 



y-y _ 

m 



r. 


where 


n* l 2 
c 2 a 3 


~t? > 0 as before, 
b* 


and, for convenience, let the points (5, y, <?) be always 
selected, so that 

lx 

a? + V c 

which is always possible provided that 

“ n 2 


my nz _ ~ 

— 


a* + j& 2 “ c 2 


be not zero, as is here the case. 

Proceeding as before, we find that 

/«* I s m*\ )3 _ (*,-*,V (ya-yiV (> 2 —^1)*? 

v -5*“ & 2 J (ra_r,) +— }? - c i—\> 

It may be proved that the expression on the right can 
never be negative, provided that 


and 


d J + /> 2 


m? — <0 

c 


t{k s —x x ) ift) 

a 2 + b* 


n(z t —zi) _ _ 

' .. d v » 


(as is here the case), and it can only be zero when 
3 *— a t —~y x z=z 2 —z x =0 *. 

Since the above equation for (r s —t*j) is unaltered when 
we make the substitution 

i*ty*h*i yi-A 

we may prove our theorem in a manner analogous to that 
* A. similar result holds for n dimensions. 
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previously employed, except that we use differences instead 
of ratios, and add instead of multiply. 

In the optical problem the analogous state of things would 
be that in which the n particles remained at constant dis¬ 
tances from one another, and one would hardly be surprised, 
in this case, that the light should take the same time to make 
the circuit in one order as it does in the reverse order. 


(JXVI. An Optical Method of Measuring Small Vibrations . 
By H. A. Thomas, M.S<\ y and G. W. 1 Warren, B.Sc. (o/ 
the National Physical Laboratory) *. 

Summary. 

An interferometer method of measuring small mechanical 
vibrations, such as those encountered in telephone diaphragms 
and structures, is described, and its application to the 
measurement of the vibration of a stiff reed is considered. 
Substantial agreement between the theory of such a vibration 
is obtained, and its use for the study of the vibration of light 
moving systems is suggested. 


description of Method . 

T HE essential principle of operation is that of an inter¬ 
ferometer in which one plate is attached to the vibrating 
system and the other plate is fixed. Referring to fig. 1(A), 
a small glass plate 0*5 cm. square and 1 mm. thick optically 
plane was ground on one side so as to be non-reflecting. 
This block A was gummed to a vibrating reed B, actuated 
by the magnet mechanism C. This reed and magnet was a 
standard cone loud speaker movement. 

Above this block a second sheet of glass D was supported 
by the brass carriage E, which was capable of adjustment 
by means of three screws F. These screws served to adjust 
the plate D until it was parallel to A, and were tapped into 
a rigid block G fixed to the stationary portion of the magnet 
mechanism. 

A quartz mercury vapour lamp H and lens J gave a 
parallel beam, and a monochromatic filter K permits only 
the mercury green ray of wave-lengrh 0*5461 x 10*”* mm. to 
6# admitted to the interferometer. The glass prism L gave 

• Communicated by Sir J. E. Petavel, K.B.E., F.R.S. 
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a reflexion of the reflected beam from A, which can, there¬ 
fore, be observed by the eye at M. 

With the block A stationary, interference fringes are 
observed at M, as shown in fig. 1 (B), and if the block A 

moves ^, where X is the wave-length of the light, the fringes 

will shift once, i. e ., fringe 1 will shift to position 2, 2 will 
shift to position 3, and so on. 

Now let the reed vibrate a very small amount, and assume 
that its vibrations are sinusoidal in form, then all the fringes 
will execute a simple harmonic motion about the original 
stationary position and always parallel to that position. 


Fig. 1. 



(M 


This is illustrated at S,and it is clear that the fringes will 
disappear, but if the amplitude is now increased till the peak 

value of the reed movement is j , we shall get a peak move¬ 


ment of each fringe equal to half the distance between 
successive fringes, as shown at T, and since the fringes 1 and 2 
remain longest along the line X, a fringe will appear due to 
the persistence of vision. Similarly a fringe Y will appear, 
and therefore when the amplitude of vibration reaches a 


maximum value of 


X 

4 


, a new set of fringes will appear equally 


spaced as before, but shifted by half the distance between a 
pair of the original fringes. 

If the amplitude is still further increased, the fringes frill 
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again disappear and will reappear when the maximum ampli¬ 
tude is and so on. In this way we see that we get no 


\ 3A 5\ 7\ 

fringes at maximum amplitudes oi g , — 9 ^, etc., or 


nX 


in general - + where 4 *w” is an integer, and fringes 

i»i i p X 2A 3\ . . 

amplitudes ot ^, etc., or in general -g . 


at 


Since the rapidity of movement is greatest for a large 
amplitude, the visibility of the fringes gets poorer as “n” is 
increased, but it was found possible to count the reappear¬ 
ances up to 30 shifts. The point of disappearance was more 
definite than the point of maximum fringe intensity, and the 
accuracy with which this disappearance could be detected 
was found to be 1 per cent, of one wave-length of the light 
used. This corresponds to 1 per cent, of 0*5 x 10~ 4 cm.= 
0*5 x 10“ 6 cm. 


Application to the Study of a Vibrating Reed . 

The loud speaker reed used for the preceding vibrating 
object was examined at various audible frequencies and 
amplitudes. 

The relation between movement and current at various 
frequencies is shown in fig. 2, from which it will be noticed 
that the amplitude is very nearty proportional to the current. 
Plotting amplitude against frequency for two values of 
current, viz., 1 milliampere and 0 # 5 milliampere, we obtain 
fig. 3, which shows the resonance of the reed at a frequency 
of 1060. 

It is interesting to compare the shape of this response 
characteristic with constant input current with the theorv of 
a vibrating reed with fixed supports at both ends. 

The general law of motion for a reed with a forcing 
vibration of sinusoidal form can be expressed as 

. . a F 

X+DX+ ~ X =5s —cos 0 )<, 

m m 

where to = 2tt x frequency, 

F aa Maximum value of the applied force, 
m sa Mass of moving body, 
p « an elastic constant, 
b « a damping constant. 
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The particular solution o£ this differential equation is of 
the form 


F 


vliere 


tan <f> 


4 — cos — 

+ 

bto 




and the maximum displacement at a frequency / = 9 

F 


to 
7 r 


x — 


m V (a> 0 2 ~ <w 2 ) 2 H-A a o> 2 ’ 


where a> 0 is 27r x the natural frequency of the reed 


--Vi 


F 


and so at resonance «r = > 

and at a frequency far removed from resonance 

F 


In general 


?7<(O> 0 2 — (£>*) 

A 




V'W- 


•/*)■+ 


/>V' 2 

47T S 


where /„ — the natural frequency of the reed, 
f = the applied frequency, 
and A is a constant. 

Taking the measured value of x at resonance in our case 
and substituting, we get 

A 3180 
b~ 2 tt 1 

and substituting the measured value of x at a frequency of 
50 cycles per second obtained by exciting the magnet from 
a 50 cyole alternator, we get 

A = 0*672 X 10 s , a constant of the reed, 
and b ~ 1*33 x 10 s , the damping constant. 

Using these values, we can now calculate the amplitude 
at any other frequency. This theoretical curve is shown in 
fig, 3, and comparative agreement with the experimental 
results is noticed. 

' Phil. Mag. S. 7. Vol. 5. No. 32. May 1928. 4 D 
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The resonance value of the vibration amplitude with an 

3 

1000 


input of 1 milliampere was only mm. When the reed 


is loaded by a loud speaker diaphragm, this resonance peak 
will be seriously reduced and so we see that the movement 
of a cone type of loud speaker with good signal intensity, 
corresponding to a current of 1 milliampere, is of the order 
of 0*75 x 10~ s mm.at frequencies below the natural resonance 
of the reed, and above this resonance frequenc} r , the ampli¬ 
tude is of the order of 0*1 X 10~ 3 mm. At an amplitude of 
this value the accuracy of measurement is 5 per cent. 

With a movement of 10~ 3 mm. the accuracy is 0*5 per cent., 
and at the maximum movement which can be measured at 
present, due to poor visibility at large amplitudes, viz., 
4x 10~ 3 mm., the accuracy is 0*12 per cent. 

The method can readily be adopted to measure small 
vibrations of light systems, since the necessary reflecting 
surface attached to the vibrating system can be obtained in 
various ways which would introduce no appreciable loading 
effect. 

A thin metal film could be sputtered on to the surface, as 
it is not necessary to have a perfectly flat surface. If the 
fringes are not straight, the same shifting effect will occur 
and the accuracy will in no way be affected. 


OXVII. .Note on the Construction of a Valve Oscillator for 
use in Conductivity Measurements. 13y J. W. WuOLCOCK, 
B.A., and I). M. Murkay-Rust, B.A.* 

A valve oscillator similar to that described by Ulich + lias 
been constructed by tbe authors and applied to the 
measurement of the conductivity of dilute solutions of acids 
and saits in non-aqueous solvents. Excellent minima are 
obtained even with resistances as high as 100,000 ohms, 
provided that not only the resistances but also the capacities 
in the bridge circuit are accurately balanced. The purpose 
of this note is to describe how such an instrument may 
conveniently be made from components sold in this country 
for the construction of broadcast receivers. Experiments 
with other types of valve oscillator gave far less satisfactory 

* Communicated by Sir Harold Hartley, F.R.S. 
t Zeits. physikal Chem . cxv. p. 377 (1925). 
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results than those obtained with the apparatus described 
here. 

As the diagram shows, the circuit is of the auto-coupled 
type. The instrument consists of the oscillator unit, the 
variable condenser A, the dry cells B supplying the high 
tension, and a 2-volt accumulator to supply the filament 
current, the whole being enclosed in a galvanized iron box. 

A condenser variable in steps of 0*002 mf. up to 0*2 mf. 
-could have been built up from good quality Mansbridge 
•condensers ; in the instrument described a condenser box 



made by the Cambridge Scientific Instrument Company is 
in use. 

The valve C and transformer D were mounted on a 
wooden box provided with an ebonite panel. The two 
1500-turn ” Igranic coils E were mounted in an adjust¬ 
able coil holder. The valve used is of the dull-emitter 
type designed for resistance capacity coupling, having an 
impedance of 70,000 ohms and an amplification factor 
of 35. The u Multi-ratio ” transformer made by Radio 
Instruments Ltd. was connected in tho plate circuit so that 
the voltage applied to the bridge could be varied. To main¬ 
tain the oscillation when the connexion to the bridge was 
broken a 0*01 mf. condenser F was placed in parallel with 

4 D 2 
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the primary. A fuse G was inserted in the high tension 
lead. 

The iron box containing the instrument acted as an 
efficient shield ; as an additional precaution the box was 
placed at a distance from the bridge and the connexion 
made by two lead-covered wires, the casing of which was 
connected to the box and to earth. The flash-lamp bulb H, 
mounted on the outside o£ the box, showed when the switch 
J was closed. 

At high resistances the conductance of the cell due to the 
capacity between the plates is appreciable compared with 
the conductance of the electrolyte regarded as a pure resis¬ 
tance ; the true minimum can only be obtained if the 
capacities as well as the resistances are balanced by con¬ 
necting a variable condenser of about 0002 mf. across the 
resistance box. It is also convenient to connect a small 
condenser across the cell for making the final adjustment, 
since very accurate balancing of the capacities is necessary 
in order to secure a sharp minimum with high resistances. 

Instead of the single Bell telephone frequently employed 
a pair of Brown A-type head-telephones were used, and no 
satisfactory results were obtained until the connexions to 
one ear-piece had been removed and joined together leaving 
only the other in circuit. If both are connected in series, 
as supplied, it is impossible to obtain complete silence at 
the null-point, the setting of the condensers is not sharp and 
the minimum is difficult to read. This is due to the fact 
that the body of the observer has a large capacity to earth. 

In order to obtain a good wave-form free from harmonics 
the coupling between the coils should be as loose as possible. 
Oscillations of the right strength with a frequency of 1000 
cycles were obtained with the coils almost at right angles, 
using 1*8 volts low tension, 160 volts high tension, a capacity 
in the oscillating circuit of 0*09 mf. and the 1:1 ratio of the 
transformer. The introduction of grid bias was found to be 
unnecessary. 

When the condensers in the bridge circuit have been 
adjusted, the minimum is found to be as sharp and easy to 
read at 100,000 ohms as at 1000 ohms, and perfect silence 
is obtained at the null-point over the whole range of resis¬ 
tance. In order to show that the minimum so obtained was 
the true one, the frequency of the oscillator was varied, and 
no alteration in the position of the minimum was observed; 
in every case the minimum was perfectly symmetrical. 
The same minima, but less easy to read, were obtained from 
the improved bridge circuit when the source of alternating 



The Activity Coefficients of Hydrogen Chloride . 1133 

current was the Siemens’ alternator previously in use in this 
laboratory. 

We wish to express our thanks to Dr. Ulich for a detailed 
description of his apparatus and much valuable advice, and 
to Mr. C. E. G. Bailey of Balliol College for assistance with 
the mathematical theory of the apparatus. 

The Physical Chemistry Laboratory, 

Balliol College and Trinity College, 

Oxford. 

March, 19l>8. 


OXVIIL The Activity Coefficients of Hydrogen Chloride 
in Ethyl Alcohol. By J. W. Woolcock, 13.A., and 
{Sir Harold Hartley, M.A ., F.Ji.S., Balliol College , 
Oxford * * * § . 

rilHE activity coefficients of hydrogen chloride in ethyl 
X alcohol have been determined by Danner t and by 
Harned and Fleysher $. Danner measured the electromotive 
force of the cell 

H 2 /HC1 in ethyl alcohol/HgCl: Hg. . . (I.) 

over the range of concentration 0*011 to 0*38 m. at 25° C., 
and Harned and Fleysher that of the cell 

H a /HCl in ethyl alcohol/AgCl: Ag . . (II.) 

between 0*001 and 3*62 in. The results were shown by 
Harned and Fleysher to agree in the range 0*01 to 0*1 m. 
if 0*0350 volt is subtracted from Danner’s results “ to 
account for the difference in potential between the calomel and 
silver-silver chloride electrodes.” This difference is, however, 
independent not only of the concentration but also of the 
solvent, provided that the solubilities of silver chloride and 
calomel are negligible compared with the concentration of 
the electrolyte, and has been shown to be 0*0467 volt in 
water § and in methyl alcohol ||. If this value is employed 
there exists a discrepancy of about 12 millivolts between 

* Communicated by the Authors, 

t Jourtt. Axtter. Chem. Soc. xliv. p. 2822 (1922). 

1 Lot. cit. xlvii. p. 82 (1925). 

§ Linhart, he. cit. xli. p, 1176 (1919). Horsch, ibid. p. 1790. 

|| Phil. Mag. 1. p. 729 (1926). 
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the data of Danner and those o£ Harned and 'Fleysher, as 
has already been pointed out by Scatchard * and by 
Nonhebel and Hartley t- 

In order to derive the numerical values of the activity 
coefficients from measurements of the electromotive f^rce of 
cell (II.) it is first necessary to find the value of E 0 in the 
equation 

E = E 0 —0*1183 log/. c .(1) 

where f is the mean activity coefficient of the ions, and c is 
the concentration of the electrolyte in equivalents per litre. 
When accurate results are available in dilute solutions, it is 
possible to obtain E 0 without the aid of any auxiliary 
assumptions by plotting the function E u ', defined by the 
equation 

E 0 ' = E+ 0-1183 log c .(2) 

against r* and extrapolating to infinite dilution. 

The results of Danner extend only to 0*011 in., and those 
of Harned and Fleysher are stated by the authors to be 
unsuitable for direct extrapolation. The accuracy of the 
activity coefficients deduced by them must therefore depend 
on the validity of the auxiliary assumptions made in 
deducing E 0 . 

In the present investigation the electromotive force of 
cell (II.) has been redetermined at 25° 0. in the concentration 
range 0*0003 to 1*2 in., with a view to obtaining values of 
the activity coefficient based on a value of E 0 , arrived at by 
direct extrapolation. The data also serve to explain the 
discrepancy between the results of Danner and those of 
Harned and Fleysher. 


Experimental . 

The method employed was that used by Nonhebel J in 
very dilute aqueous solutions, in which values of the 
electromotive force corresponding to a series of concen¬ 
trations were obtained every time the cell was set up. This 
was done by starting with a known weight of pure 
alcohol in the cell and making successive additions of a 
solution of hydrogen chloride from a weight pipette. This 
type of cell is called a “ dilution cell ” to distinguish it from 

* Journ. Amer. Chem. Soc. xlvii. p. 2098 (1025). 
t Phil. Mag. 1. p. 729 (1925). 
t Phil. Mag. ii. p. 1085 (1920). 
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the ordinary H-cell which is filled with solution of known 
strength, and gives only one value every time it is set up. 
Each experiment is referred to as a “ run/” 

Dilution cells have the advantage with aqueous solutions 
that the risk of contamination of the solutions by atmospheric 
impurities is decreased and several values are obtained in 
each run ; it is therefore possible to recognize a faulty run 
by the lack of concordance among the points and lack of 
agreement with other runs in the range in which the con¬ 
centrations overlap. For dilute solutions of non-aqueous 
solvents the dilution cell lias the important additional 
advantage that it is possible to distinguish errors due to the 
presence of small traces of water from those due to other 
causes, since with these cells the amount of water does not 
change during the run, and consequently random errors due 
to faulty electrodes can be detected. The position of each 
set of values will show at once whether the alcohol contained 
any appreciable quantity of water, since 008 per cent, by 
weight of water raises the electromotive force of the cell by 
8 millivolts at 0* * * § 0.1 m., and the effect increases with 
dilution. 

Measurements of the viscosity were used as a routine 
method of detecting the presence of water in each sample of 
alcohol. The agreement of the results (0*01078 at 25° C.) 
with those of Goldschmidt and Aarflot * (0*01084 at 25° 0.) 
and the concordance of the values for samples subjected to 
repeated purification indicated that only very small traces 
of water were present. This was confirmed by the agree¬ 
ment of the values obtained for the conductivity of solutions 
of hydrogen chloride with those of Goldschmidt +, and 
further evidence is to be found in the general concordance 
of the values of the electromotive force obtained by the 
authors and their agreement with these of Danner. 

The method used for purifying the alcohol is based on. the 
work of McKelvy t ; the details have been worked out in 
this laboratory by Mr. E. D. Copley. The alcohol was first 
refluxed with freshly burnt lime and distilled through a 
Hempel column of the type described by Hartley and 
Raikes§. After treatment with aluminium amalgam, it 
was again distilled and a final distillation was made from 
a few grams of anhydrous copper sulphate in a current of 

* Zeits, phys. Chem. exxii. p. 371 (1928). 

t Loc . eit. lxxxix, p. 129 (1915); ibid. cxiv. p. 1 (1924). 

t Bull. Bur. Standards, xi, no. 3. 

§ Journ. Chem. Soc. cxxvii. p. 624 (1925). 
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pure air. Its average specific conductivity was' 0*005 x 10~ 6 
reciprocal ohms. 

The solutions were made by passing hydrogen chloride, 
generated by the action of strong sulphuric acid on pure 
dry sodium chloride, into ethyl alcohol. The apparatus 
used was constructed entirely of glass, and included a spray 
trap between the generator and absorber. The concentration 
of the solutions was determined by weight titration against 
baryta, methyl red being used as indicator ; the baryta was 
standardized against constant boiling aqueous hydrochloric 
acid *. The more dilute solutions were obtained by weight 
dilution. 

If any esterification had taken place the effect of the 
water produced would have been more important than the 
change of concentration. The measurements of Kailan f of 
the rate of esterification of hydrogen chloride dissolved in 
ethyl alcohol show, however, that this cannot a fleet the 
results, provided that solutions are made up immediately 
before each experiment. 

The cells were Jena flasks of 250 c.c. capacity, two of 
which (A and B) were employed in each run. A fully 
assembled cell is shown in fig. 1. The cells were cleaned, 
dried, closed with a ground glass stopper, weighed and 
re-weighed after filling with alcohol to just below the neck. 
The iridized gold hydrogen electrodes and the silver chloride 
electrodes were prepared in the manner described by 
Nonhebel and Hartley. The electrodes usually came rapidly 
to equilibrium with the solution, and the results of the run 
then showed good internal concordance ; on the other hand, 
in certain runs when equilibrium was attained slowly, the 
results were irregular and were rejected. In runs 9—12 
satisfactory equilibrium values were never reached, and it 
was found necessary to remove completely the coating of 
iridium from the gold and to use a new" iridium solution for 
plating the electrodes, when concordant results were again 
obtained. 

A hydrogen electrode and two silver chloride electrodes, 
which had stood in alcohol for 20 minutes, were inserted in 
a rubber bung which also held the hydrogen inlet and exit 
tubes. The rubber bungs had been freed from uncombined 
sulphur by treatment with caustic soda. The stopper of the 

nooa\° U ^ Hollingsworth, Jours. Amer. Chem. Soc. xlv. p. 1220 
(192S). 

t Monatsh. xxviii. p. 659 (1907). 
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Jena flask was removed and the rubber bung carrying the 
electrodes was at once inserted. The two cells A and B 
were mounted on a wooden frame, together with hydrogen 
saturators of the type described by Lewis, Brighton, and 
Sebastian *, and placed in a paraffin thermostat regulated to 
25 + 0'02° C. A stream of hydrogen generated electro- 
lytically, freed from oxygen and dried by phosphorus pent- 
oxide, was passed through the saturators into the cells. 


Fig. 1. 



The “ Dilution’ Cell. 


Additions of solution were made by temporarily removing 
the hydrogen exit bubbler. Readings were begun two 
hours after the first addition of acid ; after each addition the 
cell was left until an electromotive force constant to 0*1 
millivolt had been maintained for at least one hour. 

In order to make concordance between runs as valuable a 
criterion of accuracy as possible, every run was carried out 

* Journ. Amer. Ohem. Soc. xxxix. p. 2245 (1927). 
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with a different sample of alcohol, a separately standardized 
solution of hydrogen chloride and fresnly prepared 
electrodes. 


Results . 

Seventeen runs in all were carried out; of these two were 
rejected on account of the presence of moisture in the 
alcohol, four failed owing to the poisoning of the iridium 
mentioned above, and two gave irregular results. The 
values of the electromotive force of the cells are given in 
Table 1., the data for each run being grouped together. 
The number of the run, the cell, and the number of the 
point are shown in the first column ; for example, 2 A 1 
indicates that this point was the first obtained from cell A 
in run 2. The second column gives the concentration in 
mols per 1000 grams of solvent. The third column gives 
the electromotive force of the cell corrected to 760 mm. 
pressure of hydrogen. The vapour pressure of ethyl 
alcohol solutions at 25° C. was taken as 59*0 mm. 

Since dilution cells are not adapted for use at high 
concentrations, five determinations were carried out with 
two H-cells described by Nonhebel and Hartley, using 
solutions stronger than 0*1 m. ; these are distinguished by 
the letter H in the first column. 

The results, together with those of Danner and Harried 
and Fleysher, are shown in tig. 2, where E is plotted 
against login. It will be seen that there is sub$tanial 
agreement between our results and those of Danner except 
that the latter’s two most dilute points are rather higher. 
Harned and Flcysher’s value at 1*0 in. coincides with that 
obtained by us, but at higher dilutions their values are higher 
by as much as 10 millivolts at 0*1 m., 17 millivolts at 
0*01 m. and 15 millivolts at 0*001 m. This supports the 
view of Scatcbard that the alcohol used by Harned and 
Fleysher was not sufficiently dry, since the effect of water 
in raising the electromotive force increases in dilute 
solution. 

In the second and third columns of Table II. the values 
calculated for c% and E 0 ' are given for points more dilute 
than 0*037 m. arranged in order of concentration. These 
data are plotted in fig. 3 together with similar values 
obtained by Danner and Harned and Fleysher in this range 
of concentration. 

It will be seen that the relation between E 0 ' and <j 4 is 
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approximately linear for values of less than O’OC ; the 
value of E ft obtained by direct extrapolation being —-0"0883 
±0-0003 volt. 


Table I. 


ISo. 

m. 

E. 

; No. 

?>/. 

E. 

2A1 .... 

0 002861 

0-2447 

8 A 1 .... 

. 0*03621 

0-1450 

2A2 .... 

0 007909 

0-2034 

8A2 .... 

. 0*08100 

01185 

2B 1 .... 

0005442 

0 2185 

8A 3 .... 

0-1677 

0 0946 

2B2 ... 

0-0J382 

0 1850 

! 8B 1 .... 

. 0*00342 

01273 

2B3 .... 

0 02537 

01601 

8B2 .... 

. 0*1147 

0*1090 

2B 4 .... 

005339 

0-1345 

SB 3 .... 

. 0*2031 

00906 

3A 2 .... 

0007243 

0-2067 

13A 1 .... 

00004965 

03221 

3A 3 .... 

001(573 

01762 

13A 2 .... 

. 0 001531 

0*2710 

3B1 .... 

0002963 

0.2412 

13A 3.... 

0-003036 

0-2417 

SB2 .... 

0-007103 

0-2070 

1 13A4 .... 

. 0-004499 

0-2252 

ana .... 

001643 

01760 

| 13B 1 .... 

. 0*0007990 

0-3001 

3B4 .... 

0*02329 

01636 

13B2 .... 

. 0*001190 

0-2820 

SB a .... 

003204 

01522 

13B3 .... 

. 0*002193 

0-2550 

4B1 .... 

0-0008175 

0-2977 

13B4 .... 

0 003429 

0-2357 

4B2 .... 

0*002862 

0-2431 

16A 1 .... 

. 0*04330 

0-1404 

4B3 .... 

0 005613 

0-21.63 

16A 2.... 

. 006934 

01248 

6A1 .... 

0-004401 

0-2270 

j 16A 3 .... 

. 01351 

01032 

6A2 .... 

001872 

01710 

16A 4 .... 

. 0*2189 

0-0880 

6A3 .... 

0*03703 

0 1473 

16A5.... 

. 0*3476 

0 0734 

6A4 .... 

0*05165 

0-1359 

16A 6 ... 

. 0*4732 

0 0636 

6B1 .... 

0*007007 

O-2O80 

| 16B 1 .... 

. 0-09501 

0-1146 

CB2 .... 

001379 

0-1820 

17A 1 .... 

. 00006297 

0 3119 

6B3 .... 

002615 

0-1504 

17B 1 .... 

. 0*0003045 

0 3466 

6B4 .... 

0 04246 

01425 

| 17B 2 .... 

. 0*0005158 

0-3216 

7A1 .... 

0*005852 

0-2156 

17B 3 .... 

. 00007510 

0-3040 

7A2 .... 

0*008863 

0*1995 ! 

! 17B4.... 

. 0001198 

0-2827 

7A3 .... 

0*01114 

01905 j 

17B5.... 

. 0001639 

0-2677 

7A4 .... 

001749 

0-1731 ; 

II1. 

. 1-3427 

0-0292 

7A5 .... 

0-02848 

01552 1 

H2. 

. 10000 

0 0405 

7B1 .... 

001875 

01716 j 

H 3. 

. 0-8429 

00453 

7B2 .... 

0-03715 

0-1477 j 

H4. 

. 0-8388 

0*0451 

7B3 .... 

005188 

01356 j 

H 5. 

. 0*3000 

00769 

7B4 .... 

0-05905 

01311 j 





In non-aqueous solvents it is often more convenient to 
work in terms of weight normality than of volume normality, 
in which case the absence of density data will make it 
impossible to convert the results to a volume basis if the 
density of the solution differs appreciably from that of the 
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pure solvent. It is therefore simpler to use an activity 
coefficient corresponding to a concentration expressed in 
mols per 1000 grams of solvent; this is usually denoted by 
7 . Nonhebel and Hartley calculated values of y from their 
values of / by the relation , 

c/= a=my 


Fig. 2. 



where a is the activity referred to a standard state corre¬ 
sponding to the value of E 0 defined by the equation 

E ss Eo—0'1183 log cf. 

This convention has the disadvantage that the limiting value 
of 7 in dilute solution is numerically equal to the density of 
the solvent, while the limiting value off is unity, since in 
such solutions c/m—d, where d is the density of tie solvent. 
It is therefore preferable to define 7 in terms of a standard 
state determined by the equation 

E=E 0 m —0*1183 log my. 


*■ 
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The coefficients 7 and /, which express the deviation o£ the 
properties of the solution from those of an ideal solution, 
will then both approach unity in the limit. In aqueous 
solutions the two standard states will be almost identical, 
but in other solvents the values of E 0 and E 0 W will differ by 
0*1183 log d. 

Table II. 


No. 

cK 

j<y. 

No. 

cK 


17B1 .... 

. 0*01546 

00818 

7A1. 

0*06778 

0-0610 

13A 1 .... 

. 0*01074 

0-0812 

GB 1. 

007416 

00593 

17B2 .... 

. 0*02012 

0-0707 

3B 2. 

0-07466 

0-0590 

17A1 .... 

. 0*02224 

0*0792 

3A 2. 

0 07540 

0*0589 

17B3 .... 

. 0*02428 

0*0780 

0 \ *> 

0-07879 

00577 

131 i I .... 

0*02505 

0*0788 

7A 2 . 

0 08341 

0*0658 

4B1 .... 

. 0-02534 

0-0800 

7 A 3. 

0*09353 

0 0530 

13B2 .... 

0-03057 

0*0704 

6B 2. 

0-1040 

0-0506 

17B4 .... 

. 0-03067 

0*0753 j 

2B 2. 

01041 

0-0489 

13A2 .... 

. 0*03467 

0*0745 1 

3B3. 

0-1135 

0-0475 

17B5 .... 

. 0*03588 

0*0742 

3A 3. 

01146 

00464 

13B3 .... 

. 0*04148 

0 0720 1 

7A4. 

0*1171 

0*0472 

2A1 .... 

. 0-04739 

00686 

7B 1 . 

01212 

00451 

4B2 .... 

. 0*04740 

0-0702 

6A 2. 

01212 

0-0458 

3B1 .... 

. 004823 

00703 

3B4. 

0*1352 

0*0420 

13A 3 .... 

. 0-04883 

O'0686 

2B3. 

01411 

0*0411 

13B4 .... 

. 0-05189 

0 0683 

6BI3. 

0*1432 

00402 

6A1 .... 

. 0*05878 

0*0642 

7 A 5. 

0*1496 

00400 

13A4 .... 

. 0 05943 

00649 

3B 5. 

0*1585 

0 0370 

4B|3 .... 

. 0*06331 

0-0624 

0A3. 

0*1705 

0*0345 

2B1 .... 

. 0*06537 

0*0618 

7B2. 

01707 

0*0339 


Table III. gives the molal activity coefficients at round 
concentrations calculated in this way for solutions of hydrogen 
chloride in water, methyl alcohol, and ethyl alcohol. 

Table IV, gives the values of the free energy of transfer of 
hydrogen chloride from ethyl and methyl alcohol to water 
calculated from the above data. 

It is of interest to see whether the values obtained for the 
activity coefficient of hydrogen chloride are in agreement 
with the theory of Debye and Hiickel *, which in very dilute- 
solutions leads to the limiting equation 

— log/= Ac* 

♦ I%«. Zeits. xxi. p. 186 (1923); xxv. p. 97 (1924). 
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Fig. 3. 



Table III. 


m. 

Ethyl alcohol. 

Methyl alcohol. 

j Water. 

0*0005 

0*851 

! 0*953" 

0*981 < 

0*001 

0*800 

! 0912 

0*973 1 

0*002 

0*731 

0*807 

0*962 

0*005 

0*622 | 

0*813 

0 942 

0*01 

0*518 

0*745 

0*919 I 

0*02 

0*426 1 

0664 

0*889 | 

0*05 

0*317 ; 

0*541 

0*B41 i 

0*1 

0*253 

0*461 

0*807 

0*2 

0*198 

0*386 

0*779 » 

0*5 

0*140 

0*289 

0*768 

ro 

0*103 

... 

0*822 ! 

i 
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Table IV. 

The Free Energy of Transfer of HOI from 
Alcohol to Water. 


| — AF (in calories). 

m in both ; 


solutions. 

1 

EtOH to II..O. 

i 

! 

MeOHt.oH 1 0. ( 

0001 

i 

I 6683 

5256 

001 

0209 

j 

5076 

o-l 

i 5521 

4670 

0-5 

4855 

4253 

10 

| 4434 



where A is a constant depending on the temperature, the 
dielectric constant of the solvent and certain universal 
constants. For hydrogen chloride in ethyl alcohol, as in 
water and methyl alcohol, the curve obtained by plotting 
the values of — log/ against c* becomes linear in dilute 
solutions in conformity with the theory. This can be seen 
in fig. 3, for since 

E 0 '=E + 0*1183 log c, 
and E = E 0 —0* 1183 log cf 9 

Eq^Eo— 0*1183 log/; 

and therefore as E</ has a linear relationship to cl the same 
is true of — log/ 

The value of A calculated from the Debye theory at 
25° C is for water 0*505, for methyl alcohol 2*10, and ethyl 
alcohol 2*79. The observed values of A in water and methyl 
alcohol are 0 39 and 1*485, which agree more closely with 
the coefficient of Milner* than of Debye. Scatchardt, 
however, points out that the experimental results can be 
reconciled with the Debye value of A if the complete 
Hiickel J equation 

is used to obtain E 0 . This equation contains two additional 


* Phil. Mag. xxiiL p. 551 (1912) 
” •• — dflom 


XXV. p. 748 (1913). 
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constants a and B, of which a is proportional to the radius 
of the ions and B is a function of the change of dielectric 
constant with concentration. In practice u and B are 
evaluated empirically. In ethyl alcohol the experimental 
value of A is 3*40, which is larger than the Debye theory 
predicts. The use of the Hiickel equation would only make 
the lack of agreement more pronounced, unless a negative 
value were given to «, corresponding to a negative ionic 
radius. 

The basic assumption oE the Debye-Hiickel theory is 
complete dissociation, and the most probable explanation of 
the discrepancy in the value of A in the case of ethyl alcohol 
is that even in dilute solutions an appreciable quantity of 
hydrogen and chlorine ions are associated to form molecules. 
Evidence for this is seen in the much lower values of the 
activity coefficient in solutions in ethyl alcohol than in 
solutions in water or methyl alcohol, and in the larger 
vapour pressure of hydrogen chloride in ethyl alcohol 
solutions. Experiments in progress in this laboratory on 
the conductivity of salts and acids in ethyl alcohol afford 
additional evidence that dissociation may not be complete 
even at very high dilutions. 

Summary . 

1. The activity coefficients of solutions of hydrogen 
chloride in ethyl alcohol have been obtained by measure¬ 
ments of the electromotive force of the cell Hj/ELCl/ 
AgCl: Ag at 25° 0. 

2. A comparison has been made with the results obtained 
by Danner and by Harned and Fleysher. 

3. The equation — log/= 3*400* has been found to repre¬ 
sent the course of the activity coefficient in the range 
0*0003 m. to 0*004 m., the value of the coefficient being 
greater than that demanded by the Debye theory. It is 
suggested that this is due to incomplete dissociation. 

Physical Chemistry Laboratory, 

Balliol College and Trinity College, 

Oxford. 

March 1928. 


[Ihe Editors do not hold themselves responsible for the 
views expressed by their correspondents*] 
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CXIX. Fluorescent Secondary X-Radiation and the J-Pheno¬ 
menon* By W. H. Watson, M.APh.Z). y Lecturer in 
Natural Philosophy , University of Edinburgh *. 

Introduction . 

rilHE study of the absorption of the secondary X-radiation 
X from light substances has hitherto been the most 
successful means of investigating the J-phenomenon. It is 
obviously desirable that this study should be extended to the 
secondary radiation from substances whose characteristic 
radiation of K-series is excited by the primary beam. Some 
years ago + measurements were, in fact, made to determine 
the absorption coefficients in copper and aluminium of the 
whole characteristic radiation from a series of elements, the 
exciting primary beam being adjusted in hardness so as to 
produce the optimum emission of characteristic radiation 
(K-series) from the radiator. The results of the experiments 
were inconclusive, and actually it appears from recent work 
that the method of experiment adopted then is not the most 
suitable to exhibit i4 J ” absorption effects. 

In a recent paper on the J-phenomenon J, experiments 
were described in which the difficulties of control were 
surmounted sufficiently well to allow of consistent measure¬ 
ments which exhibited the “ J ” absorption effect in the 
transmission . of the secondary radiation from paraffin-wax 

* Communicated by Prof. 0. 0. Barkis, F.ltS. 

f W. H, Watson, Ph.IX Thesis, 1925. 

} C. 0. Barkis and W.JSL Watson, Phil Mag,, Nov. 1926. 

PUL Mag. S. 7. Vol. 5, No. 33. June 1928. 4 E 
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through aluminium. Some further experiments of the same 
nature have since been made, end the results afe put on 
record here, although the main investigation to be reported 
is concerned with the use of radiators of higher atomic 
number. 


1. Experimental Control . 

The main requirements for adequate control of the X-ray 
tube were stated in the paper referred to * : 

(1) The peak voltage applied to the Coolidge tube should 
be maintained constant; and 

(2) The current through the X-ray tube should be kept 
steady. 

When radiators of silver and tin were first employed 
about a year ago, it became clear that, even if the above 
conditions wore carefully maintained, consistent results 
were obtained only when the X-ray tube was run into a 
steady state before measurements were made, and through¬ 
out the experiment was allowed to function continuously, 
the X-rays being shut off when desired by means of a 
shutter in the primary beam. 

It should he clearly understood , therejore , that in the 
experiments to be described the results recorded here were 
obtained consistently, only when the X-ray tube was employed 
as a constant source of radiation , and that when this method of 
procedure was departed from, the only type of consistent result 
obtained was that got by making readings in a definite time 
order . 

The arrangements for the control of the Coolidge X-ray 
tube are made clear in the diagrams. In fig. la the 
rheostat operated by means of an insulating handle, 
is used to adjust the filament current when the tube is 
working. The power for high tension is supplied from the 
direct current mains (230 volts) through a rheostat H* 
(fig. 1 ft) to a rotary converter (2 kw., 50 cycles), from 
which the alternating current is passed through an auto- 
transformer tapped suitably to operate the high-tension 
transformer (Watson & Sons, Ltd.; 2kw. 60 kv.). The 
secondary of the H.T. transformer is earthed in the middle, 
and there the high-tension current passes through a shunt- 
type resistance of 1 ohm. The potential across this shunt 
is measured by means of a direct-reading potentiometer in 
millivolts, so if there is no leakage, Su milliamperage 

♦ Bsrkls sad Watson, loc. tit 
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through the tube is known. The rheostat Rx is adjusted 
when necessary, so that the galvanometer in the potentio¬ 
meter circuit remains undeflected : by this means the 
current through the tube is maintained constant within 
1 per cent. The peak voltage is kept steady by employing 
the rheostat R 2l in conjunction with the voltmeter V, across 
the input to the converter, so that the reading on the 
voltmeter varies, under favourable circumstances, no more 


Figs. 1 a & 1 b. 
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than half a volt. On account of the fact that the D.C. 
supply frequently falls below 230 volts, the constant 
reading maintained on the voltmeter is 225 volts, and this 
figure has been used throughout in the experiments. 


2 . Experiments on the Secondary Radiation from 
Paraffin - Wax. 

, The absorption of the secondary radiation at right angles 
to the exciting primary has been compared with that of the 

4 R 8 
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primary by the method previously employed *. . The former 
results with aluminium absorbing sheets have been confirmed 
when a plate of paraffin-wax was substituted for the 
cylindrical radiator, and measurements have also been made 
with silver and copper as absorbing materials. JBqual 
thicknesses (#) of absorbing material were placed in the 
paths of the secondary and the primary beams, and the 
ratio of the ionizations in air was measured for different 
values of x. The figures 2 and 3 show the type of result 
obtained with Ag and Cu, compared with that with Al, 
measurements with absorbers of A1 and Ag or Cu being 
made alternately. 


Fig. 2. 



There is a slight indication in the case of silver that 
the K-absorption occurs with less filtering material in the 
primary beam than in the secondary; this is shown by the 
tendency, which showed itself not only in one case, for 
the ratio of secondary ionization to that produced by the 
primary to have a slightly higher value when the mean 
hardness of the transmitted radiation was about that of 
silver K-radiation f. This is what is expected on account 
of the Compton effect, which causes in the scattering process 
a displacement of some of the energy in the spectrum 

* Barkla and Watson, loe, tit 

f See Barkla and Khastgir, Phil, Mag. iv. p. 785 (Oct. 1927). 
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of the heterogeneous beam into the longer waves. Absorp¬ 
tion* by silver in this way will not, in general, be sensitive 
enough to show the resulting difference in penetrating 
power between the primary and secondary except when the 
average wave-length of the heterogeneous radiation is very 
close to the K-absorption edge of silver. 

The results for Cu and Al, on the other hand, seem to 
point to there being no difference in the rate of absorption 
of the primary and secondary beams except where the 
J-discontinuities occur in the secondary. 

With a heterogeneous primary, a comparison of the 
absorption of the secondary and primary beams over a 
limited thickness of absorbing material may not necessarily be 

Fig. 3. 

0 -01 *02 -03 *04 mm.Cu 



a sensitive method of testing the occurrence of the Compton 
effect. Factors are known which might compensate the 
effect of wave-length change on the absorbability of the 
whole beam. If the compensation were exact, the experi¬ 
ments would not show the Compton effect in a difference 
of the rates of absorption of primary and secondary 
radiations. It is difficult to believe that the exact compen¬ 
sation takes place in all these experiments so that the 
latter show only the occurrence of the J-phenomenon, the 
relation of which to the Compton effect is still obscure. 
This distinction of the two phenomena will be made obvious 
when we consider what happens when a thin fluorescent 
radiator is employed. 
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3. Experiments with Fluorescent Radiators . 

When a thin sheet of silver or tin (about *001 cm. say) is 
placed in the path of a beam of X-rays just sufficiently 
penetrating to excite its K-series characteristic radiation, 


Fig. 4. 



the secondary radiation contains only a small proportion 
(generally not more than 2 or 3 per cent.) of general 
. radiation ; the K-series characteristic is the main secondary 
emission. In order to obtain in ionisation measurements a 
sensitive means of showing J-absorption effects when 
material is placed in the path of the secondary beam* it is 
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necessary to net np two ionization chambers to receive 
secondary radiation in different directions from the radiator. 
The ratio of the ionization currents in the two chambers 
is then measured when equal thicknesses of material are 
placed in the two beams. If identical processes take place 
in both beams, the ratio of the ionizations should remain 
constant as the thickness of absorbing material is increased, 
and any alteration of the ratio observed will indicate 
differences between the two secondary beams studied. 


Fig. 6. 



The arrangement of apparatus used with a copper radiator 
will be described, and the same figure (4) will serve for 
reference to the experiments with a tin radiator. 

The Coolidge tube, with a molybdenum anticathode face 
set at right angles to the cathode stream, produced X-rays in 
a lead box ; a pencil of these passed through an adjustable 
vertical slit 4 cm. long and 4 mm. wide, and then encountered 
a lead shutter supported between brass slides 3 cm. apart. 
When the shutter was raised, the rays passed through a 
second slit to the radiator, which consisted of a sheet of 
copper approximately *001 cm, thick. This sheet was 
stretched flat in a frame of brass (see fig. 5) protected by a 
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lead sheath. The frame was rigidly attached to a spindle 
35 cm* long fitted axially to the vernier arm of a graduated 
circle, so the plane of the radiator could be set at any desired 
angle with respect to the direction of the primary X-ray 
beam. The rays whicli passed straight through the radiator 



The ordinates are J 1 (reduced to same initial value 1). 

*2 

The scale is obtained from the discontinuities which are on 
the average 7 per cent. 

<f> is the radiator angle (see text). 


■were trapped in a lead tunnel which was sufficiently long to 
eliminate stray effects due to secondary radiation from the 
end striking tne radiator. 
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The secondary radiation from the copper sheet was 
allowed to pass, through slits a, 6, and a\ h\ along two 
directions making 6\ and 6 2 with the primary beam, to 
cylindrical ionization chambers containing air and provided 
with A1 windows 0012 cm. thick. The chambers were 
lined with aluminium 0 # 7 mm. thick and with six thicknesses 


Fig. 6 ( continued ). 



4 6 8 10 \Z 

Number of At sheets (*00115 cm.) 


(For legend see p. 1152.) 

of filter paper, the former to eliminate fluorescent X-rays 
from the walls of the chambers and the latter to prevent 
,#-rays from the A1 lining from reaching the air in the 
chamber. The electrodes were A1 rings supporting wide 
mesh gauze, and sufficiently large to prevent the radiation 
•entering the chambers from striking them; they were 
connected to tilted electroscopes of the Wilson type, which 
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were employed usually at a sensitivity of 40 divisions to the 
volt, and adjusted so that the deflexion of the gold leaf was 
sufficiently nearly linearly dependent on the leaf potential* 
Absorbing material was placed in equal amounts at b and b\ 
and the ratio of ionizations was obtained by observing the 
deflexion in one electroscope in the period during whicn the 
shutter was raised, while the other showed a deflexion of 
10 divisions. The error of reading, therefore, should not 
exceed 1 or 2 per cent. Many measurements have been 
made with the above arrangement of apparatus. We shall 
quote in detail a set of results which are typical. 

The X-ray tube was operated throughout at 40 kv. 
(peak), and passed 1*8 milliamps., while the filament 
current was 3*52 amps. The directions of secondary 
emission examined were 

^ = 24° 30', 0 S =25°. 

A series of curves (see fig. 6) was plotted, for each of 
which the radiator was set at a different angle with the 
primary beam. We shall refer to the position of the 
Ou radiator in which its plane was perpendicular to 
the direction of the primary beam of X-rays as zero setting 
and reckon angles of rotation of the radiator which are in 
the clockwise sense in fig. 4 as positive, those in the 
contrary sense as negative. 

In the graphs plotted in fig. 6 the abscissae are “ number 
of absorbing sheets of A1 99 (each *00115 cm. thick), and the 
ordinates are the ionization ratio Ij/I* reduced so that 
the unintercepted ratio has the same value in each case. 
This has been done, since it was advantageous to adjust the 
actual value of the ratio for the unintercepted beams by 
altering the electroscope sensitivity or slit width in order to 
ensure accuracy of measurement. This adjustment was 
found by repeated trial not to affect the results appreciably. 

A study of these results leads to the following obser¬ 
vations :— 

(1) When the radiator vras nearly normal to the primary 

X-ray beam there was practically no change in the 
ionization ratio when increasing equal thicknesses 
of aluminium were placed in the beams. 

(2) At other settings of the radiator the only changes 

in the ratio were sudden changes of about 
7 per cent. When tested these were found to* 
be due to a decrease in the ionization produced by 
the secondary beam which made the larger angle* 
with the normal to the radiator. 



Secondary X-Radiation and the J-Phenomenon. 1155 

(3) Tlie effect of turning the radiator from zero setting in 
either sense was to bring one of these discontinuities 
gradually into the range of observation. This 
process was followed by making measurements at 
settings of the radiator intermediate between those 
for which the results are given in fig. 6. At 
greater angles a second and a third discontinuity 
appeared. 

It may be pointed out, further, that, while the effects in the 
two beams seem to be separated from each other ( i . e ., in no 
case in the results quoted above is there direct evidence of 
the appearance of discontinuities in both beams for one 
setting of the radiator), some other experiments have shown 
the simultaneous separate occurrence of two compensating 
discontinuities. An examplo of this is given in fig. 7. 


II 

-fc , o 

0-9 


0 Z 4- 6 8 

Number of sheets of Al. 


Fig. 7. 

*—* X—*-X 

X - Vr —X 

_I_ I _ 1 _ 


Moreover, a discontinuity may be observed when the radiator 
is normal to the X-ray beam, if the angle 6 X or 6 t is 
increased. It is then found, in accordance with the 
statement (2) above, that the ionization due to the beam 
making the increased angle with the normal to the radiator 
is reduced at the discontinuity. 

In conformity with the law now well known as one of the 
characteristics of the J-phenomenon, the amount of absorbing 
material required to show a discontinuity is decreased when 
the peak voltage on the tube is increased. 

The above measurements were made with aluminium as 
the most suitable absorbing substance for the soft copper 
K-radiation. Some other measurements, of a preliminary 
nature, have also, been made with the secondary radiation 
from a sheet of tin, the absorbing substances being Al, Cu, 
A.g, and Sn. In fig. 8 are shown the values of the ionization 
ratio I,/I t when equal thicknesses of absorbing material are 
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placed in two secondary beams (^! = 90°, 0 a =25°) from a tin 
radiator *00267 cm. thick. The radiator was set so that 
it made nearly equal angles with the two directions along 
which the secondary was observed. At the apertures a, a 
(see fig. 4) in each beam was placed a sheet of silver about 
*001 cm. thick. This acted as a filter to reduce the intensity 

Fig. 8. 



of the K/3 relative to the Ka component of the characteristic 
radiation from the tin radiator, and, on the whole, tended to 
reduce the amount of general radiation in the secondary 
beams studied. A logarithmic curve of the absorption by 
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aluminium gave 1*81 as a mean value of (% for the 

secondary : this agrees very well with Itichtmyer’s value 
1*78 for homogeneous radiation of the same wave-length as 
Sn K ot (mean of a x and a 2 ). With regard to the amountof 
scattered radiation present in the secondary beams, it was 
found that a number of sheets of paper of the same total 
mass per unit area as the tin radiator yielded only 1*2 per 
cent, of the whole secondary effect from tin. Allowing for 
the difference in scattering power between paper and tin, it 
is estimated that the secondary radiation examined must 
have contained not more than 4 or 5 per cent, of general 
scattered radiation. This estimate does not take account 
of the selective transparency of the silver filters which 
reduces the percentage of general radiation except in the 
case of the hardest rays, 0*2 to 0*3 A.U. These rays. 


N 
1*0 
0-9 

O •OZ '04 -06 gm/sq.cm. 

The ordinates are ^ for Sn radiation (0^26°, 80') 

when transmitted through silver. 


Fig. 9. 


X-X 

* -X * - 
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however, are less efficiently scattered by the tin radiator. 
We are certainly justified in concluding that the filtered 
radiation examined was composed of over 90 per cent. 
Sn Ka radiation. 

Finally, fig. 9 shows a result with the secondary from tin 
in conditions similar to those which obtained with the copper 
radiator. . Silver was employed as absorbing material, and 
the directions of secondary emission compared were ^ = 26° 
and ^3=23° 30', the radiator being nearly perpendicular to 
the X-ray beam* It will be seen that these preliminary 
experiments on the secondary radiation from tin show dis¬ 
continuities in the absorption by all the substances tested ; 
it iff hoped to supplement these results by a complete 
investigation. . , 
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4. Effect of Continued Running of the X-ray Tube * 

All the results quoted above were obtained only when the 
X-ray tube was run into a steady state. Let us now consider 
what happens during the establishment of that state. In 
fig. 10 have been plotted all the measurements o£*a series 
taken with the copper radiator and commenced just after the 
tube began to function. The number attached to each point 
denotes the order of its observation ; the time taken for the 
■observations 1 to 6 was about 25 minutes. 

Fig. 10. 



Ordinates ~ (Cu radiator), 

J>2 


The effects o£ running the tube are exhibited by the 
figure:— 

(1) The values of the ratio Ij/T s are not steady until the 

tube has run £or nearly an hour. 

(2) Discontinuities appear in the relation between Ij/Ij 

and the number o£ absorbing sheets placed in the 
beams. 

. It does not seem that the process of stabilization is accom¬ 
panied by displacement of a discontinuity (i. e., alteration of 
the amount o£ material required to produce it) and that the 
results obtained at the beginning of the series are a conse¬ 
quence of “ smudging ” due to changing conditions daring 
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measurement, but rather it seems that, to use an analogy, 
the discontinuities “ crystallize ”— i. e they are not present 
until conditions are sufficiently steady. Moreover, the dis¬ 
continuities occurring at greater thickness of absorbing 
material seem to require a longer period before they are 
observed. 

In the attainment of a steady state a very important 
factor was the heating of the anticathode. It was found 
that stabilization was expedited by preliminary rapid heating 
of the anticathode, the tube being operated for 7 or 8 minutes 
at 60 kilovolts before the commencement of measurements at 
40 kilovolts. In many cases this preliminary heating was 
sufficient to produce a steady state quite quickly, but in 
others—and in these it was noted that the tube bad been 
idle for some days previously—it was also necessary to run 
at 40 kilovolts for 20 minutes before steady results were 
obtained. 

These facts suggest that a water-cooled target should be 
employed and that the vacuum in the tube must be main¬ 
tained steady. This latter condition may be quite easy to 
attain in a tube which i« connected to a pump when it is 
operating. It is desirable, however, to attempt to introduce 
some such control in experiments on the J-phenomenon, and, 
indeed, to give serious attention to all devices to ensure steady 
operation of the X-ray tube. 

5. Constitution of the Beams . 

In the constitution of the beams compared we have to 
consider :— 

(1) The ratio of the intensities of the a and fj components 

of the characteristic K-series emission, and 

(2) the intensity and character of the non-characteristic 

secondary radiation. 

Differences between the beams with respect to (1) may be 
ignored, as the direct cause of detectable changes in the 
ionization ratio measured. Simple calculation shows that 
if the primary beam is changed in wave-length from that 
just required to excite copper K-radiation to 0*3 A.U. 
(the shortest wave-length excited by 40 kv.), the ratio 
I(Ka) : I(K^8) does not alter by more than 3 per cent., and 
that a similar limit may be set to the variation of this ratio 
when the radiator is turned from zero setting through an 
angle 10°. This means that the difference in the relative 
intensity of Ra to in the beams compared cannot exceed 
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10 per cent. ; and even when ten sheets of aluminium (each 
•0012 cm. thick) are placed in each beam the ionization ratio 
measured cannot be affected, in virtue of that difference, to 
the extent of 1 per cent. 

With regard to the second factor, only strong crystal 
reflexion of some constituent of the primary beam into one 
of the directions along which the secondary is observed 
could produce measurable differences in the ionization ratio* 
The ionization due to the ordinary scattered radiation cannot,, 
in the present experiments, exceed 1 per cent, of that due to 
the characteristic radiation, even when the latter has been 
reduced to a quarter of its original intensity by the absorbing 
aluminium placed in the path of the secondary beam. 
Consequently, the effect of absorption in the radiator on 
the character of this weak secondary radiation may be 
ignored. The calculation which determined the above 
figure of 1 per cent, took into account absorption of the 
characteristic radiation in the radiator, excess scattering in 
directions making angles less than 30° with the primary, 
and the relative ionization coefficients given by Barkla’s 
work many years ago : it was carried out for several wave¬ 
lengths in the primary spectrum. The shortest wave-length 
in the primary, of course, fixed the upper limit. 

We have now to consider the effects of X-ray reflexion by 
the crystals of the copper sheet. On account of the rolling 
of the latter, it is likely that the individual crystals will not 
be orientated at random, and quite strong reflexion may 
be expected along certain directions. The lattice constant 
for copper is 3*61 A.U., so that the longest waves which Q can 
be diffracted through 25° are of wave-length 1*56 A.U. 
These rays are approximately of the same wave-length as 
OuKa, -but in the second-order reflexion the wave-length 
is 078 A.U., and although these harder rays are only one- 
tenth as efficient as the characteristic Co radiation in 
producing ionization in air (and any other diffracted rays 
are, of course, less efficient), it must be noted that even 
5 per cent, of this radiation in the secondary (intensity 
determined by ionization in air) will produce a 14 per cent, 
change in the ionization ratio measured when *012 cm. of 
aluminium, is placed in the beams. According to the 
ordinary laws of absorption the presence of secondary 
radiation due to crystal reflexion should show itself by 
making the ionization ratio change exponentially with 
increase in i absorbing material in the pa$h of the beams* 
The experimental result# do not sfaqw v * this progressive 
change in the ratio, but only discontinuous changes when 
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definite amounts o£ aluminium are placed in the beams* 
Hence the ordinary laws of absorption fail to explain the 
results, whether there is strong crystal reflexion or not. 

6. The J-Phenomenon . 

The discontinuities in the ratio observed here are of the 
sanie order o£ magnitude as those hitherto obtained in 
experiments on the J-phenomenon. Moreover, in all the 
latter experiments, the introduction of any influence which 
rendered the radiation more penetrating on the whole* 
caused a discontinuity to appear when less absorbing 
material was placed in the beam. It will be noticed that 
the turning of the copper radiator from zero setting in the 
present investigation has just that effect on the secondary 
beam, making the larger angle with the normal to the 
radiator, i. e.> as the angle is increased the discontinuity 
occurs when less absorbing aluminium is placed in the 
beam. In addition, if the radiator is not moved and one 
of the angles &i or 0 2 is increased, a similar effect take* 
place. We conclude, therefore, that fundamentally the 
origin of the discontinuities observed in the present in¬ 
vestigation is very probably in the same process which 
determines the occurrence o£ the J-phenomenon. 

It must be noted, however, that the absorption coefficient 
of the whole beam which, to a first approximation, has 
appeared in many experiments as one of the critical factor* 
in determining J-absorption with heterogeneous X-radiation* 
is not, in the present experiments, the factor controlling the 
occurrence of the J-absorption discontinuities. For Iiere* 

j is practically unchanged when a number of thin 

absorbing sheets is placed in the beam; the large propor¬ 
tion of Cu K-radiation quite outweighs the other harder 
secondary radiation in determining this quantity. 

In the second place, while it may be that the occurrence 
of the discontinuities requires the presence of, at least, a 
small amount of hard radiation, it is quite certain that the 
discontinuities cannot be explained by assuming that this- 
hard radiation itself experiences J-discontinuities, and that* 
on account of a sensitive state induced in the absorbing 
material by the J-absorption of the hard radiation, the soft 
characteristic radiation suffers a sudden extra absorption in 
passing through the specially absorbing layer. This hypo¬ 
thesis might explain one discontinuity : it will not explain 
the occurrence of two and three in a thickness of material 
Phil. May. S. 7. Vol. 5. No. 33. June 1928. 4 F 
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which scarcely affects the character of the hard secondary 
radiation. The experiments in which Sn K-radiation has 
been transmitted through silver absorbing sheets may be 
cited to the same effect. Thus, in general, the soft charac¬ 
teristic radiation itself plays a primary role in determining 
the occurrence of a discontinuity. 

Thirdly, the fact that absorption coefficient is inade- 

3 uate to describe the condition of the radiation from a thin 
uorescent radiator, suggests that, under the conditions of 
former experiments, showing a series of discontinuities, the 
progressive change of the absorption coefficient of the whole 
radiation (as measured) is associated with the periodic 
recurrence of a condition in the radiation favourable to 
specially great absorption in a thin layer of absorber. This 
possibility suggested itself at the time of the experiments on 
scattered radiation in which it was shown that the absorption 
coefficient at the discontinuity is dependent on the current 
through the X-ray tube *. It was even noticed that the 
critical absorption coefficients formed a very approximate 
arithmetic series. Tn the present experiments it seems that 
a periodic variation of the conditioning factor takes place 
unaccompanied by a measurable change in the absorption 
coefficient. There is, of course, a progressive change in the 
relative intensity of the two characteristic components, and 
the possibility of greater absorption of the shorter wave 
component at the discontinuity. This would, of course, 
lead to periodic recurrence of conditions. 

The conditioning factor must be latent in the emission and 
absorption history of the whole radiation passed through the 
absorber, and it will influence observable effects in a periodic 
way only if there is interaction between the Fourier con¬ 
stituents of the beam in its passage through matter. It is 
therefore essential to control the source of radiation very 
carefully, and it seems likely that experiments on the 
J-phenomenon which do not employ a constant source of 
X-radiation are not the proper experiments to investigate 
the phenomenon. 

So far, the only mechanism that has been suggested to 
describe interaction between the constituents of a coherent 
heterogeneous beam of X-rays in its passage through matter 
is that X-radiation is propagated by wave-motion and that 
in matter the simple additive law of superposition breaks 
down. If the principle of the conservation of energy is to be 
retained, this idea encounters difficulties which.have proved 
insurmountable in the past—it is absolutely necessary to 
* B&rkia and Watson, loc. cit. 
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have concentration of energy into particles in the radiation. 
On fche other hand, Barkla * has shown, with the aid of ex¬ 
perimental evidence, that the conception (which was already 
open to serious philosophical objection) of independent 
quantum particles corresponding to all monochromatic 
oonstituents in a heterogeneous X-radiation is untenable. 
It is natural, therefore, to suggest, following quantum 
wave-theory, that there are particles in a heterogeneous 
X-radiation which, in a narrow beam, are all approximately 
the same, but that the wave-system of each particle possesses 
the spectrum of the whole beam. It is possible that the 
remarkable features of the J-phenomenon may be suitably 
described in terms of a conception of this kind. 

In conclusion, I have to thank Professor Barkla for 
suggesting that the secondary radiation from fluorescent 
radiators should be studied, for his interest and helpful 
advice and criticism throughout the work, and for the 
apparatus he has set at my disposal. To the Trustees of 
the Moray Fund of Edinburgh University I am grateful for 
the use of the Ooolidge X-ray tube and for the high-tension 
.batteries required for the ionization measurements. 


* Summary. 

The ionizations produced by two secondary beams from a 
radiator whose K-characteristic X-radiation was excited, have 
been compared with equal amounts of absorbing material in 
tlie paths. Under the proper conditions of tube control, 
the ratio of the ionizations did not alter continuously when 
the amount of absorbing material hr) was increased, but 
■exhibited discontinuities in its relation with x 9 which seem 
identical with the J-absorption discontinuities observed in 
former experiments. 

It is shown that, except for the effects of crystal reflexion 
in the radiator, the radiation studied is composed almost 
•entirely of the K-characteristic radiation of the radiator. 
The effect of changing the orientation of the radiator with 
respect to the primary beam is to displace a discontinuity, so 
that a different amount of absorbing material is required to 
produce it. 

The results show that the J-phenomenon may recur 
periodically in absorption without appreciable change in 
the absorption coefficient of the beam in its passage through 
the absorber. 


* C. G. Barkla, ‘Nature * (March 27,1926); see also Barkla & Khastgir, 
Phil. Mag. vol. ii. p. 666 (1926). _ . 
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CXX. Note on Modified Scattered X-liadiation and Super- 
Position . The J-Phenomenon (Part V111.). liy Professor 
C. G. Bakkla, F.It.S. * 

I N previous notes it has been shown that the absorption of 
an X-radiation (either heterogeneous or comparatively 
homogeneous) and its action upon the substance in which 
absorption occurs depend to quite a considerable extent upon 
factors which had been regarded as o£ no significance. The 
properties of a heterogeneous scattered X-radiation, for 
instance, depend, in a very remarkable way, upon the whole 
atmosphere of that heterogenous beam, and not upon inde¬ 
pendent constituents. 

With a certain type of radiation or sequence of radiations, 
it is necessary only to slightly change the average frequency 
of the radiation by (1) a change in the potential applied to 
the X-ray tube, or by (2) a change in the proportion of the 
various constituents such as is produced by filtering the 
complex radiation, or by (3) combinations in various pro¬ 
portions of (1) and (2), or by (4) superposing radiations of 
higher, or (5) of lower frequency on the beam experimented 
upon in order to show the sudden change in the level of its 
activity which we have described as the J-discontinuity f- 
These changes in the level of activity, dependent not upon 
any particular wave-length but on some kind of average 
measured to a first approximation by an averago absorption 
coefficient, have been observed hundreds of times in this 
laboratory ; records of many typical experiments have been 
published. 

On the other hand, there are radiations or sequences of 
radiations of the same average frequency which do not show 
this J-discontinuity; that is, a further factor is involved 
which is less easily measured or even identified. All the 
evidence goes to show that this essential factor is some con¬ 
dition of the whole complex radiation, or sequence of radi¬ 
ation, as, for instance, possibly a degree of continuity or of 
superposition in the stream of radiation. But whatever this 
factor is, it is certain that the conditions showing discon¬ 
tinuities are separated by only a very narrow margin from 
those not showing such discontinuities. This critical con¬ 
dition then itself involves a discontinuity. Such a discon- 

* Communicated by the Author. 

t (4) and (5) are, of course, changes in reverse order; (5) has been* 
obtained in collaboration with Mr. Sen Gupta. 
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tinuity, produced when the average frequency (or the average 
absorption coefficient) remains constant, occurs 

(1) in a scattered radiation with a change in the thickness 
(or mass) of the scattering substance ; 

(2 j in a scattered radiation with a change in the angle of 
scattering ; 

(3) in a scattered radiation with a change in the frequency 
of interruption of the primary current in an exciting 
induction-coil; 

(4) in a scattered radiation (aud less frequently in the 
primary) witli some quite accidental change of an 
apparently trifling nature in the excitation of rays in 
the X-ray tube ; 

(5) in the region between the state of a primary and of a 
scattered radiation, for a scattered radiation shows 
the discontinuities when the primary does not; 

(6) in a primary X-radiation when the angle it makes 
with the cathode stream is changed ; 

(7) in a characteristic radiation from an element with 
some change, apparently in the primary radiation 
exciting it ; 

(8) it also occurs in a very homogeneous beam during 
transmission through absorbing substances (W. H. 
Watson, unpublished). 

All of these, then, are discontinuities of the same magnitude 
as the other discontinuities occurring when the average 
frequency (or “ temperature ”) of the radiation remains 
practically constant. They are produced by a change in 
some other governing factor, which, so far as we can see at 
present, can only be identified with the large scale structure 
of the radiation. 

The significance of two factors has, of course, been recog¬ 
nized from the earliest experiments on the subject. [This 
is in some way analogous to the manner in which the discon¬ 
tinuities involved in the change from the vapour to the 
liquid state of matter are dependent on temperature and 
density—within certain limits a discontinuity may be 
brought about by a change either of temperature or of 
density alone. Also the critical temperature, that is, the 
temperature at which the discontinuity occurs, is dependent 
on the density.] While there is no consistent evidence that 
the second factor in the case of the J-phenomenon is density 
(or intensity) of radiation as usually measured, there does 
seem to be the possibility that this is due to the fact that we 
can only measure an average energy density for large 
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volumes of radiation, while localized energy density is the 
important factor. Indeed, superposition definitely is of 
primary importance. 

Confining ourselves now to a comparison of primary and 
scattered heterogeneous X-radiations, we can generalize by 
saying :—The absorbability in aluminium of the radiation 
scattered from very light elements in a direction perpen¬ 
dicular to the primary radiation is either very accurately the 
same as that of the primary radiation, or differs from it by a 
considerable amount. These are “ unmodified ” and “modi¬ 
fied ” scattered radiations as shown by ionization-absorption 
methods with heterogeneous beams. It is the step from one 
to the other which is the striking feature of our experimental 
results. We do not find such scattered radiations either 
more penetrating than the primary, or even slightly more 
absorbable—only equally absorbable, within a small possible 
error, or considerably and consistently more absorbable. 
Either of these may persist throughout experiments lasting 
for months ; anything between is rare and transitory. 

Many examples of the abrupt change from 'unmodified 
scattered radiation to a modified scattered radiation (due, 
that is, to a change in the level of activity) have already 
been given and can be multiplied. We have not, however, 
hitherto systematically studied the development of the 
modified radiation from the unmodified, except by passing 
the complex radiation through one of the “critical temper¬ 
atures and so observing the J-discontinuity. The following 
note shows the manner in which, with a suitable radiation, 
the modified scattered radiation may be developed from the 
superposition of unmodified scattered radiations. In other 
words, the transformation from unmodified scattered radia¬ 
tion is obtained, not by passing beyond a certain critical 
average frequency, but by changing the structure of the 
radiation while the same constituent frequencies are main¬ 
tained in nearly the same proportion. This is a change in 
the second variable, which we have tentatively called the 
structure of the complex radiation. 

\yVIien using a certain primary X-radiation excited in a 
CodJidge tube by an induction coil wifh mercury interrupter, 
it w^s found that the scattered radiation from air was an 
unmodified radiation, i. e. f a radiation with accurately the 
same absorbability as the primary radiation exciting it. This 
was shqwn by the fact that the ratio of the ionizations 
producetXin two ionization chambers by the scattered and 
primary lmdiations (S/P) was precisely tne same as the ratio 
S'/P' forira two beams when these were both intercepted by 
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sheets of aluminium cutting off a large proportion of the two 
beams. The radiation scattered from thick sheets of paper or 
paraffin-wax was, however, quite definitely a u modified ^ 
scattered radiation, or contained a modified radiation, i. e., 
differed considerably in absorbability from the primary radi¬ 
ation. In this case S'/P\ when the intercepting aluminium 
was ’145 cm. thick, was 9-10 per cent, less than S/P, the 
ionizing effect of the scattered radiation having thus been 
diminished much more than that of the primary. The two 
radiations scattered from paper and from paraffin-wax were 
found to be equally modified within a small possible error. 
Such a result has frequently been obtained in this laboratory,. 
i . <?., an unmodified scattered radiation from a gas or thin solid 
radiator and a modified scattered radiation from a thicker 
solid. In many experiments mad© by Mrs. Sale, for instance* 
the results of which are unpublished, the radiation scattered 
from twenty sheets of paper was an unmodified radiation, 
while that scattered from fifty sheets was definitely modified, 
ns measured by these ionization-absorption methods. The 
result was at that time so inexplicable that we witheld it for 
further investigation and confined our statement of con¬ 
clusions to the comparatively simple ones obtained with thin 
scattering sheets which yielded simple and unmistakable 
results *. 

In our more recent experiments we made a systematic 
investigation of the radiation scattered from various thick¬ 
nesses of scattering substance. It was found that when the 
sheet of paper or paraffin-wax was made gradually thinner, 
the difference between S/P and S'/P', that is, the difference 
between scattered and primary radiations, became smaller, 
and ultimately almost vanished, indicating very definitely a 
vanishing difference for an infinitely thin layer of the 
scattering material. 

In fig. 1 a measure of the difference between the absorp¬ 
tions of primary and scattered radiations, or of the transforma¬ 
tion by scattering, is plotted against the number of sheets 
of paper used as the scattering substance. (The radiation 
scattered from air had an intensity about equal to that from 

/S/P — S'/P'\ 

one sheet of paper.) The ordinate is —g jp — J X 100, 

that is, the percentage change in the ratio of ionizations 
produced when both beams were intercepted by *145 cm. of 
AL Thus if the magnitude of this transformation is y, the 
ionization produced by the intercepted scattered radiation i * 
y per cent, less than would be the case if the scattered 

* Barkis and Sale, Phil. Mag., April 1923. 
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radiation had been absorbed precisely like the primary. 
Thus from air alone the percentage of change was zero, 
within the possible error ; from air and one sheet of paper 
it was about 1*0 per cent. ; from air and two sheets of paper 
nearly 3 per cent, and so on approaching a definite limit of 
a 9 to 10 per cent, change for the radiation from thick layers 
of paper. The values actually obtained for y were — 0’4, 
1*0, 2*8, 4*2, 5*4, 6*9, 7*6, and 8 9 for the radiations from 
air, air and 1, 2, 4, 8, 16, 32, and 95 sheets of paper respec¬ 
tively. 

Piiraffin-wax when used as the scattering substance showed 
precisely similar results, but equal degrees of transformation 
were obtained from very much greater masses of scattering 
paraffin. That is the curves were similar, but a much more 
intense radiation from paraffin was necessary to give the 


Pig 1 . 1. 



Air Number of sheet e of Paper. 


same degree of transformation. Thus fig. 2 indicates the 
degree of modification of the scattered radiation plotted 
against mass per unit area (gm. per sq .cm.) of the scatterer, 
for both paraffin-wax and paper. (As in previous experi¬ 
ments, the face of the scattering slab was inclined at 45° to 
both primary and scattered radiations.) 

It will be seen that the maximum amount of modification 
was shown much earlier for a paper- than for a paraffin-wax 
scatterer, but the two measures of modification were finally 
equal—appearing as a limiting amount of modification by 
scattering. 

The possibility of the measured difference between scattered 
and primary radiations being affected in some way by mere 
variation in the intensity of the ionization occurring in the 
electroscopes was quite easily disposed of by making con¬ 
siderable variations in the output of the Coolidge tube. 
Taking the most sensitive portion of the curve and using 
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two scattering sheets of paper, it was found that quadrupling 
the intensity of the radiation in this manner was entirely 
without influence on the measured ratio of ionizations in the 
two electroscopes. 

But, quite independently of this, fig. 2 illustrates the same 
point, and perhaps much more effectively, for, as indicated, 
corresponding changes in the scattered radiations from paper 
and from paraffin-wax occurred for very different intensities 
of the scattered radiation, the scattered beam from paraffin- 
wax being seven or eight times as intense as that from paper 
when the same degree of modification was observed. The 
degree of modification appeared thus to depend upon a quality 
of radiation distinct from wave-length and intensity as 
usually measured, yet associated with superposition. 


Fig. 2. 



In order to study the effect of isolating the last sheet of a 
bundle of sheets of paper for which the scattered radiation 
was considerably modified, it was first observed that the 
modification in the radiation scattered from thirteen sheets 
of paper was indicated by a value of y of about 6*5 per cent. 
Then twelve of these sheets were moved nearer to the X-ray 
tube in such a position that the secondary ionization chamber 
and the absorbing sheets placed in the scattered beam received 
no radiation from them, but the primary beam still had to 
traverse these before falling on the thirteenth sheet. That 
is, the thirteenth sheet was now exposed to the same primary 
radiation as in the first experiment, but it alone sent 
secondary radiation through the absorbing sheet into the 
measuring electroscope. It was then found that the 
scattered radiation differed only very slightly from the 
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primary, the amount of modification being, as it was in 
previous experiments when the other twelve sheets were 
completely removed. The actual figures were 0*7 and 0*0 
per cent, respectively. Thus the thirteenth sheet when its 
radiation was examined alone emitted a radiation which 
was only very slightly modified ; whereas this radiation, 
along with that from twelve other sheets, gave something 
approaching the full modified radiation *. 

Such results were obtained for a considerable time, and 
were quite easily verified. It was our intention to investi¬ 
gate the secondary radiation further when it was in this 
sensitive state. After the apparatus had been left for a 
period of about ten days in the Easter vacation of 1927, we 
returned to these experiments and found that after a few 
experiments the unmodified radiation from air and from thin 
paper and paraffin-wax had been replaced by the fully 
modified radiation. The radiations from these substances 
(air, paper, and paraffin-wax) were all similar, i . e., were 
equally modified (within the error of experiment). The 
critical state in which the development of the* modified 
scattered radiation from the unmodified scattered radiation 
could be observed had disappeared, and we were compelled, 
for the time to pursue other investigations t. 

If any portion of such results should be regarded with 
greater scepticism than the other as an indication of funda¬ 
mental procosses, it is the modification observed with thicker 
layers of scattering substance, rather than the absence of 
modification from the thinner layer. These results, however, 
are not isolated; they fit consistently into a system of experi¬ 
mental results obtained throughout an enormous range of 
conditions ; one result is as real as the other. Further, this 
degree of modification was later given by the thin sheets and 
even by air itself ; it cannot, therefore, be attributed to 
disturbing effects of absorption or to any generally recognized 
property of radiation. 

A fuller discussion can only profitably be given in a paper 
in which all the experimental results are summarized. This 
will shortly follow. 

* The maximum measure of modification observed. 

T We hope shortly to conduct experiments with apparatus giving a 
constant high tension instead of the intermittent and varying potentials 
applied by an induction coil or by a transformer. In the meantime, 
however, we have found the means for securing this critical state in 
another absorbing substance and haye further confirmed the conclusion 
that the difference between the results with thin and thick radiators 
was not in the transmitted primary radiation, but in the different 
properties of the radiations scattered from these radiators. 
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Summary . 

The results given in this note exhibit the change from 
u unmodified 9> to “ modified ” scattered radiations, not by 
passing through a certain critical average frequency as- 
measured by an average absorption coefficient (illustrated 
previously by many examples of the J-discontinuity)—but 
by a change in the other factor involved. (See earlier 
papers.) In this case it was produced by the superposition 
of radiations of the same frequencies, and in almost exactly 
the same proportions. An unmodified radiation was found 
from air or thin paper, but the degree of modification as- 
measured by absorption methods rapidly developed with 
increasing thickness of the scattering substance, and ap¬ 
proached a limiting value. 

The experiments appear to link up the classical and the 
quantum results, though it may be only by a combination of 
the two in various proportions dependent on the relative dura¬ 
tion of two processes in the time required for an experiment. 

The modification, however, depends on some kind of 
coherence of the whole radiation. What this means funda¬ 
mentally is not yet apparent: it may. as previously suggested, 
depend on a certain degree of continuity or of superposition 
in the whole stream of.rudiation. 


CXXL Cohesion unci Inter molecular Repulsion. JBy It. Ken- 
wouthy Schofield, M.A., PhJLecturer in Physics in 
the University of Durham *. 

I 7JG. 1 represents diagramatically the variation of the 
mutual force with distance for the rigid-sphere type of 
molecule postulated by numerous theorists. These molecules 
are regarded as spherical, and the force is an attractive 
one which increases steadily as their centres approach one 
another. The curve ends abruptly at a distance equal to 
twice the molecular radius, since the molecules, being 
supposed absolutely rigid, cannot be closer than this. 

Fig. 2 similarly represents the force between two molecules 
whose fields ore of the complex type postulated many years 
ago by Young and Bayleigh, and recently subjected to mathe¬ 
matical treatment by Lennard-Jones (1) * Here also, for the 
sake of simplicity, the field is regarded as having spherical 
symmetry with respect to a centre. In this case, as the 

* Communicated by Prof. J. E. P. WagstaflJ D.Sc. 
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centres approach one another, the mutual attraction increases 
to a maximum, falls to zero, and then changes to a repulsion 
which increases very rapidly* 

In a liquid or compressed gas, consisting of molecules of 
the rigid-sphere type, the cohesion would increase contin¬ 
uously with reduction in volume. With molecules of the 
complex-field type, however, the cohesion might be expected 
to rise to a maximum, and then become less with further 
reduction in volume. With this idea in mind, the author 
calculated the cohesion in a number of gases and liquids at a 
series of volumes from the data of Amagat (3) . The interest 

Fig. 1. Fig. 2. 




of the results obtained seems sufficient to warrant their 
publication. 

Determination of Cohesion . 

As there is no universally accepted method for evaluating 
cohesion, it is necessary to explain and, it is hoped, justify 
the one used. 

The heat c2Q, taken up by a fluid during a reversible 
expansion dv y goes partly to the performance of external 
work pdv , against the external pressure p , and partly to 
increasing the internal energy tJ. Thus 

= (i%\ dv+ p di, ‘ 





Cohesion and Inter molecular Repulsion. 
But, by the Clapayron-Claussius relation, 

Hence A2U\ m(dp\ 

\ dv ) T ~ Hrfly. ~ p ' 

a well-known thermodynamic relation. 


117$ 


Fiy;. 3. 



( dTJ/dv)i has the dimensions o£ a pressure. In forming 
an idea of its significance, it is necessary to distinguish- 
between the case where mblecular encounters sometimes 
lead .o temporary chemical union, and the case where this 
does not occur. The possibility of chemical union is not 
taken account of in either of the molecular theories under 
consideration. Hence discussion of the case where chemical. 
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unions occur is not germane to the present inquiry. Where 
no chemical unions occur, the number of molecules (i. e. the 
number oE entities taking part in thermal agitation) will 
not be affected by a change in volume. Hence an iso¬ 
thermal expansion dv will not affect the total translational 
kinetic energy (the K. E. associated with the movements of 
the centres of mass of the molecules), and so the increase 
in internal energy (dU/dv)Tdv is the direct outcome of 
the mutual separation of the molecules consequent upon the 
expansion. Thus ( dXJJdv) T dv is the energy that must be 


Fig. 4. 



supplied in order to effect the necessary separation o£ the 
molecules, and Iherefore it seems reasonable to give the 
name cohesion to (rfU/rfr) t* In using this word, no restric¬ 
tion upon the form taken by the ingoing energy is implied, 
except that it is not chemical and not translational kinetic. 

Discussion of the Curves . 

Curves showing the variation of cohesion with volume are 
given in figs. 3, 4, and 5; These cover all the substances 
investigated by Ainagat, with the exception of water and 
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four alcohols which have been excluded because molecules 
of these substances are believed to associate chemically. 
The most striking feature of the curves for the remaining 
substances is the final decrease in cohesion with decrease in 
volume which occurs in every case—this gives emphatic 
support to the complex-field, as opposed to the rigid-sphere 
theory. 

The curves * for ether form a link between the oxygen 
curve and those for the liquids. They are also important in 
showing that, for this substance, the cohesion at a given 


Fig. 5. 



* It was found best to obtain (dpfdT)v as the product of (dv/<rT) p and 
~-(dpldv)T calculated from Amagat’s figures for the volumes at two 
neighbouring temperatures and at a series of pressures. These two 
temperatures are stated for each curve; the cohesion will presumably 
be that for the mean temperature. A certain amount of straying of the 
points from the smooth curve is to be expected, especially when the two 

temperatures are not very different 

t There is evidence from the data of Young< 8 > that, at rather larger 
volumes (». e. just less than the critical volume) and at higher tempe¬ 
ratures, the cohesion increases with temperature. 
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for the three gases only permit of determination of the sign 
of the temperature variation of the cohesion as far as 
p as 1000 atmospheres (v = about 18), but thus far it is the 
same in all three cases as for ether. It is possible, there¬ 
fore, that the curves for oxygen, nitrogen, and hydrogen are 
typical of the stages through which the curves for thi other 
substances would pass at sufficiently high temperatures. 

The quantitative interpretation of the cohesion in terms 
of the forces between individual molecules is obviously an 
exceedingly complex problem in statistical mechanics, seeing 
that the relative position of the molecules is constantly 
changing on account of their thermal movements. Yet it 
will be seen in a general way that the more violent the 
thermal agitation, the more deeply will the molecules 
(considered to be of the complex field type) penetrate into 
the inner (repulsive) parts of each other's fields. Thus the 
ratio of the time that molecules repel each other to the time 
that they attract each other increases with the temperature. 
This may account for the temperature variation of the 
cohesion, and its negative value in hydrogen at 24® 0. 

In conclusion, I gladly take this opportunity of expressing 
my gratitude to Professor Masson for the interest he has 
taken in this work and for several very helpful suggestions. 


Summary . 

The cohesion in a number of highly compressed liquids 
and gases has been calculated over a wide pressure range. 
As the volume is reduced the cohesion first increases to 
a maximum and then decreases. 

The results cannot be reconciled with the view that mole¬ 
cules resemble rigid spheres, but are readily accounted for 
on the view that the force between two molecules is repul¬ 
sive when they are very near together, and attractive when 
they are further apart. 
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OXXIL The Velocity of Sound in Liquids at High Frequencies 
by the Sonic Interferometer . By Prof >J. <J. Hubbard 
(Johns Hopkins Un.) and A. L. Loomiu* (Communication 
No. 3 from the Loomis Laboratory, Tuxedo Park, N.Y.) *. 

Introduction . 

TTlflE method of measuring the velocity of sound } f 

JL liquids herein described, has been developed for j s 
purpose of securing results of high precision with 
employment of relatively minute quantities of liquid. Frc 
the results it is possible to deduce the adiabatic compressi 
bility, and when the specific heat at constant pressure is 
known, the isothermal compressibility, difference of specific 
heats, increase of internal energy with volume at constant 
temperature, and so forth. The method is, therefore, 
capable of furnishing information of thermodynamic 
importance. The precision attainable is such that the 
instrument promises, like the refractometer or pycnometer, to 
be of use to physicists and chemists for empirical analysis. 

The measurement of the velocity of sound in liquids by 
methods hitherto used is beset with peculiar difficulties, 
either of experiment or of interpretation. The velocity is 
of such magnitude that the direct method necessarily has 
been restricted in application to large bodies of water.. 
Most painstaking effort has been expended in securing data 
on salinity and temperature with the object of specifying 
these quantities for the velocity found. Resonance methods 
at audible frequencies have been tried by a number of 
observers. Such methods call for large-size apparatus and 
a large quantity of liquid, restricting measurements to 
commoner and more easily purified substances. These 
methods, moreover, involve a serious correction factor owing 
to the influence of the materials and dimensions of the 
apparatus upon the wave-length. The interesting experi¬ 
ments of Dorsing t and others, using resonance methods,, 
have yielded a large number of values of the velocity of 
sound in different liquids, in most cases for temperatures 
between 15° and 20° C. Owing to the different correction 
formulae used and to different means of approximation 

* Communicated by Prof. R. W. Wood. 

T K. Dorsing, Ann . d. Phmxxv. pp. 227-251 (1908). See also 
Handbuck der Physik, viii. Akustik, p. 041 j W. Busse, Ann • d. Phys ► 
lxxv. pp. 657-664 (1924). 

Phil. Mag. S. 7. Yol. 5. No. 33. June 1928. 4 G 
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employed by various observers, the results, where com¬ 
parable, are in serious disagreement. The latest and 
probably the best of the experiments by the resonance 
method at audiftl* * * § frequencies are those by Pooler *, who 
has measured the Velocity of sound in distilled water as a 
‘‘unction of the temperature. He has made use of a 
>rrection formula developed for special application to his 
periments by Gronwall +• 

r jangevin made use of the piezoelectric property of quartz 
the purpose of generating a beam of high-frequency 
ud-waves for the detection of submarines. Wood and 
,omis f have made an extensive study of the effects of such 
,aves and have described a number of phenomena depending 
upon standing wave systems produced in a vessel of oil 
•containing a quartz plate driven at high frequencies. They 
were able to estimate the half wave-length in oil by the ob¬ 
servation of a number of effects, and the work of the present 
paper makes use of these experiments as the starting point. 

Boyle § has published a series of studies of beams # of 
sound-waves produced by a piezoelectric plate in a large 
tank. He has produced standing wave systems in water 
and in castor oil, and give3 the velocity of sound in these 
liquids at a number of frequencies. These values are sig¬ 
nificant within one per cent, but are restricted to the 
neighbourhood of a single temperature. Boyle does not 
find any sensible dependence of velocity upon frequency 
within the range of his experiments. 

Preliminary results by the method described in the 
present paper have been published by tlie authors ||. The 
present paper summarizes all the results of value obtained 
at the Loomis Laboratory, Tuxedo Park, during the summer 
of 1927. 


Apparatus and Method . 

The sonic interferometer for liquids consists of a cylin¬ 
drical chamber containing the liquid to be studied, in which 
plane compressional waves are produced by a piezoelectric 

* L. Ct. Pooler, Phys. Rev. xxxi. pp. 157-168 (1928) (Abstract). 

+ T. H. Gronwall, Phys. Rev. xxx. pp. 71-83 (1927). 

i R. W. Wood and Alfred L. Loomis, Phil. Mag. iv. pp. 417-436 
(1927). See also W. T. Richards and A. L. Loomis, Journ. Am. Chern. 
Soc. xlix. pp. 3088-3099 (1927). 

§ R. W. Boyle, Trans. Roy. Soc. Can. iii. p. 141 (1923); pp. 159, 
191, 197 (1926) ; p. 79 (1927). See also ‘ Nature,’ cxx. p. 476, Oct. 1 
(1927). 

Il/JT. C/Hubbard and A. L. Loomis, 4 Nature,’ cxx. p. 189. Aua. 6 
{19Sf7); Fhys. Rev. xxxi. p. 168 (1928) (Abstract). 
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plate maintained in forced vibration by connexion of one of 
its electrodes with a point on the coil of a high-frequency 
oscillating electrical circuit, the other electrode of the plate 
being in contact with the liquid and grounded. The waves 
are reflected by a movable piston, which may be displaced by 
a micrometer screw so as to be set at successive positions 
for the production of standing waves. The frequency of 
oscillation is so high that the wave-length in the liquid is 


Fig. 1. 



short in comparison with the diameter of the plate. (We 
have used quartz plates of 50 mm. diameter, the wave-length 
in the liquid being in the neighbourhood of 3 mm.) Under 
these conditions our experiments have shown that the effect 
of the walls of the vessel may be entirely neglected when 
the piston is within a few cm. of the plate. 

In fig. 1, let Q be the quartz plate, A and B the electrodes, 
the latter connected to the coil of the oscillating electrical 
system and the former closing the end of the cylinder and 

4 G 2 
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serving as a diaphragm for the transmission of the vibrations 
of the quartz plate to the liquid. The diaphragm A as well 
as the cell C and the piston P are all grounded. In the 
experiments about to be recorded, the results for water and 
for salt solutions were obtained with instruments exactly as 
here described, except that an outer chamber filled with oil 
was provided to serve as a temperature bath. All parts 
exposed to the liquid being studied were old-plated. In 
the experiments with mercury the cell C consisted of a small 
pyrex beaker, the bottom of which was ground plane inside 
and out. The beaker rested upon a thin foil serving as the 
grounded electrode on the upper side of the quartz. The 
piston in this case was cut from the bottom of a pyrex 
beaker and fused to a pyrex rod, the piston afterwards being 
ground plane. Owing to the fact that part of the piston 
rod is in an unhomogeneous temperature field when working 
with temperatures in the liquid chamber far from that of the 
room, the rod should have a small coefficient of expansion. 
The rods used with all substances except mercery were of 
quartz or of invar. The piston is displaced vertically by a 
Brown and Sharp micrometer screw, the head of which is 
divided into hundredths of a millimetre. Since the results 
reported in this paper were obtained, great improvements 
have been made in the design of the interferometer, so as to 
prevent loss of vapour of the liquid and to render the instru¬ 
ment suitable for deep immersion in a thermostat or in a 
Dewar flask. The various forms of instruments which we 
have devised will be the subject of a paper which will appear 
in another place. It remains to be said that the one require¬ 
ment for successful operation is that there be no air or gas 
bubbles between the quartz plate and the liquid in which it 
is desired to produce waves. Mechanical coupling between 
the quartz and the liquid is secured by the use of a transformer 
oil, a few drops being placed upon the quariz plate before it 
is put in contact with the diaphragm. Similarly in case 
a glass vessel is to replace the cell C, there must be an 
oil film between the plane bottom of the vessel and the 
electrode. V 

The electrical circuit which is used to drive the quartz 
plate is of the usual type of oscillator; it is provided with 
a variable condenser, and the frequency is adjusted so as 
to be somewhat removed from the natural frequency of the 

? uartz plate in order to avoid distortion of wave-form* 
n nearly all the experiments recorded here a vernier 
condenser was also provided for a purpose that will appear 
below. 
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As the piston is displaced through the liquid, the tuniug 
o£ the liquid column varies, passing through successive 
resonance points. The impedance of the liquid varies 
through a cycle, causing a corresponding variation in the 
reaction o£ the liquid on the quartz plate, and through the 
inverse piezoelectric effect a corresponding reaction is pro¬ 
duced in the electrical circuit. This variation produces a 
number of effects, any one of which may be used as a basis 
of measurement of the half wave-length of the congressional 
wave in the liquid. Among these cyclic variations are : plate 
current of oscillator observed by means of a milliammeter; 
voltage variation in the coil, measured by voltage amplifier 
(designed for us by Dr. A. W. Hull) ; voltage variation in 
the coil indicated by a neon lamp, so placed as to be extin¬ 
guished at the instant of passage through resonance ; 
variation in frequency of oscillation which may be detected 
by the cyclic changes of reading of the milliammeter of a 
wave-meter which is loosely coupled to the oscillator; 
variation of heterodyne beat with a second oscillator of 
constant frequency ; variation in current in high-tension 
lead to the quartz plate indicated by vacuum thermocouple 
and galvanometer. For the purpose of most precise 
measurement and by means of which all the results here 
reported were measured, we have used a double heterodyne 
method, similar in principle to that used by Whiddington in 
his u ultra-micrometer.” By this method the frequency is 
automatically held constant and the half wave-length to be 
determined is thus invariable. 

The main oscillator (fig. 2) is loosely coupled to a crystal- 
controlled oscillator of known frequency. The heterodyne 
beat note thus produced is then tuned by means of a vernier 
condenser to unison with a tuning fork, the frequency of 
which is 1000 cycles per second. The frequency of oscil¬ 
lation of the main oscillator and thus of the interferometer 
plate i3 accordingly that of the piezoelectric oscillator, plus 
or minus 1000 cycles per second. 

In some of the experiments we have used, in the crystal- 
controlled oscillator, a crystal ground to 501,000 cycles ± 
0*01 per cent., so that with a beat note of 1000 cycles the 
main oscillator is kept at exactly 500,000 cycles. As a 
result, the velocity of sound in metres per second has the 
same numerical value as the half wave-length in the liquid 
in thousands of a millimetre, and accordingly may be read 
directly from the screw. 

As the piston is advanced through the liquid column, the 
reaction on the main oscillator is such as to require a cyclic 
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variation of the vernier condenser in order to maintain 
unison of the heterodyne note with the fork. If wo plot 
vernier condenser readings as ordinates and screw readings 
as abscissae we may take as the half wave-length in the 
liquid the difference in screw readings corresponding to two 
adjacent similar mean points on the curve. In practice, 
the reaction is so sharp at the node that settings may be 
made by ear within a few thousandths of a millimetre. 
Usually we have determined the position of three successive 
settings nearest the diaphragm, then of three successive 
positions about 2 cm. beyond. Under usual conditions the 
precision obtainable in the value of the half wave-length 


Pig. 2. 



from such readings is about one part in five thousand. The 
following illustrate the magnitudes of quantities involved 
and the variations in their measurement. 

Mercury. /=20°*0 C. 


Setting. 

Screw, cm. 

Difference. 

Setting. 

Screw, cm. 

Difference. 

1 . 

•4445 


12 . 

, 22695 


2 . 

•6105 

•1660 j 

13 . 

2-4368 

•1673 

3 . 

•7772 

1667 

14 . 

. 2-6034 

•1666 

Mean ... 

•6107 


Mean ... 

2-4866 



Displacement for 11 halfwave-lengths, 1*8259 cm. 
X/2=-16582 cm. /=437,600 cyoies/sec. 

«=I451*3 metres/sec. 
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The following results, from similar measurements, include 
all those found for mercury at 20’0° C.:— 


X/2, cm. 

u, m./sec. 

*16570 

1451*0 

•16576 

1450*7 

•16570 

1450*2 

*16580 

14511 

16583 

1451*4 

16580 

1451*1 

•16582 

1451-3 

Mean u = 1451*0 m./soc. 

Average deviation. 


Thermodynamic Relationships . 
The velocity of sound in a liquid is given by 

«=(1//V)*=(*//3tP)*, • 


• ( 1 ) 


where /3q and /3 T are respectively the adiabatic and iso¬ 
thermal compressibilities of the liquid, p is the density, and 
/* the ratio of specific heats, c p jc v . Using the relations 


and 



( 2 ) 


we have 





(3 & 4) 


c,-e v =Ta'/fop**Tm'u*/k .... (5) 

and 

k=l + Ta i u a /c p .(6) 


For purposes of calculation it is more convenient to use, 
in place of <*, the quantity a 0 ss(^vfdT) p /v e , which maybe 
found for a number of substances from data in standard 
tables. Equations (5) and (fi) then take the form 


and 


TV" 3 P 2 

' k V 


k=l + 


TWa 3 

Cp 



• • ( 5 ') 
. . ( 6 ') 


From (6') it is thus possible to calculate the ratio of specific 
heats of a liquid for which the specific heat at constant 
pressure is known. Since in most cases p, and p 0 , and, 
as it is hoped the present paper will show, u, may be deter- 
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mined to a high order of accuracy, the computed value of k 
is limited in precision at present only by the limitations of 
existing data on c p . 

Having determined k , c p — c v may be found from (5'). 
Other coefficients of especial interest are: 



0 t° C 10 20 30 40-: 


Results . 

The velocity of sound has been measured in the manner 
described for water from zero to 40° C. ; for mercury from 
zero to 70° C. ; for five solutions of NaCl; two of Nal ; 
and one of KOI. Data were obtained for CS s , chloroform, 
toluene, and acetone, which were of use in suggesting 
improvements in the design of the instrument, especially in 
respect of insuring against liability to absorption of water- 
vapour from the atmosphere ; but these data are not included 
here, as contamination was quite possible with the instrument 
as used. 

Fig. 3 represents in graphic form the results for water 
littd for mercury. The point* on the water-curve were 
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obtained with three different instruments, using a four-fold 
variation in wall-thickness of measuring vessel, a number of 
different modes of attachment of diaphragm, and both with 
and without a surrounding oil-bath for temperature control. 
The oil-bath, when used, was immersed in a larger water 
thermostat. The intensity of the electrical vibration was 
varied from that which produced a barely perceptible heating 
effect to a value so small that it was just possible to detect nodes. 
It was found that a most gratifyingly large margin for use 
in measurements exists in the power which may be employed 
between the value which will produce sensible error due to 
heating and the smallest value that will permit a precise 
definition of nodes. The procedure has been to draw a 
smooth curve through the points, and from the smooth curve 
to read off values at intervals of 5° for computation of 
thermodynamic quantities. Table I. presents these quantities 
for water. 


Table I.—Water. 


/° c. 

«, ni./sec. 

X*. 

cal. / 

c P~ c *gr.deg. \ 


(fcV- 

0 .. 

14070 

1*0005847 

*0005872 

•5056 

— 36*53 

5 .. 

14277 

1*00003438 

*00003448 

•4906 

-f 8*943 

10 .. 

1448-8 

1*001086 

•001086 

•4772 

51-82 

15 .. 

1467-5 

1*003357 

003345 

•4667 

92*86 

20 .. 

1484-2 

1006556 

•006506 

•4586 

131*82 

25 .. 

1498-1 

1*010583 

010454 

•4529 

169*6 

30 .. 

1509-9 

1*01525 

01499 

'4492 

205*0 

35 .. 

1520-6 

102037 

01992 

*4466 

239*7 

40 .. 

1530-3 

1*02575 

02505 

*4449 

271*5 


The coefficients of expansion of water are calculated from 
the formula of Chappuis. The values of c arc taken from 
4 Haudbuch der Phyeik/ x. p. 323. p 


It is interesting to compare the value for c p — c vt *0079 at 
22 and zero pressure obtained by Bridgman * for u ater, 
with the value *008004, calculated from the velocity of 
sound, u=1490*2 m./sec. at 22°. F. A. Schulze f gives for 
the values *0005 and *006 respectively at 0° and 20° C. 
The other quantities are in similar agreement with published 
data. It will be observed, however, that the values recorde * 

f 19121 ^ Bridgman, Proc. Am. Acad, of Arts & Sciences " 1792.9 
t F. A, Schulze, Phys, Zs. xxvi. p. 155 (1925). 
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in the present paper may be regarded, in the case of 
quantities proportional to c p —c v> as having four significant 
figures, and that the decimal part of k also has four significant 
figures. 

Corresponding data for mercury are given in Table II. 


Table II.—Mercury. 


tt°C. 

u, m./sec. 

k. 

cal. 

©T* 10 "' 


C P~~° V gr. deg. 

0 ... 

1460*2 

1*1371 

*004034 

•2885 

1264 

10 ... 

1455*6 

1*1415 

*004132 

*2925 

1294 

20 ... 

1451*0 

1*1457 

*004228 

*2965 

1322 

30 ... 

1446*4 

1*1499 

*004322 

*3006 

1350 

40 ... 

1441*7 

1*1539 

*004412 

*3047 

1377 

50 ... 

1437*1 

1*1579 

*004501 

•3089 

1404 

60 ... 

1432*4 

1*1618 

*004587 

*3131 

1429 

70 ... 

1427*7 

1*1655 

*004670 

•3173 * 

1454 


Bridgman* gives *0544 gram calories for the difference 
c v —c v for 13*596 grams of mercury at 0° C. From the 
above table we obtain, for comparison, *004034x13*596 = 

, which in c.g.s. 


\bph 


•05484. Bridgman gives values of 

units reduce to *286 x 10~ 12 and *297 x 10“ 12 for 0° and 22° 
•respectively, as compared with *2885 x 10~ 12 and *2973 x 10”" 12 
obtained from the above results for the same respective 
temperatures. The value of k for mercury at 0° 0. is 
frequently taken to be 1*14 (see, for example, Planck, 
4 Thermodynamik ’). So far as we can find, there is no 
previous record of any measurements of the velocity of 
sound in mercury. 

One phenomenon of marked interest was observed in the 
measurements with mercury. If the power supplied by the 
oscillating circuit is not reduced greatly below any value at 
which heating of the mercury can be observed, the indication 
of resonance is at once destroyed. That is, as the piston 
advances through the mercury, a resonance-point is reached,, 
only to disappear immediately, no further movement of the 
piston indicating a resonance-point for some seconds. It 
yearns probable that, in view of the very high absorption 

" r .Bridgman, Proc. Am. Acad. Arts & Sciences, xlvii. p. 383 
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observed by Wood and Loomis ( loc . cit.) for high-frequency- 
waves in mercury, we may expect a heating at nodes causing 
a heterogeneity of the medium and destroying the plane- 
wave system. To guard against this phenomenon, the 
amplitude of oscillation was reduced until the heterodyne 
beat note, the vernier condenser being unchanged, varied by 
not more than ten or twelve vibrations per second from the 
pitch of the fork as the piston was advanced from node to 
node. A second difficulty in these measurements with 
mercury arose from the fact that, owing to the improvised 
nature of the glass cell in which the measurements were 
made, the vibrating quartz plate was separated from the 
mercury by a glass wall which was not accurately plane- 
parallel, and which had several visible flaws in it. Probably, 
owing to this cause, some of the measurements deviate more 
widely than is the case with any other substance which we 
have tried. All the points obtained are shown in fig. 3. 

Five solutions of sodium chloride were studied. Table III. 
presents the values of the velocity of sound obtained. The 
concentration is expressed in weight per cent. NaCl. The 
values given for the three solutions of lower concentration 
are reduced from the values reported by the authors in 
4 Nature/ it being found that, owing to a curvature of the 
carriage-guides carrying the piston-support used in those 
measurements, the results were all too high by approximately 
0*6 per cent. 



Table III.— NaCl Solutions. 



‘99 per cent. 

NaCl. 

2*49 per cent. 

NaCl. 

4*81 per cen 
NaCl. 

t° 0. 

u, m./sec. 

u, m./sec*. 

», in./eec. 

10 . 

. 1400 

1483 


20 . 

. 1492 

1515 

1542 

30 . 


1538 

1565 

40 . 

. 1538 

1556 

1583 

14*52 per cent. NaCl. 1 

25*35 per cent. NaCl. 

°0. 

u, m./sec. 

t° C. 

«, m./sec. 

13-8 ... 


8*25 . 

1780*2 

17 6 ... 

1650*9 

15*8 . 

1786*0 

22 0 ... 

1658*5 

22*05 . 

1789*3 

26*7 ... 

1665-6 

31*8 . 

1792-9 

29-2 ... 

1669*4 

31*95 . 

1792*9 
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Smooth curves have bean drawn through the points plotted, 
u. being ordinates and t abscissae. These are indicated in 
fig. 4, curves 2, 3, 4, 5, and 6. To show the effect of con¬ 
centration of the salt upon the velocity of sound, the values 
of u have been taken from large-scale plots at the respective 
temperatures of 16° and 30° C. Fig. 5 shows u as a 
function of the weight per cent, of Nad. It is interesting 
to note that the values of the velocity of sound in NuCl 
solutions at a given temperature are almost exactly linear 



with the percentage of salt. We have chosen the value of 
$ = 16° C. for comparison with the data summarized in the 
4 Handbuch der Physik/ vol. viii. p. 642. The curves there 
shown are reproduced as curves B, D, and V in fig. 5. 
Curve B is computed from measurements of 0. Tait (1889) 
on the compressibility of salt solutions. Carve D shows 
three points obtained for the velocity of sound in salt 
solutions at 16° C. by Dbrsing (1907). Curve V shows 
values of u obtained at the same temperature by .Veenekamp 
(1922). The Handbuch should be consulted for additional 
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discussion of these values. Our measurements indicate a 
slight departure from linearity with concentration, but do 
not indicate any obvious effect of dissociation. 

Table IV. gives the results for the one solution of KC1 
which was studied. This case shows a marked similarity to 
that of Nad in the same region of velocities (fig. 4, curve 7). 


Fig. 5. 



Table IV. 

KC1, 2(M)0 per cent.: Water, 80*00 per cent. 


U u, m./sec. 

19*8. 1632*5 

26*0. 1643*4 

26*7. 1643*7 


Table V. shows the Tallies of u which have been found for- 
two solutions of Nal in water. 
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Table V. 


30*55 per cent. Nal. j 

i 46*81 per cent. Nftl. 

t. 

w, m./sec. 

t. 

u, m./sec. 

31-6 . 

1484-3 

7*0 . 

1536*3 

12-2 . 

1484*5 

16*0 . 

1534*5* 

21-5 . 

1497*0 

23-4 . 

1531*9 

29-9 . 

1503*8 

30*4 . 

15308 

35*5 . 

15089 




These values are shown in fig. 4, curves 8 and 9. These 
solutions are o£ especial interest, showing above 25° C. an 
actual decrease in the velocity of sound as compared with 
pure water for moderate concentrations, and an increase to 
values greater than for pure water at higher concentrations. 
Mr. B. B. Freyer, working at Johns Hopkins University 
with one of the authors, has confirmed these results, and has 
observed a similar behaviour for solutions of potassium 
iodide. 


Summary • 

In the foregoing paper is described a new method of 
measuring the velocity of sound in liquids at high frequencies. 
A circular plate of quartz two inches in diameter, with 
plane-parallel faces, is caused to vibrate piezoelectrieally at 
.such frequencies that the compressional waves produced by 
it in a column of liquid are of short length as compared with 
the diameter of the plate and of the liquid column. Under 
these conditions it is found that the velocity of sound, 
measured by resonance, is independent of the materials or 
dimensions of the vessel containing the liquid ; the method 
is thus free from the troublesome corrections that have 
hitherto been necessary when measuring the velocity of 
sound in tubes by resonance. Sound-velocities are reported 
for a number of temperatures for water and for mercury, 
and for a number of concentrations, each at several tem¬ 
peratures, of solutions of sodium chloride. One concentration 
of potassium chloride and two of sodium iodide at several 
temperatures are reported. Several thermodynamic co¬ 
efficients for water and for mercury have been computed 
from the results, and good agreement has been found with 
the work of Bridgman. 

A more detailed description of the instrument and its 
theory will be published in another place. 
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OXXIII. On Changes that may take place in the Inter-atomic 
Internal Energy according to Thermodynamics , and Cata¬ 
lytic Action . By K. D. Klbeman, B.A., I).Sc.* 

§ 1. The Form of the Equation of State of a Perfect Gas 
according to Thermodynamics . 

O N allowing a liquid to evaporate the external work w 
clone is given by 

. . . . ( 1 ) 

J 

where p denotes the pressure and and v 2 the volumes of 
the liquid and vapour respectively. The internal heat 
of evaporation L at the absolute temperature T is obtained 
by multiplying the well-known thermodynamical equation 



by ~dv and integrating it between the limits v v and 
giving 

Uj--Ui-f|>(r # —f?|)=ssL + iD==Tj • (3) 

where U 2 and IT! denote the internal energies in the 
vaporous and liquid states respectively. On differentiating 
equation (1) with respect to T at constant volume, it may be 
written 



by means of the foregoing equation. Now the writer has 
shown t that the adiabatic of zero entropy corresponds to 
T=0. Therefore, when T=0, we have 


L-f w 


- 0 , 


( 5 ) 


* Communicated by the Author, 
t Phil. Mag. iv. p. 261 (1927). 
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and equation (4) under these conditions may be written 

S). = 8i«--'-)i=[aH. =0 ' • (6> 

since r 2 is infinitely large in comparison with tq *. 

A substance by definition is in the state of a perfect gas 
when its volume is infinitely large. In certain cases, how¬ 
ever, a gas may behave as a perfect gas over a region of 
finite volumes. Let us write the equation of a perfect gas 
in the form 

pv= M£RT,.(7) 

where M denotes the mass of the gas in mols, and £ a 
quantity whose nature remains to be determined. On sub¬ 
stituting for pv 2 from this equation in the preceding equation, 
it becomes 

(H).”Mf R+MRT (lT ),= 0 • ' < 8 > 

It follows from this equation that £ is a function of T which 
becomes zero when T = 0. We will show presently that it is 
also a function of the volume v, and that its functional form 
depends on the nature of the substance. 


§ 2. The Gas Scale and Thermodynamical Scale of 
Temperature . 


The temperature T in equation (2) refers to the absolute 
thermodynamical scale of temperature, which is funda¬ 
mentally defined by the equation 


Qi_Q* 
t t ~ T, ’ 


( 9 ) 


which refers to a reversible cycle in which Qi denotes the 
heat energy token in at the temperature T lt and Q s the heat 
energy given out .at the temperature T s . Hence T in 
equation (7) also refers to that scale. The scale based on 
the perfect gas thermometer for which it has been assumed 


* Since the result expressed by equation (6) is very important, sub* 
si diary evidence of the truth of equation (5) would be welcome. In a 
paperthat will appear in the May number of the ‘Journal of the Franklin 
Institute,’ it is shown that since T=tO in equation (5) it follows from the 
calculus that L=0. This result, it is then shown, can. also be deduced 
from Clapeyron’s well-known equation referring to the evaporation of a 
liquid. 
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that jorsMRT holds exactly, and the foregoing thermo* 
dynamical scale will therefore not coincide exactly according 
to equation (7), but the difference will evidently be negligible 
except close to the absolute zero. 


§ 3. The Change in Inter-atomic Internal Energy on Change 
of Volume of a Chemically Non-Interacting Gas. 

On substituting for p in equation (2) from equation (7), 
it becomes 


Thus 



/dU\ _ MRT/3 |v 

V^r/T v \9T 


( 10 ) 


the change in internal energy per unit change 


in volume of a perfect gas, is not zero as is usually supposed. 

On multiplying the equation by and integrating it 
between the limits oo and r, supposing that the gas law is 
obeyed between these limits and that f is independent of i\ 
we obtain 


U^ —U„=sMRT 



log v } % . 


( 11 ) 


where and U„ denote the internal energies at the volumes 
go and v respectively. The right-hand side of the equation 
is infinite, and hence the gas would undergo, if the suppo¬ 
sition made is true that f is independent of v , an infinitely 
large change in internal energy on increasing its volume till 
it is infinitely large. But this is manifestly absurd, and 
hence f must be a function of v besides of T, and of a form 
which would make the right-hand side of the equation finite. 
Its value when v has not very large values will evidently 
not differ appreciably from unity. But for very large values 
of v it must differ considerably from unity, otherwise the 
value of would not be rendered finite. 

This result has an. important and interesting bearing on 
the kinetic theory of gases. f lhe pressure according to 
kinetic theor}* is given by 


, 1 ^1 y 2 
3 v ’ 


• . ( 12 ) 


where V denotes the average velocity of translation of a 
molecule. From this equation and equation (7) we have 

fRT=iV*,. ( 13) 

from which it follows that the kinetic energy of a molecule is 
not exactly proportional to T, and that it a/so depends on the 
Phil . Mag. S. 7. Yol. 5. No. 33. June 1928. 4 H 
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volume of the gas y especially when it is large . The physical 
significance of this will be discussed in a subsequent paper. 

Let us next determine how this change in internal energy 
on change of volume is produced. Equation (10) may be 
written 



. . (14) 


where C denotes the concentration in mols. Thus the change 
in internal energy $U depends on the molecular concentra¬ 
tion 0, or on the average distance of separation of the 
molecules, and hence it depends on molecular interaction. 
We may, therefore, also write the equation 



. . . (15) 


where n denotes the number of times per second each of 
the molecules in unit volume gets within a distance r 
of another molecule, and A: is a constant. Such an event 
will be called a chemical collision. Now it will Jbe evident 
on reflexion that BU could only depend on n if a molecule 
during a chemical collision undergoes a change in internal 
energy which is not permanent but changes with time. Its 
average internal energy will then depend on the interval 
between two collisions, or on ?i. The distance r y it now 
appears, is the largest distance two molecules may be 
separated from each other and still affect each other’s 
internal energy. 

The average change in internal energy of a molecule 
during a collision will evidently depend on its nature, and 
hence the functional form of f of a gas, or the constants it 
contains, depends on the nature of the molecules. It is, 
therefore, convenient to write equation (15) 

• • • • ( 16 ) 

where A is a quantity depending on the nature of a chemical 
collision, and \fr a function of n 9 T, and A. 


§ 4. The Change in Internal Energy on Change of Volume 
of a Chemically Non-Interacting Gaseous Mixture* 

If we consider two isolated non-interacting gases a and *, 
whose volumes are equal, we have 




^ (^w T, A a ), * . 
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** U * * ^ • * * 0 -®) 

from equation (16), where the suffixes a and e refer to the 
substances a and e respectively* If the gases are mixed and 
the volume of the mixture is equal to that of either of the 
constituents before mixing, it follows from equation (16) that 

(— n a • y l r (n a , T, A„') +n' t .\}r (n* T, A/) 

*4" n a0 • T, A ae ), • (19) 

where n ae denotes the number of chemical encounters of the 
molecules a with the molecules e in unit volume per second, 
and Aae a quantity depending on the nature of an encounter* 
The quantities AJ and A / in this equation are not the same 
as the quantities A a and A* in equations (17) and (18), since 
what now happens when two molecules a chemically en¬ 
counter each other depends on their previous encounters with 
molecules e, and hence on previous encounters of molecules*? 
with each other, besides on the previous encounters of the 

molecules a with each other. Thus of a gaseous 

mixture is not an additive property of the constituents, in 
other words they affect each other’s internal energy. This 
result, we shall see presently, is very important. 

The equation of state of the mixture of gases is 

pv= (M« + M,)£„RT,.(20) 

where (M a + M«) according to the foregoing result, is not 
equal to the sum of M tt £ a and M* referring to the constit¬ 
uents in the isolated state. It may be mentioned here that 
it will be shown in a separate paper that at the absolute 
zero of temperature, however, 

(M tt + M e )£a*"t M a fa * M, & . . . . (21) 

§ 5. Changes in Internal Energy that Substances undergo on 
being brought into Contact . 

The effect the constituents of a mixture exert on each 
other's internal energy may be further studied by means of the 
apparatus shown diagrammatically in the figure. It consists 
of a chamber separated from the chambers C« and 0* by 
membranes permeable to the substances a and e respectively, 
the volumes of the chambers being varied by means of pistons. 
Suppose that the chamber contains a mixture of non* 
interacting molecules or atoms a and e. The constituents 

4 H 2 
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may be separated from each other by passing them into the 
chambers C a and C ey keeping the pressures in the chambers 
constant during the process. The constituents will not 
undergo a change in internal energy during separation since 
the nature of the mixture in the chamber remains un¬ 
changed. Now suppose that the constituents &re separated 
in this way and the volume in each case then increased by tv 
Next suppose that the foregoing process is varied by first 
increasing the volume of the chamber C a « by t*i, and then 
separating the constituents similarly as before, in which case 
the same final volumes are obtained. Now the change in 
internal energy of the isolated molecules a in the first case 
on changing the volume from v to t’j is not equal to the 
change in internal energy that takes place on changing the 
volume of the mixture, according to the investigation of 
the previous Section, or the substance a in the two final 
states in these processes will not possess the same internal 



• 

i c a 

i_ 

♦ 


'-ae J 

: c e 

• 



energies, and the same holds for the final states of the 
substance e. From this it follows that a substance may 
permanently change the internal energy of another substance 
by contact when both are in the perfectly gaseous state. 
When the substances are not in the perfectly gaseous state 
the effect is likely to be much more pronounced. Since a 
change in the internal energy of an atom must be accom¬ 
panied by a change in its nature, it follows that the nature of 
matter is constantly changing , these changes being, however, 
as far as we know, immeasurably small, at least in most 
cases. An atom would accordingly bear the impression of 
all its previous history. 


§ 6. Contact Catalytic Action . 

If substances undergoing chemical interaction are brought 
into contact with another substance, a change in the inters 
atomic energies of the interacting substances, we have seen, 
takes place. The latter substance for convenience may be 
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in the solid state but exhibiting a large surface, which obtains 
when the substance is in a finely divided state. This change 
in internal energy will have the effect of increasing or 
retarding the rapidity of the interaction, since what happens 
to two atoms or molecules when they come together evidently 
depends on their internal energy. Contact catalytic action f 
the kind that does not involve a chemical change of the catalysing 
agent , is thus shown to he physically possible , and a consequence 
of the Laws of Thermodynamics . This result should give 
confidence in the effectiveness of contact catalysing agents 
and extend their use. 

It may be mentioned in this connexion that in a previous 
paper * the writer has shown that the constant of mass- 
action K of a gaseous reaction is given by 

K=^, 

where k x and k 2 are quantities depending on the chances of 
molecular collision, and k x and k 2 quantities depending on 
the state of the molecules during collision. This state is 
determined by the previous molecular encounters and there¬ 
fore depends on the volume of the gas and the masses of 
the constituents. In the light of the present investigation 
it appears that the interacting substances themselves have a 
catalytic action upon each other , which is expressed by the 
quantities and k 2 . 

In a subsequent paper it will be shown that when the 
catalytic agent undergoes a chemical change itself a special 
kind of catalytic effect exists. 



§ 7. The Use of Equation (7) in Determining the Functional 
Nature of the Constant of Mass Action . 

In a previous paper * the writer showed that the constant 
of mass-action K is in general a function of the volume of 
the interacting gas and the masses of the constituents besides 
of the temperature. In a subsequent paper f the writer gave 
the differential equations by means of which the functional 
nature of the constant of mass-action may be determined. 
Using the orthodox gas equation pr=MRT it was shown 
that in some cases K is a function of the temperature only. 
It appears now that strictly equation (7) should be used. 


♦ Phil Mag* v. p. 263 (1928). 
t Phil. Mag. v. p* 620 (1928). 
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Since f in the equation is a function of v (but whose exact 
form is not yet known), it appears that in the foregoing 
cases K will now be obtained as a function of the volume and 
the masses of the constituents, but appreciable only when 
the volume is very largo. In exceptional cases^ only it 
appears, which may even not exist, may K be strictly a 
function of the temperature only. 


CXXIV. The Crystal Structure of cl- Manganese. By G. D. 

Preston, B.A., The National Physical Laboratory * * * § . 

[Plates XVIII. & XIX.] 

Introduction . 

'T'HE crystal structure of the allotropes of manganese has 
been the subject of three investigations. The a-modifi- 
cation, stable at room temperatures, has been examined by 
the powder method by Bradley + and by Westgren and 
Phragmenf. The latter investigators found that the lines 
of a powder X-ray photograph could be accounted for by 
a cubic structure of side a = 8‘894 + 0'005 A., the unit 
containing 56 atoms giving a density 7'21 g./cm. 3 as 
compared with a figure 7*39 g./cm. 8 given by Kaye and 
Laby. 

In a subsequent paper Bradley and Thewlis § have shown 
that the number of atoms associated with the unit is 58, and, 
using the intensity of the reflexion as observed by Westgren 
and Phragm6n, they have given values for the parameters 
which fix tho positions of the atoms within the unit. 

The present paper contains an account of experiments 
which have been done using single crystals of manganese. 
In a structure of such complexity it appeared very desirable 
to supplement the results of the powder method by the Lane 
and oscillating crystal methods. The results of the experi¬ 
ments to be described are in agreement With the structure 
proposed by Bradley and Thewlis, and are now offered as 
an experimental verification of the deductions from the 
powder method. 

* Communicated by Dr. W. Rosenhain, F.R.S. 

t Bradley, Phil. Mag. vol. 1. p. 1018 (1925). 

t Westgren and Phragm§n, Zett.f. Phys . vol. xxxiii. p. 777 (1925). 

§ Bradley and Thewlis, Proc. Roy. Soc. A, vol. cxv. (1927). 
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Material . 

The material used for the X-ray investigation lias been 
made available by the development of a method of purifying 
manganese by distillation *. The sublimate consists of small 
lumps of manganese f which can be broken up and the 
fragments examined by the Laue method to ascertain if 
they are single crystals. After several trials a suitable 
specimen was obtained. 

j Laue Phot ograpli . 

The Laue photograph obtained from the specimen finally 
selected is shown in fig. 1 (PI. XVIII.). The crystal has been 
oriented so that the incident beam of X-rays is parallel to an 
axis of tetragonal symmetry. Rotation through 90° about 
the proper axis produced a similar photograph, and a photo¬ 
graph showing trigonal symmetry was obtained when the 
crystal was set at the calculated angles. These photographs 
show that the material has cubic symmetry. The photo¬ 
graphs also show that the specimen consists of more than one 
crystal, the reflexions from which interfere with the sym¬ 
metry of the picture to some extent. In spite of this compli¬ 
cation all the photographs obtained from different specimens 
during the search for the one finally selected have shown 
symmetry of the type O*, which places the crystal in one of 
the groups T rf , 0, or O*. 

Oscillating Crystal Method . 

The presence of more than one crystal complicated the 
application of this method. To eliminate the reflexions 
from the crystals not under examination the following scheme 
was used. Eight photographs in all were taken, the axis of 
oscillation being (001). In the first photograph the (100) 
direction oscillated through a range from 0° to 12° from the 
incident beam of X-rays. In the fifth photograph the range 
of oscillation of (100) was 0° to —12° from the X-ray beam. 
Owing to the symmetry of the crystal fche right-hand side of 
the first photograph should be identical with the left-hand 
side of the fifth as far as reflexions from the crystal under 
examination are concerned. The other crystal or crystals 
with a random orientation will give reflexions which, if they 
appear in the left-hand side in the first photograph, will 
not appear on the right-hand side of the fifth. Denoting 
the left hand-side of the first photograph by 1L and the 

• M. L. V. Gayler, Journ. Iron and Steel Inst. vol. cxv. p. 393 (1927). 
t Ibid. p. 408, pi. xxxv. %. 4. 
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right-hand side by 1R, the following scheme shows 
the ranges of oscillation and the correspondence between 
the photographs :— 


Range of Range of 

Oscillation. Photo. Photo. Oscillation., 

0° to 12° . 1L identical with 5R 0° to-12° 

1R „ „ 5L 

10° to 22° . 2 L „ „ 6 R -10° to - 22° 

2 R „ „ 6L 

20° to 32° . 3 L „ „ 7 R -20° to -32° 

3 R it » 7 L 

30° to 42° . 4 L „ „ 8 R -30° to -42° 

4 R „ „ 8 L 


As an example of the sort of photograph obtained Nos. 4 
and 8 are reproduced in fig. 2 (PL XIX.). Assuming that 
the unit cube has a side of 8*89 A., as found by Westgren, 
the planes ( hkl ) which should appear on the different photo¬ 
graphs were determined by the method described by Bernal *. 
No reflexions were observed on the photographs which could 
not be accounted for by a cube of this size. Had a wrong 
choice been made reflexions would have appeared when not 
expected, so that the results confirm the fact that the unit 
has a side approximately 8*89 A. No reflexions were 
observed other than those for which h + k + l is even, indi¬ 
cating that the lattice is body-centred. Westgren and 
Phragmen, in the work already referred to, recorded a weak 
reflexion corresponding to the plane (320), but no trace of 
this could be found on the photographs 1 L, 5 R, 2 L, 6 R, 
3R, or 7 L where it should have appeared. With this 
exception the values of (h 2 -rk 2 4*Z 2 ) recorded by Westgren 
and Phragmen are all even, in agreement with the results 
of the present investigation. 

The results of a careful comparison of the pairs of photo¬ 
graphs are given in Table I., from which, for the sake of 
brevity, values of (hkl) which make h + k + 1 odd have been 
omitted. In the first column are given the values of 
Ji 2 + k 2 -hP, in the second the corresponding values of (hkl). 
In the third the appropriate value of sin#, the angle of re¬ 
flexion, calculated for the K a radiation of iron (\=1*932 A.) 
and a cube of side 8*89 A. The radiation of iron is 
strongly absorbed by manganese,and reflexions arising from it 
are not observed on any of the films. The next eight columns 
of the table correspond with the eight photographs. Each of 
these eight columns is subdivided into three, the first of which 
contains a figure 0,1, 2, 3, or 4, giving the value of the index 

* Bernal, Proc. Roy. Soc. A, vol: cxiii. p. 117 (1926’). 
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I which determines the “ layer 19 line on which the reflected spot 
is calculated to fall. An entry in this column means that a 
reflexion is to be expected on the corresponding photograph. 
The next two columns contain figures which give the in¬ 
tensity of the observed spots on each of a pair of correspond¬ 
ing photographs. A rough estimation of the intensity is all 
that has been attempted. For this purpose a photographic 

E late was exposed under a sheet of lead in which ten small 
oles had been drilled. These holes were covered with 0, 
1, 2 ... 9 sheets of copper 0*05 nnn. thick. The diffraction 
spots on the X-ray photograph were then compared with 
this arbitrary intensity scale, and the figures are those 
entered in the columns under 1 R, 5 L, etc., in Table III. 
The following Table shows approximately the relation be¬ 
tween the intensity and the number given in Table I. 

No . 10 9 8 7 6 5 4 3 2 1 

Intensity. 200 140 100 70 £0 40 30 25 20 15 

|Che means of the observed intensities have been entered in 
pie last column of Table I. In the majority of cases the 
Agreement between different photographs is tolerably good, 
but where doubt arises the larger figures have been chosen, 
because it appeared more probable that a reflexion should 
be too weak than too strong. This arises from two causes:— 
the crystal may come into the reflecting position near the 
end of its nominal range of oscillation and a small error in 
setting might prevent the reflecting position ever being 
attained ; for instance, this has been the cause of the small 
intensity of (332) in photograph 6 L and of the absence of 
(431) in 5 L. The possibility of a plane being absent from 
this cause has been indicated by a question mark after the 
figure giving the value of l in the table. Again, the intensity 
may be weakened by the obstruction to the passage of X-rays 
offered by the small crystals associated with the one under 
examination. 

For the most part, however, there is not much doubt about 
the order of intensity. Of the 53 planes recorded in the 
table doubt exists as to the intensity of four, namely (510), 

(741), (743), and (752). 

Before proceeding to make use of the intensity of 
reflexions to place the atoms within the unit it is necessary 
to fix the number of atoms within the cell. For this purpose 
the density (p )and side (a) of the unit must be determined. 
These quantities are connected by the relation 

nM 
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where M is the weight of the manganese atom in grammes 
and n is the number of atoms associated with the cell. 

Density and Parameter of Unit . 

The density was determined by weighing the powder in a 
specific-gravity bottle, the liquid used being CC1 4 , as the 
powder oxidizes rapidly in contact with water. About 
50 g. of distilled manganese were ground in an agate 
mortar and passed through a sieve of 200 meshes to the inch. 
The determination of density was made in the usual way t 
the weighed powder in the specific-gravity bottle of about 
11 c.c. capacity having been covered with CC1 4 was placed in 
a receiver, which was then exhausted until the liquid boiled. 
The bottle was then filled with the liquid in a thermostat at 
2 5*0° C. As the cap on the bottle did not fit sufficiently 
tightly to prevent evaporation, weighings were taken at 
5 min. intervals and the true weight was determined by 
extrapolation. The loss of weight due to evaporation was 
quite small, amounting to about 0*1 mg. per minurte. Owing 
to the small amount of material available it was not possible 
to make the determination to more than three figures. The 
results of two determinations were 7*445 and 7*437 g./cm. 8 , 
whence it may be inferred that the density is not less than 
7*44 g./cm. 8 since the errors are likely to lead to too small 
a value. 

The parameter of the lattice was determined from an 
X-ray photograph of powdered material. The camera was 
of the Seaman focussing type, and its constants had been 
previously determined by a calibration photograph of 
powdered rock-salt. The mean value of the parameter w*as 

found to be 8*894 rb 0*002 A., as shown in Table II. t in 
agreement with the value given by TVestgren and Phragm^n 
in the paper already referred to. 


Table II. 


log sin 9 . 


X. 

a . 

9657 

72 

« a 

8*892 A. 

9645 

... 


8*896 

9521 

68 


8*696 

9456 

66 


8*896 

9330 

62 

®2 

8*896 

9321 

... 


8*894 

9177 

58 

«, 

8*898 

9099 

56 

« L 

8*897 

9022 

54 

°l 

8*893 

8855 

60 


6*892 


Mean a *= 8*294 ± *002 
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Taking the atomic weight of manganese to be 54*93 
(0 = 16) and the weight of the hydrogen atom to be 
1*663 x 10~ 24 g. with the atomic weight of hydrogen 
equal to 1*008 (O = 16;, the above values of the density and 
parameter give 

M = M'* 57 ' 7 ’ 

or within the limits of accuracy to which p is known, n = 58. 

To complete the solution of the structure we have now to 
assign positions to the 58 atoms within the unit so as to 
account for the observed intensities of the reflexions of the 
oscillating crystal photographs. The Laue photograph shows 
symmetry of the type 0 a> so that the crystal has the symmetry 
of one of the point groups T rf , O or O*. The oscillating 
crystal photographs show reflexions from planes (Jikt) only 
when h + k + l is even. The lattice is, therefore, body- 
centred. Of the space-groups isomorphous with these point- 
groups only six, viz., T/, T/, 0 5 , 0 8> O h h and O* 10 are con¬ 
structed on a body-centred lattice. 

Reference to Wvckofl' (* The Analytical Expression of the 
Results of the Theory of Space Groups , ) shows that the 
groups TV, O g , and CT* 10 may be eliminated. In the case of 
IV, for instance, the equivalent positions contain 12, 16, 
24, or 48 points, so that, the number, of atoms within the 
unit must be expressed by 

n = 12p 4- 16y -f 24r + 48s, 

where p, 9 , r> and s are integers or zero. It follows that n 
must be a multiple of 4, and in the case under consideration 
we know that n = 58, which is not u multiple of 4. An 
exactly similar argument excludes the possibility of a-man- 
ganese belonging to either of the groups 0 8 or (V°. 

According to the tables of Astbury and Yardley*, the 
group T/, in addition to the halving of the spacing when 
h + k-rl is odd, is characterized by the spacing hhl being 
quartered if l is odd, normal if l *= 2 # (a? odd) and halved if 
l s=s 2vt? (a? even or zero). The last condition is not fulfilled 
by the X-ray spectra of a-manganese, because 330 and 550 
and 114 are all very intense. The same objection arises in 
the case of so that on these grounds also these groups 
must be rejected. We have, therefore, to place the atoms 
in the unit in positions in accord with the symmetry 
requirements of one of the groups Tf, O s , or O* 9 . 

* Phil. Trans. Roy. Soc. A, vol. ccxxiv. p. 255. 
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Bradley and Thewlis place the crystal in the group T**, 
the 58 atoms being divided into four sets, two of 24, one of 
8, and one of 2 atoms. The coordinates within the unit are 
as follows :— 

24 Equivalent positions : * 

uuv uu v w + £ etc. 

v u u v u u 
u v u u v u 
uuv uuv 
V U U V u u 
it v u u v u 

8 Equivalent positions: 

uu u u- f- £ u -f- £ u ■+* etc. 
u uu 
u u u 

u u u ♦ 

2 Equivalent positions : 

0 0 0 Hi 

The values of the coordinates given by Bradley and 
Thewlis expressed in degrees are 

24 (1) u t * 128 = 15 

24(2) u 2 = 32 i? 2 * 100 

8 u * 114. 

Prior to the publication of the paper by Bradley and 
Thewlis an almost identical result had been obtained from 
the intensities of the photographs given in Table I. The 
values found for the coordinates were 

24(1)^*125° Vi = 20° 

24 (2) u 2 * 33° * 101° 

8 u = 115° 

in very close agreement with the results of Bradley and 
Thewlis. The values of the coordinates given by Bradley 
and Thewlis afford a somewhat better account of the inten¬ 
sities, so the “structure factor 99 has been computed for these 
values for the planes recorded in Table I. The intensity of 
reflexion I is given by 

I**(A’+J8»), 
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where k is some function of the angle of reflexion, and 
A -= 2 cos 2 t t(Jix 8 -f ky 9 -)- lz 8 ), 

B = 2 sin 2t t(Jix s + ky s + lz s ), 

(x 9f z H ) being the coordinates of the $th atom within the 
unit. The contribution to A from 24 atoms whose coordi¬ 
nates are fixed by the parameters (uuv) reduces to 

8 (cos 2iruJ\ cos 27 ruk cos 2ttvI -4- cos 27 ruh cos 2rrvk cos 2ttuI 

+ cos 2rrvh cos 2nruk cos 2irul) r 

Fig. 3. 



while the contribution from 8 atoms whose position is fixed 
by the parameter u is 

8 cos 2 t ruh cos 2nuk cos 27 rul 9 

with similar expressions involving sines for the contributions 
to the factor B. 

The quantities A and B having been computed from the 
above expressions, A 2 + B 2 is plotted on an arbitrary scale as 
shown in fig. 3, the calculated points being joined by a 
continuous lme. The intensities as observed are marked in 
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the same figure with a cross. It will be seen that there 
is a very general agreement as to the order o£-intensity; 
where the calculated intensity is great the observed intensity 
is also great, the agreement extending over a wide range of 
values of ( hkl ). In view of the very rough nature of the 
estimation of the intensity, the agreement is quite a*s good 
as can be expected. No attempt has been made to integrate 
the intensity, so that a reflexion such as 444 appearing in 
the fourth layer line and covering a comparatively large area 
en the film would appear too weak. The values of A 2 and 
B 2 vary so rapidly, especially for large values of h, k, and l , 
that it is possible to choose values of the parameters within 
one or two degrees which give the best representation of the 
observed intensities, even when these are only approximately 
known. 

As regards the possibility of the crystal belonging to 
either of the groups O 5 or O* 9 , it has not been found possible 
to account for the observed intensities by any set of equiva¬ 
lent points characteristic of these groups. The values of the 
variable parameters fixing the positions of the atonfs for any 
group of equivalent points is limited by the consideration 
that the centres of atoms cannot approach one another too 
closely. It has been assumed that the “ diameter ” of the 
manganese atom is not less than 2A°, and subject to this 
assumption T/ is the only group that has been found to 
afford an explanation of the observed intensities. 


Summary. 

Lauc photographs of «-manganeso show that this material 
crystallizes in the cubic system. The oscillating crystal 
method shows that the lattice is of the body-centred type, 
and a powder photograph gives the side of the cube as 8'894 

± 0*002 A. The density is determined to be 7*44 g./cm.*, 
requiring 58 atoms to be associated with |the unit. The 
observed intensities of reflexion of the oscillating crystal 
photographs are satisfactorily accounted for by placing the 
•crystal in the space group Tf. 

The author desires to express his thanks to Dr. Marie ti. 
V. Gavler for supplying the material which made the work 
possible, and to Dr. Rosenhain for his continued interest in 
and encouragement of the research. 
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CXXV. The Crystal Structure of (3-Manganese . By G. D. 
Pbeston, The National Physical Laboratory *. 

[Plate XX.] 

Introductory . 

X -RAY examinations of the structure of the allotropic 
modifications of Manganese have been carried out by 
Bradley + and by Westgren and PhragnnSn Bradley 
demonstrated the existence of two different forms of Man¬ 
ganese, and Westgren and Phragmen, whose work was 

{ mblished at the same time as Bradley’s, showed that the 
ines of the powder photograph of /3-manganese could be 
accounted for by a cubic structure of side 6*289 *£ 0*004 A. 
The presence of three weak lines on their photographs led 
them to suppose that, if these lines were due to the man¬ 
ganese and not to some impurity, the parameter might be 
double the above figure, the number of atoms associated with 
the unit being 20 or 160, according as the smaller or larger 
figure is the correct one. 

In the present investigation an attempt has been made to 
supplement the information derived from the powder method 
by that obtained from the Laue and the oscillating costal 
methods. The results have made it possible to assign the 
crystal to its space group and to place the atoms within the 
unit. 


Material . 

The material used for the Laue and oscillating crystal 
methods was similar to that used in the investigation of the 
structure of a-manganese §. Some of the distilled material, 
consisting of the a-modification, was annealed at a tempera¬ 
ture of 975° C. and quenched in water. This treatment 
preserves the /3-modification by suppressing the change 
which on slow cooling would take place at 742°C.|| The 
material so obtained is somewhat ductile, and attempts to 
obtain single crystals by breaking small lumps in an agate 
mortar were useless, as the crystals became deformed in the 
process. It was found that deformation of the crystals could 

e Communicated by Dr. Waiter Rosenhain, F.RJ9. 

t Bradley, PhiL Meg. L p. 1018 (1925). 

X Westgren ft Phragmen, Z.f&r Phys. xxiiii. p. 777 (1926). 

S Buprh, p. 1198. 

ft M. L. V. Osytar, J. Iren and Steal Inst. cxv. p. 898 (1987). 
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be avoided by etching small pieces of! the quenched metal in 
dilute hydrochloric acid. After a few minutes’ treatment 
in the acid the lumps could be crumbled between the fingers, 
and specimens so obtained yielded satisfactory Laue photo¬ 
graphs, showing no serious signs of deformation. It was not 
possible by this means to obtain a specimen consisting of one 
crystal only, so that the information yielded by the oscil¬ 
lating crystal photographs was not so complete as would 
otherwise have been the case. In spite of this they yielded 
valuable information, to be described below. The search for 
a suitable specimen to be subjected to X-ray analysis is 
exceedingly laborious, much time having been expended in 
isolating the specimen, the results obtained from which will 
now be described. 


The Lane Method. 

A small specimen exposed for two hours in a beam of 
X-rays from a Coolidge tube with a tungsten target 
operated at 70 k.v. and 3 m.a., yielded the photograph 
shown in fig. 1 (PL XX.) after the necessary adjustment in 
orientation had been made. A similar photograph was 
obtained when the specimen was rotated through 90° about 
the proper axis. Both photographs show that the X-ray 
beam is parallel to an axis of tetragonal symmetry, proving 
that the crystal is cubic and belongs to one of the space- 
groups isomorphous with the points groups T*, 0, or 0*. 
It is evident from the photograph that the specimen consists 
of more than one crystal. 

The Oscillating Crystal Method. 

The same specimen was used in an attempt to apply the 
oscillating crystal method to determine the structure of 
the crystal. The method described in the account of the 
structure of ^-manganese was applied to eliminate the effects 
of the crystals associated with the one under examination, 
but, unfortunately, the extra crystals were in this case too 
numerous to allow the method to be employed with complete 
success. As in the case of a-manganese, radiation from an 
iron target was used, the range of oscillation in each photo¬ 
graph being 12° and the exposure 3£ hours, with a current 
of 8 to 10 tn.a. passing through the tube. The presence of 
the crystals not under examination led to the appearance 
of a large number of reflexions on ail the photographs. The 
values of sin 6 for all these reflexions, however* correspond 
to those to be. expected from a cubic structure of side 
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6*29 A. No reflexions have been found on any of the photo¬ 
graphs which would necessitate the choice of a larger unit, 
particular attention having been paid to the possibility of 
the occurrence of the three reflexions recorded by Westgren 
and Phragm^n, which do not agree with the results to be 
expected from the smaller unit. No trace of these could 
be found on auy of the photographs. It may here be pointed 
out that of these lines the one for which sin 2 <9 = 0214 * corre¬ 
sponds exactly with a line observed by the same authors in the 
spectrum of ot-manganese to which the corresponding value o£ 
%h 2 is 13. This last line has been found by Bradley and 
Thewlisf to be spurious, and was not observed in the oscillat¬ 
ing crystal photographs of a-manganese. There is, therefore, 
reason to doubt the existence of one of these lines, and careful 
search has failed to reveal any trace of either of the others on 
the oscillating crystal photographs of /3-manganese. The pre¬ 
sence on these photographs of reflexions Hue to crystals other 
than the one under examination adds to the possibility of 
finding any of these reHexious if they existed. There is no 
reason for ascribing to the unit a side greater than 6*29 A* 
so far as can be ascertained by an inspection of the oscil¬ 
lating crystal photographs. A complete analysis of each 
photograph, on the lines adopted in the case of ^-manganese, 
has been attempted, but many of the reflexions to be expected 
are absent, because the reflected beam has been absorbed in 
the stray crystals. In spite of this, much useful information 
has been obtained from the photographs and is recorded in 
Table I., column 4. The information of greatest use is that 
obtained in cases of such planes as (300) and (221), for 
which A 2 4-£ 2 -t-£ 2 is the same. On the powder photograph 
the lines due to reflexions from these planes are superposed, 
and it is impossible to tell how the intensity is distributed 
between the two planes. With the oscillating crystal 
method this is not the case, and in the present instance it is- 
found that (221) is very strong and no reflexion is observed 
from (300). This fact, by itself, would hardly be sufficient 
evidence on which to base the conclusion that reflexion 
from (300) is absent, but when the photograph on which it 
should appear is examined, it is found that the reflexions to 
be expected* from (410), (520), and (301), to mention no- 
more, are observed. There is, therefore, some evidence to 
show that the absence of reflexion from the (300) plane is 
not due to the obstruction of the reflected ray by other 

• See Table 3, p. 78, he. cit. 

f Proc. Roy. Soc. A, cxv. p. 468 (1927). 

PUL Mag. S. 74 Yoi. 5. No. 33. June 1928. 4 I 
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crystals. The remaining planes of the structure have been 
dealt with in the same way and the result entered in the 
table, the intensities being denoted by very strong (vs), 
strong (s), medium strong (ms), medium (m),and weak (w). 

With the exception of the three plnnes mentioned^ above, 
the results of the present investigation are in good agreement 
with those of Westgren and Phragm^n, as is seen by com¬ 
parison of columns 4 and 7 of Table I. The latter column 
contains the intensities of the lines observed by Westgren 
and Phragm^n up to the plane (521), the limit imposed by 
the use of radiation from a chromium target. Some further 
information as to the intensities of planes up to A 2 + P-f Z 2 =41 
is given by the use of iron radiation. In fixing the position 
of the atoms within the unit it is planes with large values of 
h 9 k, and l which are the most sensitive in determining the 
values of the parameters. 


Number of Atoms in the Unit . 

There are no available data as to the density of yS-manganese, 
but it seems certain that on cooling the material undergoes 
a marked contraction on changing into the a-modification. 
The density must, if this is the case, be less than 7'45 g./cm. 3 , 
which is known to be the figure for a-manganese. If there 
are n atoms of mass M within a cubic unit of side a, then the 
density p is given by 

nM 

p ~~a r ’ 

In the present case 

M = 54*93 x 1*65 x 10 _a< g. and a as 6'29 X 10~ 8 cm., 


so that 


p = 0*3645 n g./cm.* 


The most probable value for n is 20, giving a density of' 
7*29 g./cm. 8 . These atoms have to be arranged within 
the unit so as to satisfy the symmetry requirements of one 
of the cubic space-groups and so as to afford an account of 
the observed intensities of reflexion. 


Determination of the Space-Group. 

The results of the oscillating crystal method and of the 
powder method show that the lattice is of the simple cubio 
type, for the fact that the planes (310) |ind (311) give first. 
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order reflexions excludes the possibility o£ the lattice being 
either face-centred or body-centred. Reference to the tables 
of Astbury and Yardley * show that the only possible groups 
which will yield a Laue photograph of full 0* symmetry and 
have a simple cubic lattice are T^, T£, 0\ 0 2 , 0 6 , 0 7 , OJ, Of, 
OjJ, and 0j[. The same tables show that the groups TJ, 0j[, 
and OJ are impossible because they are characterized by the 
absence of odd order reflexions from planes (JihV) when l is 
odd, but the plane 113 is observed. 0£ is excluded because 
the spacing ( hko ) should be halved if h + k is odd, but (320) 
and (500) or (430) are observed, as reference to Table I. will 
show. The choice of space-group is, therefore, reduced to 
one of TJ, O 1 , O 2 , O 6 , O 7 , or OJ. It was not found possible 
to account for the intensities of reflexion by any permissible 
choice of coordinates for the group TJ. On the other hand, 
the group O 7 (or O®, which differs from it only in having an 
opposite sense of rotation of its screw axes) provides a satis¬ 
factory account of the observed reflexions. Reference to 
Wyckoff t shows that a possible arrangement of 20 atoms in 
this group is in two sets, one of 12 and the other of 8, whose 
positions in the unit are as follows :— 

12 atoms. 

i 1 & : *+ 4. *+ i & * «+*if *. i •* 

§, 4 -u, M : —u, A -u : M-f 4, «+£ : h n+ 4, u : 

«. S, I : i —u> b i ~ u : *+ h b i • h u + i 


8 atoms. 

f, r, v : i/-f 4, i -e, v : v , t>*f 4 — v : 4 — v, v, 

| -v, | -v, | -v : v*f 4» i - p. 4 : i — v* »+ |» i • *4- 4, v+4, 4 —v. 


The choice of values for u and v has now to be made so as 
to satisfy the observed intensities. The group 0 7 is charac¬ 
terized by the quartering of the (100) spacing. Reference 
to the list of observed intensities of the oscillating crystal 
method shows that no reflexion is observed from any of the 
first six orders of (100). The utility of the method is here 
well illustrated, because in the powder method reflexions are 
observed at the required values of sin 6 for (300), (500), and 

* Phil. Trans. Roy. Soc. A, ccxxiv. p. 225. 

+ * Analytical Expression of the Results of the Theory of Space- 
Groups,? pp. 137,104 and 105. 
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(600), but the oscillating crystal method shpws that these 
reflexions are in reality due to the planes ( 221 ), (430), and 
(442) respectively. With the exception of (400) all the 
reflexions from ( 100 ) automatically disappear in this group, 
so that a choice of u and v must now be made so that (400) 
also is of small intensity, because this plane has hot been 
observed in either the powder or the oscillating crystal 
photographs. 

The intensity of reflexion from the plane ( hkl ) is given by 
I == £(A a + B 2 ), 

where k is a function of the angle of reflexion ( 0 ), and 
A = 2 cos 2w(hx, + ky, •+• lz t ), 

B = 2 sin 2 7r(hx t 4 - ky 8 + lz 8 ) 9 

(jz 9 y 9 Zi) being the coordinates of the atoms in the unit. 
For the plane (400) 

A 40 o = 8 (cos27r4n + cos27r4t; — £), B 400 = 0. 

The possible values of u are limited by the fact that the 
centres of the atoms cannot approach one another too 
closely. In a-manganese neighbouring atoins 0 are separated 
by distances varying from 2*24 A. to 2’96A. Since the 
density of / 9 -manganese is less than that of a-manganese, 
it is reasonable to assume that the minimum distance of 
approach of atoms is not less than 2‘25 A. The distance 
between thd atoms (w, g u) and (g, u + g, w + i) is 

2 r = a{ 2 (w-g)*+ ( 2 w~g ) 2 } 1/2 = a(g-u) V 6 , 

* o o 

where a=6*29A. When u = 0 , 2 r=1*93 A. and r diminishes 
as u increases from zero. Consequently, a small D negative 
value of u is required to make 2r exceed 2*25 A. The 
minimum numerical value of u is about 0 * 021 , giving 
27 tm=— 7*5°; the value of 2irv required to make A 400 very 
small is about 28° with this value of w. Consider, now, the 
intensity of the line (311), which is observed to be fairly 
intense. For this plane, B= — A and the 12 atoms con¬ 
tribute to A a quantity —3 V 2 sin 2 ir. 2 u, while the 
contribution from the 8 atoms to A is 

cos 2tt5v + 2 cos 2tt3v +cos 2nv 

—sin 2w5» + 2 sin 2v3v—sin 2sr».' 
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The former of these expressions is positive if u is negative, 
and increases with u; the latter is also positive and increase* 
as v diminishes. Trial showed that the above minimum value 
of u and maximum value of v gave too small an intensity for 
(311), so the intensities of all planes have been computed 
for the following values of u and v chosen to make A i00 very 
small;— 



2 iru. 

2irv, 

(1) 

-12° 

25° 

(2) 

-16 

22 

(3) 

-20 

20 


Arrangement (2) gave results definitely in better agree¬ 
ment with observation than either (1) or (3). For instance, 
both (1) and (3) make A 2 + B 2 for (222) too strong in com¬ 
parison with the value for (320), the former plane being 
absent from the photographs and (320) giving a weak 
reflexion. The values of A 8 + B 2 for arrungement (2) are 
given in Table I., column 5, and may be compared directly 
with the results of the oscillating crystal photographs in 
column 4. The agreement is very good. 

As regards the powder photographs, the observed intensity 
may be compared with the quantity N(A 2 +B 8 )/( Jv 1 4- k u + I s ) f 
the values of which are given in column* 6 of the table. 
Here N is the number of planes ( hkl ) in the crystal. In 
the seventh column are entered the intensities as given by 
Westgren and Phragman. The agreement is again very 
good, and is even better than comparison of columns 6 and 7 
would indicate. For instance, the lines due to K a radiation 
for which %h* is 9, 10, and 11, are recorded as w strong ” by 
Westgren and Phragmen, while the reflexions are 
recorded as strong, medium, and weak respectively, the 
order of fall of intensity agreeing with the fall of the calcu¬ 
lated values. Again, no reflexion is recorded for the plane 
422, which, judging by the calculated values of the neigh 
bouring lines, should have been weak. There is recorded 
however, a reflexion (Table 3 of the paper referred to) for 
which sin 2 Q** 0*800, so that sin 8 0/24 «0*03333 if the reflexion 
is ascribed to (422) (2& 8 «24). For the other K« reflexions 
recorded by Westgren and Phragmen, the mean value of 
sin 8 0/2A 8 is 0*03331, so that the a reflexion of (422) 
coincides with the reflexion from (432) and (520), ana 
i8 r not separately recorded. 
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The last three columns contain a comparison between the 
calculated order of intensity and that observed. For this 
purpose a powder photograph was taken with iron radiation 
which was filtered through a screen of manganese oxide 
(Mn 8 0 4 ) to absorb the K# radiation and so diminish the 
fogging of the film due to scattering. The observed lines 
have been entered in column 9 of the table in order of 
intensity, 1 being the most intense and 13 the least. In 
the eighth column is given the order in which the values of 
N(A 2 4-B 2 )/A 2 + A 2 -f- V 2 fall. It will be seen that there is a 
very general agreement between the two columns. The last 
line recorded in the table is observed to be stronger than the 
calculation would indicate, but no allowance has been made 
in the calculation for the fact that at small and large angles 
of reflexion the reflected energy is distributed over the sur¬ 
face of a cone of small angle. To make allowance for this, 
the last column of the table is the order in which the 
values of 


N(A 2 -f B 2 ) 

(A 2 v k* -hi 2 ) sin 2d 

fall. This alteration has the effect of increasing the calcu¬ 
lated figures at the beginning »nd end of the spectrum, and 
effects an improvement in agreement between theory and 
observation in the case of the lines for which 2A 2 is 30 
and 41, without affecting the remaining lines appreciably. 
The agreement is quite as good as is to be expected. It is, 
perhaps, worth while remarking that the calculated intensity 
of the most intense line is 272, and of the 7th most intense 
line is 38*9, while the 14th is 25 3. The most we can 
expect, then, of a comparison between theory and experi¬ 
ment is that lines 7 to 14 should have about the same 
intensity, which is, in fact, the case. 

The above somewhat lengthy discussion of the intensity of 
the lines has been rendered necessary by the difficulty of ob¬ 
taining a single crystal of the material capable of yielding 
an oscillating crystal photograph that could be relied on, but 
it leaves little doubt that, the structure proposed accounts for 
the observed intensity of reflexion. A drawing of the unit 
cube is shown in fig. 2, the numbers attached to the atoms 
corresponding to those given in Table II., which includes a 
list of the coordinates of the atoms expressed in degrees, and 
shows that the groups O 6 and O 7 cannot be distinguished by 
X-rays although they are physically different, being related 



Table II.—Coordinates of Atoms. 
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to one another in the same way as an object and its mirror 
image. Table III. gives a list of the distances between 
neighbouring atoms. 


Table III. 

Interatomic Distances. 


From 

To 

1. 

From 

To 

L 

13 

1. 5, 9 

2-675 

mm 

13, 17 

2*675 

13 

S, 7, 11 

2*671 

■p 

15, 19 

2-671 

13 

4, 8, 12 

2,530 

B 

16, 20 

2-530 

13 

18, 19, 20 

2-365 

n 

6, 11 

2*615 




H 

7, 8, 10, 12 

2-659 


Fig. 2 . 



The Impossibility of Other Atomic Groups. 

It has been shown above that an atemio grouping of the 
type O 1 (or 0®) gives a good account of the observed X-ray 
spectrum. It remains to be shown that uo selection of 
coordinates for the atoms from the groups TJ, O l , 0*, or Oj. 
min give the observed X-ray spectrum, 
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The possible positions of atoms 

- in the 

group 

T rf ar< 

follows *: — 






Equivalent 

Positions. 


Coordinates. 



1 * 

f 1(«) 

( 000) 





i m 

m) 





f l’6(a) 

(Ho) 

(M) 

(oH) 


O . 1 

i m 

(|oo) 

(°$°) 

(ooh) 


4 . 

4(a) 

(uuu) 

(uuu) 

(uuu) 

(uuu) 


f 6 («) 

(u oo) 

(ouo) 

(oou) 


6 < 


( uoo) 

(ouo) 

(oou) 



6(d) 

($H) 

(««) 

(«**) 



•s. 

($H) 

(H«) 

(SH) 



r 12(0 

(noli) 

("°n 

(Ho) 

OH) 



(Ho) 

(iVO) 

(011$) 

(oH) 

12 . . 


(oH) 

(°H) 

($ou) 

(H u ) 


120) 

(uuv) 

(uuv) 

(uuv) 

(uuv) 



(nm) 

(run) 

(vuu) 

(vuu) 


l 

(uvu) 

( 'uvu) 

(uvu) 

(uvu) 


The arrangements 1(a), 1(6), 3(a), and 3(6) can occur only 
once in the unit because there are no variable parameters in 
these arrangements. Subject to the assumption that the 
centres o£ 0 atoms must be separated by a distance not less 
than 2*25 A., arrangement 4(a) may occur three times. It 
cannot occur five times, and if four groups of 4(a) are 
included in the unit, the remaining four atoms must include 
one of the arrangements 1(a) or 1(6), thus 0 placing five atoms 
on each cube diagonal of length 10*9 A. The arrange¬ 
ments 6(a) can occur only once, because it places two atoms 
on the side of the cube. A second 0 group of 6(a) would thus 
put four atoms in a length of 6*29 A. For the same reason 
6(d) can occur only once. As there are only twenty atoms 
in the unit, 12(/) and 12 (<?) can each occur only once. 

Subject to these restrictions there are twenty-six possible 
ways of putting twenty atoms in the unit. The following 
scheme shows how these arrangements arise :— 

* The notation 1(«), 8(a), etc., is that used by Wyckoff in 4 The 
Analytical Expression of the Results of the Theory of Space Groups,’ 
mid has been retained to facilitate reference to that work. 
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Table IV. 
Number of Atoms. 



12. 

6. 

4. 

3. 

.i* 

1. 


a 

— 

— 

ab 

*> 


d 

— 

— 

ab 

3 . 


— 

aa 

— 

— 

4 . 


— 

a 

a 

a 

3 . 


— 

a 

a 

b 

6 . 


— 

a 

b 

a 

7 . 


— 

a 

h 

b 

8 . 



— 

ah 

ab 

9 . 

9 

a 

— 

— 

ab 

10 . 

9 

d 

— 

— 

ab 

11 . 

9 

— 

aa 

— 

— 

12 . 

9 

— 

a 

a 

• a 

13 . 

9 

— 

a 

a 

b 

14 . 

9 

— 

a 

b 

a 

15 . 

9 


a 

b 

b 

16 . 

9 

— 

— 

ab 

ab 

17 . 

— 

ad 

aa 

- 

— 

18 . 

— 

ad 

a 

a 

a 

19 . 

— 

ad 

a 

a 

b 

20 . 

— 

ad 

a 

b 

• a 

21 . 

— 

ad 

a 

b 

b 

22 .. 

— 

a 

aaa 

— 

ab 

23 . 

— 

a 

aa 

ab 

— 

24 .. 

— 

d 

aaa 

— 

at) 

25 . 

— 

•fad 

aa 

ab 

— 

26 . 

— 

— 

aaa 

ab 

ab 


A number oE these arrangements may be rejected by 
considering what pairs of groups place atoms too close 
together. The arrangements 6(a) and 1(a)- place three 
atoms on the cube edge of length 6*29 A., and the arrange¬ 
ments 6 (d) and 1(5) place three atoms in the same length. 
Both m and 1 — 2m cannot eicceed one-third, 0 t. e. the inter¬ 
atomic distance must be less than 2*1 A. contrary to 
hypothesis. This eliminates arrangements 1, 2, 9, 10, 10, 
19, 20, 21, 22, and 24. 
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The pair of arrangements 6(a) and 3(6) cannot occur 
together because the distance from the point (uoo) to (%oo)' 
must exceed 2 25 A., i. e. u< 0*145, while, if the distance 

o 

(uoo) tp ( ouo ) is to exceed 2*25 A., u>0*25. The same 
argument applies to the pair of groups 6(d) and 3(a).. 
Arrangements 23 and 25 are therefore excluded. Arrange¬ 
ment 26 places five atoms on the cube diagonal which is 
not possible. 

The pair of arrangements 12(/) and 3(a) is impossible. 
For the value of u in 12(/) is fixed within the limits 
0*32 > u > 0*25, but if the distance (Qo) to Quo) is to 

exceed 2*25 A., u < 0*145. 0 Similarly, if the distance 
Qoo) Quo) is to exceed 2*25 A., u >0*355. Accordingly, 
12(/‘) cannot occur with either 3(a) or 3(6), thus eliminating 
arrangements 4, 5, 6, 7, and 8. So far as consideration of 
space goes, the remaining groups—namely, 3, 11, 12,13, 14, 
15, 16, and 17—are possible. They must be considered 
individually to ascertain if they can account for the 
observed intensities. 

Arrangement 3. 12( f) , 4(aj), 4(a 2 ). — The intensity 

factor A for the planes hoo for this grouping is 

A^ = 4(2 cos 2tt uk + cos 2tt a x h -f- cos 2ir a 2 Zt), 

and the B term vanishes. Now the parameter u fixing the 
position of the atoms 1 2(f) must lie between 0 # 32 and 0*25, 
i. e. 115° > 2iru > 90° ; the parameter 2ira K must exceed 
45°, while a 2 may be about 135°, —45°, or —135°. For the 
fourth order reflexion to be small we must have 27ru=sll5°, 
27ra x =45 0 , 27ra s = —45° or -+- 135°. The values of A for the* 
first six orders of hoo are then 



A.’ 

A. 


2*ra 3 — 45. 

2 ira a = 135. 

100 . 

11*9 

6-3 

200 . 


5*4 

300 ....... 

6*2 

11*8 

400 . 

. -0*7 

—0*7 

600 . 

. —0*9 

4*7 

600 . 

11*5 

11-5 


As no reflexion from any of the first six orders of (hoo) is- 
observed, this arrangement is impossible. 
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Arrangements 11 to 16 all include the group 12(^r), the 
•contribution from which to the intensity term of (hoo) is 

A = 4(2 cos 2 tt uh -f cos 2 tt vh) and B = 0, 

•Consideration of the distance between (uuv) and (wi$v) shows 
that u > 0*125, and of the distance between ( uuv ) and 
(1— w, 1— w, v) that u < 0 378. Hence 135° > 2ttv > 45°. 
Also w —v > 0*251 from consideration of the distance (uuv) 
to ( uvu ), or 27 tw— 2ttv > 90°, u and v being both positive 
and less than 0*5. Table V. shows the value of 2 cos27twA 
for different values of u within these limits, and for values 
of h from one to six. 


Table V. 



n = 50 

60 

70 

80 

90 

100 

110 

120 

130 

1 

1-28 

1*0 

0*68 

0*35 

0 

— 0*35 

-0 68 # 

-1*0 

-1-28 

2 

.. -035 

-10 

-1-53 

—1*88 

-20 

— 1*88 

-1*53 

-1*0 

-0*35 

3 

.. —1*73 

-20 

-1*73 

-1-0 

0 

1*0 

1*73 

2*0 

1*73 

4 

.. -1*88 

-1-0 

0*35 

1*53 

20 

1*5 

035 

-10 

-1*88 

5 

.. -0*68 

10 

1*97 

1*53 

0 

-1*5 

-1*97 

-10 

0*68 

6 

1*0 

2*0 

10 

-1*0 

-2*0 

-1*0 

ro 

2*0 

1*0 


Arrangement 11. 12 (< 7 ), 4 (a x ) 9 4(a s ).—The values of 

2t ra u 27ra 2 are between 45° and 135°, so that the contri¬ 
bution of these eight atoms to A 800 is always negative or 
zero. From the table it is seen that the value of 2co*2iruh 
is also negative or zero when h = 2. To make the intensity 
•of 200 small we must have a x and a t approximately 45° or 
135°, and then either 45° < u < 60° and 145° < v < 180°, 
or 120° < u < 135° and 0° < v < 35°. Considering now the 
case of (100), it seems that we must put a!— 45 and 
a* = 135. A for 100 and 200 will how be small, but the 
contribution of every term except cos 2 ttoA is negative for 
(400) and is positive for (600). This arrangement is, 
therefore, impossible. 

Arrangement 12. 12(^), 4(a), 3(a), 1(a).—The contribu¬ 

tion to Akoo from the atoms 1(a) and 3(a) is2(l-f cos7rA)=4 
•or 0, according as h is even or odd. We now have : 

Akoo = 4(2 cos 2ttuA+cos 2tt vh+ cos +2(1+cos 
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where 2ma lies between 45° and 135°, and 2iru is now con¬ 
fined within the limits 50° < u < 90°, the corresponding 
limits of 2irv being 140° < v < 180°. The values of A for 
(hho) and ( hhh) are 

A kho = 4(cos 2 2m uh + 2 cos 2m uh cos 2 tt vh + cos 2 2m ah) 

+ 2(1 + cos wA), 

Am =» 12 cos 2 2nuhcoa 2m vh + 4cos 8 27raA+4. 

Now, when A=2, cos2mvli is positive; so to make A 222 
small, we must put a = 20 and m = 50, with 140° <v< 180°, 
which makes A 220 quite large, and is otherwise inconsistent 
with the observed intensities. 

The expression Am and Am lor the arrangements 13, 14, 
and 15 are the same as those for arrangement 11, so that 
these groups are also impossible. 

Arrangement 16. 12(g), 3(a), 3(6), 1(a), 1(6).—The values 
of A are now 

A m * 4(2cos27tmA + cos 2m vh) + 4(1 + oos7tA), 

Am = 4 (cos 2 2iruh + 2 cos 2iruh cos 2m vh) +4(1 + cos i rA), 

Am a® 12 cos 2 2iruh cos 27rt>A + 4(l + cos7rA). 

In order that A U1 may be small, 27rw=s90°, and therefore 
2mv — 0° or 180° ; but this makes A m very large and also 
places the atoms too close together, and is, therefore, 
impossible. 

Arrangement 17. 6(a), 6(d), 4(a]), 4(a 2 ).—The para¬ 

meter a, fixing the position of the atoms 6(a), lies within 
the limits 115° > 2 ma > 90° ; while d, fixing 6(d), lies within 
90 c > 2 ltd > 64°. The only possible arrangement of 4 (a x ) 
and 4(a 2 ) is 2wa x = 90° and 2ma % = — 90°, with 2ma =134° and 
27rds=65°. Even now the atom centres come slightly within 
the limits we have supposed possible. But in any case, we 
have 

A** sss 2(2+cos 2ir ah ) + 2(2 cos irh + cos 2?r dh) 

+ 4 cos 2ma x h +4 cos 27ra,A, 

which is large when Ass4 and 2ma Xi 2ma % are nearly 90°. 
The arrangement is, therefore, impossible. 

There is, then, no combination of positions for atoms in 
the group TJ which can account for the observed X-ray 
spectrum and at the* same time keep the distance between 
jfttfeu** in excess 2-25 A. 
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OK 

The possible positions of atoms in this group are : 


1(a) 

m 



3(a) 

3(b) 



6(a) 

6(d) 



6(6) 

(iuo) 

0£«) 

0°£) 


(iuo) 

(oiu) 

(uoi) 

6(c) 

(out) 

dou) 

(u±o) 


(oui) 

d on) 

(oiu) 

8(c) 

= *4(a) 

and 4(« 

-a) 

12 (m) 

= 120) 

with v 

= 0 

12(n) 

= 120) 

with v 

= i 


The only new cases arising are those involving 6(6) and 6(c). 
Neither of these groups can be combined with either 3(a) 
or 3(6), so the only new series are : (1) 6(6), 6(c), 8(c), 
which is very similar to arrangement 3 of Table IV. ; 
(2) 6(a), 6(6), 8(c); and (3) 6(d), 6(6), 8(c). In the first 
of these new arrangements, the parameters 6 and c defining 
the positions of the atoms 6(6) and 6(c) must lie between 
65° and 115°, and if 6 > 90°, c < 90°. Consideration of the 
fourth order of (100) necessitates 6 = 66°, c=114°, andc l s=45° 
(or 135) when c l defiues the positions 8(c). But this 
arrangement makes (200) and (300) too strong. Similar 
arguments exclude the remaining two cases. 

O*. 

The possible positions are as follows:— 

2(a) = 1(a) and 1(6) 

4(d) sss 4(a) with a ®= \ 

4(c) ss= 4(a) with a = £ 

6(c) = 3(a) and 3(6) 

6(f) = 6(6) with 6 « £ 

6(g) a* 6(c) with css J 
8(d) ss= 4(a) and 4(a s ) a a sss a 
12(a) « 6(a) with 6(d) d + i 
12(f) = 6(6) with 6(6 S ) 6 a *6 1 + £ 

12(;') = 6 («i) with 6{c») sax 
U(o) and 12(p) 
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The only new cases are those involving 12(o) and 12(p). 

The coordinates of the equivalent positions 12(o) are : 

(« i -0 i ) (U «+ i I ) (« i -0 I ) {it 0 + J i ) 
(i w i -«) (I m w-h i) (| u i -w) (i u «4* i) 
(£ -wi m ) ( 0 + £ i « ) (£ -0 | « ) ( 0 + £ i 0 ) 

The contribution to A hoo from these atoms is 
ttA 

AJ 00 = 4 cos --g - + cos 2w u A(1 -f cos 7 r/i). 

Consideration of space shows that 2n tu lies between 0° and 
36°. The possible combinations of 6(e), 6(f), or 6(g) with 
2(a) to give eight more atoms, all contribute 8 units to A 400 . 

With u < 36, A 40 o is too large. The only possible arrange¬ 
ment is 12(o) with 8(d) or with 4(d) and 4(e) . The latter 
will make A 400 large. With the former arrangement the 
values 27ru«=15°, 27rd=45° make A 40& =0 and A 2&() small but 
not small enough. A m is also too large. With these values 
of u and d, however, A 23 2=-“9, which is much too large. 

This arrangement is therefore, not possible, and 12(jt>) leads 
to a similar result. 

Oi- 

This group contains no case which has not already been 
examined and rejected. 

There are, therefore, no possible arrangements in any of 
the groups TJ, O 1 , O 2 , or OJ. The crystal must belong to 
O 6 or O 7 , and the only possible arrangement is that already 
described. 


Summary . 

The ^-modification of manganese stable above 742° C. has 
been examined at room temperatures by the Laue oscillating 
crystal and powder methods. The results show that the 
material crystallizes in the cubic system O 7 (or O 8 ), the unit 
having a side of 6*29 A. and containing 20 atoms. The 
groups O 8 and 0 7 are enantioinorpfaoas and indistinguishable 
by X-ray methods. It is also shown that these two groups 
are the only possible ones which can account for the observed 
intensities of reflexion. 

I am indebted to Dr. Marie L. V. Gayler for supplying 
the material for X-ray examination, and to Dr. W. Rosenhain, 
F.R.S., for his interest in the work. 

Phil. Mag. S. 7. Vol. 5. No. 33. June 1928. 4 K 
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CXXVI. Jesla Luminescence Spectra of the Halogens .— 
Part I. Iodine . By S. S. Bhatnagar, JD*Sc., D. L. 
Shbivastava, M.Sc ., K. N. Mathur, M.Se ., arid B. K. 
Sharma, M.Sc.* 

[Plate XXL] 

I ODINE and bromine have been examined spectro¬ 
scopically by many investigators. As early as 1898 
Konen a) examined the emission spectra, and gave the 
positions of several bands and lines in both the visible and 
the ultra-violet region. The fluorescence spectra have been 
largely investigated by Wood (2) , and later by McLennan (S> 
and by Oldenburg <4) . Much of the work on the emission 
spectra has been stimulated by the discovery by Steubing (0) , 
in the case of iodine, of a region of continuous emission 
ending sharply on the long wave-length side at 4800 ±15 A. 
and its explanation by Franck (6) on the basis of the electron 
affinity of the halogen. Recent work by Gerlach and 
Gromann (7) , Noyes (8) , Ludlam and West <9) , Mecke (10) , Cario 
and Oldenburg (11) and others has been mainly directed 
towards the elucidation of this view. 

Attention has been called by several experimenters (W).(is),(M). 
to differences that occur in emission spectra as a result of 
the form of excitation. McVieker, Marsh, and Stewart (13> 
working with organic vapours have found remarkable 
differences with Tesla frequencies. Swindler (15) ,. working 
with chlorine and other gases, has found that at low 
pressures the high-frequency spectra differ widely from 60- 
cycle spectra with gases containing nitrogen as an impurity. 
Bloch and Bloch (16) , employing high-frequency oscillatory 
discharge, have been able to obtain several successive stages 
of ionization. In the present investigation, iodine and 
bromine have been studied under a high-frequency dis¬ 
charge from the secondary of a Tesla coil excited by a 
powerful 50-cycle A.C. transformer. In order to avoid all 
complications due to the presence of electrodes, the discharge 
was made electrodeless, and to obtain an intense discharge 
a scheme of connexions rather different from that employed 
by previous workers was adopted after making a number 
of trials. The arrangement of McVieker, Marsh, and 
Stewart <18) consisted in connecting the internal electrode of 
their discharge-tube to the secondary of an air-insulated 

■f * Communicated by the Authors. 
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Tesla coil having a directly-coupled primary and using four 
big Leyden jars, an 18-inch induction coil being used as the 
source of current. The other electrode, which consisted of 
tin-foil coating over the entire length o£ the tube, was 
earthed along with the other end of the Tesla secondary. 

Robertson** 7 * caused electrodeless discharge in a bulb 
12 cm. in diameter by suspending it inside a coil of a few 
turns of stout copper wire, which was connected to two 
Leyden jars excited by a transformer. 

Experimental . 

The arrangement adopted by the authors is shown in 
fig. 1. Current from a 50-cycle A.C. generator coupled to 
a D.C. motor was fed to the primary of a dental X-ray 

Fig. 1. 



R 



transformer T made by the General Electric Company * 18) of 
America, through a regulating rheostat R. The secondary 
of this was connected to the primary of the Tesla coil 
TO with a condenser C and a spark-gap as shown. The 
secondary of the Tesla coil was connected to a solenoid 
wound on the discharge-tube. The Tesla coil used was 
made in the laboratory, and had 14 turns of stout bare 
copper wire for the primary. The secondary had a single 
layer of 155 turns of 22 S.W.G. D.C.C. wire wound on 
a thin ebonite former. The space between the ebonite 
former and the primary coils was filled with paraffin-wax. 
This gave a fairly tight coupling for the high-frequency 
cirouiL The spark-gap consisted of two adjustable brass 
knobs 1*3 cm. in diameter. The condenser 0 was made up 
of lour thin zinc plates of 20 x 15 cm., with a projection on 
one side for connexions, separated by 0-6 cm. thick plate 
glass, size 30x25 cm. Previous to making up, the glass 

4 K 2 
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plates were cleaned and thoroughly dried. The whole of 
the block was then set in good paraffin-wax. The capacity 
o£ this condenser was thus about 370 cm. During the 
course of preliminary investigation we employed Leyden 
jars as used by McVmker, Marsh, and Stewart ( loc . ci£.), 
but we found them very unsatisfactory with long" 1 hours of 
continuous working. Similarly we had also tried two other 
forms of Tesla coil. One had a primary of four turns over 
a long secondary of about a thousand turns or more, the two 
being air-spaced; the other was simply made by connecting 
together the two ends of the solenoid over the discharge- 
tube and winding over it a few turns of copper wire 
separated by a large air-distance and connected to the Tesla 
secondary. In both these cases the intensity of discharge 
becomes very feeble. The air-spaced coupling cannot work 
satisfactorily, because at the high potential employed there 
is always a vigorous corona discharge. 

The discharge-tube used by us consisted of a glass tubing 
2’5 cm. in diameter and 30 cm. long. One end was finely 
ground so that a quartz plate (as supplied by Adam Hilger 
Ltd. for Baly absorption-tube) could be cemented on it. The 
other end was drawn out and suitably narrowed for taking 
a joint of thick rubber tubing. The whole of the tube, 
excepting about 2 cm. from either end, was wound over with 
250 turns of insulated 22 S.W.G. copper wire, which was 
well varnished with shellac. The two ends of this solenoid 
were joined to the secondary of the Tesla coil. One of these 
ends was also joined to the knob of a Leyden jar whose 
outer coating was earthed. This considerably increased the 
intensity of discharge, due no doubt to the capacity putting 
this circuit in better tuning with the primary oscillating 
circuit of the Tesla. 

A wash-bottle filled with suitable absorbing substances 
was included between the discharge-tube and the vacuum 
pump to catch the halogen vapours. A Oenco Hyvac pump 
was used for exhausting. The instrument used for photo¬ 
graphing the spectra was a quartz spectrograph, size E 3, 
made by Adam Hilger Ltd. It gives a spectrum about 
200 mm. in length between X2100 and 7000 A. The 
wave-lengths were measured by the scale mounted in the 
instrument. This scale was further standardised by com¬ 
paring it with standard copper lines. The error of reading, 
as shown by our copper spectrum, is lA. for \2200, 
increasing to about 10 A. for A, 7000. Wellington Spectrum 
plates were used throughout and found very suitable, both 
as regards the speed and freedom from halation. The 
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maker’s metol-hydroquinone formula was adopted for de¬ 
velopment. 

Iodine . 

Merck’s extra pure resublimed iodine was carefully resub¬ 
limed again, and the sample thus obtained was used for the 
experiments. A sufficient quantity of the crystals was then 
spread throughout the length of the discharge-tube. The 
quartz window was then cemented, using Everett’s hard 
vacuum wax, and connexion was made with the vacuum 
pump through an absorption-trap. At a pressure of 3 mm. 
the discharge has a beautiful bluish glow throughout the 
entire length of the tube. An exposure of half-an-hour was 
found sufficient with the discharge-tube about 3 cm. from 
the spectrograph slit. 

Results. 

An examination of the iodine spectrum shows the 
following peculiarities :— 

(a) A continuous background beginning from X4800 and 
ending at X 2130. Both the edges at X 4800 and X 2130 are 
sharp. 

(b) A number of emission bands superposed on the con¬ 
tinuous background. 

(c) A few of the iodine emission lines. These are visible 
only outside the region of continuous emission. 

( d) An almost complete absorption of radiation in the 
region X4800 to X5650. 

A narrow continuous background with its maximum 
wave-length limit at X4800 was first observed by Steubing (5) . 
The extension of the continuous emission up to X 2130 has 
not been previously observed. 

The emission bands ( b ) with their positions are given 
on p. 1232. Some of these bands have been previously 
located, but we have been able to note many new bands 
further in the ultra-violet. 

Wood and Kiinura (19) give a long list of closely-spaced 
iodine lines between X 4632 and X 6585. Of these, PL XXI. 
shows XX 4835, 4865, 5200, 5650, 6200, 6450 only. These 
coincide with their lines within the accuracy of our readings. 
Wood and Kimura were able to change gradually from band 
to line spectra by varying the capacity in the circuit or by 
heating. They were thus led to conclude that the line 
spectrum is due to the atoms, and that the dissociation of the 
iodine molecule results from an elevation of temperature. 
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St. Landau-Ziemecki <20) , applying a formula of Bodenstein 
and Stark (21) , calculates that at 500° 0. and 1/4 mm. pressure 
the degree of dissociation of iodine molecule is 0*1. In our 
experiments the pressure was 3 mm., and the rise of tern* 
perature, even with prolonged exposui’es, could not be 
appreciably higher than 25° O. The degree of dissociation 
should thus be of the order of 10“ u . This is evidently too 
small a dissociation to show any of the lines ascribed to 
atomic iodine. We thus think that in our tube the dis¬ 
charge itself was responsible for the dissociation of the 
molecular into atomic iodine, irrespective of temperature. 
This accords with Franck's (22) view that the halogens belong 
to the class of molecules that are able to take up so much 
oscillation energy through absorption that they dissociate 
into a normal and an excited atom. 

Wood and Kimura have also observed the spectrum of 
electrically-excited iodine vapour as being made up of a 
fluted band spectrum between wave-lengths A, 5200 and 
A 7000 and a continuous band between wave-lengths 4300 
and 4800 A. The former has been shown By them to 
exhibit, under high dispersion, a structure comparable 
to that of the absorption spectrum. In our plate we find 
an almost complete absorption of radiations (with the 
exception of three atomic lines mentioned above) between 
the wave-lengths X 4800 and X 5650. Mecke (10> has investi¬ 
gated the band-absorption spectra of iodine. His results 
show a long series of absorption bands stretching in the 
direction of short wave-lengths and having a real con¬ 
vergence limit at X 5000, followed by a region of strong 
continuous absorption. The band limit A 5000 has been 
taken by Franck <M> to represent the energy absorbed by 
a molecule for dissociation and the excitation of one of its 
atoms. The absence of any radiation in our plate between 
X 4800 and X 5650 is undoubtedly due to the fact that, as the 
coils in our discharge-tube were not wound completely up 
to the end of the tube facing the slit, the region (about 
2 cm. long), which was only under a weak stimulus, acted 
as the absorbing layer for all the bands to be found within 
this spectral region. 

We give below tables of the bands systems observed 
by us. The stronger of these had been previously ob¬ 
served chiefly by St. Landau Ziemecki. We have here 
the band system starting from A 4800 and going up to 
, A 2130, with a continuous background throughout. The 
most prominent of these bands are those stretching between 
AX 4300-4170, AA 3440-3360 <**>, and AX 2640-2600. 
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An examination of the bands shows three well-defined 
end one weak systems. These have their heads approxi¬ 
mately at 

(A) X 4320, 

(B) X 3440, 

(C) X 2710, 

(D) X 2481. 

The system A is made of a number of very intense but 
diffuse bands. These are given in Table I. below :— 


Long wave-length. 
Edge of bands. 


4320*0 
4090*3 
3994*2 
3890*0 
3812 0 
3749*0 
3685*0 
3640*0 
8598 0 
3540*0 


Table I. 


Short wave-length. 
Edge of barnjs. 

4109*0 

4014*8 

3933*3 

3850*0 

37800 

3720*0 

30700 

3610*0 

3509*0 


Wave-number 
for long 

wave-length edge. 

23148 

24414 

25037 

25707 

26232 

26673 

27137 

27470 

27793 

28248 


Owing to their diffuseness and low dispersion of the 
quartz spectrograph in this region, it has not been possible 
to find any regularity in these so far. 

There are a few bands between X 4800 and X 4320 which 
do not seem to belong to any of these systems. Their long 
wave-length edges are situated at X4750, X 4680, X 4610, 
X 4480, X4390 (line). 

The system B consists of a large number of bands, 
systematically placed and having a very peculiar intensity 
distribution. 

The heads of these bands are given within the limits of 
our accuracy of reading by a formula of the usual electronic 
band type, 

v = 29078 + (710n'—8n' s ) — (213'7n" — • 6n' '*), 
where, adopting the accepted notation, n' refers to the 
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initial electronic state of the emission process and n" to 
the final state, and v 0 = 29078 is the head of the first band 
with An — 0. 

In Table II. below we give the observed wave-numbers 
and those calculated by the formula. Again the diffuseness 
of the bands forbids precise measurements; but within these 
limitations the agreement is perfect. 


Table II. 


Wave-length 

limitsjof 

bands. 

Estimated 

intensity. 

Wave-number of 
head. 

Values of 
vibrational 
quantum number. 

L 


t 1 ~ Aw —\ 

Observed. Calculated. 

»\ n". 

3480 

1 

28735 

28727 

1, 5 

3440—3360 

10 

29070 

J 29078 

1 29567 

0, 0 

1. 1 

3307 

2 

30239 

30253 

2, 1 

3283—3070 

5 

30460 

f 30466 
\ 30500 

2, 0 
» 3, 3 

3258—3243 

8 

30694 

30711 

3, 2 

3237—3218 

8 

30893 

1 30923 

1 30945 

3, 1 

4, 4 

3214—3197 

8 

31114 

/ 31130 
\31154 

3, 0 

4, 3 

3190—3176 

8 

31348 

31365 

4, 2 

3168—3160 

3 

31560 

r 31577 
131583 

4, 1 

5, 4 

3144—3140 

3 

31807 

f 31790 
\31792 

4, 0 

5, 3 

3124—3113 

8 

32010 

32003 

5, 2 

3108—3093 

7 

32175 

r 32205 
\32215 

6, 4 

5, 1 

3085-3080 

1 

32415 

/ 32414 
132428 

6, 3 

6, 0 

3066-3051 

6 

32616 

, 32602 

1 32625 

7, 6 

6. 2 

3046—3033 

7 

32830 

f32811 

132837 

7, 4 

6, 1 

3024—3020 

1 

33069 

J 33050 
133020 

6, 0 

7, 3 

3008—2995 

6 

33245 

33231 

7, 2 

2989—2981 

7 

33456 

33443 

7, 1 

2972—2968 

1 

33647 

f33656 
l 33610 

7, 0 

8, 8 

2958—2944 

7 

33807 

f33821 
133789 

8, 2 
». 5 

2938 

2 

34037 

34033 

8. 1 

2920 

0 

34246 

34246 

8, 0 

2908 

2 

34388 

34395 

«, 2 
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Wave-length 
limits of 
bands. 


Estimated 

intensity. 


Wave-number of 
head. 


Values of 
vibrational 
quantum number. 


o 

A. 


Observed. Calculated. 

n\ n'\ 




[ 34607 

9, 1 

2880—2863 

5 

34698 

34742 

10, 3 



[ 34840 

9, 0 

2850—2842 

3 

35087 \ 

f 34953 
l 36165 

10, 2 

10, 1 

2827—2813 

3 

35373 -j 

r 35378 
[ 35495 

10, 0 
11, 2 

2708—2790 

0 

35740 j 

1 35707 
[35811 

11, 1 
12, 3 

2770—2760 

1 

36023 

36021 

12, 2 

2748 

1 

ofioon <36232 

3bjyu 136320 

12, 1 

13, 3 

2739 

1 

36509 

36531 

13, 2 

2728 

1 

36657 

36743 

13, 1 


The values calculated above are only for the heads of the 
various vibrational bands. Each of these bands has a 
definite thickness due to the associated rotational levels. 

In the above analysis it will be seen that large values of 
n 1 are the most favoured ones. This was, indeed, anticipated 
by Franck from the peculiar intensity distribution of the 
fluorescence spectrum. 

The wave-lengths of the systems (C) and (D) are given 
in Tables III. and IV. respectively. 


Table III. 

Long wave-length. 
Edge of the bands. 

Wave-numbers. 

Estimated 

intensity. 

2729 

36643 

0 

2709 

36913 

2 

2693 

37133 

2 

2683 

37271 

2 

2672 

37425 

0 

2601 

38446 

1 (very diffuse) 

2590 

38610 

1 

2582 

38729 

1 

2565 

38982 

0 

2555 

39138 

0 

2532 

39494 

1 




1234 Messrs. Bhatnagai 

r, Shrivastava, Mathur, and Sharttta: 

Table IV. 

Long wave-length. 
Edge of the bands. 

Wave-numbers. 

Estimated 

intensity. 

2480 

40322 

2 b. d. 

2462 

40617 

0 

2450 

40816 

0 

2430 

41151 

0 

2410 

41493 

0 

2390 

41841 

1 b. d. 

2350 

42553 

1 b. d. 

2328 

42964 

0 

2306 

43365 

0 


Most of the bands of Table III. have the appearance 
of thick lines, except one very diffuse band. The general 
character of bands in Table IV. is very hazy. All of these 
are of very low visibility against a continuous background* 
which made readings very difficult and uncertain. The 
bands indicated by letters b. d. are very broad and diffuse. 
The system (D) might be stretching a little further than 
X 2306, but it is not possible to locate bands any further. 
The continuous background, however, extends up to X 2130* 
as indicated before. 


Discussion . 

All the heads of the band systems observed by us can 
be represented within the limits of our accuracy by an 
energy-level diagram as shown in fig. 2. The numbers on 
the right-hand side indicate the various term values with 
equivalent values in volts written below. It will be seen 
that the first excited state of the molecule differs from the 
stable state by 0*94 volt. This is the same as the value 
found by Turner (24) by measuring the recurring doublet 
separation of the iodine spectrum in the far ultra-violet 
region. These are the stable and the meta-stable states 
of the iodine atom, and were first indicated by Franck 
as 2p a and 2^ states. The level above the 2p x state is 
1*005 volt higher, while the next higher is again 0'94 volt 
higher. It seems here as if the 2p$ and 2p x states have 
undergone a repetition. This is followed by two levels still 
higher at 4*52 and 6*92 volts respectively. It is significant 
that transitions from the latter level to the stable and the 
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metanstable states gives us two prominent lines of the atomic 
spectrum of iodine. These are indicated in our diagram by- 
broken lines, and the values of these have been taken from 
Turner's measurements. 

Thus, of our bands the system A is indicated as a tran¬ 
sition from 2*885 volts to the normal state, and the system 
B as a transition from 4*52 volts to the meta-stable 2p x state, 
while a transition from this same level to the stable 2p 2 
state gives us the system C. The system D is given by a 
transition from 6*92 volts to 1*945 volts level. Transitions 
from this same level to the 2 p 2 and 2p x states gives the two 
atomic lines of iodine. Besides the above four systems a 


Fig. 2. 


- 56094 
6 92 volts 



- 36678 
4 SZ volts 


~ £3385 
2*885 volts 

*I577^ 

1945 volts 

-7600 
■94 volts 

* 0 


transition from 4*52 volts to 1*945 volts gives us the edge 
X 4800. 

It is noteworthy that the line at X2062 has been noted by 
Turner and others as more intense than X1876 line. From 
our diagram it would appear that the latter is the real 
resonance line. This is also the view of Turner and 
Compton ( ® #) , who regarded X2062 as the line terminating on 
a level 0*545 volt above the normal. Our evidence indicates 
that it terminates on a 0*94 volt level. The greater intensity 
of X2062 will then mean that the probability of a change, 
6*92—*0*94 volt, is much greater than 6*92~*0 : that is, the 
atom first tends to assume the meta-stable rather than the 
stable orbit. This will also explain the greater intensity of 
tfce band system B (4*52—►*94) over the system C (4*52-—*0). 
Bit this will not explain the great intensity of system A. 
Indeed, our Only justification for creating the level 2*885 
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has been the peculiar wide separation of the bands most 
unlike the systems associated with 2 pi leveK -Similarly the 
edge at X4800 which on our diagram is associated with 
the excited levels 4‘52—*1*945 defies complete explanation. 
Gerlach and Gromann <7) have shown that at higher tempera- 
tures.and lower pressures the band at X4800 decreases in 
intensity while that at X3440 increases in intensity. As 
these conditions will favour a greater proportion of iodine 
vapour in the atomic state, they will also, we might suppose, 
favour the meta-stable state. Thus, clearly the chances for 
transitions to the 2p 3 state will be much increased, and 
consequently the intensity of the band at X3440 (S6> . If, 
however, we follow the same argument for X4800, we find 
that,as its terms are higher still, it should also be strengthened. 
A way of escape from this difficulty is found if we assume 
that the transitions responsible for X3440 are possible both 
in the atomic as well as the molecular state, while those 
responsible for \4800 are possible only for the molecular 
state, and are forbidden on the selection principle in the 
atomic state. Franck has pointed out that fox' homopolar 
molecules like I 2 , which are bound together by van der 
Waals’s forces, the electron orbits of the individual atoms still 
exist, though in a more or less disturbed state. Such 
molecules can be separated adiabatically into normal atoms, 
and on excitation by light an electron of one of the atoms 
passes to a higher quantum orbit, and the corresponding 
absorption frequency will be almost identical with a frequency 
found in the spectrum of the constituent atom. Now, several 
investigators have called attention to the appearance of 
“forbidden” lines in the molecular spectra. We might 
thus be justified in assuming that the transitions responsible 
for X4800 are only possible in the molecular state, and thus 
under those conditions of temperature and pressure which 
favour a greater amount of atomic iodine this band must be 
necessarily weakened, while that at X 3440 is strengthened. 
But this does not explain the observations of Steubing and 
others that even under large dispersion it remains unresolved. 

It should be pointed out here that the bands X 4800 and 
X 3440 are the so-called electron-affinity spectra of iodine* 
Franck suggested the former while Gerlach and Gromann, 
Ludlam and West, and others have been leading evidence in 
favour of the latter. If such a spectrum exists at all for 
iodine, we would agree with Gerlach ( * 7) and attribute X 4800 
to the affinity of the iodine molecule. 

Referring to our analysis of the band system B involving 
a number of vibrational levels associated with the eleotroftfe 
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levels 4*52 and 0*94 volts, it will be seen that the final term 
of the formula 

ps=29078 + (710n f — 8n' 2 ) —(213*771"—*6n" 2 ) 

is the same as given by Kratzer and Sudholt (28) and corrected 
by Kemble and Witmer (29) from analysis of the resonance 
series of iodine. The presence of this term shows that in 
the above transitions the final state of the molecule is that 
of the excited 2pi condition. That is, contrary to the usual 
belief that the vibrational levels of the resonance spectra 
(213*7n' ; —*6n" 2 ) are associated with the unexcited normal 
molecule, we find that even in fluorescence the final level of 
the emission process is the excited 2p x . We also notice that 
in the system B for all those transitions for which the final 
vibrational quantum number w" = 0, the observed bands are 
very much feebler. That is as it should be, for, as pointed 
out before, the end of our discharge-tube facing the slit was 
under a comparatively foeble stimulus, and consequently must 
necessarily have a great preponderance of molecules in the 
excited 2pi state. These will act as a partially absorbing 
layer for all the transitions involving ?i" = 0. 

On our energy-level diagram the highest value of the 
electronic energy absorbed by the molecule before it disso¬ 
ciates is (6’92 —1*94) = 4*98 volts. If, now, the molecule 
dissociates, it will absorb the energy necessary for its disso¬ 
ciation, the rest being evolved as a quantum of light. 
Referring again to the band at X 3440, it will be noticed that 
its great intensity and breadth is not wholly explained by 
its being the head of the system. The most intense part of 
this lies at X 3410, and we consider that this is due to the light- 
quantum evolved on dissociation of the molecule. Thus, 
since X3410 is equal to 3*62 volts, the energy required for 
the dissociation of the molecule would be 

4*98 —3*62 = 1*36 volts. 

This is slightly lower than the chemically-calculated value 
1*5 volts, but is in excellent agreement with the value of 
Foote and Mohler (80) . The former workers have found a 
resonance potential in iodine vapour at 2*34 ±02 volts. If 
from this we subtract 0*94 volt as the energy required for 
exciting one of the atoms to the meta-stable state, we get the 
value 1*40 + 0*2 volts, which agrees with our value within 
the limits of the accuracy. 

Following, again, the contention of Franck and Dymond (J1) 
that the result of the dissociation of iodine when produced 
hjT light^absorption is one stable atom and one meta-stable 
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atom, if we take the excited molecule at, 4*9$ velfo to 
dissociate as above, the energy absorbed would be 

1*36+ ‘94 = 2*30 volts, 

and the emitted light-quantum should have the value 
4*98-2*30=2*68 volts. 

We should expect a band terminating in this region. 
We have actually a fairly intense band from XX 4610-4550. 
This agrees well. 

As already pointed out, the continuous spectrum from 
XX 4800-2130 forms a strong background throughout. This 
seems to be a continuation of the narrow continuous spectrum 
at X4800 of Steubing (5) . An explanation of tins will 
probably be a special case of the general theory of retardation 
spectra, which is as yet very little understood. For the 
present, however, we might adopt the views of Wright (a2) 
and of Crew and Hulburt <33) in conjunction with the idea of 
electron affinity. 

Franck, in explaining Steubing’s results, coriceived the 
idea of electron affinity spectra as being due to the capture 
of an electron by the iodine atom because of the tendency of 
the latter to form a stable octet in its outermost shell. Thus 

W t —W/=Av 0 , 

where W* = energy in the initial state and W f in the final 
state and v 0 the wave-number of emitted quantum, would give 
the position of the edge ; but since initially the captured 
electron might possess any velocity, this sharp edge would 
he followed by a continuous spectrum, that is 

Itv » W i —W/ + \mv^=h v 0 -f 

v x will thus depend on v 9 the velocity with which the 
captured electron was moving. It is clear, however, that 
this velocity cannot be large, for then the electron will 
penetrate the atom and escape. If, now, the atom (or the 
molecule in the case of homopolar compounds like iodine, 
where the atoms more or less maintain their separate entity) 
is already in an excited state when the electron is captured, 
then along with molecular bands we should find associated * 
continuous spectrum. That is, in the above equation each 
excited quantised state of value W< giving a band bead will 
also form the head of a continuous spectrum linked upwith 
it. The sharp high-frequency edge at X 2130 will then 
the maximum velocity of the electrons which can fce 
-captured by molecular iodine. With a greater mine of 
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of these, either the molecule dissociates or the electron 
escapes. A similar edge, but at X 2125, is shown by bromine. 

Summary. 

Iodine has been examined spectroscopically by excitation 
under electrodeless Tesla discharge. The spectrum obtained 
has a bright continuous background from X4800 to X2130 
with a number of electronic emission bands superposed on it. 
Four different systems of bands have been located. One of 
these systems has been analysed and shown to confirm to the 
equation 

i/=29078+ (71(W—8ft'*) — (213*7n // —0*6/i" 2 ), 

where 29078 is the wave-number of the head of the system. 
The presence of the fluorescence term (213*7n n — 06n'' 2 ) has 
been shown to indicate that this system is given in emission 
as the molecule returns from a higher excited state to the 
meta-stable 2jp x .state. A brief discussion is given of the 
bands at X4800 and X3440, which have been frequently called 
the “ electron affinity ” bands. An attempt has also been 
made to explain the continuous background. 
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CXXYII. The Measurement of Sound-absorption in a Boom *. 
By Vern O. Knudsen, Ph.l)., Assoc. Prof % of Physics , 
University of California at Los Angeles 


I. Introduction. 


T HE fundamental differential equation for the distribution 
of sound in a room is J 

v^+iwi-E..(i) 

where Y is the volume of the room, I the average density of 
sound energy in the roem, v the velocity of sound, a the total 
absorption of the room and its contents, and E the uniform 
rate of emission of sound energy from the sound source. 
The solution of (1) yields two equations which suggest 
practical methods for the determination of a. The first 
and simpler of these equations, which applies to the steady 
state when the rates of emission and absorption are equal, is 

a t>io,# • % \ * * (2) 


* A part of this investigation was presented to the American Physical 
Society, March 5,1927. (See Abstract, PhyB. Rev. xxix. p. 758 (May 
1927).) 

t Communicated by the Author. 

t G. Jaeger, “ Zur'Theorie des Nachhalls,” Akad. Wise. Wim, &itz* 
ungsberichte , May 1911, p. 120. (See also E. A. Eckhardt, u Acoustics 
of Rooms ," 4 Journal of the Franklin Institute/ June 1923, p. 799; and 
E. Buckingham, “ Theory and Interpretation of Experiments in the 
Transmission of Sound through Partition Walls/* Scientific Papers of 
the Bureau of Standards, No. 506, May 26,1925.) 
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where I 0 is the average maximal steady state value of the 
density of sound energy in the room. The second o£ these 
equations, which applies to the decay o£ sound in a room 
after the source has been stopped, is 

I = ...... (3) 

The somewhat similar equation for the growth of sound in a 
room is also serviceable but not so convenient as the one for 
the decay. Equation (3), which gives the rate o£ decay of 
sound in a room, suggests two methods for determining a t 

(1) measurement of oscillograms oE the decadent sound, or 

(2) measurement of the time required for a sound to be 
reduced to a known fraction of its initial steady state value. 
This latter method is the one chosen and developed by W. 
0. Sabine, and it has been used almost exclusively by all 
subsequent investigators. It is customary to use the ear as 
the detector in these measurements. The observer stops a 
tone of predetermined intensity (usually about one million 
times the minimal audible intensity) and measures the 
duration of audibility. 


II. A dvantages and Limitations of the Different Methods 
for Measuring a. 

The simplicity of equation (2) makes it appear as a direct 
and an attractive means for determining «. It is necessary 
to measure only E and I©, and substitute their values in (2). 
This is similar to the determination of electrical resistance 
by the voltmeter-ammeter method—the rate of sound emission 
corresponds to the e.m.f., and the average intensity I 0 corre¬ 
sponds to the current. 

It is easy to modify (2) into a more useful form for 
laboratory measurements. Thus, by making two sets of 
measurements in the room, one with the room as it is to be 
tested and another with a known amount of absorption added 
to the room, it becomes unnecessary to know the rate of 
emission of the source, provided it remain constant for the 
two sets of measurements. The equations for these measure¬ 
ments are obtained from (2). Suppose measurements of I a 
be made in the room as it is to be tested. Then 



Now suppose a known amount of absorption o' has been 
&UL Mag.S. 7. Vol, 5. No 33. June 1928. 4 L 
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added to the room, by opening windows or by other means. 
Then 

4E 


where I 0 ' is the resulting steady state intensity of sound in 
the room. Whence, 

a ~ t /J* 0 _i. 


4 / 


with I 0 and a known, E can be determined from (2) and its 
value used in all subsequent measurements, either in the 
same room or in other rooms, provided, of course, that E 
remain constant. 

This method of determining the absorption of a room has 
a number of obvious advantages;— 


1. The measurements are all instrumental, and thus 

independent of the ear of an observer. 

2. The error in determining the absorption of a room is 

the same as the error in measuring the average 
intensity of sound in the room, and with suitable 
apparatus it should be easy to reduce this error to 
one per cent, or less. 

vh The disturbing effect of residual noise in a room can be 
made negligible. If the intensity of the test tone 
be one thousand times as great as the intensity of 
the residual noise in the room, the noise introduces 
an error of only one-tenth of one per cent.* It is an 
easy matter to produce test tones of this required 
intensity in an average room. Elaborate sound 
insulation, or the making of the measurements 
during the quiet part of the night, is thus obviated. 


The method of measurement appears simple and precise, 
■and, indeed, would be, were it not for the difficulties 
encountered in determining the average value of I 0 . These 
difficulties were set forth lucidly by W. C. Sabine in one of 
his early lectures given at the Sorbonne in the spring 
of 1917 *. The difficulties are of two sorts: first, the 
reflexions from the walls produce an interference pattern 
in the room with pronounced maxima and minima; and 
second, the rate of emission of the sound source is influenced 

* W. C. Sabine, ‘Collected Papers/ pp. 277-279. This is a free 
translation from notes which he prepared for one of the lectures. 
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by the interference pattern. If the vibrating source is 
situated at a maximum, it will experience difficulty in 
imparting any additional motion to the surrounding air. 
Or, i£ the vibrating source be situated at a minimum, it will 
impart an excessive motion. Sabine cites an instance in 
which the introduction of a large amount of acoustic felt 
in a room actually increased the loudness of the test tone ; 
whereas, according to expectations from equation (2), the 
intensity should have been reduced to one-third of its initial 
value. Other workers in the field of sound, including the 
writer, have experienced similar “ anomalies ” in sound- 
intensity measurements. It is necessary, therefore, to 
thoroughly 46 mix ” the sound in a room if reliable measure¬ 
ments of average intensity are to be made. W. C. Sabine 
introduced a large rotating steel vane into the sound 
chamber, which continuously shifts the sound interference 
pattern. This suffices for reverberation measurements. 
Eckhardt and Chrisler,* at the Bureau of Standards Sound 
Laboratory, use a rotating variable-frequency source of 
sound. Such devices help greatly to provide a uniform 
distribution of sound in a room, but even under these con¬ 
ditions it is necessary to make many measurements in all 
parts of the room in order to determine the average intensity 
of sound. The difficulties in making these measurements 
have been realized by Sabine and his successors, and for that 
reason practically all measurements of the sound-absorption 
of a room have been made by the reverberation method. 
The difficulties, however, do not seem insurmountable, and 
the simplicity and directness of utilizing such intensity 
measurements for the determination of the sound-absorption 
of a room have always appealed to the writer. Just what 
success may be anticipated from the use of this method will 
be indicated by the experimental part of this paper. 

Equation (3), which expresses the law of decay of sound 
in a room, indicates that the absorption of a room can be 
determined by measuring the rate of decay. Perhaps the 
most Obvious method for determining the rate of decay is to 
obtain oscillograms of the decadent sound. Suppose the 
curve in fig. 1 be the envelope of a typical oscillogram. If 
the ordinates in fig. 1 be measured for successive intervals 
of time, the ratios of corresponding ordinates separated 
by the same time-intervals will be constant* Let VJV 
represent the constant ratio of any ordinate to a successive 

* 1 Scientific Papers of the Bureau of Standards,’ No. 526, April 28, 
,1926. , 

4 L 2 
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one t r seconds later ; then the absorption of the room is 
given by 


a = — T log 
vt* ** 


(5) 


In the actual oscillograms the ordinates will represent, the 
pressure-amplitude of the sound and not the intensity I, 
which is proportional to the square of the amplitude. I 'JV 
is therefore the square of the corresponding ordinates 
measured on the oscillogram. 


Fig.l. 



Curve giving an ideal representation of how sound dies away in a 
room. The rate of aecay furnishes a means of determining the 
total absorbing power of the room. 


The advantages of this method of determining the absorp¬ 
tion of a room are 

1. The measurements are made from a photographic film, 

and can be made as slowly and accurately as desired. 
The oscillogram is thus a compact, permanent record, 
which can be filed for future reference. 

2. The error in determining the absorption is proportional 

primarily to the logarithm of the intensity ratio VjV 
and therefore should be very small. 

3. It is an absolute method, and no calibrating is reqnired^ 
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There are two limitations to this method for determining a. 
First, the decay is not uniform. The interference pattern 
in the room is pronounced and is in a state of rapid change ; 
successive maxima and minima are presented to the detector, 
and consequently the oscillogram is a complicated record of 
the decay of sound. After the source of sound has been 
stopped the residual sound becomes more and more uniform, 
but the successive maxima and minima are not completely 
eliminated. 

The second limitation to this method comes frotai the 
interfering effect of any noise in the room. Since the resi¬ 
dual decadent sound in the room becomes more and more 
uniform, the terminating portion of the oscillogram is best 
adapted for measurements. Hence aii}^ extraneous noise in 
the room would be superposed upon the decadent sound. 
This requires a relatively quiet room. 

The two methods for determining a which have just been 
outlined have probably been considered by W. 0. Sabine 
and subsequent workers, but have been abandoned because 
of the inherent difficulties arising from the sound-inter¬ 
ference pattern in a room. These difficulties have been 
discussed, and, as will be shown later, special devices must 
be used to overcome them. 

Sabine’s investigations led him to adopt a third method 
for determining a % This is known as the reverberation 
method. It is necessary to have a source of sound, the rate 
of emission of which, E, can be varied by a known ratio. 
Then, if the duration of audibility of the residual sound for 
two values of E be determined, a can be calculated. Thus, 
let E x and E, be the rates of emission of the source, the 
ratio Ej/Ei being known. (Sabine used one and four 
identical organ-pipes, separated from each other sufficiently 
to neglect mutual coupling, so that the four pipes emitted 
four times as much energy as one pipe. A suitable loud¬ 
speaker, actuated by a filtered oscillator current, can be 
used to advantage.) Let t x and t 2 be the durations of audi¬ 
bility of the two sources haying rates of emission of E| and 
E, respectively; and let l m be the minimal audible intensity 
for an observer in the room. Then, since the intensity ratio, 
Is/Iif for the steady state, is equal to the ratio of the rates of 
emission of the source, E,/Ei, it follows from (3) that 

I m /[, « «-•**** and VI, - 
Whence, by division and solving for a, 

a * log*E,/Ei 4V/v(i,—£i). .... (&) 



1246 Prof. V, O. Knudsen on the 

In the organ-pipe experiments of Sabine, E 2 /Et is usually 
four, the number of pipes used. In experiments using a 
loud-speaker as the source, E s /Ex can and should be at least 
one hundred. The only measurements necessary, besides V, 
the volume of the room, and v , the velocity of sotfnd, are t\ 
and £ 2 , which can be determined by the ear and a suitable 
chronograph. It is an advantage to have Ex and E 2 as large 
as ^possible, as this increases the accuracy in measuring t x 
and t 2 . It is an even greater advantage to have the ratio 
E^/Ej large, since this will reduce the error in the difference 
h — h* This method for determining a will yield fairly 
accurate results, provided a large number (at least fifty) of 
measurements of t x and t 2 are taken, and provided further 
that the test-room be completely free from noise. 

The reverberation method has the following advantages :— 

1. The decadent sound in the room, after the source has 

been stopped, becomes more and more mixed up as 
time goes on, so that near minimal soldibility the 
intensity is nearly uniform in all parts of the room. 

2. The pertinent measurements consist simply of time- 

measurements, usually of two or more seconds 
duration. 

3. The apparatus requirements are simple—a standard 

source of tone, with means for adjusting the inten¬ 
sity, and a suitable chronograph comprise the 
necessary apparatus. 

There are, however, a number of limitations to the rever¬ 
beration method, and some of them are objectionable or 
difficult to control. There is an inherent error in judging 
just when the sound has reached minimal audibility. Two 
elements contribute to this error: first, the poor sensibility 
of the ear to small changes of intensity near the threshold of 
audibility ; and second, the actual fluctuation of intensity 
resulting from the interference pattern in the room. Under 
ideal conditions, the smallest discernible change of inten¬ 
sity near minimal audibility is approximately 30 per cent*. 
Under actual working conditions, a change of about 50 per 
cent, would be nearer the practical limit. This would appear, 
on first thought, to be a serious source of error; but for a tone 
of usual intensity, that is one having an intensity of one 
million times the minimal audible intensity, the error in the 
measurement of t would be approximately 5 per cent. 

* V. O. Knudsen, “ Sensibility of the Ear to Small Differences of 
Intensity and Frequency,” Pbys. Rev. (ser. li.) xxi. p. 84 (1928). 
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The actual fluctuation of intensity resulting from the ever- 
changing interference pattern also introduces an error in the 
observer’s judgment of minimal audibility, the magnitude of 
which depends upon the nature of the room and the experi¬ 
mental equipment. The rotation of a large reflecting surface 
in the room, as is used by Paul E. Sabine in the Riverbank 
Laboratories, minimizes this error. However, measurements 
of t in an ordinary room, without a rotating reflector or other 
means for “mixing” the decadent sound, would be subject 
to an error of 5 per cent, or more. The errors arising 
from the poor sensibility of the ear and the interference 
pattern will be regularly distributed, and therefore, by 
taking an appropriate average of a large number of separate 
measurements (as many as fifty are usually made), satis¬ 
factory results can be obtained. 

A more serious limitation to the reverberation method for 
measuring a is the necessity for absolute quiet in the test- 
room. The masking effect of any slight residual noise upon 
a feeble tone approaching minimal audibility is sufficient to 
introduce objectional errors in the measurement of t *. 
Since a noise comprises almost a continuous spectrum of all 
audible frequencies, it is capable of producing a masking 
effect upon a tone of any pitch. Even a very feeble noise of 
only 5 to 10 S.U.f would be sufficient to introduce an error 
of nearly 10 per cent, in the measurement of t. Noises of 
this loudness are prevalent in many rooms which are regarded 
as practically quiet. The limitations resulting from noise 
can be removed by providing a sound-proof test-room, or by 
choosing the quiet hours of the night, if there be any, as wa» 
done by W. G. Sabine. But the rooms in which absorption 
measurements are to be made are not always sound-proofed, 
and the task of making routine measurements between mid¬ 
night and 4 a.m. is not attractive. 

Another objection to the reverberation method is the use 
of the observer’s ears as a most important part of the appa¬ 
ratus. Although a trained observer becomes adept at judging 

* See article on u Auditory Masking of One Pure Tone by Another 
and its Probable Relation to the Dynamics of the Inner Ear/' by R. L. 
Wegel and E. Lane, Phys. Rev. xxiii. p. 266 (Feb. 1924). 

t This unit of loudness, proposed by telephone engineers, is gaining 
prestige among acoustic investigators. The loudness of a sound is 
expressed in S.U. by the formula : 

S.U. = lOlogu,^. 

1 is the intensity of the sound and I m is the intensity at the threshold of 
minimal audibility. 
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just when the decadent sound has reached his minimal 
threshold of audibility, he is not infallible. There are a 
number of factors, such as judgment, attention, fatigue, 
reaction time in closing or opening the key associated with 
the chronograph, and actual change of hearing-sensitivity, 
all of which introduce errors in the measurement of t . The 
human element in the reverberation method for measuring 
the absorption of a room is probably its greatest weakness. 
Confidence in the accuracy of any measurements is increased 
if they can be made independently of fallible judgments of 
the sense organs. Anyone who has made reverberation 
measurements is certain to realize the limitations imposed 
by the use of bis ear in judging just when a sound has 
reached minimal audibility, especially if there be any 
disturbing noise in the room. 

The reverberation method, besides having the limitations 
mentioned, is laborious and slow, and requires the utmost 
care and patience on the part o£ the observer. 

Finally, the method becomes very inaccurate in rooms 
having a short time of reverberation. For example, attempts 
to measure t in a theatre with carpeted floors and uphol¬ 
stered seats, in which t may be less than 1*5 sec., are most 
unsatisfactory. 

But in spite of these limitations, the reverberation method 
is capable of yielding very useful results, accurate to about 
lper cent, under the most favourable conditions, and about 
5 per cent, under conditions more commonly met with in 
the average room. The most fundamental data and principles 
in the field of architectural acoustics have been obtained by 
this method, and in the past it has afforded the only means 
for investigating the important problem of reverberation in 
auditoriums. 


III. Experimental Methods and Results . 

The object of the experimental part of the present investi- 

f ation is to develop a simple and accurate method for 
etermining the absorption of a room ; a method which will 
be free from the objectionable limitations of the reverbera¬ 
tion method. Specifically, this investigation aims to deter¬ 
mine whether the first two methods for determining a, 
•discussed in the previous section, can be developed into 
practical laboratory methods. The main effort has been 
directed toward the development of the first method, that is, 
the determination of a by intensity measurements. Per 
brevity, this method will be called the intensity method. 
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The method depending on measurements of oscillograms o£ 
the decay of sound in a room will be called the oscillograph 
method. The method depending upon measurements of 
duration of audibility will be called the reverberation 
method. 

The experimental results presented in this paper are only 
of a preliminary nature, but they seem to indicate conclu¬ 
sively that there is at least one method of measuring a which 
can be freed from the limitations of the reverberation method, 
and which also cnn be made simple and accurate. 

The first experiments on the intensity measurements, which 
were begun more than three years ago, indicated the nature 
of the difficulties described by W. C. Sabine in his 1917 
Sorbonne lectures. Measurements were attempted using a 
loud speaker as a source of sound, and an electromagnetic 
telephone receiver and an amplifier as a detector. A single 
frequency of 512 d.v. was used. It was anticipated that an 
average value of the intensity would be obtained by taking 
a sufficiently large number of measurements, provided both 
the source and the detector were successively moved to 
representative parts of the room. For every position of the 
source a series of intensity measurements was obtained. 
The method indicated some promise of accuracy, but was 
abandoned because it was so laborious. 

These initial experiments suggested the desirability of 
“ mixing 99 or “ stirring up ” the sound in the room so that 
the interference pattern at any point in the room would 
shift between extreme limits of maxima and minima, 
and shift rapidly and continuously. All such devices as a 
rotating source, a rotating or oscillating detector, the use of 
as many as fifty detectors, distributed throughout the room, 
and a continuous change of frequency between two fre¬ 
quency limits, were employed in various combinations. 
The arrangement which worked most satisfactorily can be 
described by referring to fig. 2, which is a schematic 
diagram of the apparatus ana electrical connexions. The 
oscillator is a Oolpitts* circuit with a variable rotating 
inductance in the tuned circuit. With properly chosen 
values of inductance and capacitance in the tuned circuit, 
the oscillator generates an alternating current the frequency 
of which varies continuously with the rotation of the induc¬ 
tance, between 408 and 629 d.v. per second. The movable 
coil of the inductometer rotates at a constant speed of about 
two revolutions per second, so that the frequency periodi- 
cally varies from 408 to 629 d.v. and back again to 408 d.v. 
A low-pass filter in the output of the oscillator is used to 
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eliminate the undesirable harmonics, and the current, thus 
purified, goes to a measuring circuit and thence either to the 
loud-speaker * in the test room, for producing the source of 
sound, or to the input of an amplifier, for calibrating the 
amplifier. * 

Two different types of detector were used. One, indi¬ 
cated in fig. 2, consisted of four electromagnetic telephone 
receivers, suitably mounted on a vertical shaft which was 
rotated by means of a phonograph motor. The receivers, 
mounted at different levels, thus are made to rotate in circles 
of about 4 feet diameter, with a speed of about 40 r.p.m. 
A second detector consisted of a single condenser trans- 



►Schematic diagram of the circuit and apparatus used for determining 
the average intensity of sound in a room. 

mitter, rotated as a conical pendulum, with a swivel 
arrangement which eliminated all moving contacts. 

The o.m.f. generated by either detector is amplified (four 
stages were used with the four receivers as detector, but 

* Both the electromagnetic and the electrodynamic types of loud 
speaker have been used for the sound source. Davis & ileming (Phil. 
Mag. ii. p. 51, July 1926) have shown that the electrodynamic type is 
the better suited for producing a constant source. This agrees with the 
findings of the writer. However, in most of the tests, a Western Electric 
electromagnetic cone type was used. This was used to avoid the resonant 
effects of horns associated with the available electrodynamic loud speakers* 
The constancy of the sound source with both types of loud speaker 1 
was maintained by frequent calibrations of the set-up under identical 
conditions. 
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three stages were sufficient with the condenser transmitter) 
and then measured with a thermo-couple and galvanometer. 
In order to eliminate errors arising from any possible 
changes of the amplification constant of the amplifier, the 
latter is calibrated for every measurement of the acoustically 
generated e.m.f.* The amplifier, the input leads, and the 
detector are shielded so as to prevent stray induction from 
reaching the amplifier. 

The periodic variation of the frequency of the source and 
the rotation of the detector provide a satisfactory means of 
obtaining an average value of sound intensity at a certain 
locality in the room not too near the source. The variation 
of frequency serves the double purpose of “ mixing ” the 
sound pattern near the detector and also near the source. 
The latter is necessary to assure a constant rate of emission 
from the loud speaker. Since the frequency changes more 
than 50 per cent., the interference pattern at any point in 
the room will pass through aJl phases of intensity from local 
maxima to local minima. 

The loud-speaker is located near the ceiling of the test 
room. A screen is placed between the source and the 
detector in order to shield the detector from the direct 
radiation from the source. In each series of measurements 
the detector is placed successively at eight different stations 
in the room. Four of these stations are about 4 feet above 
the level of the floor and near the four corners of the room. 
The other four stations are elevated about 7 feet above 
the floor. The separate measurements at the eight different 
stations, for a given condition of the room, do not differ 
among themselves by more than 10 per cent. The average 
of the eight measurements is taken to represent the average 
intensity of sound in the room. When the room is tested 
again with a different amount of absorption in it, the detector 
is placed in the same eight positions or stations. 

The test room in which most of the measurements have 
been made is a reinforced concrete sound laboratory, 
18 ft, x 18 ft, x 16 ft. high, furnished through the kindness of 
the Oalacoustic Corporation of Los Angeles. The room has no 
windows and only one door. The loud-speaker and detector 
were the only equipment in the test room. The oscillator, 
the amplifier, and the measuring apparatus were in a separate 
room. 

* The method of measurement is essentially the same as that used by 
the Bureau of Standards. See Bureau of Standards Scientific Paper 
No. 526, “ Transmission of Sound of Some Building Materials/' by E. A. 
Eckhardt and V. L. Chrisler. 
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Measurements by the Intensity Method using , an Electro¬ 
magnetic Cone Type Loud-Speaker as Source and Four 
Rotating Electromagnetic Receivers as Detector .—In these 
tests the absorption in the room was supplied by an acoustic 
plaster applied to the walls and ceiling. Tests were begun 
in the room with all four walls and the ceiling plastered. 
Then the acoustic plaster on two walls was stripped off and 
the room again tested. This was repeated with the acoustic 
plaster removed from all four walls. Finally, the room was 
tested with all of the acoustic plaster removed, that is, with 
walls, floor, and ceiling in concrete. The total absorption 
in the room, under each of the four different conditions, was 
determined both by the reverberation method * and by the 
intensity method. Many separate measurements of the ab¬ 
sorption of the empty room, using the reverberation method 
with a tone of 512 d.v., had been made in previous work, 
and it was felt, therefore, that this absorption (25’0 units f) 
should be used as the most accurately known datum. All 
other calculations of by the intensity method, are based 
upon the assumed correctness of this datura. A summary of 
the results of the tests is given in Table 1. 


Table I. 


Condition of 
Room. 


"by 

Reverberation 
Method 
(512 d.v.). 


Square of 
Input e.m.f. 
(in m.v.) *. 


a by 

Intensity 
Method 
(408-629 d.v.)‘. 


Percentage 

Difference. 


Walls and ceiling ] 
concrete .J 

[• 25 0 units 

•851 

25*0 


Two walls plastered . 

48*2 „ 

•458 

46*4 

3-8 

Four walls plastered. 

105-8 

•205 

103-8 

1-9 

Walls and ceiling 1 
plastered. j 

[ 1520 „ 

•144 

148-0 

2*7 


1 The actual intensity in the room was approximately 10 7 times 
minimal audibility. 


* V. O. Knud sen, “ Measurement of Reverberation using the Ther¬ 
mionic Tube Oscillator as a Source,” Jour. Op. Soc. & Rev. Sc. Inst, xiii. 
pp. 609-612 (1926). 

+ A unit is 1 square foot of perfectly absorbing surface, as an open 
window. All units in this paper are based on the British System 
because of the general u9e of these units in buildings among English* 
speaking people. 
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The agreement between corresponding values of a is very 
satisfactory, and is of the order of the probable experimental 
error. 

Two other similar determinations of different amounts of 
absorption in a room, one in the same test room and another 
in a smaller test room at the University, botli gave good 
agreement between the values of a obtained by the rever¬ 
beration method and by the intensity method. In the first 
instance the percentage difference was 3*0 per cent., and in 
the second *8 per cent. 

Measurements by the Intensity Method using an Electro¬ 
dynamic Loud-Speaker as Source and a Condenser Transmitter 
as Detector .—In these tests the absorption in the room was 
controlled by placing on the floor different amounts of 
patented acoustic tile. The total absorpiion of the empty 
room and its equipment, but with no absorbing material on 
the floor, was now 28 3 units, as determined bj T the rever¬ 
beration method for a tone of 512 d.v. The increased 
absorption of the room (it was only 25*0 units in the former 
series of tests) is accounted for by the presence of additional 
equipment for supporting and rotating the condenser trans¬ 
mitter. The coefficient of absorption of the patented acoustic 
tile was determined both by the reverberation and the 
intensity methods. The coefficients obtained by the two 
methods differed by only 2*0 per cent., the average value 
being *433. With the use of these two data, 28*3 units for 
the absorption of the empty room and *433 for the coefficient 
of absorption, measurements were made to determine the 
relation between the average intensity of sound in the room 
and the total absorption in the room, the activity of the 
source remaining constant. Different amounts of absorbing 
material, from 4 sq. ft. to 127 sq. ft., were brought into the 
test chamber, and the average sound intensity determined 
for each condition of the room *. The results of the 
measurements are given in Table II. The first column in 
the table gives the amount of absorbing material in the 
room. The second column gives the; total absorption of 
the room obtained by adding the amount contributed by the 
absorbing material (the area S of the acoustic tile multiplied, 
by the difference between the coefficients of the acoustic tile 
and the concrete it covered) to the absorption of the empty 
room. The third column gives the deflexion of the galvano¬ 
meter connected with the thermocouple in the output of the 

* The apparatus was sufficiently delicate to detect readily the addition, 
to the empty room of a single square foot of the absorbing material. 
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amplifier. The calibration curve of the amplifier showed 
that this deflexion was accurately proportional to the square 
of the a.c. voltage input o£ the amplifier. It follows that 
these deflexions are proportional to the energy density of 
the sound in the test chamber, provided the amplification 
factor of the amplifier remain constant. The amplification 
factor decreased about 2 per cent, during this series of 
measurements, but the change was a gradual one. The 
recorded deflexions in the third column have been corrected 
for this slight change, and hence these numbers give a 
relative measure of the sound intensity in the room. The 
fourth column gives the actual average intensity of sound 
in the room, expressed in terms of minimal audibility. The 
intensity was determined in the case of the empty room by 
reducing the current through the loud-speaker to the point 
of inaudibility. All other values of intensity were obtained 
by assuming the intensity proportional to the deflexions 
given in the third column. The total absorption of the 
room, as recorded in the fifth column, is calculated from 
equation (2). The last column gives the percentage dif¬ 
ference between the corresponding values of a in the second 
and fifth columns. 

The results recorded in Table II. are shown graphically 
in fig. 3. The first point on the curve was obtained by 
plotting the sound intensity in the empty room, measured 
by the galvanometer deflexion, against the absorption of the 
empty room. Thus, from Table II., it can be seen that 
the ordinate of this point is 14*25 and the abscissa is 28*3. 
The other points on the curve were determined by assuming 
that the sound intensity in the room was proportional in¬ 
versely to the total absorption of the room for a tone of 
512 d.v. The curve, therefore, is a rectangular hyperbola. 
The actual observed intensities for different amounts of 
absorption in the room are indicated by the small circles. 

The close agreement between the observed intensities and 
the hyperbolic curve seems to support the general validity 
of the equation for the steady state of sound in a room, 
namely, that the average density of sound energy in a 
room is inversely proportional to the total absorption of 
the room. 

In general, the measurements obtained with the electro¬ 
dynamic loud-speaker as source and the condenser transmitter 
as detector were subject to smaller variations, and were 
altogether more satisfactory than those obtained with the 
electromagnetic loud-speaker as source and the four electro- 
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magnetic receivers as detector. The electrodynamic loud¬ 
speaker supplied a more nearly constant source of sound 
than the electromagnetic loud-speaker, and the condenser 
transmitter as a detector was both more sensitive and more 
nearly uniform in its sensitivity characteristic; than the 
electromagnetic receivers. 

The results obtained to date indicate that the intensity 
method can be utilized for accurate work in the determina¬ 
tion of the absorption of a room or the coefficient of 
absorption of acoustic materials. The writer is at present 
designing a laboratory for testing purposes which will 
utilize this method. By reducing the size of the test 


Fig:. 3. 



Curve showing how the average intensity of sound in a room depends 
upon the total absorbing power of the room. The curve gives the 
theoretical values ot* intensity, based upon the intensity being in¬ 
versely proportional to the absorption of the room. "The small 
circles indicate the measured values of intensity. 

chamber and increasing the number of microphone units in 
the detector, it is believed that the absorption of the test 
chamber can be determined from a single reading of the 
galvanometer deflexion in the output of the amplifier. In 
future work it is also planned to design the oscillator so as 
to give a wide band of f requencies near 128 d.v. and another 
near 2048 d.v. Thus it will be possible to determine, both 
accurately and expeditiously, coefficients of absorption of 
acoustic materials for low/medium, and high frequencies. 
This is all that is necessary for most practical purposes. 
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Measurements by the Oscillograph Method .—Considerable 
work has been done in an effort to develop the oscillograph 
method for measuring a. The initial work began with a 
single frequency of 512 d.v. The oscillograms obtained 
indicate that the decay is very irregular, owing to the 
shifting interference pattern surrounding the detector. 
Measurements of the rate of decay on such oscillograms 
led to inaccurate results. They indicated only the order of 
magnitude of the absorption in the room, giving errors as. 
great as 50 to 100 per cent. The best decay curves were 
obtained with the variable frequency source, 408 to 629 d.v., 
and the detector at rest. Oscillograms obtained in this 
manner gave values of a which differed approximately 10 
per cent, from corresponding values obtained by the rever¬ 
beration method. The results of two sets of measurements 
are given in the following table :— 

Table III. 


Condition of 
Test Room. 

a by Reverberation 
Method. 

a by Oscillograph 
Method. 

Percentage 

Difference. 

Empty. 

25*0 units 

22*0 units 

12-8 % 

Floor covered with 
hairfelt, celotex, 
etc. 

j. 102*0 units 

11 TO units 

8'5% 


These preliminary results indicate that the oscillograph 
method probably could be developed into a precise and con¬ 
venient method for measuring the absorption of a room. It 
appears necessary only to improve the technique of “mixing” 
the sound in the room so that the detector at every instant 
of the decay will respond to the average intensity of sound 
in the room. A more rapid fluctuation of the frequency of 
the source and a larger number of units in the detector 
should give more satisfactory oscillograms. This and other 
possible improvements will constitute a part of future work. 

In conclusion, the writer gratefully acknowledges the 
co-operation of W. A. Munson and Lewis Delsasso in the ex¬ 
perimental part of this work. He also wishes to record his 
thanks to the Calaooustic Corporation of Los Angeles for the 
use of the test chamber and for the labour of preparing 
the room for some of the measurements. 
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CXXVIII. Cavitation in Screw Propellers . 

To the Editors of the Philosophical Magazine . 

* 

Gentlemen,— 

I N the paper by Mr. J. Tutin, published in your July 1927 
issue, there appears to be an error in equations (6) and 
(7) on page 21. 

Taking equation (6), there are two ways o£ obtaining 
a momentum equation. First, we may consider the whole 
volume bounded by the curved lines in fig. 1. The inflow 
area is greater than A, say A', so that the left-hand side of 
(6) should be p 0 A'— pA. Further, the pressures on the 
curved sides should be included. 

Alternatively, we may consider a cylinder whose section 
is that of the disk and with generators parallel to the central 
line of flow. In the momentum equation the left-hand side 
of (6) is now correct; but on the right a term should be 
added expressing the momentum of the fluid entering the 
cylinder through its sides due to the obliquity of the flow. 

In either case, equation (6) is clearly incorrect, and by 
similar methods equation (7) can also be shown to be defective. 
The remainder of the paper is founded on these two equations, 
and, in my opinion, the author’s conclusions are therefore 
erroneous. 

Yours faithfully, 

Naval Construction Dept., L. Wo’OLLARD. 

Admiralty, London, S.W.l. 


CXXIX. Notices respecting New Books . 

The Problem of Physico-Chemical Periodicity . By E. S. Hedges 
and J. E. Myers, with a foreword by Prof. F. G. Donnan, 
(Edward Arnold: London. Price 7s, 0d.) 

TN this work, the authors give an extensive and connected 
X account of periodic phenomena in chemistry and physics. 
They have collected a considerable amount of information bearing 
on this important and interesting subject, and from an examination 
of the data and from their own researches, put forward the 
suggestion that periodicity in chemical reactions is associated with 
surfaces in a metastable state. 
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Many examples of these periodic phenomena are cited in the 
text, e . g^ Dr. Holker’s beautiful experiment on the periodic 
opacity of Wassermann “ antigen ” with sodium chloride as the 
electrolyte, the periodic decomposition of hydrogen peroxide, and 
the parallel periodicity of electropotential and the evolution of 
hydrogen by the dissolution of metals. 

The bibliography and author index include nearly three hundred 
references to researches, from those of Fechner, Joule, and 
Quincke to the most recent contributions in the Kolloid Zeitung 
and other magazines, and the authors’ papers in the 4 Journal of the 
Chemical Society.’ 

Recent Advances in Organic Chemistry . By Alfbed W. Stewabt, 
D.Sc. Fifth Edition. Vol. i. pp. xiv-t 387; vol. ii. pp. xiv-f- 
382. (London: Longmans, Green & Co. 1927. Price 21*. 
net each.) 

The fifth edition of Prof. Stewart’s well-known account of recent 
advances in organic chemistry has been expanded into two volumes, 
an indication of the enormous amount of research which is in 
progress in this subject. In previous editions, a balance has 
been maintained between those portions of the subject on which 
general agreement has been reached and the newer lines of 
research. With the rapid development of the subject, some of the 
older material has had to be discarded in the preparation of new 
editions. The expansion into two volumes now allows some of 
this material—such as tl»e chapters on addition reactions and 
unsaturation—to he included again. 

The balance between the older and newer fields of organic 
chemistry is maintained by devoting one volume to each. The 
first volume, which is complete in itself, contains a survey of 
numerous fundamental problems of organic chemistry and is 
intended to cover the requirements of third-year students. It 
forms an introduction to the second volume, which contains an 
account of the mo3t recent work in several well-selected fields 
which are of general interest. This volume is intended for 
Honours students and post-graduate workers. The subjects 
discussed include carbohydrate constitutions, the sesquiterpenes, 
rubber, the alkaloids, the anthocyanines, the chlorophyll problem, 
the depsides, abnormal valency, and applications of electronics. 
Several of the chapters are entirely new ; the remainder have been 
revised or rewritten. 

The first volume is prefaced by a historical chapter summarising 
the development of the subject up to the end of the nineteenth 
century. The second volume is prefaced by a similar chapter 
continuing the account up to the present time. 

The output of original research in organic chemistry is so 
extensive that workers in and students of the subject will find 
Prof, Stewart’s summaries of some of the more important problems 
invaluable both for study and for reference. 

4M2 
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Spherical Harmonics. An Elementary Treatise on Harmonic Func¬ 
tions with Applications, By T. M. MaoRobkrt, M.A., D.Sc. 
Pp. xii-j-302 with 20 diagrams. (London : Methuen & Co. 
1927. Price 15s. net.) 

An account of the elements of the theory of sphericaljiarmonics, 
in so far as it is required for applications to mathematical physics, 
is given in this volume. The treatment is sufficiently elementary 
for students with a good working knowledge of the calculus, but 
without knowledge of the theory of functions. The conditions for 
convergence of infinite series and for change in the order of terms 
are stated, but proofs of these conditions are not given. The 
use of spherical harmonics, Legendre functions, and associated 
Legendre functions, are illustrated by numerous applications to- 
potential theory and to electrostatic problems. One chapter is 
devoted to Clerk Maxwell’s theory of spherical harmonics. 

Additional chapters are devoted to Pourier series, with illus¬ 
trative applications to problems connected with the conduction 
of heat, and the vibrations of strings and membranes; and to 
Bessel functions with application to cylinder problems. 

The volume contains all that will normally be required by the 
physical investigator, and the treatment is straight forward and 
elementary. It can be recommended to the student both for 
study and for reference. 

The Measurement of Air Flow, By E. Ower, B.Sc., Hons. I. r 
A.C.GKI. Pp. vii -f 199 with 73 figures. (London: Chapman 
& Hall. 1927. Price 15s. net.) 

The author in the course of his work at the National Physical 
Laboratory has experienced the need for a text-book on the 
subject of air-flow measurements, which frequently present serious- 
practical difficulties to engineers. The volume under review has 
been written as a first step in the direction of meeting this need, 
and is intended to serve both as a text-book for students and as 
a work of reference for engineers engaged on matters such as fan 
engineering and the ventilation of mines and buildings. 

With the practical needs in mind, the treatment is primarily 
of a practical nature. Mathematical discussions, where necessary, 
are of a sufficiently elementary nature to be followed without 
difficulty by those with a slight knowledge of the calculus. Tho 
design of Pitot and static tubes is discussed in detail, and the 
detailed dimensions of tubes which will record correct velocities 
without calibration are given,. The use of Pitot-static tubes, aa 
well as the plate orifice, Venturi tube and shaped nozzle for the 
measurement of the flow of air in pipes are described. Other 
methods of measuring air flow, by means of the vane anemometer 
(the theory of which is discussed in a very complete manner), the 
rate of cooling of heated wires, etc., are explained, arid a chapter 
is devoted to a description of various types of manometer for 
the accurate measurement of small pressure-differences. 
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Geological Society* 

History of Science Teaching in England. By D. M. T(JKN\er, M.A. 
B.Sc. Pp.x-f208. (London: Chapman & Hall. 1927. Price 

Is. 6d. net.) 

The introduction of science teaching into the Universities and 
into the schools, both secondary and primary, in England is of 
comparatively recent date, and was not achieved without consider* 
able opposition from those who regarded science as a purely 
utilitarian subject without cultural value. The volume under 
review gives an interesting account of the gradual growth of the 
scientific spirit in England and of its reaction on the system of 
education, leading by slow stages to the present system in which 
the teaching of science is definitely incorporated, together with 
practical instruction. 

It is of interest to note that the demand for science teaching 
resulted, in the first half of the nineteenth century, in the 
establishment of the Mechanics Institutes and night schools in 
which science teaching of a kind was given long before it was 
adopted as a general subject in the school or University Curriculum 
and before any discussion had been given to the question why 
science should be taught. The author discusses in an interesting 
manner different views which have been held as to the reasons for 
teaching science. 

All students of pedagogy or of the history of science will find 
much to interest them in this volume. 


CXXX. Proceedings of Learned Societies . 
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[Continued from p. 1016.] 


March 7th, 1928.—Prof. J. W. Gregory, D.Sc., F.R.S., 
President, in the Chair. 


f JpHE following communication was read 


* The Major Intrusions of South-Eastern Iceland.’ By Hilda 
Kathleen Cargill, M.Sc., F.G.S., Leonard Hawkes, D.Sc., F.G.S., 
and Julia Augusta Ledeboer, M.Sc., F.G.S. 


The main plutonic intrusions into the Tertiary plateau-basalts 
of Iceland were discovered some forty-five years ago in the south¬ 
east of the island, but little is known of tbeir field-relations or 
petrology—and the present paper is a summary of the results 
obtained in the course of several summer visits to the more acces¬ 
sible localities. 

The outcrops are scattered; the largest one (the Slaufrudal 
Stock) is elongate in plan, and its area covers l|x4| miles. 
The relationship of intrusives to country-rocks (splendidly ex- 
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hibited in a series of cliff- and deep valley-sections) is a discordant 
one, the intrusions being stocks with steep-sided walls and domed 
roofs (not laccoliths as formerly suggested). The elongation of 
the stocks is parallel to the strike of the regional dykes, and intru¬ 
sion clearly took place under, and was facilitated by, crustal 
tension. All intrusions are multiple: the common association is 
that of gabbro and granophyre. A horizontal layered structure of 
granite and granophyre is visible in the Slaufrudal stock, which 
seems to have grown by the injection of successive sills with inter¬ 
mittent subsidence of the replaced block. 

The rocks belong to the calc-alkaline suite, and comprise in the 
order of differentiation gabbro-peridotite, gabbro, diorite, grano- 
diorite, granophyre, granite, quartz-vein. This sequence may be 
correlated with the order of crystallization, which in the colourless 
minerals is:—plagioclase, potash felspar, potash felspar and quartz, 
quartz. No true orthoclase has been detected in the rocks—the 
‘ potash felspars ’ are shown by analysis to contain about 40 per 
cent, of orthoclase. The plagioclase of the most basic rocks 
(gabbro-peridotites), which are poor in felspar, is more acid than 
that of the less basic and felspar-rich gabbros. 

Eight new analyses are given. The suite, with the addition of 
granodiorite, is similar to that of the main plutonic intrusions 
of Tertiary age in Scotland. Comment is made on the absence of 
alkaline types in a region of ‘ Atlantic ’ tectonics. 

The acid rocks exhibit two extreme textures—the graphic and 
the granitic, with intermediate varieties (semi-granophyres). The 
granophyres are richer in plagioclase and poorer in quartz than the 
granites which are quartz and potash-felspar rocks with 1 to 5 per 
cent, of hornblende. In the semi-granophyres the last residuum 
to crystallize shows granitic texture, and this is correlated with the 
fact that the granites are a later differentiate than the granophyres. 
The failure of the graphic intergrowth is ascribed to a diminished 
magmatic viscosity due to an increased content of volatile sub¬ 
stances, with a consequent wider spacing of the centres of spon¬ 
taneous crystallization, which inhibits the formation of the 
graphic fret. 

The composition of the fret approximates to Vogt’s ‘granite 
eutectic and the granophyres are considered to be eutectics, the 
excess of quartz in the granite residues being due. to the presence 
of water. 

In the whole Icelandic area intermediate rocks are relatively 
unimportant in bulk, the extrusives are dominantly basic, and the 
intrusives dominantly acid: this may be related to the superior 
mobility of the basic magma. 

The absence of a sedimentary 4 floor ’ in Iceland is noted, and in 
harmony with J. Barreil’s hypothesis that the collapse of the 
North Atlantic basaltic plateau resulted from the intnision of a 
basic magma, it is suggested that the preservation of the Iceland* 
Faeroes remnant is due to the intrusion beneath it of an aoid 
magma. 
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March 21st, 1928.—Horace W. Monckton, Treas.L.S., 
Vice-President, in the Chair. 

The following communication was read:— 

4 The Geological Structure of the Central Mendips.’ By Francis 
Brian Awbum Welch, Ph.D., B.Sc., F.G.S. 

The Central Mendips comprise a rectangular area roughly 
measuring 80 square miles, lying between the towns of Shepton 
Mallet and Cheddar on the east and west respectively. This area 
has been mapped on the 6-inch scale, applying the late Dr. A. 
Vaughan’s zones for the purpose of investigating the structure. 

As a whole, the Mendips consist of a west-north-westerly to east* 
south-easterly ridge, the structure being that of four periclines 
arranged en Echelon. The cores of these periclines are of Old 
Bed Sandstone age, with the Carboniferous Limestone Series 
succeeding. 

The Central Mendips include the North Hill, the Pen Hill, and 
part of the Beacon Hill periclines. Of these. North Hill and 
Pen Hill are more or less anticlinal in structure; but the Pen Hill 
pericline has been much disturbed by extensive earth-movements. 
The pericline itself is overfolded, and its eastern portion is thrust 
northwards against the eastern end of the North Hill pericline, 
north-and-south faults bounding the thrust-block. Overfolding 
combined with thrusting appears to explain the non-appearance 
of Cleistopora Beds along the north side of the pericline. 

A large syncline, which extends from Cheddar to Wells, has 
been thrust from the south against the southern limb of the 
North Hill pericline, while at one point a 4 window ’ occurs in this 
syncline, revealing beds of the main hill-mass beneath the thrust. 
Parallel to this thrust, at Ebbor, a second great thrust is developed, 
isolated remnants of which are seen in the small hills north of 
Weiis. 

The inliers of Carboniferous Limestone age in the plain on the 
south point to considerable disturbance; but, owing to the covering 
of Triassic strata, relationship to the main hill-mass is not clear. 

Earth-movements seem to have been directed mainly from the 
south, at first producing the ridge with periclines en Echelon, 
and separated one from the other by normal synclines. Pressure 
continued, and appears to have been greatest in the Pen Hill 
region, where overfolding was developed. Finally overthrusting 
resulted, and large blocks of beds bounded by extensive north-and- 
south faults, formed at the time of the thrusting, were driven 
northwards. 


[7 he Editors do not hold themselves responsible for the 
views expressed by their correspondents .] 
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Langevin’s theory of atomic mag¬ 
netism, 536. 

Diamagnetic susceptibilities of gases 
at low pressures, ou the, 380. 

Differential equations, on Hamilton- 
Jacobi’s, 79; on formulae for the 
numerical integration of, 392; on 
the, of a reacting mixture, 
620. 

Diffraction grating, on the positions 
of X-ray spectra as formed by a, 
1067. 

Diffusion phenomena, on approxi¬ 
mate theories of, 630. 

Disks, on the periods of, 39. 

Donaldson (R. H.) on electrodeless 
discharges, 178. 

Douglas (Dr. J. A.) on the strati- 
graphicai distribution of the corn- 
brash, 224. 

Drane (Dr. H. D. H.) on making 
sensitive helical springs from 
quartz fibre, 559. 

Drops, bubbles, and Stokes’ law, on, 
795. 

Dulong and Petit’s law, on an exten¬ 
sion of, to gaseous compounds and 
mixtures, 832. 

Dunbar (Dr. R. T.) on apparent 
irregularities in experiments with 
heterogeneous X-ray beams, 962. 

Eagle (A.) on the Fourier constants 
of a periodic function and the co¬ 
efficients determined by harmonic 
analysis, 113. 

Earth’s crust, on the thermal insta¬ 
bility of the, 662. 

-thermal history, on the, 208, 

215. 

Edgeworth (Lt.-Col. K. E.) on the 
frequency variations of the triode 
oscillator, 783. 

Ehrenhaft (Prof. F.) on the existence 
of charges smaller than the elec¬ 
tron, 226. 

Electric properties of monatomic 
gases, on the, 695. 

-resistance of sputtered films, 

on the, 848. 

-spark, on the shadowgraph 

method as applied to the study of 
the, 1098. 

Electricity, on the emission of posi¬ 
tive, from hot tungsten in radio 
valves, 07. 


Electrode surface, on the presence of 
charges at an, 1104. 

Electrodeless discharges, on, 178, 
446. 

Electrolytes, on the equivalent con¬ 
ductivity of strong, 199; on the 
molecular structure of strong and 
weak, 1072. 

Electronic isomers, on an extension 
of Langevin’s theory of atomic 
magnetism to molecules consti¬ 
tuting, 536. 

-orbits, on the saecular changes 

in, iu a magnetic field, 801. 

-theory of valency, on the, 1072. 

Electrons, on waves associated with 
moving, 191; on the existence of 
charges smaller than, 226 ; on the 
energy distribution among secon¬ 
dary/from nickel, aluminium, and 
copper, 367; on the mass of 
moving, 636. 

Emeteus (Dr. K.<1.) on the primary 
dark space of a Geissler discharge, 
1039. 

Energy, on the relativistic rule for 
the equipartition of, 629. 

-distribution of secondary elec¬ 
trons, on the, 367. 

Entropy, on the absolute zero of the 
controllable, of a substance, 668. 

Ethyl alcohol, on the activity co¬ 
efficients of hydrogen chloride in, 
1133. 

Evans (Dr. E. J.) on the conduc¬ 
tivity of some dilute amalgams, 
271; on the magnetic rotary dis¬ 
persion of metnyl and propyl 
alcohols, 593. 

Explosions, on the radiant heat 
emitted during gaseous, 301. 

F&ge (A.) on the structure of vortex 
sheets, 417. 

Fagerberg (8.) on interference be¬ 
tween grating-ghosts, 204. 

Films, on the resistance of sputtered, 
848. 

Flexing problems, on sign conven¬ 
tions applied to, 749. 

Flow of liquids through orifices, on 
the, 1. 

Flower (W. D.) on the emission of 
particles from hot platinum in air 
at atmospheric pressure, 1084. 

Fluid, on the stream-line motion of/ 
in a curved pipe, 673. 
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Forbidden multiplets, on the inten¬ 
sities of, 106. 

Fourier constants of a periodic func¬ 
tion, on the relations between the, 
and the coefficients determined by 
harmonic analysis, 112. 

Gallium amalgams, on the conduc¬ 
tivities of dilute, 278. 

Gamma-rays from thorium C" and 
radium 0, on the absorption in 
lead of the, 786. 

Ganguli (11.) on the acoustics of 
strings struck by a hard hammer, 
547. 

Gaseous compounds and mixtures, 
on an extension of Dulong and 
Petit’s law to, 832. 

-explosions, on the radiant heat 

emitted during, 301. 

Gases, on the diamagnetic suscepti¬ 
bilities of, at low pressures, 380; 
on the electrical properties of 
monatomic, 695 ; on the rate of 
sorption of, 737. 

Gates (S. 3.) on the torsion-flexure 
oscillations of a system of two 
connected beams, 97. 

Gears, on multiple reactive, 946. 

Geissler discharge, on the primary 
dark space of a, 1039. 

Geological Society, proceedings of 
the, 224, 670, 1261. 

Geometry, on Iliemannian null-, 241. 

Germanium amalgams, on the con¬ 
ductivities of dilute, 276. 

Geyser theory, on the, 441. 

Gill (E. W. B.) on space-charge 
effects, 859. 

Glass, on the sorption of gases at a 
surface of, 737, 

Grace (S. F.) on the oscillatory 
motion of a viscous liquid in a 
long straight tube, 933. 

Grating-ghosts, on interference be- 
ween, 204. 

Green (Dr, G.) on some problems in 
the conduction of beat, 701. 

Greenly (Dr. E.) on the lower car¬ 
boniferous rocks of Arvon, 1012; 
on the petrology of South-western 
Lleyn, 1016. 

Halogens, on the Tesla luminescence 
spectra of the, 1226. 

HaTos, pleochroic, on the action of 
heat on, 182; on the formation of, 
in biotite, 444. 


Hamada (H.) on metallic spectra 
excited by active nitrogen, 372. 

Hamilton-Jacobi’s differential equa¬ 
tion iu dynamics, on, 79. 

Hartley (Sir H.) on the activity co¬ 
efficients of hydrogen chloride in 
ethyl alcohol, 1133. 

Haw lies (Dr. L.) on the major in¬ 
trusions of South - eastern Ice¬ 
land, 1261. 

Heat, on problems in the conduction 
of, 701. 

Helical springs, on making sensitive, 
from quartz fibre, 559. 

Helium, on the corona discharge in, 
721 ; on the mobilities of the 
positive ions in, 881. 

—— lines, on the reversal of, 141. 

Herzberg (Dr. G.) on cathode rays 
in the electrodeless ring-discharge, 
440. 

Hicks (Prof. \V. M.) on the saecular 
changes in electronic orbits in a 
magnetic field. 801. 

Hirst (Miss D. M.) on the parallel- 
plate condenser in two dimensions, 
545. 

Howland (R. C. J.) on the calcu¬ 
lation of the periods of circular 
membranes and disks, 39. 

Hubbard (Prof. J. 0.) on the velocity 
of sound in liquids, 1177. 

Ilume-Ilothery (Dr. W.) on the 
classification of metallic substances, 
173. 

Huxley (L. G. H.)on the corona dis¬ 
charge in helium and neon, 721. 

Hydrogen, on the mobilities of the 
positive ions in, 881; on the dif¬ 
fusion of, through iron, 1081. 

- chloride, on the activity co¬ 
efficients of, in ethyl alcohol, 
1133. 

Infra-red vibrations of crystals of 
the rock-salt type, on, 823. 

Integration, on formulee for the 
numerical, of differential equa¬ 
tions, 392. 

Interferometer, on the sonic, 1177. 

Intermolecular repulsion, on cohesion 
and, 1171. 

Internal energy, on changes in the 
interatomic, 1191. 

Iodine, on the Tesla luminescence 
spectrum of, 1226. 

Ionization by collision, on, 445. 
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Ionization currents from clouds of 
cadium-oxide particles, on, 561. 

-potential of niton, on the, 1094. 

Ions, on the emission of, from hot 
platinum, 1084. 

Iron, on the diffusion of hydrogen 
through, 1081. 

Irons (E. J.) on the effect of con¬ 
strictions in Kundt's apparatus 
and the end corrections of a 
partially-stopped tube, 580. 

J-phenomenon, on the, 962, 1145, 
1164. 

Jeffreys (Dr. H.) on the earths 
thermal history, 208. 

Johansen (F. O.) on the structure of 
vortex sheets, 417. 

Johns (A. L.) on the conductivity of 
some dilute amalgams, 271. 

Johnson (Dr. C. H.) on the radiant 
heat emitted during gaseous ex¬ 
plosions, 601. 

Joly (Prof. J.) on the earths thermal 
history, 215. 

Jones (D. 0.) on the magnetic rotary 
dispersion of methyl and propyl 
alcohols, 596. 

Josephy (11.) on double excitation 
of upper levels in the mercury 
atoms, 222. 

Kar (Dr. K. C.) on the acoustics of 
strings struck bv a bard hammer, 

^ 547. 

Kleeman (Dr. R. I).) on the constant 
of mass action, 263 : on the differ¬ 
ential equations of a reacting 
mixture, 620; on the absolute 
zero of entropy and internal 
energy, 668; on changes in inter¬ 
atomic internal energy, and cata¬ 
lytic action, 1191. 

Knudsen (Prof. V. O.) on the mea¬ 
surement of sound-absorption in a 
room, 1240. 

Krishnan (K. S.) on light-scattering 
in liquids, 498; on the birefrin¬ 
gence induced by flow in liquids, 
769. 

Kundt's apparatus, on the effect of 
constrictions in, 580. 

Kunz (Prof. J.) on Hamilton-Jacobi’s 
differential equation in dynamics, 
79. 

Laha (S. C.) on the acoustics of 
strings struck by a hard hammer, 
647. 


Langevin’s theory of atomic mag¬ 
netism, on an extension of, 
566. 

Laurence (G. C.) on the ranges of 
the alpha-particles of uranium I. 
and IL, 1027. 

Lead, on the absorption in, of the 
gamma-rays from thorium C" and 
radium C, 785. 

Ledeboer (Miss J. A.) on the major 
intrusions of South-eastern Ice¬ 
land, 1261. 

Lees (G. M.) on the geology of 
South-eastern Arabia, 1016. 

Lewis (T.) on the results of classical 
wave mechanics obtained by using 
the methods of relativity mech¬ 
anics, 408. 

Light-scattering in liquids, on the 
theory of, 498. 

Liquids, on the flow of, through 
oritices, 1; on the capillary rise 
of, in wide* tubes, 296; on the 
theory of light-scattering in, 498 ; 
on the properties of dry, 609 ; on 
the birefringence induced by flow 
in, 769 ; on the motion of viscous, 
in a long straight tube, 933; on 
the velocity of sound in, 1177. 

Loomis (A. L.) on the velocity of 
sound in liquids, 1177. 

Lowry (Prof.T. M.) on the electronic 
theory of valency, 1072. 

MacCallum (S. P.) on the electrical 
properties of monatomic gases, 

McConnell (A. J.) on Riemannian 
null-geometry, 241. 

McCurdy (W. H.) on the fine struc¬ 
ture of mercury lines, 386. 

Magnesium, on the spectrum of, 
excited by active nitrogen, 376. 

Magnetic rotation of methyl and 
propyl alcohols, on the, 693. 

Magnetism and tho structure of some 
simple and complex molecules, on, 
1048. 

Mali (Prof. S. B.) on the properties 
of dry liquids, 609. 

Manganese, on the structure of 
1198; of 0-, 1207. 

Manley (J. J.) on the capillary 
action of mercury in the absence 
of gas-grown skins, 958. 

Mass of a moving electron, on the, 
630. 
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Mass action, on the constant of, 263. 

Mathieii’s equation, on the stability 
of the solutions of, 18. 

Mathur (K, N.) on the Tesla lumin¬ 
escence spectra of the halogens, 
1226. 

Mathur (S. B. L.) on the fine struc¬ 
ture of the ultra-violet lines of 
thallium, 1111. 

Matley (Dr. C. A.) on the Pre- 
Cambrian complex of South¬ 
western Lleyn, 1015. 

Membranes, on the periods of cir¬ 
cular, 39. 

Mercury, on the spectrum of, excited 
by active nitrogen, 375 ; on the 
capillary action of, in the absence 
of gas-grown skins, 958. 

-atoms, on double excitation of 

upper levels in the, by collisions 
of the second kind, 222. 

-lines, on the fine structure of, 

386. 

Metallic points, on the influence of 
charged, on the spark discharge, 
513. 

-substances, on the classification 

of, 173. 

Methyl alcoholic solutions, on the 
equivalent conductivity of, 199. 

Micromagnet, on the, 226. 

Milne (Prof. E. A.) on the angular 
velocity of a rigid body, 289. 

Mitra (P. K.) on the emission of 
positive electricity from hot tung¬ 
sten, 67. 

Mixture, on the differential equa¬ 
tions of a reacting, 620. 

Mohammad (Prof. \V.) on the fine 
structure of the ultra-violet lines 
of thallium, 1111. 

Molecules, on magnetism and the 
structure of some simple and com¬ 
plex, 1048. 

Morton (Prof, W. B.) on the parallel- 
plate condense!* iu two dimensions, 
545. 

Moss (Miss R. N.) on the loss of 
thermionic activity of thoriated 
tungsten filaments, 989. 

Multiple reactive gears, on, 946. 

Multiplets, on the intensities of 
forbidden, 166. 

Murray-Rust (D. M.) on a valve 
oscillator for use in conductivity 
measurements, 1130. 


Mushketov (Prof. D. I.) on the 
geology of the Alai and Trans- 
Alai chains, 670. 

Neon, on the corona discharge in, 
721. 

Newman (Prof. F. H.) on the spec¬ 
trum of ionized sodium, 150. 

Newton (Miss D. A.) on bubbles, 
drops, and Stokes 7 law, 794. 

Nickel, on the energy distribution 
among secondary electrons from, 
867. 

Niton, on the ionization potential 
of, 1094. 

Nitrogen, on metallic spectra excited 
by active, 872; on the diamag¬ 
netic susceptibility of, 380. 

Null-geometry, on Riemannian, 241. 

Ogg (Dr. A.) on the crystal structure 
of the isomorphous sulphates of 
potassium, ammonium, rubidium, 
and caesium, 354. 

Okubo (J.) on metallic spectra ex¬ 
cited by active nitrogen, 372. 

Optical method of measuring small 
vibrations, on an, 1125. 

-theorem, on an, 1114. 

Orifice flow r , on operational factors 
in, 1. 

Oscillating valve circuit, on a new 
method of conductivity measure¬ 
ment by an, 939. 

Osman (O. W.) on the granites of 
the ScilJy Isles, 671. 

Parallel-plate condenser, on the, 545. 

Paris (Dr. E. T.) on sound-absorp¬ 
tion measured by the reverberation 
method, 489. 

Periodic function, on the relation 
between the Fourier constants of 
a, and the coefficients determined 
by harmonic analysis, ] 13. 

Petrowski (Prof. A.) on the problem 
of a hidden polarized sphere, 384. 
914, 927. 

Photographic exposure, on the theory 

Pipe, on the stream-line motion of 
fluid in a curved, 673. 

Pitt (A.) on a method of conductivity 
measurement by means of an os¬ 
cillating valve circuit, 939. 

Plastic solids, on torsional {oscil¬ 
lations in, 865. 

Platinum,on the emission of particles, 
from hot, 1984. 
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Pleochroic halos, on the action of 
heat on, 132; on the formation of, 
in biotite, 444. 

van der Pol (Dr. 33.) on the stability 
of the solutions of Mathieu’s 
equation, 18. 

Polarized sphere, on the problem of 
a hidden, 331, 914, 927. 

Poole (Dr. H. H.) on the thermal 
instability of the earth’s crust, 
662. 

Poele (Dr. J. H. J.) on the action of 
heat on pleochroic halos, 132; on 
the formation of pleochroic halos 
in biotite, 444 ; on the thermal in¬ 
stability of the earth’s crust, 662. 

Porter (Prof. A. W.) on the positions 
of X-ray spectra as formed by a 
diffraction grating, 1067. 

Positive ions, on the mobilities of 
the, in air, hydrogen, and helium, 
881. 

Potassium, on the spectrum of, ex¬ 
cited by active nitrogen, 377. 

-chloride, bromide, and iodide, 

on the infra-red vibrations of, 826. 

-sulphate, on the crystal struc¬ 
ture of, 354. 

Press (Prof. A.) on an extension of 
Dulong and Petit’s law, 832. 

Preston (G. D.) on the structure of 
a-manganese, 1198; of /3-manga¬ 
nese, 1207. 

Primary dark space of a Geissler 
discharge, on the, 1039. 

Quartz fibre, on making sensitive 
springs from, 569. 

Radiant heat emitted during gaseous 
explosions, on the, 301. 

Radio valves, on the emission of 
positive electricity from hot tung¬ 
sten in, 67. 

Radium O, on the absorption in lead 
of the gamma-rays from, 785. 

Radon, on the purification of, 1017. 

Raman (Prof. G. V.) on light¬ 
scattering in liquids, 498; on the 
birefringence induced by flow in 
liquids, 769. 

Ratchet, on the impedance looking 
into the. 954. 

Rayleigh disk method for measuring 
sound-intensities, on a modifica¬ 
tion of the, 615. 

Rectification efficiency of thermionic 
valves, on the, 323. 


Relativistic cosmologr, on, 835. 

-rule for equipartition of energy, 

on the, 639. 

Relativity mechanics, on themethods 
of, applied to the results of classi¬ 
cal wave mechanics, 408. 

Hemes (E.) on approximate formulae 
for the numerical integration of 
differential equations, 392. 

Resonances of a violin, on the, 100. 

Reverberation method, on the co¬ 
efficient of sound-absorption mea¬ 
sured by the, 489. 

Riemannian null-geometry, on, 241. 

Rigid body, on the angular velocity 
of a, 289. 

Rings, on the lowest natural fre¬ 
quency of, 400. 

Robb (Dr. A.) on a curious optical 
theorem, 1114. 

Robertson (Dr. II. P.) on relativistic 
cosmology, 835. 

Rogers (J. 8.) on the mobilities of 
the positive ions formed by alpha- 
rays in air, hydrogen, and helium, 
881. 

Rubidium sulphate, ou the crystal 
structure of, 354. 

Saecular changes in electronic orbits 
in a magnetic field, on the, 801. 

Sandeman (Dr. E. K.) on multiple 
reactive geam, 946. 

Schofield (Dr. R. K.) on cohesion 
and intermolecular repulsion, 1171. 

Screw propellers, on cavitation in, 
1258. 

Shadowgraph method as applied to 
the study of the electric spark, on 
the, 1098. 

Shafts, on whirling speeds and tor¬ 
sional oscillations in, 47. 

Sharma (R. K.) on the Tesla lumi¬ 
nescence spectra of the halogens, 
1226. * ’ 

Shrivastava (D. L.) on the Tesla 
luminescence spectra of the halo¬ 
gens, 1226. 

Sign conventions applied to flexing 
problems, on, 749. 

Silberstein (Dr. L.) on the theory of 
photographic exposure, 464. 

Silver amalgams, on the conduc¬ 
tivities of dilute. 280. 

Sivian <L. J.} on a modification of 
the Rayleigh disk method for 
measuring sound-intensities, 615. 
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Soderberg (C, R.) on the application 
of the theory of vibrations to 
systems with several degrees of 
freedom, 47. 

Sodium, cn the spectrum of ionized, 
150 ; on the spectrum of, excited 
by active nitrogen, 376. 

-chloride, on the infra-red vi¬ 
brations of, 825. 

Sound, on the velocity of, in liquids, 
1177. 

-absorption, on the coefficient 

of, measured by the reverberation 
method, 489; on the measurement 
of, in a room, 1240. 

-apparatus, on the effect of con¬ 
strictions in Kuudt's, 580. 

-intensities, on a modification of 

the Rayleigh disk method for 
measuring, 615. 

Space-charge effects, on, 859. 

Spark, on the shadowgraph method 
as applied to the study of the 
electric, 1098. 

-discharge, on the influence of 

charged metallic points on the, 
513. 

Spectra, on metallic, excited by 
active nitrogen, 372; on the 
ositions of X-ray, as formed by a 
ifraction grating, 1067. 

Spectrograph, on interference be¬ 
tween the ghosts in a, 204. 

Spectrum, on the, or helium, 141; 
on the, of ionized sodium, 150; 
on the mercury arc, 386; on the 
ultra-violet absorption, of cod- 
liver oil, 944. 

Sphere, on the problem of a hidden 
polarized, 334, 914, 927. 

Springs, on making sensitive, from 
quartz fibre, 559. 

Stream-line motion of fluid in a 
curved pipe, on the, 673. 

Strings, on the acoustics of, struck by 
a hard hammer, 547. 

Stokes* law, on hubbies, drops, and, 
795. 

Stoodley (L. G.) on the infra-red 
vibrations of crystals of the rock- 
salt type, 828. 

Strutt (M. J. O.) on the stability of 
the solutions of Mathieu’s equa¬ 
tion, 18; on the distribution of 
temperature in alternating current 
inductors, 904. 


Suga (T.) on the reversal of helium 
lines, 141. 

Swift (H. W.) on operational factors 
in orifice flow, 1. 

Synge (Prof. J. L.) on Riemannian 
null-geometry, 241. 

Takamine (Pr.*T.) on the reversal 
of helium lines, 141. 

Tavlor (Dr. J.) on the intensities of 
forbidden multiplets, 166; on 
ionization by collision, 445. 

Tesla luminescence spectra of the 
halogens, on the, 1226. 

Thallium, on the spectrum of, ex¬ 
cited by active nitrogen, 377 ; on 
the fine structure of the spectrum 
lines of, in the ultra-violet, 1111. 

Thermionic activity, on the loss of, 
of thoriated tungsten filaments, 
989. 

-systems, on the internal action 

of, at moderately high frequencies, 
641. 

- valves, on the rectification 

efficiency of, 323. 

Thomas (II. A.) on an optical method 
of measuring small vibrations, 
1125. 

Thomson (J.) on the influence of 
charged metallic points on the 
spark discharge, 513. 

Thomson (Sir J.J.) on waves asso¬ 
ciated with moving electrons, 191. 

Thorium u C ”, on the absorption in 
lead of the gamma-rays from. 
785. 

Thorkelsson (T.) on the geyser 
theory, 441. 

Torsion-flexure oscillations of a sys¬ 
tem of two connected beams, on 
the, 97. 

Torsional oscillations in plastic 
solids, on, 865. 

Townsend (Prof. J. S.) on electrode¬ 
less discharges, 178; on the elec¬ 
trical properties of monatomic 
gases, 695. 

Tnode oscillator, on the frequency 
variations of the, 783. 

Tube, on the end corrections of a 
partially-stopped, 580; on the 
motion of a viscous liquid in a 
long straight, 933. 

Tungsten, on the emission of positive 
electricity from hot, in radio 
valves, 6/. 
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Tungsten filaments, on the loss of 
thermionic activity of, 989. 

Tyler (E.) on vortices behind aero¬ 
foil sections and rotating cylinders, 
449. 

Ultra-violet spectrum of cod-liver 
oil, on the, 944: of thallium, on 
the, 1111. 

Uranium I. and II., on the ranges of 
the alpha-particles of, 1027. 

Vaidyanathan (V. I.) on the dia¬ 
magnetic susceptibilities of gases 
at low pressures, 380. 

Valency, on the electronic theory of, 
1072. 

Valve oscillator for use in conduc¬ 
tivity measurements, on an, 
1130. 

Vogel (I.) on the equivalent con¬ 
ductivity of strong electrolytes, 
199. 

Vibrations, on the periods of, of cir¬ 
cular membranes and disks, 39; 
on the application of the theory 
of, to systems with several degrees 
of freedom, 47; on the lowest 
natural frequency of, of circular 
arcs, 400; on an optical method of 
measuring small, 1125. 

Violin, on the resonances of a, 160. 

Viscous liquid, on the motion of a, 
in a tube, 933. 

Vortex sheets, on the structure of, 
4i7. 

Vortices behind aerofoil sections and 
rotating cylinders, on, 449. 

Walmslejr (H. P.) on oscillatory 
ionization currents from clouds of 
cadmium-oxide particles, 661. 

Warren (G. W.) on an optical 
method of measuring small vibra¬ 
tions, 1126. 

Wasser (Dr. E.) on the existence of 
charges smaller than the electron, 
225. 


Watson (Dr.' W. H.) on - fluorescent 
secondary X-radiation and the J- 
phenomenon, 1145. 

Wave mechanics, on the results of 
classical, obtained by using the 
methods of relativity mechanics, 
408. 

Waves, on, associated with moving 
electrons, 191. 

Welch (Dr. h\ B.) on the structure 
of the Central Men dips, 1263. 

Wells (Prof. D. A.) on energy dis¬ 
tribution among secondary elec¬ 
trons from nickel, aluminium, and 
copper, 367. 

Wertenstein (Prof. L.) on the puri¬ 
fication of radon, 1017. 

Wolf-note phenomenon, ©n the, 160. 

Woodrow (l)r. J. W r .) on the ultra¬ 
violet absorption spectrum of cod- 
liver oil, 944. 

Woolcock (J. W r .) on a valve os¬ 
cillator for use in conductivity 
measurements, # 1130; on the 
activity coefficients of hydrogen 
chloride in ethyl alcohol, 1133. 

Woollard (L.) on cavitation in screw 
propellers, 1258. 

X-radiation, on fluorescent secon¬ 
dary, 1145 : on modified scattered, 
1164. 

X-ray beams, on apparent irregu¬ 
larities in experiments with hetero¬ 
geneous, 962. 

-spectra, on the positions of, as 

formed by a diffraction grating, 
1067. 

X-rays, on a method for determining 
the orientation and structure of, 
crystals with, 766. 

Zinc, on the spectrum of, excited by 
active nitrogen, 376. 

Zinszer (Prof. H. A.) on the shadow¬ 
graph method as applied to a 
study of the electric spark, 1098. 
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Droplets formed by Co mien sal ion on Nuclei emitted 
by M licit Platinum Wire. 
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